ON GLOBAL UNITS, IDEAL CLASS GROUPS
AND LOOP OPERATORS

DAVID BURNS

ABSTRACT. We use the Tate-sequences constructed by Ritter and Weiss to establish both non-
trivial bounds on the number of independent Minkowski units in finite Galois extensions of
number fields and also concrete links between the Galois structures of ideal class groups and
the Krull-Schmidt decompositions of global unit groups.

1. INTRODUCTION

We fix a prime p and a finite Galois extension of number fields L/K of p-power degree.
We set G := Gal(L/K) and, for a finite set of places S of K that contains the set S of all
archimedean places, we write Oy, ¢ for the ring of algebraic S-integers of L. We also write
IF, for the finite field of cardinality p and, with zi;, denoting the group of roots of unity in L,
define a Z,[G]-lattice by setting Uy, 5 := Z, ®z (Of /1)

For a natural number m, one says that /K has a family of ‘m independent Minkowski
S-units’ if the G-module U, 5/U7 4 has a direct summand isomorphic to F,[G]™. In partic-
ular, by the Krull-Schmidt Theore7m, the maximum size my, k¢ of a family of independent
Minkowski S-units for L /K is a well-defined invariant of /K and S. Following important
work of Ozaki [20] and Hajir, Maire and Ramakrishna [12, 13], it is known that m,/k ¢ plays
a key role in relation to studies of the tame Fontaine-Mazur Conjecture, tamely ramified pro-p
extensions, deficiencies of p-class tower groups and the inverse Galois problem for the p-class
field tower.

The explicit determination of my, ks 1s, however, a difficult problem and, aside from a few
special cases that are dealt with by ad hoc techniques (see, for example, [11], [4] and [16]),
there is still little known. With this in mind, our primary aim is to show that results of Ritter
and Weiss [24] and Gruenberg and Weiss [8] can be combined to establish relatively explicit,
non-trivial, upper and lower bounds for m,/k ¢ in the general case.

To state a representative result, it is convenient to introduce some general notation. For any
abelian group NV we set

N/p:=N/pN, Njp| ={ne N:p-n=0} and N, :=2Z,®z N.

If ' is a topologically finitely generated pro-p group, we respectively write d(I") and r(I") for
the cardinalities of a minimal set of (topological) generators and relations for [' and denote the
deficiency d(I") — r(T") of I by D(T"). In particular, for any such I" the quotient I'* /p is finite
and d(T') = d(I'*") = dimg, (I'*"/p) (cf. [19, Prop. (3.9.1)]). Assume now I is finite. Then
for a (left) Z,[I']-lattice N, we set

rk(N) := dimg, (Q, ®z, N)

and write corp (V) for the direct sum of all non-projective indecomposable summands in a
Krull-Schmidt decomposition of N over Z,[I']. (The module corp(N) is referred to as the
‘core’ of N (cf. [7, p. 26]) and is independent, up to isomorphism, of the Krull-Schmidt
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decomposition.) For a Z,[[']-module N, we write N and Nr for its maximal submodule and

quotient module on which I acts trivially and H “(T", N) for its Tate-cohomology in degree 1.
We write Rp/ for the set of places of K that ramify in a field extension F of K and set

Ry = Rpyx NSE and R = Rpji \ S = R/ \ Ry
If £/K is finite, we also set

Pe/K = |RE/K|, PE/K = ’ROEO/K| and pr/K = |RfE/K| = PE/K — PE/K>

and write Ag g for the p-part of the ideal class group Cl(Og ). Finally, for each place v of K
we fix a place w of L above v, write G, and I, for the decomposition and inertia subgroups of

w in GG and set
5L/K = ZUERi/Kd(GU)'

In the sequel we will often omit the subscript .S in the case it is equal to S, thereby writing
OL, UL, AL and mrL/K in place of OL,SIO{% UL,SI"(O’ AL,SI"{O and mL/K’S%o etc.
We can now state an example of the sort of results proved in §2.2 (and see also Remark 2.5).

Theorem 1.1. Write L' for the maximal extension of K (j,,,) in L that has exponent dividing
p and is abelian over K. Then one has

muk >1k(Ux) — Ok + p5) + D(G) — d(H (G, A)) — d(Grk(uy,))s (D
mr/k < I"k(UK) — (5L/K + pz‘ﬁ() + d(G) + d(ALg) + pr/K +1 (2)
and also

tk(cora(U)) < |G](3rsx + A (G, AL)) + puc/2 + A )) — DIG)).

Since mp,/ is obviously at most rk(Uk ), the inequality (2) is of interest only if 07,/ + PL/K
is strictly greater than d(G)+d(Ar¢) +p! /i +1. However, in §2.4 we explain how, in special
cases, a closer analysis of the proof of Theorem 1.1 can give stronger bounds. For example,
for finite Hilbert p-classfield towers one obtains in this way a formula for m x that clarifies
aspects of the main results of Hajir at el [13] and for (possibly ramified) cyclic extensions a
formula that both complements, and extends, the main result of Lim, Maire and the present
author in [4].

To state a general consequence of Theorem 1.1, we fix an abstract finite p-group I' and write
§(I") for the family of Galois extensions of number fields F//E with Gal(F'/E) isomorphic
to I". We also write §(T") for the subset of F(I') comprising tamely ramified extensions F'/F
(that is, extensions that are unramified at all p-adic places).

Corollary 1.2. There exist constants c; and ¢y that depend only on 1" and are such that
rk(corp(Ur)) < (d(Ar) + pr/e)cr + ¢ forall F/E € F(I) 3)
and
rk(corr(Ur)) < (d(Ag) + pr/p)2|T|c1 + co + (1 = |T'|)  forall F/E € F'(T).

By optimising the choice of constants ¢; and ¢, that arise in the proof of this result (given
in §2.3) one obtains a strong improvement of the recent result [16, Th. A] of Kumon and Lim.
For brevity, however, we prefer to leave the derivation of explicit such formulas for ¢; and ¢,
to the reader.

We next recall that, whilst there are infinitely many isomorphism classes of indecomposable
Z,|T]-lattices unless T is cyclic and |T'| < p? (cf. [15]), in all cases the Jordan-Zassenhaus
Theorem [5, Th. (24.2)] implies there are only finitely many isomorphism classes of Z,[I']-
lattices of any fixed rank. In particular, if for m > 0 we write §,,(T") for the subset of F(T")
comprising extensions // E/ for which d(Ap)+pp/p < m, then the bound (3) implies that only
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finitely many isomorphism classes of Z,[I'|-lattices arise from corp(Ur) as F'/E ranges over
§m(L). An effective version of the Jordan-Zassenhaus Theorem therefore leads, via (3), to an
effective bound in terms of d(Ap) + pp/g for the number of possible isomorphism classes,
as a Zy[I']-lattice, of corp(Up). Even in such cases, however, it can still be very difficult
to determine the decomposition of corp(Ur) as a direct sum of indecomposable lattices. In
this direction, in §3 we use Heller’s theory of loop operators to show the argument proving
Theorem 1.1 can, under certain conditions, be finessed to give explicit structural information
about both of the modules corr(Ur) and Ap. For examples of such results, see Theorem 3.4
and Remark 3.6.

