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ABSTRACT. We prove a K-theoretical leading term formula relating the Artin L-series that
arise from a finite Galois covering of separated schemes over a finite field to an equivariant
Euler characteristic of the compactly supported Weil-étale cohomology of Z. We deduce
from this result an explicit characterization of the Galois structure of the compactly sup-
ported Weil-étale cohomology complex of Z and also the proof for global function fields of
a range of previously formulated conjectures including the ©(3)-Conjecture of Chinburg,
the non-abelian Brumer-Stark Conjecture of Nickel and the analogue for function fields of
the equivariant Tamagawa number conjecture for untwisted Tate motives. As a key step
in the proof of our main result we establish several new results concerning the K-theory
of group rings over Tate algebras that are of independent interest.

1. INTRODUCTION

1.1. Statement of the main result. Motivated by the relation between Weil groups
and Galois groups, Lichtenbaum [32] introduced a new Grothendieck topology, the ‘Weil-
étale’ topology, on the category of schemes of finite type over a finite field. He showed that,
whilst Weil-étale cohomology groups share many of the same properties as étale cohomology
groups, they are also in many important cases both finitely generated and related via a
natural Euler characteristic construction to the leading terms of zeta functions. In this
article we prove a refinement of Lichtenbaum’s leading term formula in the setting of Galois
coverings of schemes and then derive a variety of consequences of this result.

To give more details we fix a power g of a prime p, write F, for the finite field of car-
dinality ¢ and fix a separable closure Fy of F,. For any scheme Y’ of finite type over Fy
we write Yy, for the Weil-étale site on Y’ that is defined in [32, §2]. We also write ¢
for the geometric Frobenius automorphism x +— x'/7 in Gal(Fgy/F,), 0 for the element of
H*(Spec(F,)wet, Z) = Hom((¢), Z) that sends the Frobenius automorphism to 1 (and hence
sends ¢ to —1) and @y~ for the pullback of 6 to H' (Y}, Z). We recall that, for any sheaf
F on Y4, taking cup product with 6y gives a complex of the form

Ueyl

—= H' (Yjye, F)

UOY, Uey/

(1) 0 — H"(Yye, F) — H?(Yiyey, F) ——

For a Galois covering f : Y — X of schemes of finite type over F, of group G' we set

Z(f,t)= > LMY, x, t)ey.
XEIr(G)
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Here Ir(G) denotes the set of irreducible complex characters of G and for each x we write
LA™Y,y 1) for the Artin L-series defined by Milne in [33, Exam. 13.6(b)] and e, for the
primitive central idempotent X(l)]G|_lzg€G)((g_1)g of C[G].

We recall that each function LA™(Y, x,t) is a rational function of ¢t and we write 7y,
for its order of vanishing at ¢ = 1. We further recall that the leading term

ZH(f,1) = Y lim(1 —#) I LAYy ey
x€lr(G)
of Z(f,t) at t = 1 is a well-defined element of ((Q[G])*, where we write ((A) for the centre
of any ring A.

In the sequel all G-modules are to be understood, unless explicitly stated otherwise, as left
modules. We then write D(Z[G]) for the derived category of G-modules and DP*™(Z[G])
for the full triangulated subcategory of D(Z[G]) comprising complexes that are ‘perfect’
(that is, isomorphic in D(Z[G]) to a bounded complex of finitely generated projective G-
modules). We write Ky(Z[G],Q[G]) for the relative algebraic Ky-group of the natural ring
inclusion Z[G] — Q[G]. We also use the canonical extended boundary homomorphism

dc : C(QIG])™ — Ko(Z[G], Q[G])

of relative algebraic K-theory and the ‘refined Euler characteristic’ xg(—, —) construction
that associates to every rationally trivialized complex in DP*™(Z[G]) a canonical element of
Ky(Z]G],Q[G]). (These constructions are both recalled in §3.1.)

We can now state the main result of this article.

Theorem 1.1. Let

y Y,y

(2) fl lf’

x 1 x
be a Cartesian diagram in which f' is a finite Galois covering of group G, X is geometrically
connected, X' and Y’ are proper and of finite type over Fy, j and jy are open immersions
and the following two conditions are satisfied:
(i) the cohomology groups H'(Y{y.,jviZ) are finitely generated in all degrees i and
vanish for almost all i, and
(ii) the complex (1) with F = jy,Z has finite cohomology groups.

Then the complex RT(Y{y ., jy,1Z) belongs to DP*"(Z[G]) and in Ko(Z[G),Q[G]) one has
(3) 0c(Z*(f,1)) = —xc(RT (Yiyg, v, Z), €1,5)

where €5 ; denotes the exact sequence of Q[G]-modules that is induced (under condition (ii))
by the complex (1) with F = jy,Z.

Remark 1.2. For each prime ¢, the long exact sequence of relative K-theory of the inclusion
Z¢|G] € Q[G] implies that (3) determines the image of Z*(f, 1) in ((Q¢[G])* modulo the
subgroup Nrdg,(q(K1(Z¢[G])). In view of the explicit description of Nrdg,q(K1(Z¢[G]))
that is obtained by the second author in [30], or equivalently by the methods of Ritter and



Weiss in [40], this means that (3) incorporates families of congruence relations between the
leading terms at ¢ = 1 of the Artin L-series LA™ (Y, x, t) for varying x in Ir(G).

Remark 1.3. Upon specialising (3) to the case Y/ = X’ (so Y = X and G is trivial) one
recovers the leading term formula proved by Lichtenbaum in [32, Th. 7.4]. The latter result
also shows that (for any G) the conditions (i) and (ii) in Theorem 1.1 are valid if X = X’ (so
j is the identity) and Y” is both smooth and projective, or if Y is either a curve or a smooth
surface. In general, however, if Y’ is either non-smooth or non-proper, then condition (i)
is not always satisfied and the validity of condition (ii) is related to Tate’s conjecture on
the bijectivity of the cycle-class map. In a more general setting it would seem natural to
ask if our methods can prove a result similar to Theorem 1.1 for the theory of ‘arithmetic
cohomology’ introduced by Geisser in [23].

As an important step in the proof of Theorem 1.1 we shall establish several new re-
sults concerning the Whitehead groups of group rings over Tate algebras (see, in particular
Theorem 2.1 and Corollary 2.3).

These results extend earlier work of several authors (for example, to the context of
ramified coefficient rings) and are likely to be of independent interest. In particular, they
extend the main K-theoretical results that are obtained by the second author in [30], by
Ritter and Weiss in [40] and by Witte in [50] and have played a key role in the construction
of ‘p-adic L-functions’ in various contexts of non-commutative Iwasawa theory.

In addition to these K-theoretical results, the proof of Theorem 1.1 will also make crucial
use of Grothendieck’s description of the Zeta function of ¢-adic sheaves on X in terms of
compactly supported f-adic cohomology, of the analogous description of the Zeta function
of p-adic sheaves on X in terms of crystalline cohomology that is due to Emerton and Kisin
and of an explicit computation of certain Bockstein homomorphisms that arise naturally in
‘descent-type’ computations.

This argument demonstrates a key advantage of the sort of K-theoretical techniques
developed here and, in the setting of the geometric Birch and Swinnerton-Dyer Conjecture,
by Kim and the present authors [7]. Specifically, these techniques can be sufficient to study
equivariant leading term conjectures for varieties over function fields and hence avoid the
need to develop an appropriate formalism of (non-commutative) Iwasawa theory. This is
important since, for example, there are still no ideas on how to formulate a main conjecture
of Iwasawa theory for semistable abelian varieties relative to any general class of ramified
p-adic Lie extensions of global function fields.

1.2. Statement of some consequences. We quickly review several concrete consequences
that follow from Theorem 1.1.

1.2.1. To state the first we write Ky(Z[G]) for the Grothendieck group of the category of
finitely generated projective G-modules. We recall that the torsion subgroup of K(Z[G])
identifies with the reduced projective class group Cl(Z[G]) of G and that to any object C
of DP*"(Z[G]) one can associate a canonical Euler characteristic o (C) in Ko(Z[G]).

We write Q° for the algebraic closure of Q in C, Ir(G) for the set of irreducible Q°-valued
characters of G and Mapg(Ir(G), J(Q°)) for the group of Gal(Q¢/Q)-equivariant maps from
Ir(G) to the idele group J(Q°) of Q°. We recall (from, for example, [21, Chap. I, Th. 2])
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that Frohlich has constructed a canonical (surjective) ‘Hom-description’ homomorphism
ha - Mapg(I(@), J(Q°)) — CI(Z[G]).

We now fix a Cartesian diagram as in (2). Then for each character x in Ir(G) we obtain
a non-zero element of Q¢ by setting

LAY, x, 1) 1= (1 — ) T LAM(Y, ).
%
We can therefore define an element 2™ () of Map(Ir(G), J(Q°))) by setting

Artin { Jo (LArtinv*(Y, X, 1)), if ¥ is symplectic and v is archimedean,
4) 20w = :
1, otherwise
for each x in Ir(G) and each place v of Q°, where in each case j, is a choice of embedding
Q¢ — C that corresponds to v (and is made precise in §6.2.2). We also note that if x is
symplectic, then LA™ (Y, y, 1) is a real number.

Then the following result is a precise analogue for Weil-étale cohomology of the main
result of Chinburg in [14] concerning relations between the Galois structure of de Rham
cohomology complexes and Artin root numbers that are associated to tamely ramified Galois
covers of schemes over F,.

Corollary 1.4. Fix a Cartesian diagram as in Theorem 1.1. Then the map zArtin(f) 18
Gal(Q°/Q)-equivariant and in Ko(Z]|G]) one has

X6 (BT (Yyee v1Z)) = ha (2270 (f)).

Hence, the element x(RU (Y} ¢, dv,Z)) depends only on the sign of LA (Y, 3 1) for
irreducible complex symplectic characters x of G and has order dividing two.

In particular, if LA™™*(Y, x, 1) is positive for all such x, then R (Yyyes Jy 1 Z) is isomor-
phic in D(Z]G]) to a bounded complex of finitely generated free G-modules.

The proof of this result will be given in §6.2.

1.2.2. We now review a selection of the results that will be derived from Theorem 1.1 in
the special case that X is an affine curve. Before stating the first of these we recall that,
for any finite Galois extension K/k of global function fields, the ‘equivariant leading term
conjecture’ formulated by the first author in [2, Conj. C(K/k)] is the natural function field
analogue of the equivariant Tamagawa number conjecture for the untwisted Tate motive
over Galois extensions of number fields (for more details see [2, Rem. 2, Rem. 3]).

The following result will be stated precisely as Theorem 7.1 and proved in §7.2.

Theorem 1.5. For any finite Galois extension K/k of global function fields the equivariant
leading term congecture of [2, Conj. C(K/k)] is valid.

Whilst the main result of [3] verifies the latter conjecture for all abelian extensions, the
conjecture has not before been verified for any non-abelian Galois extensions K /k of degree
divisible by the characteristic of k. In fact, Theorem 1.5 also now gives an alternative proof
of the main result of [3] in that it avoids any use of Iwasawa theory.

Before stating the next result we recall that the Brumer-Stark Conjecture for global
function fields concerns the explicit Galois structure of divisor class groups in finite abelian



extensions. The significance of this conjecture was first observed by Mazur and it was
partially proved by Tate and then proved in full by Deligne by using the theory of 1-
motives (for an exposition of this proof, due to Tate, see [46, Chap. V]) and then later by
Hayes by using the theory of rank one sign-normalized Drinfeld modules [28]. The ‘non-
abelian Brumer-Stark Conjecture’ was formulated by Nickel [36] and constitutes in the case
of global function fields a natural conjectural extension of the theorem of Deligne and Hayes
to the setting of arbitrary Galois extensions.

Corollary 1.6. The non-abelian Brumer-Stark Conjecture is valid for global function fields.

In Theorem 7.7 we will actually prove a stronger form of Nickel’s conjecture in which
annihilators are replaced by (non-abelian) Fitting invariants. By a more detailed analysis
of the proof of Theorem 7.7, we are also able to show Theorem 1.5 implies both an extended
version of the original Brumer-Stark Conjecture in which leading terms (rather than values)
of Artin L-series give rise to elements of higher Fitting ideals of divisor class groups and
also the validity for global function fields of a refinement of the main conjecture that was
formulated in [4] (see Corollary 7.11 and, for context, Remark 7.12).

Finally, we recall that the ‘©2(3)-Conjecture’ of Chinburg is a central conjecture of classical
Galois module theory. It was formulated in [11] in the setting of number fields and then
later in [10] in the setting of arbitrary global fields. Hitherto, this conjecture has not been
verified for any non-abelian Galois extension of global function fields of degree divisible by
the residue characteristic. Nevertheless, in §7.4.4 we are able to combine Theorem 1.5 with
earlier work of Flach and the first author in order to deduce the following result.

Corollary 1.7. Chinburg’s Q(3)-Conjecture is valid for global function fields.
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named author is supported by DST-SERB grant SB/SJF/2020-21/11, SERB SUPRA grant
SPR/2019/ 000422, DST FIST program - 2021 [TPN - 700661], and Tata Education and
Development Trust.

PART I: GENERAL RESULTS

In the next four sections we will establish several general results (including, perhaps most
notably, Theorems 2.1 and 4.3) that will later play a key role in the proof of Theorem 1.1.

In the sequel all modules are to be understood as left modules unless explicitly stated
otherwise.

For any associative, unital, left noetherian ring R we write C~(R) and CP*f(R) for the
categories of bounded above complexes of projective R-modules and of bounded complexes
of finitely generated projective R-modules respectively.

We also write D(R) for the derived category of R-modules and D~(R) and DPe(R)
for the full triangulated subcategories of D(R) comprising complexes that are respectively
isomorphic to an object of C~(R) and CP*f(R).
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2. WHITEHEAD GROUPS FOR GROUP RINGS OVER TATE ALGEBRAS

2.1. Mackey functors. In this section we use the basic theory of Mackey functors, Green
rings and Green modules, the necessary background for which can be found, for example,
in [38, Chap. 11].

If M is a Mackey functor, then for each monomorphism of finite groups V < U we write

@) MU) - M(V) and (i), : M(V) = M(U)

for the induced group homomorphisms (in particular, we caution the reader that, for sim-
plicity, we do not indicate the dependence of these maps on M).

We write U?P for the abelianization of a group U. Then for certain M the tautological
surjection U — U2 also induces maps M(U) — M(U??) and M(U*) — M(U) and, in

any such case, we denote these maps by (igab)* and (igab)* respectively.

Fix a finite group G and a prime p. Then we write G%p (Zp[G)) for the Grothendieck group
of the category of finitely generated Z,[G]-modules that are free as Z,-modules and recall
that there are natural isomorphisms

Go" (Z,[6)) = Go(Q[9]) = Ko(Q,[9))

(cf. [1, Chap. XI, Th. 5.3, Chap. IX, 2.4] and [42, Prop. 9]). We regard these isomor-
phisms as identifications and always describe elements of these groups via Ko(Q,[G]) as
this is canonically isomorphic to the free abelian group on the set of irreducible Q,-valued
characters of G.

We fix an algebraic closure Qj of @, and write R(G) for the free abelian group on the
set of irreducible Qf-representations of G.

We write S(G) and C(G) for the sets of all subgroups and of all cyclic subgroups of G
respectively.

2.2. Statement of the main algebraic theorem. We fix a finite group G and an ar-
bitrary prime p. We write O for the valuation ring of some fixed finite extension of Q, in

5> fix a uniformiser m of O and denote the residue field O/(m) of O by k. We also fix an
indeterminate ¢ and recall that the Tate algebra O(t) of O relative to t is the subalgebra of
the power series ring O[[t]] comprising series Y ;- qa;t" with the property that the sequence
(a;); of elements of O converges to 0 as i — co.

Throughout this section A will denote either O, O(t) or O[[t]], and we shall consider the
group ring A[G].

We write SK1(A[G]) for the kernel of the scalar extension map

K1 (A[G]) — K1(A[1/p][G])
and set
K{(A[G) := K\ (A[G])/SE (A[G)).

We will make important use of the fact that K7(A[G]) is a Green module over the Green
ring Ko(Q,[G]). (Note [38, Th. 11.2] states this result for the case A = O but that, as per

[16, Th. 4.6(i)], this restriction on coefficients is not necessary).
We set AQ§ = A ®o Qj and recall that there is a natural ‘determinant’ homomorphism

DA[G} : Kl(A[GD — Hom(R(G),Aag)



with ker(Dy(q) = SK1(A[G]). Via these homomorphisms the natural inclusions
Hom(R(G),Qp™) < Hom(R(G), (O(t) ®o Qp)*) — Hom(R(G), (O[[t]] ®0 Q;)™)

induce canonical injective homomorphisms

() K1(0[G]) = K1(O(t)[G]) — K1 (O[[H][G])

and we shall always regard these maps as inclusions.

For the trivial subgroup U = {1} of G we write ny for its trivial character. Then for
each cyclic subgroup U of G we recursively define an element of Ky(Q,[U]) by setting

(6) o = Ul= > (i)« (),
U'cU

where |U| denotes |U| times the trivial character of U.
We consider the diagonal homomorphism

(fv) a
Oag) s KI(A[G) —= ] AU
Ues(G)
that uses for each subgroup U of G the composite homomorphism

(¥ )

o - K(AG) U Kl (A

We can now state the main result of this section.

K{(A[U™]) 2= A[U]*.

Theorem 2.1. The map 0,(¢) induces an isomorphism between K1(A[G]) and the set of all
elements (zy)y in HUes(G)A[Uab]X that satisfy both of the following conditions:

(Fajg) For every element (xu)u of HUGS(G)R(Uab) that satisfies

S (1), 0 (i) (xw) = 0
UeS(G)
in R(G) one has
IT Pawiev)xw) = 1.
Ues(a)
(Cajg)) There exists an element x of K1 (A[G]) with

IT Gl - 20) =219

UeC(G)

Remark 2.2. The condition (F(g)) is an elementary compatibility relation and the con-
dition (C A{g}) is also directly implied by the basic properties of Mackey functors (for more
details see the proof of Proposition 2.6 below). It is thus striking that these conditions
are together sufficient to characterize the image of 05(g. In this regard, we further note
that the explicit description of K] (A[G]) given in Theorem 2.1 extends the K-theoretical
results that have played a key role in the construction of ‘p-adic L-functions’ in the setting
of non-commutative Iwasawa theory (cf. [48]) and so is of some independent interest.

The following result will be derived as a straightforward consequence of Theorem 2.1 and
plays a key role in later arguments.
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Corollary 2.3. An element x of K{(O[[t]][G]) belongs to K{(O(t)[G]) if and only if for all
subgroups U of G one has 0y () € O{t)[UP]*.

The proofs of Theorem 2.1 and Corollary 2.3 will occupy §2.3, §2.4 and §2.5.
Remark 2.4. In [50, §3] Witte uses methods developed by Chinburg, Pappas and Taylor
in [15, 16] to study K1(O(t)[G]) in the case that O is an unramified extension of Z,. In this
special case his approach can be used to give a different proof of Corollary 2.3 but does not
give an analogue of the finer result in Theorem 2.1.
2.3. First observations on the proof of Theorem 2.1.

Proposition 2.5. The homomorphism 0, is injective.

Proof. This result follows directly from the commutative diagram

Drja

K1(A[G))

INGe) l

[Tves@ AU

Hom(R(G), Aag)
inyes@ (U ) eoliG))*

Mves(e) Hom(R(U™), Ag ).

(DA[Uab])U

and the fact that Brauer’s induction theorem (as stated in [42, Th. 20]) implies that the
right hand vertical arrow in the diagram is injective. O

Proposition 2.6. Any element in the image of Ox(q) satisfies both of the conditions (FA[G})
and (Cyjq))-

Proof. Fix x in K{(A[G]) and set (zy) := O¢(2).
To prove (zy) satisfies (Fp(q) we use the fact that each map 6y is equal to the composite
left hand vertical arrow in the following commutative diagram

") K} (ALG)) A+ Hom(R(G). A%,
(i9)* lug)*
K| (A[U)) P Hom(R(U), A,
(i ) l(z‘gab»
IR PN Hom(RUY), AG).

In particular, if (xy) in HUGS(G)R(Uab) satisfies ZUGS(G)(ig)* o (igab)*(XU) = 0, then
this diagram implies that



I Pavier)tew) = ] DA[G’ i)« © (igan)* (X))
UesS(G) Ues(@
=Dy <x>(ZU€S(G) (i)«  (ifw)* (X))
= Djc(2)(0)
:17

and hence that (vy) satisfies (Fp(q))-
To prove (xy) satisfies (Cy[g)) we use the fact that for any subgroup W of G there is an
equality in Ko(Qp[W]) of the form

(8) > @))elw) = W)
UeC(w)

(by Serre [42, Prop. 28, 27]). Taken in conjunction with the Frobenius axiom, this equality
implies that

II @to-20)= ][ ((ig)*(UU)-x>

UeC(G) Uec(@)
_ e _
=% e 1) -
=G|z
— |G
and hence that (zy) satisfies (Cy(q), as required. O

2.4. Torsion considerations. As further preparation for the proof of Theorem 2.1, in this
section we investigate the torsion subgroup of K{(A[G]).

In the sequel we write Aio, for the torsion subgroup of an abelian group A. We also
write A[p] and A[p/] for the maximal subgroups of A, comprising elements whose orders
are respectively a power of p and coprime to p.

2.4.1. Preliminary results. The first key step in the proof of Theorem 2.1 will be to prove
the following useful result.
Proposition 2.7.

(i) The kernel of the homomorphism

K (O[MIG)/K(AG) — ] ol 1 /A[u*)
UeS(G)
that is induced by Oopy) () s torsion-free.
(ii) The inclusions (5) restrict to give an equality K| (O[G])tor = K] (A[G])tor-

However, before proving this result, we must first record several technical results that are
obtained by a routine extension of arguments of Oliver.
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Proposition 2.8. Let P be a finite group of p-power order and z a central element of P
that has order p. Then there exists a natural exact sequence of abelian groups of the form

1= (2) = K1 (A[P], (1 — 2)A[P]) — Ho(P,(1 — 2)A[P]) & F, — 1.

Proof. This results generalises [38, Prop. 6.4] and our argument closely follows that in loc.
cit.

We set I := (1 — z)A[P] and write J for the Jacobson radical of A[P]. Then one checks
easily that I” C p(1 — z)A[P] and this fact combines with the argument of [38, Th. 2.8] to
show that the classical p-adic logarithm gives rise to a diagram of group homomorphisms

K1(A[P],1J) — K1(A[P],I) — Ky (A[P])/1J,1/1J) —> 1

= i log!’ ilogl llogo

0 Hy(P,1.J) Ho(P, 1) Ho(P,I/1J) ——0.

In this diagram log!” is bijective, both rows are exact, the first square commutes and log,
is defined to be the unique map which makes the second square commute.

Moreover, the same argument as in [38, Prop. 6.4] shows that there are natural isomor-
phisms of groups

Ky(A[P)/IJ,1/1J) = A[P]/J = k= Hy(P,1/1J),

with respect to which log, identifies with the endomorphism 1 — ¢ of k, where ¢ is the
Frobenius map.

Given these facts, the claimed exact sequence (with the third arrow equal to log!) is
derived from the above diagram by simply mimicking the argument given in loc. cit. O

Proposition 2.9. Let P be a finite group of p-power order. Let P’ be a subgroup of P
generated by central commutators of order p. Write I for the kernel of the natural projection
A[P] — A[P/P'] and K{(A[P],I) for the image of K1(A[P],I) in K{(A[P]). Then the image
of K1 (A[P],I) under the logarithm map lies in Ho(P, A[P]) and coincides with the image of
Hy(P,1).

Proof. Let z1,...,2; be a set of central commutators that generate P’. Then one has
= (21— AP+ + (2 — DA[P).

Hence, by [38, Lem. 6.3(i)], one has I? C pI and therefore the logarithm map takes
K{(A[P],I) into Hy(P, A[P]).

Next we prove that the image of K| (A[P],I) in Ho(P, A[P]) coincides with the image of
Hy(P,I).

To prove this in the case k = 1 we need only use the result of Proposition 2.8. Indeed,
since for any g € P the image of (1 — z1)g under the map w that occurs in the sequence in
the latter result is equal to 1, the required claim follows from the exactness of this sequence
and the fact that if z; = hgh~1g™!, then the image of (1 — 21)g in Ho(P,A[P]) is trivial.

To prove the result in the general case we denote the image of Ho(P,I) in Ho(P, A[P])
by Ho. Then there is a natural commutative diagram
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DI K1 (A[P], (1 — z)A[P)) D1 Ho(P, (1 — z)A[P])

| |

K1 (A[P], 1) Hy

in which the vertical arrows are surjective and, via this diagram, the claimed result is easily
reduced to the case k = 1. g

Lemma 2.10. Let P be a finite group of p-power order. Let P’ be a subgroup of P gen-
erated by central commutators of order p. Let A denote either O or O[[t]]. Then the map
SKi(A[P]) — SK1(A[P/P')) that is induced by the natural surjection A[P] — A[P/P'] is

itself surjective.

Proof. In the case A = O this result is from [38, p. 277, (3)] and so follows from [38, Prop
8.1] and [38, Thm 8.7].

To deal with the case A = O[[t]], we use the fact that for any finite group @ of p-power
order there is a natural isomorphism A[Q] = 1£1n O[Z/p™ x Q). In particular, since by [38,
Prop 8.12] there are natural isomorphisms SK;(O[Z/p" x Q]) = SK;(0O[Q]), the groups
SK;(A]Q]) and SK;(O[Q)]) are naturally isomorphic and so the claimed result for A = O[[t]]
follows directly from the result for A = O. O

The next result generalises [38, Th. 12.3].

Proposition 2.11. Assume that the quotient field L of O is a Galois extension of Q. Let
P be a finite p-group for which there exists a homomorphism 7 : P — Gal(L/Q)) such that
L/L™P) s unramified, and set P’ := ker().

Then, with A denoting either O or O[[t]] and A[P]" the corresponding twisted group ring
associated to T, the transfer homomorphism K|(A[P]7) — H°(P/P',K{(A[P'])) that is
induced by the inclusion A[P'] C A[P]™ is bijective.

Proof. We note first that the argument used to prove [38, Lem. 12.1] shows that the
functorial homomorphism K{(A[P']) — K (A[P]") induced by the inclusion A[P'] C A[P]”
is surjective.

Next, we extend the argument of [38, Lem. 12.2] to prove K (A[P']) is a cohomologically-
trivial P/P’-module with respect to the conjugation action on A[P’] in which P/P" acts on
A via 7.

Before proving this we note that, if true, this fact combines directly with the argument
used to prove [38, Th. 12.3] to deduce the claimed result.