We note finally that the methods we use to prove the above results can be extended in a
straightforward way to establish analogous results in the case of arbitrary finite Galois exten-
sions (rather than just p-extensions). However, since no essentially new ideas are involved, we
prefer to leave the derivation of such results to the reader.

Acknowledgements The author is very grateful to Christian Maire for his encouragement,
expertise and many helpful suggestions. He is also grateful to Donghyeok Lim for useful
suggestions and a careful reading of an earlier version of this article and to Manabu Ozaki for
kindly sharing a preliminary version of the preprint [21].

2. THE PROOFS OF THEOREM 1.1 AND COROLLARY 1.2

2.1. Preliminary results. We fix a finite set S of places of K that contains S7°. We then recall
that the argument of Ritter and Weiss in [24, §4] implies the existence of an exact sequence of
finitely generated G-modules

O—)OZVS—)MO—>M1—>VL75—>O (4)
in which M, is cohomologically-trivial, M, is free and V, g lies in a short exact sequence
-G -G %\ €L,S
0— Cl(OLs) — vL,S — (@veSIG”Z) © (@UGRL/K\SI va) —=7Z — 0. 5

Here, for each place v € Ry g, we have abbreviated the induction functor Indgv to igv and
written W' for the Z-linear dual of the ‘inertial’ Z[G,]-lattice

Wv - W(Lw/Kv)

defined by Gruenberg and Weiss in [8, §11] (for more details see Remark 3.7).

As far as we are aware, the sequences (4) and (5) were first used to study an aspect of the
Krull-Schmidt decompositions of unit lattices (in unramified Galois extensions) by Ozaki in
[21]. In the next two results, we derive some further consequences of these sequences that will
be useful for us. In particular, the first of these results reduces the computation of my kg to
an analysis of the Tate cohomology of V s.

For a G-module N, integer a and place v of K we use the respective Tate cohomology
groups

H%(N):= HY(G,N) and HYN):= H*(G,,N)
of N. We also define an intgeer by setting
Bu.s = d(H(Of ) — d(H"(UL,s)).
Proposition 2.1.

(i) mp/k,s = rk(Uk,s) — d(H2(V5s)) + Br/K,s-
(ii) If prp = (0), then Br ks = 0. If g, # (0), then

—d(Gr/ru,)) < Brrs <1,
with the field L' as in the statement of Theorem 1.1.
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Proof. In this, and subsequent, arguments we repeatedly use the following easy fact: for any
exact sequence of finitely generated Z,-modules

N & N, 2 N
one has
max{d(im(6;)),d(im(6s))} < d(N2) < d(N;) + d(N3). (6)
At the outset we note U g is isomorphic to a submodule of Uf ¢ of finite index and hence
rk(Uk,s) = rk(Ufs). In addition, since the G-modules M and M, are both cohomologically-

trivial, the double-coboundary map H%(Vs) — H 0(Of g) induced by the exact sequence
(4) 1s bijective. These observations imply that

tk(Ur,s) — d(H(V,5)) + Brjx.s =tk(Uf g) — A(H(Of 5)) + Br/x.s (7)
—1k(Uf's) — d(H°(Up)).
To prove (i), we are thereby reduced to proving that
miyis = k(UL g) = d(H°(ULs))- ®)
To do this, we set M := Uy g, write T' for the map M — MC¢ C M sending each m to

>_gec 9(m), and then T'/p and T for the respective maps M/p — M/p and M — M /p
induced by T. Then, as M is torsion-free, the natural map M /p — M /p is injective and we

use it to identify im(7") with im(7"/p). Setting d := dimg, (im(7'/p)), one thus has
d(H(M)) = dimg, (M?/(im(T) + pM®)) = dimg, ((M/p) /im(T))
=dimy, (M /p) — dimp, (im(7))
=1k(M®) —d.
To prove (8) we are therefore reduced to proving that

mL/K,S =d.

In addition, if M is any free F,,|G]-direct summand of M /p of rank my kg, then (T'/p)(M)
is a subspace of im(7"/p) of dimension my ks and so mp ks < d. It is thus enough to
show that, if {m;}1<;<4 is any subset of M such that {(7"/p)(7;) }1<i<a is a basis of im(7"/p),
where 77; denotes the image of m; in M /p, then the Z,[G|-submodule M’ of M generated by
{m;}1<i<q is a free direct summand of rank d.

To prove this we use the map of Z,|G]-modules

VLGt - M C M

that sends the i-th element in the standard basis of Z,[G]? to m;. Then the induced map
Y/p : F,[G]* — M/p is injective. Indeed, since G is a p-group (and ker(¢)/p) is finite), this
follows from the fact that the linear independence of the elements {(7/p)(7;) }1<i<a implies
the map (F,[G]9)¢ — (M/p)© obtained by restriction of 1/p is injective. Now, since ¢/p is
injective, one has ker(1)) C p - Z,[G]" and hence, as M is torsion-free, ker(¢)) = p - ker(¢)) so
that, by Nakayama’s Lemma, ¢ is injective. It follows that M is a free Z,[G]-module of rank
d (as required) and hence also that H*(G, M") = T'(M’) and H'(G, M’) = (0).

Writing ¢ for the inclusion M’ C M, the long exact sequence of GG-cohomology associated
to the tautological sequence

0— M = M — cok(t) — 0 )
therefore gives an exact sequence of Z,-modules

0— T(M') — MY = cok(t)® — 0. (10)
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Now, as the elements {(7'/p)(7;)}1<i<q are linearly independent in the F,-module M /p,
Nakayama’s Lemma implies that {7'(m;)}1<;<4 can be extended to give a basis of the Z,-
module M¢ and so (10) implies cok(¢)“ is torsion-free. It follows that the (finite) torsion-
subgroup cok(¢ ), Of cok(e) satisfies

(cok(t)ior)” = (cok(1))ior = (0),
and hence, as G is a p-group, that cok(¢)sor = (0). Thus cok(:) is free over Z, and so, since
the ring Z, |G| is Gorenstein (and M’ is free), the short exact sequence (9) splits over Z,[G],
as required to complete the proof of (i).