Now, the argument of [38, Lem. 12.2] works verbatim in the case that P’ is abelian (the
only fact used in this case being that A[P'] is a local ring with finite residue field). To deal
with the general case we let P” be the subgroup of P’ generated by central commutators
in P’ of order p. Then P” is non-trivial (by [38, Lem. 6.5]) and of exponent p. We write
I for the kernel of the projection map A[P'] — A[P’/P"] and K{(A[P’],I) for the image of
Ki(ALP'), 1) in K{(A[P)).
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Next we note that, by Lemma 2.10, the natural map SK;(A[P']) — SKi(A[P'/P"]) is
surjective and hence that there exists an exact sequence of P/P’-modules

9) 1 — K{(A[P'],I) = K} (A[P']) — K{(A[P'/P"]) — 1.

Now, by induction on the order of commutator subgroup of P’, we may assume K} (A[P'/P"])
is a cohomologically-trivial P/P’-module and so this sequence reduces us to proving that
K{(A[P'],I) is also cohomologically-trivial.

To show this one can use the same argument as in the proof of [38, Lem. 12.2]. For the
convenience of the reader, we now give a sketch of this argument.

By Proposition 2.9, one knows that the image of K| (A[P'],I) in Hy(P', A[P’]) under the
logarithm map coincides with the image of the natural map Ho(P',I) — Hy(P',A[P']).
Denoting this common image by Hg we may consider the commutative diagram

Ky (A[P'], 1) K{(A[P'],I) ——=1
logll ibg
Ho(P', 1) u H, 0.

In this diagram the map log exists, and is surjective, because the power series defining
log(1 + x) converges in Ho(P’', A[P']) and takes values in Hy. In addition, ker(n) is equal
to the image of Hy(P’,A[P’'/P"]) in Hyo(P',I) and, as A is a flat Z-module, the universal
coefficient spectral sequence gives an isomorphism H; (P’, A[P'/P"]) = H,(P',Z[P'/P"))®y,
A. In particular, as Hy(P’, Z[P'/P"]) is finite, ker(r) is torsion. Since Proposition 2.8 (with
P replaced by P’) implies that ker(logl ) is also torsion, one can then apply the Snake lemma
to the above diagram to deduce that ker(log) is a torsion group.

However, the natural projection map K (A[P])ior — K{(A[P'/P"])tor is bijective (as
follows, for example, directly from the explicit descriptions given in (10) and (12) below
with G replaced by P’ and P’/P"), and so the exact sequence (9) implies that K{(A[P'],I)
is torsion-free.

It follows that the map log is bijective and hence endows K1{(A[P’],I) with a natural
action of the twisted group ring A[P/P’]". It is then enough to note that the existence of
such an action automatically implies that K{(A[P'],I) is a cohomologically-trivial P/P’-
module (see the beginning of the proof of [38, Lem. 12.2]), as required. O

2.4.2. The proof of Proposition 2.7. To prove claim (i) we write Jy and J for the Jacobson
radicals of A[G] and k[G] respectively.

Then, since the quotient rings A[G]/Jx and k[G]/J are naturally isomorphic, the group
K1 (A[G]/Jp) is finite, of order prime to p and independent of A (see, for example, [38, Th.
1.16)).

We next write K{(A[G], Ja) for the image of K1(A[G], Jo) in K{(A[G]) and claim both
that K (A[G], Jp) is pro-p and that there is a direct sum decomposition

(10)  Kj(A[G]) = K1(A[G], Ja) ® K{(A[G]) ) = K1 (A[G], Ja) © Ka(K[G]/T).

In the case A = O these facts are proved by Oliver in [38, Th. 2.10]. To deduce the
same results for A = O[[t]] one then need only fix an isomorphism of O[[¢]]|G] with the limit
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T&ln O[Z/p™Z x G], where the transition maps are the natural projections, and then use the
isomorphism of groups

(11) K1(O[[t])[G]) = lim K1 (O[Z/p"Z x G])

that is induced by the result of Fukaya and Kato in [22, Prop. 1.5.1].

Finally, the same results for A = O(t) follow as an easy consequence of the results for O
and O[[t]] and the inclusions (5).

Now the decomposition (10) implies that it is enough to prove the assertion of Proposition
2.7(3) after replacing K7 (O[[f][G])/K(AG)) by K} (O[M][G]. Joj)/ K} (AIG], Jx).

Next we note that the results of Proposition 2.11 and [16, Th. 4.7(ii)] combine with the
argument that is used to prove [38, Th. 12.4] to show that K1{(A[G], Ja) is computable by
restriction to p-elementary subgroups (in the terminology of Mackey functors).

Hence, after possibly extending the ring of scalars O, we may assume G is a p-group and
then in this case we can prove Proposition 2.7(i) by induction on the order of commutator
subgroup of G.

If G is an abelian p-group, there is nothing to prove. We therefore assume G is a non-
abelian p-group and fix a central commutator z in G of order p. Then, by combining the
induction hypothesis with the obvious analogue of the exact sequence (9) we are reduced
to proving Proposition 2.7(i) after replacing K1 (O[[t]][G])/K1(A[G]) by the quotient

K1(O[[t][G], I.)/ K1 (A[G], (1 — 2)A[G])
with I, := (1 — 2)O[[f]][G].

Now, as z is a commutator, the argument of Proposition 2.9 shows that the image of
K{(O[[t]][G], L) under the logarithm map lies in Hy(G,O[[t]][G]) and coincides with the
image of Hyo(G, I,) in Ho(G, O[[t]][G]). Hence, since the image of (z) in K} (O[[t]][G], I.) is
trivial, the exact sequence in Proposition 2.8 implies that K’ (O[[t]][G], I.,) is isomorphic to
the image of Hy(G, I;) in Ho(G, O[[t]][G]).

In this way, the proof of Proposition 2.7(i) is reduced to showing that the quotient of the
respective images in Hy(G, O[[t]]|G]) of Ho(G, I,) and Hy(G, (1 — 2)A[G]) is torsion-free.
Then, since Ho(G, O][t]]|G]) is a free O[[t]]-module on the conjugacy classes of G, this is
easily deduced from the fact that the quotient of O[[t]] by A is torsion-free.

Turning to the proof of Proposition 2.7(ii), we note that the decomposition (10) immedi-

ately implies that K{(O[G])y = K{(A[G])py) and so it suffices to show that K{(O[G])y, =
K1 (AG]) -
To do this we fix a set {g1,...,gr} of representatives of the set of L-conjugacy classes of

elements of G that are of order prime to p. We write Z; for the centralizer of ¢g; in G, n;
for the order of g;, py, for the group of ngh roots of unity in Qj, and set

N;:={x € G:xga" = g¢ for some a € Gal(L(un,)/L)}.

Then, in view of the inclusions (5), it is enough to show that there is a natural group
isomorphism

(12) K AIGD) = (L)) & @ HON:/Z:, 2%,
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for both A = O and A = O[[t]] (and hence also for A = O(t)). But if A = O, this is
proved by Oliver in [38, Th. 12.5(ii)] and one then obtains the same isomorphism in the
case A = O[[t]] by combining (11) with the given isomorphisms for the rings O[Z/p"Z x G]
for every natural number n.

This completes the proof of Proposition 2.7.

2.4.3. Torsion and the condition (FA[G] ). The results that are proved in this section will
show that the group 0, (K1(A[G])ior) is characterized solely by the condition (Fyjg)) in
Theorem 2.1.

We first consider torsion elements of order prime to p.

Proposition 2.12. 0x(q restricts to give an isomorphism between Ki(A[G])y and the

subgroup of HUeS(G) (A[Uab]x)[p/] comprising elements that satisfy the condition (Fyq))-

Proof. In view of Proposition 2.7(ii) it is enough to prove the claim in the case that A = O.
To do this we write By(G) for the set of k-irreducible modular (or ‘Brauer’) characters of
G and for each p in B(G) we denote the smallest field extension of k over which p can be

realised by k(p).
Then there are natural isomorphisms

Ki(O[G)p = K1 (OG]/Jo) = ] k(p),
PEBL(G)

where the first is described by Oliver in [38, Th. 2.10] and the second is proved in [17, 18.1].
With respect to these isomorphisms, the restriction of o to Ki(O[G])yy is identified

with the homomorphism
II *ow— II II *0

pEB(G) UeS(G) xeB, (UaP)
that sends each element (a,), to (Hpazp(U’X)

the equality of characters

()0 )00 = Xm0
PEBL(G)

)u, Where the integers n,(U, x) are defined via

Given this explicit description of the restriction of 6p|g), the claimed result follows directly

from [17, Exer. 18.13]. O

Proposition 2.13. 0,(q restricts to give an isomorphism between Ki(A[G]), and the
subgroup of HUGS(G) (A[Uab]x)[p} comprising elements that satisfy the condition (Fyq))-

Proof. In view of Propositions 2.5, 2.6 and 2.7(ii) it suffices to show that any given element
(xy) of HUGS(G)(O[Uab]X)[p] that satisfies (Fojg)) belongs to Oojq (K1 (O[G])p))-

To do this we write E,(G) for the set of p-elementary subgroups of G' and note that for
any U in E,(G) the isomorphism (12) with A = O and G = U implies that the natural
projection map K{(O[U]),] = K{(O[U*])y,) = (O[U]*)y is bijective.

Recalling that K{(O[G], Jo) is computable by restriction to p-elementary subgroups (see
the proof of Proposition 2.7(i)), it is therefore enough to show that if U and V' are any two
subgroups in E,(G) then the given element (xr7) has both of the following properties:
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(a) If U = gV g~ for some g in G, then c,(xy) = xy where ¢, denotes the map induced
by conjugation by g.
(b) If V C U, then (i))*(zy) = zv.

This is in turn true because both of these properties can be deduced as a consequence
of the condition (Fpg)). For brevity, we shall only derive (b) from (Fpq), leaving the
analogous (but easier) derivation of (a) to the reader.

Now, to prove (b) it suffices to show that Dopy(zv)(x) DO[V]((zg) (xy))(x) for every

x in R(V). But for any such y one has (i}).(x) — (i5).(i)«(x) = 0 and hence, by the
assumed validity of (Fog)), also

Doyv(av)(x) = Dojw)(zuv)((i{))«(x)) = Do (i) (zv)) (x),

as required. I

2.4.4. Torsion and the elements ny. In this section we prove the following result.

Proposition 2.14. For any element (xy) of HUGS(G)A[Uab]X that satisfies the condition
(Faj)); the following properties are equivalent.
(i) nu - zy is torsion for every cyclic subgroup U of G.
(ii) zy is torsion for every cyclic subgroup U of G.
(iii) xy is torsion for every subgroup U of G.
Proof. At the outset we note that the implication from (iii) to (i) is obvious and that an
element y of K7 (A[U]) is torsion if and only if the element Dy (y)(x) of Ag, is torsion for
P
every x in R(U).
To prove the implication from (i) to (ii) we fix U in C(G) and for x in R(U) and V in
C(U) we set xv = (i¥)*(x). Then the equality (8) implies that for each such x the element

Dy (zv) )1 = Dy (zo)(JU] - x)

is equal to
DA[U](:EU)(ZVEC(U)(#)*(UV'XV)): I Dawio) (@)l - xv))
VeC(U)
= I Dai(@) @o)nv - xv)
Veow)
= I Dawi@v)v-xv)
vec ()
[T Dawilm -2v)er)
Vec ()

where the penultimate equality is a consequence of Lemma 2.15 below. Thus, since claim
(i) implies that the last displayed product is a torsion element, it follows that Dy (wu)(x)
is torsion for all y in R(U) and hence that (ii) is valid.

To show the implication from (ii) to (iii) we need to show that zy is a torsion element
for every U in S(G). Arguing by contradiction we take a subgroup U of least order such
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that zy is not torsion. Then U cannot be cyclic but U?" can be cyclic and so we have to
consider two different cases.

We assume first that U" is cyclic. Then there exists a V in C(U) for which the natural
map V — U?P is surjective and so induces an isomorphism between U?" and the quotient
V' :=V/(VN[U,U]). In particular, by Lemma 2.15 below, one has zy = (z“f?b)*(a:v) and
so, since xy is (by assumption) torsion the element xy is torsion, as required.

Next we assume U?" is not cyclic. Then for every V in C(U?P) the full pre-image VofV
in U is a proper subgroup of U and so wy; is torsion. The image xy of 2y, under the natural
projection map A[V2]* — A[V]* is therefore also torsion and, by combining Lemma 2.15
below with the construction of zy, one knows that (igab)*(xU) is equal to xy.

Hence, if we set u := |U?P| and for any y in R(U?P) also xy := (igab)*(x), then one has

D) (zv)(X)" = Day(@v)(u - x)
:DA[U](xU)< Z (i

Ve (Usb)

= I Dawm(@) @) - xv)
VeC(Uab)

= [I Damiav)iv-xv),
Vec(Uab)

b

)l xv))

where the second equality follows from (8) with W replaced by U2P. In particular, since
each element xy that occurs in the last product is torsion, this proves claim (iii). ]

Lemma 2.15. Let (xy) be an element of HUes(G)A[Uab]X that satisfies condition (Fy(q)-
Fiz subgroups U and V' of G with V C U and set V' :=V/(V N[U,U]). Then one has

@) () = W),
Proof. Set d := [[U,U]V : V]. Then it suffices to prove that for every x in R(V’) one has

Dap (G5 @) () = Dap (V) (2v) (x).