If pur,, = (0), then the natural map H°(O} ) — H°(Uys) is bijective and so claim (i) is
clear. We therefore assume in the sequel that iz, # (0). We set £ := K(ur,), H := Gr/g
and I' := Gg/x = G /H and recall iy, is a cohomomologically-trivial I'-module (cf. [4,
Rem. 2.2]). In particular, from the exact sequence of low-degree terms

0= H'T, ppp) = H' (G pny) — H'(H, pr)" — H(T, piy)
that is induced by the inflation-restriction spectral sequence, one obtains an identification
o (G, prp)lp] = H (H, HL,;D)F [p]
=Hom(H™, pur[p])" = Hom(H™/p, Z/p)",

where the second equality is valid since p,[p] = pux[p| (as L/ K is a p-extension and p is odd).
In addition, by Pontryagin duality, there are identifications

Hom(H™ /p, Z/p)" = Hom((H* /p)r, Z/p) = Hom(Gy.), Z/p)
and so one has
d(H'(G, prp)) = d(Hom(G k. Z/p)) = d(GL/p).
Thus, from the canonical long exact sequence
F[O(ﬂL,p) — H()(OZ,S) — H—O(UL,S) — H' (,UL,p)a
we can therefore deduce (by a suitable application of (6)) that

1> d(ﬁo(ﬂL,p)) > Briks > —d(H (pLp)) = —d(Gryp),
as required. U

Remark 2.2. The above argument also has the following useful consequence: if S’ is any
finite set of places of K containing S, then one has

mr/k,s < ML/K,S -
To see this, note the cokernel of the inclusion Uy, s — Uy, g is torsion-free and hence that the
induced map U, s/p — Uy s//p is injective. In particular, since F,[G] is self-injective, any
free direct summand of the F,[G]-module Uy, s /p is a free direct summand of Uy, s/ /p. By the
argument of Proposition 2.1(i), this fact implies the claimed inequality mp k¢ < mp K s

An alternative to the formula for my k¢ given in Proposition 2.1(i) will be established
(under the assumption that .z [p] = (0)) in Proposition 3.3 below.

However, to demonstrate the usefulness of the above formula, we next provide explicit
bounds on the quantity d(H (V. s)).

Lemma 2.3. Set S* :={v € S : G, # {1}}. Then the following claims are valid.

(i) A(H*(V18)) < 0nsm + (Xoesme /Kd(Gv)) +d(H2(ALs)) +d(H3(Z)).
(ii) If Ar.s = (0), then

d(ﬁ_Q(VL,s)) > (0p/x — pr/K) +15N RfL/K| + (Zves*\Rf d(G,)) —d(G).
L/K
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Proof. As a first step, we claim that, for each v € Ri /K> one has

d(G,) — 1 < A(H2(GE W) < d(Go). (11)
To show this, we first take the Z-linear dual of the exact sequence
022w, 2 1(G,) =0 (12)
of [24, Lem. 5(b)] to obtain an exact sequence of GG,-modules
0= I(G,)" =W, —>7Z —0. (13)
We also note the Z-dual of the tautological exact sequence
0—I1(G,) > Z|G,)) > Z — 0

gives an exact sequence

0—Z— Z|G,] = I(G,)* =0 (14)
that induces an isomorphism H®(I(G,)*) = H*"'(Z) in each degree a. Hence, as H; ' (Z)
vanishes, H,2(W}) = H2(i& W) and H)(Z) = Z/|G,|Z, the short exact sequence (13)
induces an exact sequence

0— H2(8 W) — H2(Z) — Z/|G,|Z.

This implies (via (6)) the claimed inequalities (11) since, for any finite group I', the group
H=2(T",Z) = H,(T, Z) is isomorphic to ['*",
Next we note that the exact sequence (5) induces long exact sequences
H_2(AL’5) — I:.,_2<VL73> — ]:.I_Q(ker(eL,S)) — H_I(ALS) (15)

and

(

H73(S 7)) @ (@UGRL/K\SI?—?’(ingJ)) — H3(Z) — H*(ker(ers))

— <@UES* ng) &b (@UERL/K\S]:I—Q(igUW;)) N Gab. (16)

Then, by using these sequences, and (11), one verifies claim (i) via the following computa-
tion

d(H_Q(VL’S)) <

veES*

d(H%(ALs)) + d((H (ker(ers)))
A(H(Ars) +A(B2@) + (3 d(Gy) + (ZUERL/K\S

=00+ (2 oy, A(C) T A(H(Ars)) +d(H7(2))

d(G,))

(in which (6) has been applied several times).
In addition, if Ay, ¢ = (0), then (15) and (16) combine with (11) to imply that

d(H (Vi) =d(H ?(ker(ep5)))
> () dG) + (ZUGRL/K\S(d(Gv) ~ 1)) —d(G)
=(0r/Kx — PfL/K) + 1SN RfL/K| + (Z d(Gy)) — (@),

as required to prove claim (ii). O

vGS*\RfL/K

We finally give a conceptual interpretation of the quantity d(H ~3(Z)) in Lemma 2.3(i).
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Lemma 2.4. For a finite p-group 1, there exists a non-canonical short exact sequence of
abelian groups
0— H'(T',Z/p) — H*(T',Z/p) — H*(I',Q/Z)[p] — 0.
In particular, one has D(I') = —d(H (T, Z)).
Proof. In each degree a, the short exact sequence

0—Z/p—Q/Z 5 Q/Z—0
induces a canonical short exact sequence of IF,-modules
0— H*(I,Q/Z)/p — H*N(T,Z/p) — H" (T, Q/Z)[p] — 0.

In particular, since H°(T',Q/Z) = Q/Z is divisible, the group H'(T", Z/p) is canonically iso-
morphic to H'(T',Q/Z)[p], and hence (since H'(T',Q/Z) is finite) non-canonically isomor-
phic to H'(T', Q/Z) /p. The claimed short exact sequence is therefore obtained by combining
this isomorphism with the above displayed sequence with a = 1.

We note next that d(H3(T", Z)) = dimg, (H*(T',Q/Z)[p]) as a consequence of the canoni-
cal isomorphism

H73(T,7Z) = Hy(T', Z) = Hom (H*(T',Q/Z),Q/Z).

Given the displayed exact sequence in the statement, the final assertion therefore follows di-
rectly from the fact that

dime(Hl(F,Z/p)) =d(I") and dime(H2(F,Z/p)) = (I
(see, for example, [19, Prop. (3.9.1) and Cor. (3.9.5)]). O
2.2. The proof of Theorem 1.1. The inequality (1) is true since Proposition 2.1(i) (with S =
Sy ) implies that m,/k is equal to
rk(Ux) = d(H *(Vis3)) + Br/k.sz

>1k(Ux) — 0y — | R k| — A(H2(Ar)) — d(H*(Z)) + Br/xs

>1k(Ux) — (0 + pk) + D(G) — d(H2(AL)) — d(Gryku,))-
Here the first inequality follows from Lemma 2.3(i) (with S = S%°, so S* \ RfL K= R“L’o/ %)
and the second from Lemma 2.4 and the result of Proposition 2.1(ii).

To prove the inequality (2) we note that, by Nakayama’s Lemma, the minimal number of
generators of A as a G-module is d(Ay ). By Chebotarev’s density theorem, we can there-
fore fix a set S’ of d(A[ ) non-archimedean places of K that split completely in L and are
such that A s = (0), with S := S US’. One then has SN R . = 0 and S*\ R} ;. = Ry

(in the notation of Lemma 2.3) and also mp/;x < mg,k s by Remark 2.2. Upon combining
Proposition 2.1(i) with Lemma 2.3(ii) one therefore has

mrxk <mpk,s = tk(Uk,s) — d([:]_Q(VL,s)) + Br/k,s
= 1k(Ux) + d(Ara) = d(H*(Vis)) + Bi/x.s
< 1k(Uk) + d(ALg) — (Or/x — Pk + pTx — A(G)) +1
= 1k(Ux) — (6r/x + p3ox) + A(G) + d(ALe) + phyx + 1.

This completes the proof of (2).

Next we note that, since G is a p-group, Swan’s Theorem implies that a finitely generated
Z,|G]-module is projective if and only if it is free (cf. [5, Th. (32.11)]). Given this fact,
the definition of my,/x combines with the argument of Proposition 2.1(i) to imply that U7, is
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isomorphic, as a Z,|G]-module, to a direct sum Z,|G]™%/% & corg(Uy). In addition, an easy
exercise shows that

rk(Uy) = [Gl(k(Uk) +1 = p)i/2) — 1,
and hence that
rk(corq(Ur)) =1k(U) — 1k(Z,[G])mp /i
=[GI(k(Uk) +1 = pir/2) =1 = |Glme/x
<|G|(k(Uk) +1 = pT/k/2 — mpyx).

The final inequality of Theorem 1.1 now follows as a direct consequence of (1).

2.3. The proof of Corollary 1.2. We first bound each of the terms 6./x, d(G'r//x(y, ,)) and

d(H~2(T", M)) that occur in the final inequality of Theorem 1.1.
If ¢ is the maximal possible value of d(A) as A runs over all subgroups of I, then it is clear
that

Srik < phy - C.
Since L'/ K is abelian, it is also clear that
ACryriu,)) < AG™) =d(G).

Next we note that, for any finitely generated Z,[[']-module M/, the I'-module Z[I'] ®; M
(with diagonal action) is cohomologically-trivial. Thus, writing /(I") for the augmentation
ideal of Z[I'|, the natural short exact sequence of Z,[I']-modules

0= Il @M —ZI'®z M — M —0

induces an identification of H—2(T", M) with the subquotient H—* (", I(I) @z M) of (1)@, M
and thereby implies
d(H (T, M)) < d(I(T) @z M) = ([T| = 1)d(M).

Upon combining these bounds with the final assertion of Theorem 1.1, one can directly
obtain constants c¢; and c; that depend only on I' and are such that the inequality (3) is valid.

For a finite (possibly empty) set X of places of a number field £, we now write M ; for the
maximal pro-p extension of E that is unramified outside ¥ and set Gpy := Gal(Mgx/E).
We then fix L/K in §(I') and set R := Ry k. Then one has

d(Ar) <d(Grr)
<[PI(d(Grr) —1) +1
= d(Gr.r) + (1 — L),
where the first inequality is true since A, is isomorphic to a quotient of GG,  and the second
follows from a direct application of Schreier’s Inequality to the open subgroup G, g of Gk r
(cf. [23, Cor. 3.6.3)).

In addition, if L/ K belongs to §*(I"), then every place in R is tamely ramified in M g and
hence has cyclic inertia group in G’k . In particular, by applying the exact sequence of [19,
Lem. 10.7.4(i)] (with S = R and T' = () and the general result of [19, Prop. (3.9.1)] in this
case, one finds that

d(Gkr) < d(Grp) + |R| = d(Ak) + pr/K
and hence, from the above displayed inequality, that
d(AL) + pryx <ITUA(Ak) + pr/) + (1= [T)) + pr/x
<2IT(d(A) + pryxc) + (1 — L.
Upon substituting this inequality into (3) one obtains the second claimed inequality in Corol-
lary 1.2. This therefore completes the proof of Corollary 1.2.
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Remark 2.5. It will be clear that, by the same arguments, the results of §2.1 actually imply
completely analogous versions of Theorem 1.1 and Corollary 1.2 for the quantities m /x5
and rk(corg(Uy s)) for any given finite set of places S of K containing S%.

2.4. Special cases. To illustrate Theorem 1.1, and the general approach of §2.1, we discuss
some concrete applications. As a first step, however, we record another useful general result.

Lemma 2.6. Assume there exists a place vy ¢ S with G,,, = G and set S’ := S U {vy}. Then
there exists an exact sequence of Z,|G|-modules

0—=Urs—Urs — Z,—0

and inequalities
mr/r,s < mp/ks < mp/gs+ 1.

Proof. Write I, g for the group of fractional ideals of Oy, g and ¢ for the map U s» — 11 g,
that sends each = to xOp g,. Then Uy g = ker(f) and, since G,, = G, the image of 0 is
isomorphic, as a Z,[G]-module, to Z,. The claimed exact sequence is thus clear.

Setm :=myp/k.sandm’ := mp k. Thenm < m'by Remark 2.2 and to prove m’ < m+1
we set U := Uy 5,U" := Uy ¢ and X := corg(U"). Then U’ decomposes as X @ Z,[G]™ and
so the exact sequence 0 — U — U’ — Z, — 0 induces a map 6 : Z,[G]™ — Z, and hence
an exact commutative diagram

ker(6)/p —— F,[G]" 25 F,

J Lo b

ker(6)/p —— F,[G]™ o, F,

in which all vertical arrows send x to T'(z) := > ,g(x). Hence, by the Snake Lemma, one
has dimg, (im(¢)) > m’ — 1 and so, by the argument of Proposition 2.1(i), the submodule
ker(6) of U has a direct summand isomorphic to Z,[G]™ ~'. Since U/ ker(#) is isomorphic to
a submodule of X, and hence torsion-free, and Z,[G] is Gorenstein, it then follows U has a
direct summand isomorphic to Z,[G]™ ~'. This implies m > m’ — 1, as required. O

2.4.1. Locally cyclic extensions. If G, is cyclic for all v € Ry, /k, then d;,/x = pr/K.

In particular, if L/K is unramified, then Theorem 1.1 and the argument of Corollary 1.2
combine to imply the existence of a natural number ¢(G) := d(G) + D(G) that depends only
on the abstract group G and is such that

mpx > k(Ux) — d(H(Ap)) — ¢(G)
and
rk(corg(Uy)) < |GI(d(H2(AL)) + ¢(G) + 1).
On the other hand, if G is itself cyclic (and L/K possibly ramified), then, by Chebotarev’s

Density Theorem, we can fix a place vy of K with G,, = G and set S := S7° U {vg}. In this
case the definition of ¢, ¢ ensures (even if GG is non-cyclic) that there is an isomorphism of

Z,|G]-modules
ker(ep, g) & (@UGS?igvz) D (@veRg/KingJ)' (17)

In particular, if we also assume R%j K= (), there is an induced isomorphism of Tate cohomol-
ogy groups

A2 (er(ers) 2 @B, BV =D, HIW),

UGRL/K

where the second isomorphism follows from the cyclicity of each G,,.