In addition, since

.77ab

* .Uab
D (i) (8))(x) = Da) (o) (i )«(d - X))
and
,Vab ,Vab %
D ((iyr )« (@v))(x) = Dapvy(@v) iy )* (X)),
the required equality follows directly by applying (F A[G]) to the character relation

(6§) e (@G ) (00 )u(d - x) — (@§)u(iun)* G0 ) (x) = 0.

2.5. The proofs of Theorem 2.1 and Corollary 2.3.
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2.5.1. The results of Propositions 2.5 and 2.6 reduce the proof of Theorem 2.1 to showing
that any element (zv)u of [[es(q) A[UP]* that satisfies both of the conditions (Fag)
and (Cpg)) must belong to 1m(0A[G])

To prove this we note, firstly, that since such an element (zy) satisfies condition (Cyg)
we can choose an element z in K7 (A[G]) with [[;eoq) (i) (nu - 2p) = 29,
Then the standard ‘double coset formula’ for Mackey functors implies that, for each V'

in C(G), the element
Ov (=) = ) ( I ()l -20))= T ) - 2v)
UeC(G) Uel(G)
can be computed as

IT  II (Vrgug)socgo (iYryym)) (0 - 20)

UeC(G) geV\G/U

= H H gUg «(Mgurg=1 - Tgurg1)

geV\G UEC(G)

- H H iU «(nu - xv)
geV\G ULV

= (3" () n)) av)) <
ucv

— €l
V .

Here the first equality is valid since every subgroup V NgUg™! is equal to gU’g~! for some

U’ € C(G) and also Lemma 2.15 implies (igU_1ngU)*(77U CTU) = Ng-1ygnu * Tg-1ygnu fOr
all g and U. The second equality is clear and the third follows from the Frobenius axiom
and the fact that Lemma 2.15 implies (i};)*(zy) = zp for all U C V. Finally, the fourth
equality follows from the equality (8) (with W replaced by each V') and the last is clear.

The above computation implies that, after replacing (x;) by 8(x) ! (zy) if necessary, we
can assume that (zy) satisfies both (Fp(g)) and (Cyp(g) and is also such that xy is torsion
for all U in C(G). Then, in this case, Proposition 2.14 implies that zy is torsion for all
subgroups U of G.

We can therefore now apply Propositions 2.12 and 2.13 to deduce that (zy) belongs to
im(05(q), as required to complete the proof of Theorem 2.1.

2.5.2. To prove Corollary 2.3 it is clearly enough to show that any element (xy) of the
intersection im(6o(c) N [1yes@ O [U2P]% belongs to im (0o (a))-

But, fixing such an element (217), and then an element = of K (O[[t]][G]) with Ooc) ()
= (zyv), the argument of Proposition 2.6 implies

=1 & -av)

UeC(G)
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and hence that z/%! belongs to K/ (O(t)[G]).
Thus, since o) (x) = zu belongs to O(t)[U*]* for every U in S(G), Proposition
2.7(i) implies that = belongs to K{(O(t)[G]) and hence that

(zv) = Ooic) (%) = bouya (@)

belongs to im(6p(q]), as required.
This completes the proof of Corollary 2.3.

3. EULER CHARACTERISTICS, BOCKSTEIN HOMOMORPHISMS AND SEMISIMPLICITY

The aim of this section is to recall several useful facts from both algebraic K-theory and
homological algebra.

To do so we fix a Dedekind domain R with field of fractions F', an R-order A in a finite
dimensional separable F-algebra A and a field extension E of F. We write Ag for the
semisimple F-algebra F Qg A.

3.1. Euler characteristics.

3.1.1. We use the relative algebraic Ky-group Ko(A, Ag) of the ring inclusion A C Ap, as
described explicitly in terms of generators and relations by Swan in [43, p. 215].

We recall, in particular, that for any extension field E’ of E there exists an exact com-
mutative diagram

/

04 p Oy
K1(.A) —_— Kl(AE/) —_ Ko(.A,AE/) — K()(.A)

oo ] |

8/
Ki(A) —— Ki(Ap) 225 Ko(A Ap) —225 Ky(A)

in which the upper and lower rows are the respective long exact sequences in relative K-
theory of the inclusions A C Ap and A C Agr and both of the vertical arrows are injective
and induced by the inclusion Ag C Ag/. (For more details see [43, Th. 15.5].) In the sequel
we will usually identify the groups Kj(Ag) and Ky(A, Ag) with their respective images
under the maps ¢ and /.

If R = Z and for each prime ¢ we set A, := Zy ®7 A and Ay := Q; ®q A, then we
can regard each group Ky(Ay, Ag) as a subgroup of Ky(A, A) by means of the canonical
composite homomorphism

(14) B Ko(Ar, Ar) = Ko(A, A) C Ko(A, Ag),
1

where ¢ runs over all primes, the isomorphism is as described in the discussion following
[17, (49.12)] and the inclusion is induced by the relevant case of /. For each element z of
Ko(A, A) we write (), for its image in @,Ko(As, A¢) under the isomorphism in (14).

If R is the valuation ring of a finite extension of Q; for some prime ¢, then there exists a
composite homomorphism

(15) 54 : C(A)< = K (A) 24 Ko(A, A)
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in which the first map is the inverse of the (bijective) homomorphism K;(A) — ((A)* that
is induced by taking reduced norms over A.

Finally, we note that the argument of [6, §4.2, Lem. 9] implies the existence of a canonical
‘extended boundary homomorphism’ of relative K-theory d¢g that, for every prime £, lies in
a commutative diagram of the form

QAN - Ko(Z[G],Q[q)

(16) Lel lﬂz

CQUB)* 2 F(Z4[C), QeIGY).

in which ¢, denotes the natural inclusion and 7, the projection induced by (14).

3.1.2. We also find it convenient to use a description of Ky(.A, Ag) in terms of the formalism
of ‘(non-abelian) determinant categories’ introduced by Fukaya and Kato in [22, §1]. We
recall, in particular, that any pair comprising an object C' of DP*f(A) and a morphism & of
(non-abelian) determinants Det 4, (E ®r C) — Deta, (0) gives rise to a canonical element
of Ko(A, Ag) that we shall denote by x.4(C, h). (For precise details of the relation between
this construction and the localized Ki-groups of Fukaya and Kato, see [7, §4.1.2].)

For example, if C' is an object of DP*f(4), then any exact sequence of Ap-modules of
the form

€: 0= > E@prH(C) - E®r H(C) > EQr H™(C) = --- = 0

induces a canonical morphism Det 4, (€) : Deta, (E ®r C) — Det4,(0) and hence gives rise
to a canonical ‘Euler characteristic’ element

XA(Cv 6) = (DetA(C)7 DetAE (6))

in Ko(A, Ag). In particular, if an object C of DPf(A) is such that F®rC (or, equivalently,
E®prC) is acyclic, then we can take € as the zero sequence and so obtain a canonical element
xa(C.0) of Ko(A, 4) € Ko(A, Ap).

There are two standard properties of such elements that are established by Fukaya and
Kato in loc. cit. and will be frequently used (without explicit comment) in the sequel.

Firstly, if

Cl — 02 — Cg — 01[1]

is any exact triangle in DP®f(A) such that the complex F ®g C3 is acyclic, then any
morphism h : Dets, (E ®r C1) — Deta,(0) combines with the given triangle to induce a
morphism A’ : Det, (F @ C2) — Det 4, (0) for which one has

(17> XA(CQ7h/) = X.A(Cbh) +XA(03,0)
in Ko(A, Ag).
Secondly, if h and b’ are any two morphisms Det 4, (E ®r C) — Det 4, (0), then one has
xAa(C, h/) =xa(C,h) + aA,E(h/ o hil)

in Ko(A, Ag), where the composite ' o h=! : Deta,(0) — Deta,(0) is regarded as an
element of K1(Ag) in the natural way.



20 DAVID BURNS AND MAHESH KAKDE

Remark 3.1. For convenience, we shall often abbreviate the notation x5 (C, h) to xa(C, h)
and also, when E is clear from context, write ¢ and 9, in place of Iz(c),e and 6’2[@ B

3.2. Bockstein homomorphisms and semisimplicity. For each A-module M we write
F - M for the asociated A-module F ®r M.

3.2.1. We recall that an endomorphism % of a finitely generated A-module M is said to be
‘semi-simple at 0’ if the natural composite homomorphism

(18) F - ker(v)) S F-M-—F. coker (1))
is bijective.

This condition is satisfied if and only if there exists an A[i)]-equivariant direct complement
to F - ker(¢)) in F'- M. In particular, in such a case 1 induces an automorphism ¢ of any

such direct complement and one checks easily that Nrd4(¢°) is independent of the choice
of this complement.

3.2.2. We now suppose to be given an exact triangle in DP"f(A) of the form

(19) c%o o on.

This triangle gives rise in each degree ¢ to a composite ‘Bockstein homomorphism’

. . i . i+l .
By + H'(Co) 2 B () 2% H(Cy)
and hence to an associated sequence of A-modules
By ' i Bo. rridl gt
(20) coo —— H'(Cy) — H'"™ (Cp) — -~

The following technical result will play an important role in the sequel.

Proposition 3.2.

(i) The endomorphisms H'(0) of the A-modules H'(C) are semisimple at zero in all
degrees i if and only if the sequence €y of A-modules that is induced by (20) is exact.

(ii) If the sequence €p is exact, then the Euler characteristic x 4(Cy,€g) is well-defined
and in Ko(A, A) one has

xA(Cy, €9) = 3A,A(Hiez(Hi(9)<ﬁ)(fl)l),
where we identify each automorphism H'(0)% with the associated element of K1(A).

Proof. Claim (i) is both well-known and straightforward to verify directly. Claim (ii) then
follows as a special case of [7, Prop. 5.1] (or, alternatively, see [2, Prop. 3.1]). O

Remark 3.3. In each degree i one has im(53) ') C ker(5}) and so the sequence (20) is a
complex. In particular, the key ‘semisimplicity’ condition in Proposition 3.2 is equivalent
to requiring that the cohomology groups of this complex are finite in all degrees.
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4. ZETA FUNCTIONS AND EULER CHARACTERISTICS FOR SMOOTH FLAT SHEAVES.

After making certain preliminary observations of a general nature, we shall in this section
state, for an arbitrary prime ¢, a K-theoretical leading term formula for the Zeta functions
of f-adic étale sheaves relative to finite Galois covers of schemes over [F, (for details see
Theorem 4.3). In the remainder of the section we will then reduce the proof of this result
to the special case that £ = p.

4.1. General observations.

4.1.1. Let sx : X — Spec(F,) be a separated morphism of finite type and write FEt/X for
the category of X-schemes that are finite and étale over X.

Then for any geometric point T of X the functor that takes each scheme Y to the
set Fz(Y) := Homx(Z,Y) of geometric points of Y that lie over T gives an equivalence
of categories between FEt/X and the category of finite sets upon which m(X,Z) acts
continuously (on the left).

For a morphism f : Y — X in FEt/X, the finite group Autx(Y) acts naturally on
Fz(Y) (on the right) and if Y is connected, then it is said to be ‘Galois over X of group
G = Autx(Y) if for any £ in F5(Y) the map Autx(Y) — Fz(Y) that sends each o to o0&
is bijective.

If now G is any finite topological quotient of the fundamental group 71 (X, Z), then there
exists a canonical connected scheme in FEt/X that is Galois of group G. We denote this
scheme by (f : Y — X,G), or more simply by f:Y — X, and refer to it as the ‘covering
of X of group G’.

In this case there exists for each subgroup H of G a diagram in FEt/X of the form

i vH

N

X

(21) Y

in which the morphism f¥ is Galois over Y of group H and, if H is normal in G, then
fu is Galois over X of group G/H.

4.1.2. We now fix a prime number /¢, a finite extension ) of Q,; with valuation ring O and
an étale sheaf of O-modules £ on X.

Then for any morphism 4 : Y — X in FEt/X the sheaf h,h*L can be explicitly described
as the sheaf of O-modules that is associated to the pre-sheaf U — @op  (v,y)£(U) where

the transition morphisms By (v,y)L(V) = Bromy () £WU) for a: U — V map (zy)y
t0 ¥ onll@)(ay).

If h is Galois of group G, then, by a slight abuse of notation, we shall set Lg := h.h*L.
In this case the natural right action of G on Homx (U,Y’) gives a left action on h.h*L

by permuting the components and for the stalk at T there is therefore an isomorphism of
O[G]-modules

(22) (La)e = P Fr=O0[G] ®o Ly
F(Y)
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Here the second map results from the fact that (since h is Galois) any choice of an element
¢ of Fz(Y) induces an isomorphism o — o o § of G-sets G = Fx(Y).

4.1.3. Since sy is separated we may fix a factorisation sy = s’ o j with j : X — X’ an
open immersion and s’ : X’ — Spec(FF,) a proper morphism. The direct image with proper
support Rsx1Lq of L can then be defined as the complex of O[G]-sheaves s,G%., (71Lq),
where G%,(K) denotes the Godement resolution of an étale sheaf I on X',

One then defines the cohomology with compact support of L5 and the higher direct
image with proper support of L by respectively setting

RU (X4, L) := RU(X), 71 Lq)

and

RI(Fq, Rsx Lq) := RI'(Spec(Fg)et, Rsx 1 La).
We recall that the arguments of Deligne in [18, Arcata, IV, §5] show that these complexes
are each independent, up to natural isomorphism in D(O[G]), of the chosen compactification
sx =5 oj.

In the following result we write s. for the natural morphism Spec(Fy) — Spec(F,).
We also recall (from the Introduction) that ¢ denotes the geometric Frobenius automor-
phism in Gal(Fg/F,) and we use the fact that Gal(Fg/F,) acts naturally on the complex
RI(F¢, siRsx 1 La).

q °c

Proposition 4.1. Let f: Y — X be a Galois cover of group G. Let O be a finite extension
of Zy and L a flat and smooth O-sheaf on X. Then the following claims are valid.

(i) RT(Fy, Rsx Lq) is naturally isomorphic to R o(Xe, Lg).

(ii) RU(Fg, RsxLa) and RT(Fg, sz Rsx 1 La) belong to Dret(0[G)).

(iii) There is a canonical exact triangle in D' (O[G]) of the form

RI(FS, st Rsx 1 La) —2 RU(FS, 53 Rsx,La) — RTo(Xet, £)[1] = -
(iv) The Euler characteristic of RT'.(X¢t, La) in Ko(O[G]) vanishes.

Proof. Claim (i) follows directly from the definitions of RI'(Fy, Rsx 1Lq) and RI' (X, L)
via the chosen compactification sy = s’ o j and the fact there are natural isomorphisms of
complexes
R (F, 5,G% (1 F)) = RT(F,, RS, (. F)) = RT (X}, jF).

Claim (ii) follows directly from the result of [18, p. 95, Th. 4.9] and the fact that the
isomorphism (22) implies each stalk of L is a finitely generated projective O[G]-module.

Claim (iii) is a well known consequence of the Hochschild-Serre spectral sequence and
the isomorphism in claim (i).

Finally, claim (iv) follows immediately upon taking Euler characteristics (over O[G]) of
the complexes in the exact triangle in claim (iii). O

Remark 4.2. For later use, it is convenient to discuss the exact triangle in Proposition
4.1(iii) in terms of the formalism described in §3.2.
(i) We consider the sequence of Q[G]-modules

QROBL & , Q®oPBL g, ; Q@oBLtE,
GE?&; Do B (X, Q ®0 Lg) —22 HT (Xg, Q @0 L) ———=25 .|
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where 527G7  denotes the Bockstein homomorphism Hi(Xe, L) — HFY(Xer, L) that is
induced by the exact triangle in Proposition 4.1(iii). Then, in this setting, the endomor-
phisms H'(1 — ¢) of H'(F¢, s} Rsx L) are expected to be semisimple at zero under some
very general conditions (see, for example, the discussion of Kato in [31, Rem. 3.5.4]) and,
in any such case, Proposition 3.2(i) implies that the sequence e??élfd) is exact.

(ii) An analysis of cup products on the level of complexes as in Rapaport and Zink [39, 1.2]
shows that the homomorphisms 3}  ; in (i) have an alternative description (in this regard
see also [34, Prop. 6.5, [31, §3.5.2] and most relevantly, the discussion in [9, §3.2.1]). To be
precise, one finds that 5. ; , agrees with the homomorphism H_ HXe, La) — H Xy, L)
that is induced by taking cup-product with the element of H' (X, Z,) obtained by pulling
back the (unique) element of H'(Spec(Fy)et, Z¢) = Homeon(Gal(FS/Fy), Zg) that sends ¢
to —1.

4.2. Zeta functions. In this section we fix a Galois cover f : ¥ — X of group G as in
§4.1.1. We also fix a prime /, a finite extension () of Q, in QQj with valuation ring O and a
flat smooth O-sheaf £ on X as in §4.1.2.

4.2.1. In the sequel we write X for the set of closed points of X. For each z in X° we
write d(x) for the degree of x over [F,;, we choose an identification of the residue field of
with the subfield F a() of Fy and we fix a choice of Fg-valued point Z of X that lies over z.

The stalk Lz at Z of the induced sheaf L is then a finitely generated free O[G]-module
that is equipped with an action of ¢d(®).

In particular, therefore, we can follow the approach of Deligne in [19, Rem. 2.12] to define
(via Galois descent) an element of the power series ring ((Q[G])[[t]] in an indeterminate ¢
over the centre ((Q[G]) of Q[G] by setting

(23) Za(X,L,t) = [] Nrdgig(1 - ¢*t4® | Qo Laz) ™!
e X0

This is the natural ‘equivariant’ Zeta function that is attached to the sheaf L of O[G]-
modules.

Given an element f = f(t) of ((Q[G))[[t]] we write ef : Spec(¢(Q[G])) — Z for its
algebraic order at t = 1. We identify e; with an element of 70 Spec(C(QIEN)) in the natural
way and then set

fr@) = (1 =) f(t) € CQIG][[H]]-
We fix a completion C; of Qf and use the Wedderburn decomposition of Q[G] to identify

C(QIG)[[t]] as a subring of the product [] C[[t]], where x runs over the set Ir/(G) of
irreducible Qf-valued characters of G. If the limit

fr(1) = lim f*(2)

t—1

is both well-defined in [], C, and also belongs to the subset ((Q[G])*, then we shall say
that the leading term f*(1) of f(t) at t = 1 is ‘well-defined as an element of ((Q[G])* .

We can now state one of the main results of this article. In this result we use the composite
homomorphism dp|¢ that is defined in (15).
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Theorem 4.3. We assume that in each degree i the endomorphism H'(1 — ¢) of the O[G]-
module H'(FS, s Rsx L) is semisimple at zero.
Then the sequence e%f’&‘ab of Q[G]-modules defined in Remark 4.2(i) is exact. In ad-

dition, the leading term Z5(X,L,1) is well-defined as an element of ((Q[G])* and in
Ky (O[G], Q[G]) one has

Soia)(Z&(X, L£,1)) = —xoe)(RTe(Xer, L&), €295%)-

The proof of this result will be completed in §5 by means of a detailed analysis of the
case £ = p. In the remainder of this section we shall reduce the proof of Theorem 4.3 to
this special case.

4.2.2. In this section we assume the hypothesis in the first paragraph of Theorem 4.3. At

the outset we note that, under this hypothesis, the existence of an exact sequence e??é% of

Q[G]-modules follows directly from the discussion in Remark 4.2(i).

To proceed we fix a finite extension E of @ in Qf over which all characters in Ir/(G)
can be realised. For each x in Iry(G) we then also fix a representation G — Autg(V,) of
character y.

In each degree i we define finitely generated Q[G]-modules
=Q®o H'(FS, siRsx 1Lg) and V™ :=Q @0 ker(H' (1 — ¢)) C V"

q’c

Then, as H'(1 —¢) is assumed to be semisimple at zero, we can fix a direct sum decom-
position of Q[G][H"(¢)]-modules

(24) Vi=D'a VvV
Thus, in this case, the restriction of H(1 — ¢) = 1 — H(¢) induces an automorphism of

the Q[G]-module D’ and, by applying the result of Proposition 3.2(ii) to the exact triangle
in Proposition 4.1(iii), we can deduce that

(25)  Xola(RTe(Xer, La), €26y) = —Xole) (RUe(Xer, L) (1], €£7E)
= —9o|a, Q[G](H. (H'(1—)3) ")
== .., (- Do) (Nrdgig (1 = H'(¢) | D))
= doja) ([ [, Nrdaier (1 = H'(9) | D)D),
Now in each degree i the decomposition (24) implies that in ((Q[G])][[t]] one has
Nrdgg (1 — H'(¢) -t : V') = Nrdgg(1 — H'(¢) - t : D') - Nrdggy(1 — ¢ : V)
= Nrdgg(1 — H'(¢) -t : D) - ermc;)
where e, is the idempotent X(l)\G|_1degx(g_1)g of ((QF[G]) and we set
T’i = dimE(HOmE[G](Vx, E ®Q Vi’o)).

where x denotes the contragredient of x.
We note also that, since V"% is a Q[G]-module one has r7,, = 1
and so the vector (r?)yerr, (¢ corresponds to an element of Spec(¢(Q

(1—1)"xey,

for all w in Gal(Qf/Q)
[G])) — Z.
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Hence, since Nrdgyg(1—H'(¢) : D') is an element of ((Q[G])*, this computation implies
that (r})yem,(q) is the algebraic order at t = 1 of Nrdgg(1 — H'(¢) -t : V*) and that the
leading term at ¢t = 1 of this series is both well-defined as an element of ((Q[G])* and equal
to Nrdgq)(1 — H'(¢) : D*).

Taken in conjunction with the equality (25) this fact then implies that the leading term
E6(X,L,1) at t =1 of the series

(26) §6(X, £,1) = [ [ Nrdgiey (1= 6 V)™ € C(@IGD[1]
s/
is a well-defined element of ((Q[G])* such that in Ky(O[G], Q[G]) there is an equality

Xoc)(Rle(Xat, L), €£%5%) = oic) (E6(X, £,1)).

To derive the result of Theorem 4.3 as a consequence of these observations it is therefore
enough to prove the following result.

Theorem 4.4. The leading term Z5(X,L,1) att =1 of Zg(X, L, 1) is well-defined as an
element of ((Q[G])* and such that in Ko(O[G], Q[G]) one has

(27) doe)(ZG(X, £,1)) = dojq)(€a(X, £, 1))

4.2.3. In this section we fix a prime ¢ with £ # p and use the main result of Grothendieck
in [25] to prove that in this case there is an equality of series

(28) Za(X,L,t) =&q(X, L, 1)

in ((Q[G))[[t]]. This equality combines with the observations about the series {g(X, L, 1)
that are made above to immediately imply the result of Theorem 4.4 for the prime ¢, and
thereby completes the proof of Theorem 4.3 in this case.

For each character x in Iry(G) we consider the power series

Z(X, Ly,t) = ] dete(l — ¢t | Hompe)(Vy, E @0 Lagz)) ™
zeX0
in E[[t] and in each degree i we define an E-space V*(x) := Hompgg)(Vy, E @ V).
Then, since the series Zg (X, £,t) and £g(X, £, t) are each defined via Galois descent, the
equality (28) is true if and only if for each x in Iry(G) one has

(29) Z(X, Ly 1) = [[detp(1 =g 1: Vi()) V™
€7
in E[[t]]. Now the isomorphism (22) induces an identification
Hompq(Vy, E ®0 Loz) = Vy ®0 Lz,

and so Z(X, Ly, ) is the Zeta function that is naturally associated to the constructible sheaf
of E-vector spaces Vy, ®o Lz on X.

Since each vector space V'(x) identifies with H.((FS xr, X)et, Vy ®0 Lz), the required
equality (29) therefore follows directly from the exposition of Grothendieck’s results that is
given by Milne in [33, Chap. VI, Th. 13.3].
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5. p-ADIC SHEAVES

In this section we shall combine Corollary 2.3 with a result of Emerton and Kisin in order
to prove Theorem 4.4 in the case £ = p, thereby also completing the proof of Theorem 4.3.
We therefore continue to use the same notation as in §4.2.

5.1. Preliminary constructions. For each O[G]-module M we write M; for the associated
O[G][[t]]-module O[[t]] ®o M.
Then for an endomorphism 7 of M and any series in O[n][[t]] of the form

w(n,t) =1+ Z Zm,-jnitj
j>1i>0
one obtains a well-defined automorphism of M; by setting
D) A@m) =A@m+ Yy > mytI A @y (m)
§>140>0

for each A € O[[t]] and m € M.

In particular, if M is a finitely generated projective O[G]-module, then M; is a finitely
generated projective O[G][[t]]-module and the pair (w(n,t), M) gives rise to a well-defined
element (w(n,t) | M) of K1(O[G][[t]])-

In this way we may associate an element of K1 (O[G][[t]]) to the given sheaf of O-modules
L on X by setting

Za(X, L,t) = ([

Next we fix (following Proposition 4.1(ii)) a complex P* in CP*"(O[G]) and an endomor-
phism ¢ of P* for which there exists a commutative diagram in DP*f(O[G])

(1= AR (£ 2.

P* —— RI(FS, st Rsx,Lq)

(30) H;l l1_¢

P* % RP(FZ,S?RSXJ[,G)

in which ¢ is an isomorphism. Then, just as above, each such gZA) gives rise to a well-defined
element

Zo(1—,t) =[]0t | PHED™
€L
of K1(O[G][[t]])
For each subgroup U of GG, we consider the composite homomorphism

det! ab
6, : K1 (O[G1[[1))) — Kr(OU[[H]]) — KA (O[U*P)[[t])) —— O[U"][[1])*,
where the first map is given by restriction of scalars, the second is the natural projection

and dettO[Uab} denotes the isomorphism induced by taking determinants over O[UP][[#]].

In the following result we describe the images of Zg(X, £,t) and Z¢(1 — ¢, t) under each
of the maps 6},. In this result we use the notation for Galois covers as in diagram (21).
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Proposition 5.1. For each subgroup U of G, the following claims are valid.
(i) 04 (26(X, L,t) = Zya (Y'Y, f1L,1). A
(ii) Write PJ., for the complex Oo[U#"] ®op) P* in CPet(O[U?P)). Then ¢ induces an
endomorphism ¢gab of Pl that lies in a commutative diagram in Drert(O[U2P))

P —> RP(F S*RSYU,!(f;}»C)Uab)

Uab qQr-c

]-_quabJ( ll_Qﬁ

P{['Lb —> RP(]FZ, CRSYU'(fU )Uab)

in which (' is an isomorphism, and one has
04 (26 (1 — ,1)) = detfygran) (Zan (1 = Py, 1)),

Proof. For an endomorphism « of a (complex of) O[G]-modules M we write agan for the
induced endomorphism id ® a of Myas := O[U?P] @) M
Then the equality in claim (i) is valid because

O (Z6(X, £,1)) = detipun (] (1~ ot )| (Laz)yas 1))
— H dettO[Uab](<]- — d)Uab td :B) | (ﬁG,E)Uab,t>)71

zeX0

= [T detop(1 - ¢p2t4@ | (Laz)pm)
zeX0

=TI detopa(t = gt ® | (f5L)pm )"
ye(Yv)o

= Zyao (Y'Y, fEL,1).