10 DAVID BURNS

In addition, for each place v € Rf K the exact sequence (13) implies W spans Q[G,],

whilst results of Gruenberg and Weiss [9] imply W is not cohomologically-trivial over G,
(see the proof of Theorem 3.4 below). By a Herbrand quotient argument, these facts imply
HO(W?) is a non-trivial cyclic group and hence d(H%(W?)) = 1. The above isomorphism
therefore implies
d(H 2 (ker(er,5))) = pryx(= pLyi)-

Next we note that, by the periodicity of Tate cohomology over the (assumed to be cyclic) group
G, one has

A (Ans)) = d(H(ALs)) < d(AT o).
In addition, writing M for the Pontryagin dual of a finite G-module M (endowed with con-
tragredient G-action), the duality isomorphism H~!(A Ls) = H O(AY )" in Tate cohomology
(cf. [3, Chap. VI, Prop. (7.1)]) implies that

A(H™(Aps)) = d(H"(A} ) < d((A75)) = d((A156)") = d(ALs ).
Setting &(vo) := py — d(H%(V,5)), the exact sequence (15) therefore implies that

—d(Af5) < —d(H*(ALs)) < e(vy) < A(H ' (ALs)) < d(Apsq).
Now since rk(Ug g) = rk(Uk) + 1, Proposition 2.1(i) implies that
mr/ks = (tk(Ux) +1) + (e(vo) — pr/K> + Br/K.s-

By Lemma 2.6, this quantity is equal to either m x or mp/x + 1. In addition, since my,/k s is
non-negative, the last displayed formula combines with the upper bound for £(v,) established
above to imply that

d(ALsa) = pryx — (k(Uk) +1) = Bryx.s-

Now Proposition 2.1(ii) implies |3, /K7g| < 1 (as G is cyclic) and so, for large pr K this
inequality gives a non-trivial restriction on the G-structure of Ay, . For example, if px[p] =
(0) (so pur[p] = (0) and hence f1/k,s = 0), then it implies A s ¢, and therefore also Ay, is
non-trivial whenever p'. /i 18 greater than rk(Uk ) + 1.

This non-vanishing criterion is of the same form as those that can be obtained by using
genus theory (see, for example, the result [18, Cor. 3.6] of Maire) and also complements
recent results of Lim, Maire and the present author.

Specifically, in [4, Lem. 2.3, Exam. 2.4] it is shown that if Ay is cyclic, then there are
infinitely many cyclic p-extensions L/K for which p /K= rk(Uk) + 1 and also, for some
v e R /i one has Ay ¢ = (0) with " = S U {v}. Finally, we note that the latter article
also provides (in the case that G is a cyclic p-group) an alternative approach to studying the
quantity my, ks for certain sets S.

2.4.2. p-Hilbert classfield towers. Fix a number field £ with pg[p] # (0) and such that its
p-Hilbert classfield tower L /E is of finite degree, and set G¥ := Gal(L¥/E).

Then L¥ /E is unramified and A= vanishes, and so we can combine Proposition 2.1(i)
with the exact sequences (15) and (16) with S = Sz’ and S* = Rps/p = (). In this way, one
deduces that

tk(Ug) —mpe/p = d(H*(G", Viess)) = Bre/psy
= d(H_S(GEa 7)) — 5LE/E,S%<>
= = D(GE) - 5LE/E,S%°,

where the last equality follows from Lemma 2.4.
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The resulting formula for m &g is a refinement (in the case of finite p-Hilbert classfield
towers) of the inequalities for m =g that are established by the main result (Theorem A) of
Hajir et al [13]. (Note here that our definition of the deficiency of a group is the negative of
that used in loc. cit.)

In addition, for any finite p-group I' and large enough integer k, the result [12, §1, Th.]
of Hajir et al implies that there exist infinitely many extensions K/E of degree p* with
Gal(L¥ /K) isomorphic to I'. For such fields L¥, Corollary 1.2 gives an upper bound for
rk(corp(Urx)) that depends only on I', and hence implies that

mLK/K—>OO as [KE]—>OO

2.4.3. Uniform pro-p extensions. Fix an abelian number field K, with cyclotomic Z,-extension
K, and a finite Galois p-extension L of K with L N K, = K. Set

I':= Gal(L/K) = Gal(LK,/K,),

where K, is such that K C K,, C K., and [K,, : K] = p". Then the Iwasawa p-invariant of
LK /L vanishes (as K is abelian and L/K of p-power degree) and so d(A_k, ) is bounded
independently of n (by [25, Prop. 13.23]). The result of Corollary 1.2 therefore implies the
existence of an upper bound for rk(corr (UL, )) that is independent of n.

To generalise this example, we fix a Galois extension K_/K of number fields with R K /K
finite and G := Gal(L/K) a uniform pro-p group. We write (G,,),, for the p-central descending
series of G and, for each n, set K/, := (K’ )9». We then fix a finite Galois extension L/K
with L N K! = K, write X, for the Galois group of the maximal unramified p-extension of
LK!_ and assume X [p] is torsion over the Iwasawa algebra IF,[[G]].

In this situation, results of Perbet [22] imply that

d(Ark:) = O(p™"[K,, : K])

and so, if no place in Ry has finite decomposition group in K/ /K, the first inequality of
Theorem 1.1 combines with the argument of Corollary 1.2 to imply that

mLK;L/K;L—>oo as n — oQ.

However, if X [p] is not torsion over F,[[G]] (which, by Hajir et al [10, Th. 1.3], should happen
often), then a more delicate analysis is required to extract information about the asymptotic
behaviour of mp g /i from Theorem 1.1.

3. LOOP OPERATORS, UNITS AND CLASS GROUPS

In this section we show that, under suitable hypotheses, the general approach of §2.1 com-
bine with Heller’s algebraic theory of loop operators to derive concrete information about the
Z,|G]-structures of both corg(Uy) and Ay, (see, in particular, Theorem 3.4 and Remark 3.6).

3.1. Loop operators. Fix a finite group I'. For a finitely generated Z,[['|-lattice M/, we write
dr(M) and rp (M) for the minimal numbers of its generators and relations (as a Z,[I']-module)
and denote its ‘deficiency’ dr (M) —rr(M) by Dr(M). We also write mp (M) for the maximal
rank of a free direct Z,[I']-summand of M (as determined by its Krull-Schmidt decomposi-
tion). In particular, if M is free, then it is isomorphic to Z,[T|™r9),

We next recall that Z,[I'] is semi-perfect and hence that every finitely generated Z,[I']-
module M has a projective cover 6 : P — M that is unique up to isomorphism (cf. [5, Prop.
(6.20), Th. (6.23)]). The Z,[I']-module

Qr(M) = Q1.(M) := ker(6)
is then independent, up to isomorphism, of # and, for each integer n > 1, we inductively set
OF (M) := Qp(Qp~1(M)).
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These modules form part of the theory of ‘loop-operators’ introduced by Heller [14] and their
properties are essentially well-understood. In particular, the following result records several
properties relevant to our study.

Lemma 3.1. Let M,, M and Ms be Z,|T|-lattices, and N a Z,[Al-lattice for some subgroup
A of T.
(i) Qr(My) = (0) <= M, is free; Qr(M,) is non-free indecomposable <= corr (M)
is non-zero indecomposable; Qr (M @ M,) is isomorphic to Qr (M) & Qr(Ms).
(ii) If My — My — Mjs is a short exact sequence, then

mp(Ma) > mp(M;) + mr(M3)
and there exists an exact sequence of Z,|I'|-lattices
0 — corp(M;) — corp(My) @ Z,[T]mr (M) =me(M)=mr(Ma) sy corp (M) — 0.
(iii) If Ny — Ny — N3 is a short exact sequence of finitely generated Z,[I'|-modules, then
Dr(Nz) > Dr(Ny) + Dr(N3)
and there exists an exact sequence of Z,[L'|-lattices
0 — Q(Ny) = QE(N,) @ Z,[[)Pr (V) =PriN)=DrNs) _ O (N3) — 0.