All equalities in this display are clear except for the fourth, which follows from a slight
variant of a standard argument. To explain this point we set Y/ := YV and write £ for
the sheaf of O-modules f{;£ on Y’. For each z in X° we also write Y’(z) for the subset of
(Y")? comprising those points that fiy maps to z. Then, to verify the fourth equality, it is
enough to show that for each such point x one has

(31)  detoay(1 ="t @ | (Loz)pm) = ] detopa(1 — " @ed®) | L7, ).
yeY’(x)

Now there is a natural isomorphism f(Lg) = O[G] ®oq (£')y of sheaves on Y’ and for
any 7, in Fz(Y') the map g — ¢(7,) induces a bijection between the set of cosets of U in
G and the set Fz(Y’). There is therefore a decomposition

Loz = (fiLa)y, = P (Lug
yeFz(Y’)
Further, if y is the point of Y” that lies below 7 and we set e/, := d(y)/d(x), then the action
of ¢y := ¢1® induces isomorphisms of O[U]-modules EU o (@) = = Ly Ug for each integer m
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with 1 <m <e In particular, one has ¢3”/” () = 7 and the isomorphism of £’

y/z: U6 (@)

with £, 7 1s induced by the action of ¢, VT = i)
One can therefore decompose (L z)pab as a direct sum

(32) LGI Uab - @ @ Uy Uab = @ @ ﬁUab Rl
yeY'(z) Fz(y) yeY'(z) Fz(y)
where Fz(y) is the set of geometric pomts of Y/ over y and 7 is a choice of element of Fx(y).

Further, the endomorphism of € Faly) that is induced by 1 — gb?](j))td(z) is represented

Uab a7
by the e,/ X e,/, matrix
d x
1 R
—¢d(@) 1 0o ... 0
0 —¢d@@) q . 0
0 . 0 —td@) 1

By using elementary row operations this matrix can be reduced to an upper triangular
matrix in which the last diagonal entry is equal to

¢d(y)(td(x)) vr —1 — ¢g(§/b)td(y)
and all other diagonal entries are equal to 1 and so one has
d(z)d(x d(y)+d(
detopgrany (1 — ¢4 | @Ff(y) Labg) = detoqan (1= ¢ WtIW) | (L].,)).

The claimed equality (31) thus follows from the decomposition (32), as required to prove
claim (i).
The existence of a commutative diagram as in claim (ii) is a direct consequence of

the (well-known) fact that the complex O[U?"] ®O[U] RI(Fg, sz Rsx 1 Lg) is isomorphic in

Drert(O[UP]) to RU(Fg, sz Rsyv (fi7£)yan). In addition, the second assertion of claim (ii)
is true because

04 (Za(1 — =[] 05— ¢t | Pl
1E€EZ
_Ji i —1)+t
= [T detpon) (1 = Gprant | P )Y
1€Z

= dettO[Uab] (ZUab (1 - ¢2Uab 5 t)) .
Here the second equality is true because for each integer ¢ one has
01 ((1— @'t | Pi)) = (1 — (id® ¢')t | (O[U*] @pp P)e),

where ‘9U1 denotes the composition of the first two maps that occur in the definition of 6f,.
In addltlon the first and third equalities follow directly from the respective definitions of
Za(1 — qb, t) and Zpab (1 ¢Udb,t). U
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5.2. The proof of Theorem 4.3.

5.2.1. We first establish an important consequence of Corollary 2.3 and the main result of
Emerton and Kisin in [20].

Proposition 5.2. For any endomorphism ¢ of complexes of O[G]-modules as in (30) the
image of Za(X, Lg,t)- Za(1—¢,t)~1 in K{(O[[t]][G]) belongs to the subgroup K| (O(t)[G]).
Proof. After taking account of Corollary 2.3, it is enough to show that for each subgroup
U of G the element 0} (Z¢(X, La,t)) - 05(26(1 — ¢,t))~1 of O[[t]][U*P]* belongs to the
subgroup O({t)[U?P]*.

In view of Proposition 5.1, it is thus enough to show that for each such U one has

(33) Zian (YU, F5£,1) - detlyruy (Zian (1 = dyran, 1)) 7L € O)[U].

We shall now deduce this from the main result of [20]. To do this we set F := (f{5.L)gab
and write F* for the complex that is equal to F in degree zero and is equal to zero in all
other degrees.

Then the function L(Y'Y, F* t) that is defined in [20, (1.7)] is, by its very definition,
equal to Zyan (Y'Y, f5L,1).

Further, if Z denotes the geometric point Spec(Fg) of Spec(F;), then [33, Chap. II,
Th. 3.2(a)] (with 7 = s.) implies that the complex of stalks (Rsyv F)3 identifies with
RI(Fg, s;Rsyv F). By using the result of [18, p. 115, Cor. 1.13], we can therefore de-
duce from the commutative diagram in Proposition 5.1(ii) that the series L(FFy, Rsyv | F*,t)

defined in [20] coincides with dettO[Uab](ZUab(l — dyav,t)).
Given these observations, and the fact that O(¢)[U?P]* contains 1 + tO(t)[U?], the re-
quired containment (33) follows directly from the containment

LYY, F*,t) - L(Fq, Rsyv , J*,t) "' € 1+ tO(t)[U*"]
that is proved by Emerton and Kisin in [20, Cor. 1.8]. O
5.2.2. In the next result we fix (as we may) a finite extension E of @ in Qj, with valuation

ring O, such that for every x in Ir,(G) there exists an Og[G]-module that is free over O
and spans an E[G]-module V}, (as in §4.2.2 with ¢ = p) of character x.

Lemma 5.3. There exists a canonical ‘reduced norm’ homomorphism of abelian groups
Nrdojggi) : K1(0 = I o=l
Irp(G)
that has both of the following properties.
(i) If « is an automorphism of a finitely generated projective O[[t]]|G]-module P, then

Nrdojyie)((er | P)) = (detpyg) (o | Hompye) (Vi £ ®0 P))) cpy ()

(ii) For any element n of K1(O(t)[G]) the tuple Nrdoyic)(n) converges att =1 to give
an element of the subgroup Nrdgq)(K1(O[G])) of ((Q[G])* C HITP(G)EX.
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Proof. The choice of E ensures that each character x in Ir,(G) corresponds to ring homo-

morphism py : O[G] — M, (1)(Og). For each natural number n, each matrix M = (M;;) in

GL,(O[[t]][G]) and each x in Ir,(G), we write py (M) for the matrix in My, (1)(Og[[t]) that

is obtained by applying p, to the coefficients of powers of ¢ in every component M;; of M.
By sending each M to (det (py(M)))y one then obtains a homomorphism

: GL,( — I o=l
Irp(G)
such that vy, 41 0t, = vy, with ¢, the standard inclusion GL,,(O[[t]]|G]) — GLn+1(O[[t]][G]).
The maps (), therefore induce a homomorphism
GLle) - [T osln*
Irp(G)

that clearly factorizes through the abelianization Ki(O[[t]][G]) of GL(O[[t]][G]). It is also
clear that the latter homomorphism factors through the natural map K;(O[[t]][G]) —
K1 (O[[t]][1/p][G]) and so induces a homomorphism

Nrdoype) : K1(0 )= th

of the required sort.

With this definition of Nrdp)(¢], the property in claim (i) is then a consequence of the
fact that for M in GL,(O[[t]][G]), and x in Ir,(G), the x-component of the image under
Nrdpjje) of (the image in K (O[[t]][G]) of) M is equal to

det (py(M)) = detg(om | Hompgg (Vy, E @0 O[[t]][G]"))

where pps denotes the automorphism of E ®¢ O[[t]][G]™ that corresponds to M.

Next we note that if M is a matrix in GL,(O(t)[G]), then the value M (1) of M at t =1
belongs to GL,,(O[G]) and for each x in Ir,(G) the matrix p, (M) belongs to GL,,y1)(Og(t)).
For each such M the tuple (det(py(M)))y therefore belongs to [[, Og(t) and converges at
t =1 to the element (det(py(M(1)))y = Nrdgig) (M (1)) of Nrdg(q(K1(O[G])). Claim (ii)
follows directly from this fact. O

Turning now to the proof of Theorem 4.3, we note Lemma 5.3(i) implies that for each z
in X° one has

Nrdojgic ({1 — ¢t | (Lo z)0))
= (detE[[t]](<1 — gbd(x)td(:v) | HOmE[G’}(Vx, E ®o (EGj)t))errp(G)
= (detp((1 — ¢*@t@ | Homp(g)(Vx, E ®0 (Laz)))
=Nrdgie)(1 — ¢*@t® | Q @0 Laz)

and hence that Nrdoyijq)(Z2a(X, £, 1)) = Za(X, L, 1).

In a similar way, one has

X€lrp(G)
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~ % i —1 i+1
Nrdoqe(Za(l — ¢,t)) = HNrdO[[t]][G] ((1—o't| Pt>)( )
ez
2i NGO
= [[Nrdgie (1 - 't | Q @0 PF)
i€l
if4 i pey)(—D!
= [ Nrdgie (1 = H ($)t | Q @0 H'(P*))
i€l
i ie (=1)itt
= H NrdQ[G] (1 —H' ()t | Qo H (Fq, SCRSX,[ﬁg))
1€EZ
= fg(X,,C,t).

Here the third equality follows from the fact Q[G] is semisimple and the fourth from the
commutativity of diagram (30), whilst the last is a direct consequence of the definition (26)
of éa(X, L,t).

In view of Proposition 5.2, we can therefore deduce from Lemma 5.3(ii) that the leading
term at ¢t = 1 of

Zg(X, L, t) . fg(X, L, t)il = Nrdo[[t]][g](ZG(X, L, t)) . Nrdo[[t”[g] (Zg(l — (%, t))il
= Nrdoye)(Za(X, L,1) - Za(1— ¢,t) ")

is well-defined as an element of ((Q[G])* and belongs to the subgroup Nrdgq(K1(O[G])).

We also recall that, by the argument in §4.2.2, the leading term £5(X, L£,1) at t = 1 of
¢a(X, L,t) is well-defined as an element of {(Q[G])*.

These two observations combine to imply that the leading term Z5 (X, L£,1) at t = 1 of
Zq(X, L,t) is both well-defined as an element of ((Q[G])* and differs from &£5(X, £, 1) by
an element of Nrdgq)(K1(O[G])).

In particular, since the relevant case of the exact sequence of relative algebraic K-theory
(13) implies Nrdgg)(K1(O[G])) lies in the kernel of the homomorphism g, the latter
fact implies that o) (Z5(X, £, 1)) = doja) (§6(X, £, 1)).

This completes the proof of Theorem 4.4 in the case £ = p, and hence also completes the
proof of Theorem 4.3.

Remark 5.4. In the special case that O = Z,, one can also deduce the validity of Theorem
4.4 (in the case £ = p) by using the main result (Theorem 5.1) of Witte in [50] in place of
Proposition 5.2 and Lemma 5.3. See also Remark 2.4 in this regard.

PART II: WEIL-ETALE COHOMOLOGY AND ARTIN L-SERIES
6. THE PROOFS OF THEOREM 1.1 AND COROLLARY 1.4

At the outset, we recall for the reader’s convenience that Lichtenbaum has observed in [32,
§2] that the apparatus of the mapping cylinder category works for the Weil-étale topology
in exactly the same way as for the étale topology (as described by Milne in [33, pp. 73-77]).
In particular, if Z is a closed subscheme of X with open complement U, and i and j are
the immersions from Z and U into X, then the six standard functors i*, ., i', ji, 7* and 7,
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exist for the Weil-étale topology (with i, right adjoint to i* and left adjoint to i' and j*
right adjoint to j; and left adjoint to j,) and are such that i* o4, =id and * o j; = 0.

6.1. The proof of Theorem 1.1. Throughout this section we shall use the notation and
hypotheses of Theorem 1.1.

6.1.1. We start by making several technical observations about the Cartesian square (2).

Lemma 6.1. The following claims are valid.

(i) There exists a natural isomorphism in D(Z[G]) of the form
RT (Yiyer, v, Z) = RT(Xqyey, fof " HIL).
(ii) For every prime { there exists a natural isomorphism in D~ (Zy[G]) of the form
Z4[G) %161 BT (Ve jviZ) = RTo(Xet, ff*Z).

Proof. One has Z = f*Z on Yy and jy, f* = fji on Xye. Claim (i) is therefore true
since f] is exact (as f’ is finite) and so there is a natural isomorphism RI'(Y{y 4, f*/17Z) =
RY(Xly e, fL132) i D(ZIG)).

To prove claim (ii) we note that the functor Z[G]®zq) — identifies with the exact functor
Zy ®7 — and that the very definition of compactly supported étale cohomology ensures that
RTU(Xet, fof*Zy) identifies with RT(X[,, ji fu f*Zy).

In view of claim (i) it is therefore enough to prove that there exists a natural isomorphism
in D(Z¢[G]) of the form Zy ®z RU(X{y ¢, fuf*HZ) = RT(Xe, ji1fo f*Zy).