Further, the element of Exty (97 (N3), Qf(Ny)) that corresponds to this sequence is
uniquely determined by the element of Ext%p ] (N3, N1) that corresponds to the origi-
nal sequence.

(iv) Qp(M;) = Qr(corp(M;)) = corp(Qr(My)) and Qr (i N) = iy (Qa(N)).

(v) corr(iy (N)) is a direct summand of i\ (cora(N)), with equality if A is normal in T

Proof. The first assertion of (i) is clear since I' is a p-group and so a finitely generated pro-
jective Z,[I']-module is free (by Swan’s Theorem). The second assertion of (i) follows, for
example, from [9, Lem. 5.1] (and is also straightforward to prove directly) and the third is true
since the direct sum of projective covers of M, and M, is a projective cover of My & M.

To prove (ii), we note that given sequence combines with the Krull-Schmidt theorem to
induce a short exact sequence of Z,[I']-modules

0 corr(M1) ® Z, [[]"" ") corr(Ms) @ Z, ] )  corp (My) & Z, [T 49 — 0.

This induces the claimed exact sequence since Z,[I'] is Gorenstein, and hence then also implies
the claimed inequality mp (M) — mp(M;) — mp(Ms) > 0.

To prove (iii) we fix projective covers 6; : P, — N; for i € {1,3} and consider the exact
diagram

Pl‘L)Pl@Pngg

iel l@; leg (18)

Ny « > Ny » Ns.

Here the lower row is the given sequence, the maps ¢; and ¢, are the obvious maps and &),
is chosen to make the diagram commute. Then 6, is surjective, and so, for a projective cover
0y : P» — N, the module P; @ Ps is isomorphic to P @ Z, [T']* for some non-negative integer
t. Upon applying the Snake lemma to the above diagram, one therefore obtains a short exact
sequence of the form

QF(Nl) — QF(NQ) D ZP[F]t —» QF(Ng) (19)
Given the universal property of projective covers, it is straightforward to check that the Yoneda
extension class of this sequence (regarded as a 1-extension of Z,[I']-modules) is uniquely
determined by that of the original sequence. In addition, since P;, P and P; are respectively
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free (over Z,[I']) of ranks dr(Ny), dr(N2) and dr(N3), the exactness of the upper row of (18)
implies ¢t = dr(N7) + dr(V3) — dr(Ns). Noting that rp(V;) = dr(Qr(2V;)) fori € {1,2,3},
one can therefore obtain the claimed exact sequence in (ii) by repeating the argument after
replacing the given sequence by (19). Given the claimed sequence, one then also deduces that
the exponent Dr(N5) — Dr(V;) — Dr(/V3) must be non-negative, as claimed.

The first equality in (iv) follows directly from the exact sequence (19) with Ny < Ny — Nj
taken to be an exact sequence of the form corp(M;) < M; —» Z,[[]™r), We next fix a
decomposition of M; as a direct sum EBie ;M;y; of indecomposable modules, and for each
index ¢ a projective cover 6; of My;. Then @ie ,0; is a projective cover of M, and, given this,
the equality Qr(corp(M;)) = corp(Qr(M;)) follows from (i).

To prove the remainder of (iv), and also (v), set M := iZN . Then, by Nakayama’s Lemma,
one has

dp(M) = dimyp (Fp ®ZP[F] M) = dime (]Fp ®ZP[A] N) = dA(N)
Thus, if 6 is a projective cover of the Z,[A]-module N, then iL 6 is a projective cover of the
Z,|T)-module i\ N and so the second assertion of (iv) is true since Qr(M) = ker(ikf) =
il (ker(6)) = i% (2 (V).

The first assertion of (v) follows easily from the Krull-Schmidt Theorem. To prove the
second, write O for the valuation ring of the completion of the maximal unramified extension
Q" of Q, in Q5. Then, for a Z,-lattice M, the group 2 := Gal(Q,"/Q,) acts semi-linearly on
M’ := O ®z, M and M = H°(Q, M’). In particular, for a subgroup Y of I, a Z,[Y]-lattice L
has a free direct summand if and only if the O[Y]-lattice L’ has a free direct summand and so
cory(L)" = corppyr)(L'). It follows that cora (V)" is a direct sum of non-free indecomposable
O[A]-lattices and hence, by Green’s Indecomposability Theorem [6], that

i (cora(N)) = coroyr(ix (N)")
provided A is normal in I'. In this case, therefore, one has
if (cora (V) = HO(Q, i (cora (N))') = HO(, i (cora (N)))
= HO(2, corop (5 (V)))
— H(Q, corp(i5 (V)))
= corr(ix (V)
as required. U

Example 3.2. It is clear that Qp(Z,[I']) = (0), Qr(Z,) = I(I'),, corp(I(I'),) = I(I'),,
corp(Z,[I']) = (0) and corr(Z,) = Z,. In addition, the natural isomorphisms
Ly Qz,[r] [(F)p = Ip(r)/[p(F)Q =[P

combine with Nakayama’s Lemma to imply dr(/(I"),) = d(I") and so Qr(I(I"),) is the kernel
of a surjective map 0 : Z,[[]¢® — I(T),. In particular, for the tautological short exact
sequence of Z,[I']-modules

0— I(T), = Z,[T] = Z, — 0, (20)
the short exact sequences in Lemma 3.1(i1) and (19) are respectively the sequence itself and
0= Qr(I(T),) = Z,[11°® & [(T), — 0.
3.2. Module deficiencies and the core of U;. We start by describing m kg and corg(Up,5)
in terms of the module Vi, g .

Proposition 3.3. Ler S be a finite set of places of K with S C S, and assume py[p] = (0).
Then one has

mr/k,s = Da(Visp) — ‘RL/K \ S|
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and the Z,|G|-module corq(Uy s) is isomorphic to Q%(V1,.s,)-

Proof. Since juz[p| = (0) one has Ur s = OF ¢ . Hence, if we fix a projective cover of Z,[G]-
modules § : P — Vg, then a standard construction of homological algebra implies the
existence of an exact sequence of Z,|G]-modules

0=Us—>P 5 PL Vg, —0 1)

that has the same Yoneda extension class as the pro-p completion of (4). Then, since U g
and P are finitely generated and torsion-free the same is true of P;. In addition, since P is
projective and the modules M, and M; in (4) are both cohomologically-trivial (over (), the
module P; must also be cohomologically-trivial. These facts combine with [1, Th. 8] to imply
that the Z,[G]-module P, is projective, and hence free (by Swan’s Theorem) of rank mq ().
In addition, the exact sequences (5) and (13) (for each v € Ry \ S) combine with Dirichlet’s
Unit Theorem to imply the existence of an isomorphism of Q,[G]-modules