To construct such an isomorphism we define sheaves of G-modules on X7, by setting
L:= flLf*HZand L/ := f|f"™*ji(Z /™) for each natural number n. We also fix an object P*®
of C~(Z[G]) that is isomorphic in D~ (Z[G]) to RI'(X{y., L) and an object Q* of C~(Z,[G])
that is isomorphic in D(Z¢[G]) to RT(Xgt, 1 f«f*Zs).

For each n we set A,, := Z/¢"[G]. Then the short exact sequence of complexes

0—>P'£>P'—>P'/£”—>O
combines with the natural exact triangle
RI (X, £) = RT(Xiyer, £) = RU(Xya, £/7) = RE(Xiyer, £)[1]
to give an isomorphism P*®/¢" & RT(X{y, £/¢") in DP(A,,). In a similar way there is

an isomorphism Q°®/¢" = RI'(X¢y, i fs f5(Z/€")) in D(Ay,).
Next we note that there are natural isomorphisms in D(A;,) of the form

RT(Xyyey, £/¢") = BRI (X, L/07) = RT(Xgg, i fof (Z/07)).

Here the first isomorphism is by [32, Prop. 2.4(g)], whilst the second is induced by the fact
that fljy, T = jif.T for any torsion sheaf 7 on Yyy¢: and hence that £/0" = f,f™*j(Z/0") =
Fuavy fH(Z]e") is equal to jif f*(Z/07).
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These observations combine to imply the existence of a natural isomorphism «,, : Q®/¢™ =
P*/¢™ in D~ (A,) and, as n varies, these isomorphisms are such that the diagram

T

. Qo/gn 7? Qo/gnfl -

anl a7L71J/

P
D PO Ty Pt
commutes in D~ (A,), where ¢ and 7P are the natural quotient maps.
Now, since Q®/¢™ consists of projective A,-modules and P*®/¢" of A,,-modules, one can
realize each «,, as an actual map of complexes. Moreover, o, 1 om? will then be homotopic
to " o a, so that there exists a map h : Q*/¢" — P*/¢"~'[—1] for which one has

an_lowg—ﬂﬁoan:doh—i—hod.

But, in each degree 4, the projection map P!/¢f" — P?/¢f"~! is surjective and Q'//" is a
projective A,-module and so h can be lifted to a map b’ : Q®/¢™ — P*/¢"[—1]. If one then
replaces o, by oy, +doh’+h'od, the above diagram will actually be a commutative diagram
of maps of complexes.

By means of an inductive construction, we can therefore assume that, taken together, the
maps «,, constitute a map of inverse systems of complexes. By passing to the inverse limit
of such a compatible system one then obtains an isomorphism in D™ (Z,[G]) of the form

RT(Xeo, jifoef*Z) = Q° = im Q° /0" = lim P* /("

= 7y ®g P* = 7y @7 RT(Xiye, fof"512),
as required. ]

In the next result we use the sequence of Qy[G]-modules E%),Cck, » that is defined in Remark
4.2(1) (with O = Zy).

Lemma 6.2. Under the hypotheses of Theorem 1.1 the following claims are valid.

(i) For each prime £ the complex RT o(Xg, f«f*Zy¢) belongs to DP**(Z,[G)).
(ii) RT(Y{ye,dvaZ) belongs to DP(Z[G]).

(iii) The sequence e%?chd) s exact.

Proof. Claim (i) follows directly from Proposition 4.2(i) and (ii) with both £ = Z, and
O =Zy.

Next we note that the validity of condition (i) in Theorem 1.1 implies that the coho-
mology groups of the complex RI'(Y}j ., jy,Z) are finitely generated in all degrees and
vanish in almost all degrees. By the criterion of [18, Rapport, Lem. 4.5.1], it there-
fore follows that RI'(Y{j ., v, Z) belongs to Dre(7Z[G]) if and only if it has finite Tor-
dimension. Since Lemma 6.1(ii) implies that for every prime ¢ there is an isomorphism
Zy @z RU (Y4, v Z) = R (X, fof*Ze) in D(Z¢[G]), one can therefore derive claim (ii)
as a straightforward consequence of claim (i).

For each prime ¢ we now write 6, for the element of the group H'(Spec(F,)s,Z¢) =
Homeont (Gal(Fg/Fy), Z,) that sends the Frobenius automorphism to 1 (and hence sends ¢
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to —1). We also write 0x 4 for the pullback of 6, to H (X, Z¢) and recall (from Remarks
3.3 and 4.2) that e%’%" ¢ coincides with the sequence of Q[G]-modules that is obtained by
scalar extension from the complex of Zy [G]—modules

0 = HO(Xeq, fuf*Ze) —25 HN(Xeq, fof "Zo) =2 H2 (X, fof L) —25

in which each differential is given by cup product with fx . Claim (iii) is therefore true
since the assumed validity of condition (ii) in Theorem 1.1 combines with the isomorphisms
in Lemma 6.1(ii) to imply that this complex has finite cohomology groups. O

Ubx 1’

6.1.2. We are now ready to prove Theorem 1.1, the hypotheses of which we assume.

Then, from Lemma 6.2(ii), we know RI(Y{j,,jy,Z) belongs to DP(Z[G]). In addi-
tion, the commutative diagram (16) combines with the direct sum decomposition (14) to
imply that the claimed equality (3) is valid if and only if, for every prime ¢, there is in
Ko(Z,[G], Q/|G]) an equality

0z,(0)(e(Z7(f.1))) = —me(Xa (BT Yy, v, Z), €4.5))
= —X2z,(6)(Ze @z BT (Yiye, jv1Z), Qe @q €5 5)
= —Xz,(q)(RUe(Xet, fof " Zo), fgf,cc}:{ )
Note that the validity of the second equality here is obvious and that the third equality is
valid because the isomorphism in Lemma 6.1(ii) induces an identification of Qy ®q €¢; with
the (exact) sequence e%oc(l;‘ 4 as already observed in the proof of Lemma 6.2(iii).

To complete the proof of Theorem 1.1 it is therefore enough to derive the above equality
as a consequence of Theorem 4.3 in the case that £ = Z; and O = Z,.

In fact, since the exactness of 6%0%( & implies that the necessary ‘semi-simplicity’ hypoth-
esis of Theorem 4.3 is satisfied (under the conditions of Theorem 1.1), this will clearly be
the case provided that in ¢(Q[[t]][G]) one has an equality of series

(34) LE(Z(fvt)) :ZG(X7ZZat)
But, in terms of the f-adic representations that are fixed at the beginning of §4.2.2, the
series Zq (X, Zy,t) is defined (in (23)) as an Euler product over all x in XY of the terms

Nrdg,(¢)(1 — 6"t | Q ®2, (Zo)az) ™

S Y detu(l — OO | Hompy(Vy, EIG]) ey
pelry(G)

D detp(l— ¢ @@ V) ey,
YElry(G)

In view of this expansion, and the explicit definition of Z(f,¢) that is given in the Introduc-
tion, the required equality (34) therefore follows directly from the definition of the Artin
L-series LAmn(Y7 X, t) for each irreducible complex character x of G, as given by Milne in
[33, Exam. 13.6(b)].

This completes the proof of Theorem 1.1.

6.2. Global Euler characteristics of Weil-étale cohomology. In this section we derive
Corollary 1.4 as a consequence of Theorem 1.1. Throughout we use the notation of §1.2.1.
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6.2.1. We first discuss some useful preliminaries and, in particular, give a convenient de-
scription of the homomorphism hg that occurs in Corollary 1.4.

To do this we use the fact that the long exact sequences of relative K-theory (13) with
the pair (A, E) equal to (Z[G],Q) and to (Z¢[G],Qy) for all primes ¢ combine to give an
exact commutative diagram

(Cem)

(35)  ILEK(ZlG) —= LK @G]) 2o @, Ko (246, QulGY)
K1(Z(G)) K1(Q[6]) — % Ko(Z[G), QIG)) — & CIZ[G)).

Here [],K1(Q¢[G]) denotes the restricted direct product of the groups Ki(Q[G]) with
respect to the subgroups given by the images of the natural maps K;(Z[G]) — K1(Q¢[G])
the first two vertical arrows are the natural diagonal maps and 7 is the isomorphism (7).
from (14).

In addition, the commutative diagram (16) induces a commutative diagram

¢(QIG))* 9, K(Z[G),Q[a)
(36) | |
S NrdQC[;? ZKl}()Z%Z € Bt D Ko(Ze[G], Q[G)),

in which the lower row is bijective. This diagram combines with the exactness of the lower
row in (35) (and an application of the weak approximation theorem) to induce a canonical
isomorphism
J(¢(QIG]))

im(Ag) - U(C(Q[G))
Here we write J(¢(Q[G])) for the idele group of the Q-algebra ((Q[G]), U(¢(Q[G])) for
the subgroup im(Nrdgjg)) - [[,Nrdg,q(K1(Z¢[G])) of J(¢(Q[G])) and Ag for the diagonal
embedding of ((Q[G])* into J({(Q[G])).

Each element of the idele group J(¢(Q°[G])) can be written uniquely as z = 3 o1,y Zx€x

X

with every x, in J(Q¢). With respect to this decomposition, an element z of ((Q°[G])*,
respectively J(C(Q¢[G])), belongs to the subgroup ¢(Q[G])*, respectively J(((Q[G])), if and
only if one has w(xy) = Zyoy for all w in Gal(Q¢/Q) and all x in Ir(G).

In particular, the map from Map(Ir(G), J(Q)) to J(¢(QF[G])) that sends each 6 to
> yen(@)f(x)ey restricts to give a homomorphism Mapq (Ir(G), J(Q°)) — J(C(Q[G])). The
map hg that occurs in Corollary 1.4 is then obtained by composing this latter homomor-
phism with hy,.

We next fix a finite Galois extension N of Q in Q¢ over which all characters in Ir(G) can
be realised and write jo, for the natural embedding of N* into (N ®q R)* C J(N). We
also write Ir®(G) for the subset of Ir(G) comprising symplectic characters.

Then, for each z in ((Q[G])* one has x, € N* for all x € Ir(G) and the Hasse-Schilling-
Maass Norm Theorem (from, for example, [17, Th. (7.48)]) implies = belongs to im(Nrdgq))

h - ~ C1(Z[Q).
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if and only if for each y in Ir*(G) every component of

joolay) € (N ®QR)* € (N@gC)* = [ €
N—=C

is a positive real number. Finally, for any element = of ((Q[G])* we write z® for the element
of ((Q[G])* that is specified by setting

(%), = xy, if x € II*(G)
XU 1, ifx e In(G) \ I¥(G).

6.2.2. We are now ready to prove Corollary 1.4.

At the outset we recall that the leading term Z*(f, 1) belongs to ((Q[G])* (this is well-
known but can also be derived as a consequence of the fact that for every prime £ one has
Z*(f,1) = Z5(X, Zyg, 1), as shown by the argument of §6.1.2).

It follows that the field N fixed in §6.2.1 contains LA™™*(Y,y, 1) for every x in Ir(G)
and that the function z(f) on Ir(G) that sends each x to joo(LA™™*(Y, x, 1)) belongs to
Mapg (Ix(G), J(N)).

For each archimedean place v of Q°, we can then fix a choice of embedding j, : Q¢ — C
so that the definition of zA™"(f) in (4) implies that for every x in Ir(G) and every place v
of Q¢ one has

AT £) (1), = {z(f)(X){;, if x € Ir’(@) and v is archimedean,

1, otherwise,

where © is the restriction of v to N. In particular, since the set Ir®(G) is stable under the ac-
tion of Gal(Q°/Q), it follows that the function zA™"( f) also belongs to Mapg (Ir(G), J(Q9)),
as claimed in Corollary 1.4.

To proceed we write i for the natural inclusion of ((Q[G])* into ((R[G])* and [z,y]
for the element of the domain of the function hy, that is represented by an element (z,y)
of J(((Q[G])) where = belongs to ((R[G])* and y to [[,{(Q¢[G])*.

Then, setting C' := RT(Y}} ., jv,Z), the equality (3) implies that

(37) xc(C) =96(xa(Ciery))
= — 95(6a(Z*(£,1)))
= — he([1, (u(Z7(£,1)))d)
=he([teo(Z7(£,1)), 1))
=he([teo(Z7(f,1)%), 1])
= ha (22 (f)),

as claimed in Corollary 1.4. Note that the third equality here follows from the commutativity
of (36), the fourth is valid because [too(Z*(f,1)), (Le(Z*(f,1)))e] = Ac(Z*(f,1)) belongs to
ker(hg;), the fifth because too(Z*(f,1))/too(Z*(f,1)°) belongs to im(Nrdg(g) and the last
follows directly from the definition of zA™n(f).

Now if & belongs to ((Q[G])*, then z, € R* for every x in Ir*(G). In addition, since we
are regarding Q¢ as a subfield of C, for each archimedean place v of Q¢ the embedding j,
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is an automorphism of Q¢ and so for every x in Ir(G) one has both j,(zy) = zj,0, and also
Jvox € Ir’(Q) if and only if x € Ir’(G).

In particular, if x is any element of ((Q[G])* such that for every y in Ir®(G) the real
numbers z, and LA™*(Y, x, 1) have the same sign, then the elements [t (2)*, 1] and
[too(Z*(f,1)%), 1] coincide.

Taken in conjunction with the equality (37) this shows that xc(C') depends only on the
signs of LA™™*(Y, y, 1) for all x in Ir%(G), as claimed in Corollary 1.4.