Q, ®z, Visy = Q, ®z, ker(er ), = (Qp @z, Ups) ® Q,[G]Fr/x\5!
(see also [24, §1, Cor.]). From the exactness of (21), it therefore follows that
me(P1) =me(P) — |Rpjx \ S|
=da(Visyp) — |Rojx \ S| (22)

On the other hand, if we fix a projective cover §] : P/ — ker(6), then there exists an
isomorphism of Z,[G]-modules ¢ : P, = P/ & P/ for some projective, and hence free, Z,[G]-
module P;" so that 6; o ¢~' = 6] @ Opy. There are therefore isomorphisms of Z,[G]-modules

Ups = ker(6) = ker(6, o ¢~ 1)
= ker(0)) ® P/ = Q%(Vis,) © P
Taken in conjunction with Lemma 3.1(iv), this implies corg Uy, s) is isomorphic to Q%(V 1 s ,)
and hence that my kg = mg(Py’). It is therefore enough to note that (22) implies
me(P) =mg(P1) — mg(P))
=(de(Visp) = [Bryx \ S|) — da(ker(0))
=(da(Vi,sp) = [Rryx \ S|) —1a(Visy)
=Dc(Visy) = [Rryx \ S|
O

With further effort, the above result can be made much more explicit. To give a concrete
example of this, for each v € RfL i We define an integer by setting

€y =EL/Kp ‘= (d(Gv) + 1) - de<Wv>P)'

These integers are considered in detail in Remark 3.7 below. For the moment, however, we
note only that d(G,) = dg,(/(G,),) (cf. Example 3.2) and hence that the sequence (12)
implies ¢, is equal to either O or 1.

Theorem 3.4. Assume Rz"/ K= () and the existence of vy € Ry, sk with I,, = G. Set
Tk i ={v € Ry I, # Go}
and

/[/,/K = Rk \ (RIL/K U{wo}),
and define Z,|G|-lattices

W @%R, ig Qc, Wap)

L/K
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and
Nk = @ R (GG, Zp) © Q(iG, Zy))-

L/K
Then the integer
tr/x =Da(Vise ) — Da(ArL) = [S¥] = (pr/x — k) + (L= d(G)) = Y Ey

UER’L/K

is non-negative and there exists a short exact sequence of Z,|G|-lattices
0— Qé(A[) — COI'0(UL) D Zp[G]tL/K — I(G)p @ ML/K D NL/K — 0. (23)
In addition, the Z,|G-lattices 1(G),, and both Q%,(i& Z,) and Q. (i&, Z,) for each v € RL/K,

are non-free indecomposable. Further, for each v € R} ., the Zy|G,|-lattice Qg (W, ) is

non-free indecomposable and, if G, is normal in G, then the Z,|G-lattice i Qq, (W, ,) =
Qc(i& W, ) is also non-free indecomposable.

Proof. We start by noting the argument of Gruenberg and Weiss that proves [9, Th. 6.1] also
establishes the following facts about the Z,[G, |-lattices W .

Ifv e R} /K then W7, (and hence also W, ;) is non-free indecomposable. In particular,
since the sequences (13) and (14) combine to imply dg, (W) < 2and Q,®z, W, , = Q,[G.],
one deduces in this case that

de, (W;,) = 2. (24)
From the short exact sequence
0= Wyp = Zy|Go] © Zy|Gy] — Wy, — 0

of [9, Lem. 4.1], we can then deduce

er(W;,p) = dGU(W'pr) (25)
and also that there exists an isomorphism of Z,[G,]-modules
., (W;,) = Qa, (Way). (26)

If now v € Rp/k \ R} K then the exact sequence of G,-modules (13) splits and so W;p
is isomorphic to the direct sum Z, ® I(G, ). In this case, therefore, the exact sequence (14)
induces an isomorphism of Z,[G,]-modules

QF, (W) = Q% (Zy) ® QF, (1(GL)y) = Q% (Zy) & Qa, (Zy) (27)

and also combines with the tautological short exact sequence (20) with I' = G, and equality
d¢(1(Gy),) = d(Gy) to imply

D, (Wy,) = Da,(Zy) + Da, (1(Gh),) = (1 = d(Go)) + (1 = 1) =1 - d(Gy).  (28)

In addition, since G,,, = G, the splitting of (13) for v = v, implies that the tautological exact
sequence of Z,[G]-modules

0 — ker(er), — (@U i% Z,) @ (®v€Rf ig W) Lt Ly — 0

€S C ik

is also split and hence that there is an isomorphism of Z,[G]-modules
ker(eL)p = (@vesle”Z ) @I(G);@ML/K@NL/K (29)

with .
My = @ er 'GvW;p
L/K
and

Npk = @vERZ/K(igUZp g 1(G.):).
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Since the Z,|G]-module P, ¢ g i& Zis a free of rank | S| (as RY . = ), the exact sequence
(5) (with S = S¥) therefore induces an exact sequence

0— A —= Vi, = LG5 & I(G); & My & Npjw — 0, (30)

with Vj, := V[, ge ,. Upon applying Lemma 3.1(iii) to this sequence, and recalling Q2% (V)
is isomorphic to corg(Uy) (by Proposition 3.3 with S = S%°), we thus derive an exact sequence

0= Q4(AL) = Q4(V ) BL[G 1% — QL(I(G):) @02 (M) BQ%(Ni k) — 0, (31)
with
th k= Da(Vip) — Da(AL) — Da(Z,[G*FY) — Da(1(G);) — Da(Myu/k @ Nijx).

It is clear D(Z,[G]I°%1) = |S5¢| and, as a consequence of the exact sequence (14) with G,
replaced by G, also Da(I(G)5) = 0.

In addition, after taking account of (24), (25) and (28), one computes that the quantity
DG(ML/K D NL/K) is equal to

> . DeWi)+ (> ., (Da(Z,)+Da,(I(G.);)

= (ZUERZ:@ —de, (W) + (i/:;RZ/K(l - d(G.))
_ (ZUE%Ku —d(Gy) +eu) + (ZUGR/L’/K<1 —d(Gy)))
SODPRINIER TSRS SR

=0, (1-dG)) —(1-dG)+> e

vERL /K LK
= (Pl — Oux) — (1 —d(G)) + ZveR, Eo-
L/K

Taken together, these computations prove ¢/ k= bk Given this, the claimed exact
sequence (23) is then obtained by combining the exact sequence (31) with the isomorphisms
(26) and (27) (and Lemma 3.1(iv)) and Q(1(G)}) = Qa(Zy) = 1(G),.

It is now enough to verify the assertions regarding indecomposability. Firstly, the Z,[G]-
lattice 1(G); is clearly not free and so is indecomposable since dg(/(G);) = 1. In addition,
for each v € Ry ., the Z,|G,]-lattice i& Z, is non-free indecomposable and so Lemma 3.1(i)
implies the same is true of both QF(i% 7Z,) and Q¢ (i Z,).

We now fix v € R} - and note that, since the Z,[G, ]-lattice W, ;, is non-free indecompos-
able, the same is true of Q¢, (W, ,) (by Lemma 3.1(i)). Further, if G, is normal in G, then
(using the notation of the proof of Lemma 3.1(v)) Green’s Theorem combines with Lemma
3.1() to imply Q¢ (i& W, ,) is non-free indecomposable provided O ®z, W, is a non-free
indecomposable module over R := O[G,]. Since this module is clearly not free (since W, ,
is not free over Z,[G,]), it is enough to show the R-module O ®z, W, is indecomposable.
However, if O ®z, W;,p decomposes as a direct sum M @ M’ of non-zero modules, then
precisely one of the summands, M say, has zero isotypic component at the trivial character
of G, and so belongs to the kernel of the map of R-modules ¢ : O ®z, W, — O induced
by the exact sequence (13). This implies a decomposition ker(6) = M & (M’ N ker(#)) and
50, since ker()) is equal to the indecomposable R-module N := O ®z, I(G)7, it follows that
M = N and M’ Nker(f) = (0) so # induces an isomorphism M’ = O. This implies that the
scalar extension of (13) splits over R and hence that the original sequence splits over Z[G.,].
The latter contradiction therefore implies that the R-module O ®z, W, is indecomposable,
as required. U
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Remark 3.5. The existence of a place vy € Ry x with [,, = G strongly restricts L/K.
However, with further effort, the approach of Theorem 3.4 allows one to prove similar results
for wider classes of extensions. For example, if L /K is any Galois extension for which there
exists a non-archimedean place v, of K with G,, = G, and we set S := S%° U {vy}, then the
above argument can be combined with the pro-p completion of the isomorphism (17) (in place
of (29)) to analyse the module cor(Uy, ) and thereby also, via Lemmas 2.6 and 3.1(ii), the
module corg(Up).

Remark 3.6. Since ¢, > 0, Proposition 3.3 (with § = S¥) combines with Theorem 3.4 to
imply that, under the stated conditions, one has

mr/k + pPL/k = DG(VLS?,p)
> Da(Ap) + S| + (pr/x — 0yk) — (1= d(G) + D Eu

vGR’L/K

and hence also

De(Ar) < kg o= (mpyr — |1SEN) + O d(G)) + (1= Ev)-

This gives a concrete link between m,/x and the G-structure of Ar. Forinstance, if k1, k<0,
then it implies

veER/

UERL/K\{UO} L/K

rg(AL) > dg(AL),
and, in particular therefore, that A;, # (0). As a specific example, assume R/ = {vo} and
mp/kx < 1k(Uk): then one has
Kp/k = Mp/Kk — |S[o{o| +1= mr/K — I'k(UK) <0

so Ay, # (0) and hence, by [25, Th. 10.4], also Ax # (0). In particular, if K is any number
field for which px[p| and Ak both vanish, then for any finite Galois p-extension L/K that
is (totally) ramified at precisely one non-archimedean place one must have my /x = rk(Uk).
This result was first obtained, by different means and under the additional hypothesis that G is
cyclic, in [4, Exam. 5.2(i)], where it is also shown that corg(UL) is isomorphic, as a Z,[G]-
module, to /(G);. However, by using the approach of Bouazzaoui and Lim [2], one finds that

the latter isomorphism cannot be valid (under the stated conditions on K and R ) if G is
not cyclic - the author is grateful to Donghyeok Lim for this observation.

Remark 3.7. Fix v € R/ /K and consider the integer ¢, defined just before Theorem 3.4. To
do this, set f := |G, /I,|, fix a generator ¢ of G, /I, and write 7 for the canonical projection
Z|G,] — Z|G,/1,). For anatural number ¢, set T} := > .— ' ¢' and then z(g) := (g—1, Ty))
for g € G,, with a(g) the unique integer such that 1 < a(g) < f and 7(g) = ¢*9). Then,
from the discussion in [9, §1], one has

W, ={(z,y) € I(G,) & Z[G, /L] : w(z) = (¢ — 1)y},
(so z(g) € W, for each g) and the maps in (12) are such that

av(l) = (Oqu) and Bv(z(g)) =g—1
for each ¢ € G. Hence, if we set d := d(G,) and fix a subset {g;}1<j<q Oof G, so that
{g9; — 1}1<;<aq generates the Z, |G, |-module I(G,),, then the Z,[G,]-module W, , is generated
by the union of «,(1) and Z := {2(g;) }1<;<a. In particular, if some element g; is such that its
order o(j) is equal to the order of 7(g;), then one has
O(j)_l i
(D, 9)2(g) = au(1)

so that W, ,, is generated by Z and hence ¢,, = 1. (If GG is abelian, one can even check that the
existence of such an element g; is a necessary condition for €, = 1.) Now an element g; with
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these properties automatically exists, and so one has ¢, = 1, if G, is the semi-direct product
of I, and G, /I, (which, by a result of Johnston [17, Lem. 3.3], one can always assume after
composing L, with the unramified extension of K, of degree [L,, : K,]). However, it can be
shown that such elements can also exist (and hence one has ¢, = 1) if G, is not a semi-direct
product.

Remark 3.8. Since (29) implies ker(e,), has a very explicit structure, the proof of Theorem
3.4 reduces the study of corg(Uy) to determining both Q% (Ay) and the (Yoneda) extension
class of the sequence (30). Whilst the explicit determination (in a general setting) of Q% (A7)
is surely difficult, the results of Ritter and Weiss imply the following ‘independence’ result for
the extension class of (30).

Fix a finite p-group I', a finite set > and, for each o € Y, subgroups I', and I’g of I', with Fg
normal in ', and T, /T cyclic, and an element 7, of T, that projects to a generator of I', /TY.
Write (I', X) for the set of Galois extensions L/K of number fields for which there exists a
(fixed) group isomorphism vz x : I' = Gal(L/K) and bijection r1,x : ¥ — Ry k so that,
for each o € %, the groups ¢1/x(I',) and ¢,k (') are the decomposition and inertia groups
in I' of some place of L above kx(0),and ¢f /K (7, ) is an associated frobenius element. For
L/K and L'/K'in (I',¥), the maps ¢z/x and ¢z, make A and A;/ into Z,[I'-modules
and ker(ey,), and ker(ey/), into canonically isomorphic Z,[I']-modules. In particular, for any
isomorphism of I"-modules j : A; = Ay, there exists an induced isomorphism of groups

Ju ! Extépm (ker(er)p, Ar) = Ext%pm (ker(er)p, Arr).

Then the argument used by Ritter and Weiss to prove [24, Th. 2] shows that the extension
classes of the respective sequences (30) for L/K and L'/ K’ correspond under j,, and hence
that the Z,[I'|-lattices corp(Uy) and corp(Uy/) are isomorphic, provided there exists an exact
commutative diagram of group homomorphisms

lj lj’ lLL//K/OLZ/lK

AL/ — Gal(HL//K’) " Gal(L’/K’)

Here Hy, and H, are the p-Hilbert classfields of L and L’ and the rows are induced by Galois
theory and the canonical identifications

AL = Gal(HL/L) and AL’ = Gal(HL//L’)
that are given by Artin reciprocity.
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