In a similar way, one deduces that the order of xg(C) divides 2 since too(Z*(f,1)%)
belongs to im(Nrdg(g)) and that [t (Z*(f,1)%), 1], and hence also x¢(C), vanishes whenever

X

2

LAY (Y v, 1) is positive for every x in IrS(G).

Finally, we note that since C' belongs to DP*'{(Z[G]) and is acyclic in all negative degrees,
a standard resolution argument shows that there exists a natural number ¢ such that C' is
isomorphic in D(Z[G]) to a bounded complex of finitely generated projective G-modules

P_1—>P0—>P1—>-~~—>Pt

in which P; is free of rank r; for each ¢ > 0. By Swan’s Theorem [17, (32.1)], the Q[G]-
module spanned by P_; is free and, for convenience, one can fix the above complex so that
the rank r of this module is greater than one.

In particular, if x(C) vanishes, then one has r = Y ,5(—1)%; and hence also in
Ky(Z]G]) an equality -

P =3 (VIR = Y (~DZIE)] = [ZIG),

where we write [M] for the class in Ko(Z[G]) of a finitely generated projective Z|G]-module
M. Then, since r > 1, this equality combines with the Bass Cancellation Theorem [17,
(41.20)] to imply that P_; is a free G-module of rank 7.

This shows that C' is isomorphic in D(Z[G]) to a bounded complex of finitely generated
free G-modules whenever y(C) vanishes and hence completes the proof of Corollary 1.4.

7. AFFINE CURVES

In this section we derive a range of concrete consequences of Theorem 1.1 in the special
case that X is an affine curve and F, is isomorphic to the field of constants of the function
field of X. In particular, in this way we will prove Theorem 1.5 as well as Corollaries 1.6
and 1.7.

For the reader’s convenience, we first fix some basic notation that will be used throughout
this section.

For any global function field E we write Cr for the unique geometrically irreducible
smooth projective curve that has function field F.

We fix a finite Galois extension of such fields F'/k and set G := Gal(F/k). We also fix a
finite non-empty set of places ¥ of k that contains all places that ramify in F/k.

For each intermediate field F of F'/k we write ¥ for the set of places of E that lie above
those in ¥ and Og 5. for the subring of FF comprising elements that are integral at all places
outside X g. We then write C’g for the affine curve Spec(Ogy), j% : C’E — Cpg for the
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corresponding open immersion and
fg:CE = Cy and f&: Cp — Cy

for the morphisms that are induced by the inclusion of fields £ C F'.

We fix ¢ so that [F, identifies with the constant field of £ and regard all of the above
morphisms as morphisms of F,-schemes.

We identify each place w of E with the corresponding (closed) point of Cg. For each
such w we write ord,, for its normalised additive valuation (on F) and d(w) for its degree
over F,. We also write x(w) for its residue field of w and set Z,, := Spec(k(w)).

We write O}X,’E for the unit group of Ofy, set Bry, 1= @weEFZ and write B%E for the
kernel of the homomorphism By, — Z that sends each element (n, )y to Y, 7. We note
that each of the groups Ofy, O;Z, Brs and B%}E has a natural action of G.

By a slight abuse of notation, we denote by G, the Weil-étale sheaf that is obtained by
restricting the étale sheaf G,, to the Weil-étale site.

7.1. The equivariant leading term conjecture. In this section we give a precise state-
ment of Theorem 1.5.
To do this we recall (from, for example, [2, Lem. 1]) that the complex

K5, = RT(CEwe, Gm)

belongs to DP*f(Z[G]), is acyclic outside degrees zero and one and is such that the explicit
computations of [5] induce canonical identifications

(38) H(](KI.?,E) = Ofxr,zv Hl(Kf«“,E)tor = CI(OF,E) and Hl(Kf«“,E)tf = B%,E'
We write
(39) DqF,E : OIX?,E - B%,E

for the homomorphism of G-modules that sends each v in Oy to (ordy(u) - d(w))wes, -
Then the induced map Q ®z D%y, is bijective (by the Riemann-Roch Theorem) and hence
combines with the identifications in (38) to give an exact sequence of Q[G]-modules

o Q@ZDq! ° 0 . 0
ery 10— Qez H(Khy) 5 Qe H (Khy) = Q@ HX (Kpy) — -+

Finally, we write 2 ~ 2% for the Q-linear anti-involution of Q[G] that inverts elements
of G.
We can now give a more explicit statement of Theorem 1.5.

Theorem 7.1. In Ky(Z[G],Q[G]) one has
5c(Z*(f5, 1)) = xc(RT(CRwer, Gm), €p5)-

Remark 7.2. Let m be the degree of F, over F,. Then Z(fs,t) and D%, are related to
the function Zp ), 5 (t) and homomorphism Dps; that occur in [2, Lem. 2] 7by the equalities
Zp/s(t) = Z(fs,t™) and Dry; = [m] o Dy, where [m] denotes the endomorphism of B%’Z
given by multiplication by m. These equalities can be used to show that the equality in

Theorem 7.1 is equivalent to that of [2, (3)] and hence that Theorem 7.1 combines with
[2, Lem. 2] to imply the validity of the central conjecture (Conj. C(F/k)) of [2]. The
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computation of [2, Prop. 4.1] also then implies that Theorem 7.1 is equivalent to the
function field case of [4, Conj. LTC(F/k)]. Finally, we recall that the Artin-Verdier Duality
Theorem induces (via [32, Th. 5.4(a)]) a canonical isomorphism in DP*™(Z[G])

(40) Ay : RT(CF wet» Gm) = RHomgz(RT(Crwes, j71Z), Z[-2]),

where G acts contragrediently on the linear dual complex. This morphism Ay can be
combined with the isomorphisms in Lemma 6.1(ii) to show Theorem 7.1 generalises the
main result (Theorem 3.1) of [3].

7.2. The proof of Theorem 7.1. We write ¢* for the involution of Ky (Z[G],Q[G]) that
for each pair of finitely generated projective G-modules P and ) and isomorphism of Q[G]-
modules 1 : Q®z P — Q®zQ sends (P, i1, Q) to (Homgz (P, Z), Homg(u, Q) !, Homz(Q, Z)),
where the linear duals are endowed with the contragredient action of G and so are projective
Z|G]-modules.

Then an easy exercise (using the commutativity of (16)) shows that for every element x

of ((Q[G])* one has

(41) U*(6a(z)) = =0 (a™),

Given this equality, the isomorphism R Homyz(Asx,Z[—2]) implies that Theorem 7.1 is
valid if and only if in Ko (Z[G], Q[G]) one has
(42) da(Z*(fs,1)) = _XG’(RF(CRWétaj]%!Z)a €rs)-
Here we write €fy, for the exact sequence of Q[G]-modules that is obtained by taking
the Q-linear dual of epy and then using the maps Homg(Q ®z H'(Ax),Q) to identify
Homg(Q ®z H (K}y), Q) with Q ®z H* (Crwet, j5,Z)-

Our aim is to deduce the required equality (42) by applying Theorem 1.1 to the data
Y =CF, Y =Cp, X = C, X' = Cy, j = ji = jii»Jy = jr:=ji. f = fx and f' = f5.
In this regard we note that X is geometrically connected and, since Y’ is a curve, that the
conditions (i) and (ii) of Theorem 1.1 are already known to be satisfied (by [32, Th. 7.4]).

Theorem 1.1 therefore applies in this case to give an equality
3a( 2" (f9,1)) = ~xG(RT(Crwa, jri%) ey 5,)
To derive (42) it is therefore enough to show that the exact sequences €y y, and €y, j, coincide
and this follows directly from the next result.
Lemma 7.3. The following diagram of Q[G]-modules commutes.

Homg (H'(Ax),Q)

Q®z H (Crwer, i3 Z) Homz(BYy;, Q)
@®Z(U90F)l lHomZ(D;Z,@)

Homgz (H(Ax),Q)

Q®yg HQ(CF,Wét,]%,!Z) HomZ(O;E’ Q)

Proof. It is enough to prove that the diagram commutes after applying Q) ®g — for any
prime £. We therefore fix a prime £ and, following Lemma 6.1(ii), we consider H*(C, ¢, j1Fe)
with j := ]E and Fy := fyf*Z, rather than Hi(CF’Wét,j§’!Z).
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We write Z* for the complement of CkE in Cy and i : Z* — C}, for the natural closed
immersion. For each y € ¥ we also write i, : Z, — C}, for the natural closed immersion
and Sy (F') for the set of places of F' above y.

Now Fy = j*F; with F := f.f"7Z; so there exists a natural exact sequence of Z[G]-
sheaves 0 — jiFy — F; — i4i*F, — 0 on Cj, and hence a composite morphism in D(Z,[G])

f @RP y,éts b y ) RF(Ck 6ty Uxl *Fz) — RF(Ck eta]'fé)[ ]
YyeED
This morphism in turn induces a commutative diagram of Z,[G]-modules

i* HO(¢ .
@yGEH (Zyet7 y é) 4 Hl(Ck,étaj!ff)

(43) l(—l)x(uezy,z)y J{Uecbe

i H(¢ .
@yGZH (Zyct7 y é) 4 Hz(Ck,étaj!fé)

Homz(H' (Ax),Qr)

HomZ(B%E, Qz)

Homz(H®(Ax),Qr)

Homz((’)ﬁz, Qo)
where the factor —1 occurs in the left vertical homomorphism because £ maps to the 1-shift
of RF(Ck’ét,j!ff).

Now each complex &) := RI'(Z, 4, 1,F,) is canonically isomorphic to the direct sum over
w in Sy (F') of the complexes

l-0ow
ZZ[Gw/G?u]# —U> ZZ[Gw/Ggu]#

Here the first term occurs in degree 0, Gy, and G denote the decomposition and iner-
tia groups of w in G, o, the Frobenius automorphism in G,,/GY = Gal(k(w)/k(v)) and
Z4|G /GO 17 the left Z,[G.,]-module Z¢[G,,/GY] upon which o, acts as right multiplication
by ot

To compute the groups H'(£}) explicitly we must use the conventions of [5] since they
underlie the explicit descriptions of the cohomology of K}y that are given in (38). We
therefore use the isomorphism €7 = @,,cg, (7RI (Zy.er, Ze[G w/GY]) in D(Zy[G]) that is
induced by the morphisms of complexes

Zu[Gu/GO# 7% 724G /GO #
(44) | [~
Ze[Gu/GY) =22 Zy[Go/GY).

We then identify HO(Z, &, Z¢[Gw/GY)) and HY(Zy ¢, Ze[Gr/GY)) with HO(Zy, ¢, Zo) = Zg
and HY(Zy ¢, Z¢) = Homeont (Gal(k(w)¢/k(w)), Zg) = Zg in the natural way, where the last
map evaluates each homomorphism at the topological generator ¢~4(*) of Gal(k(w)¢/k(w)).

By passing to cohomology in diagram (44), we therefore obtain a commutative diagram

@yeZ(@weSy(F)Qf) E) @yez((@f ®Ze HO((C/‘Z;)) & HomZ(B%yzan)
(45) | | oxez, 0,

@yeZ(@weSy(F)Qf) E) @yeZ(QE ®Ze Hl(gg;)) & HomZ(O;‘7QOf)
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in which ag and a; are the homomorphisms induced by the upper and lower rows of (43)
respectively and as is defined to make the first square commute. Now the composite up-
per, resp. lower, horizontal map in (45) is equal to Homgz(as,Q;)~! with a3 equal to
the natural map B%}E C Bpy = @yez(@wesy(mz)v resp. with ag equal to the map
O;,z — ®y62(®wesy(F)Z) sending u to (—ordy(u)), where the minus sign occurs be-
cause the morphism (44) induces —idgz, on cohomology in degree 1.

In particular, since the upper horizontal map in the diagram (45) is surjective the claimed
commutativity of the stated diagram will follow from (43) and (45) provided that as sends
each element (zy), to (—d(w)zy)w, and this is true since for each w in Sy(F) the map
(1) x 0z, ¢ sends =) to

—02,(¢~) = —(=d(w)) x 6(¢) = d(w) x (=1) = —d(w).
O

7.3. Weil-étale cohomology and Selmer modules. In order to relate Theorem 7.1 to
several previously formulated refinements of Stark’s Conjecture, it is convenient to first
clarify the link between Weil-étale cohomology and the canonical ‘Selmer modules’ of Gy,
that are introduced by Kurihara, Sano and the first author in [8]. In this section we shall
describe this link precisely and also derive some interesting consequences that it has for the
Galois structure of Selmer groups.

The Pontryagin dual Homy(M,Q/Z) of a G-module M is written as M and regarded
as endowed with the contragredient action of G.

For a complex X in D™ (Z[G]) we set X* := RHomy(X,Z) and X" := RHomy(X,Q/Z)
and regard both as objects of D(Z[G]) via the contragredient action of G. We use the fact
that the contravariant functor X + X* preserves the subcategory DP™(Z[G]) of D~ (Z[G])
and is also self-inverse as an endofunctor of DP™(Z[G]).

7.3.1. For any finite disjoint sets of places X1 and Yo of k, the Xi-relative, Yo-trivialized,
Selmer module Selgf (F) for Gy, over F is defined in [8, §2] to be the cokernel of the
homomorphism

(46) Il Z— Homy(Fy,, 7).

w¢(21U22)F
Here Fy; denotes the subgroup {a € F* : ordy(a —1) > 0 for all w € ¥ p} of F* and the
arrow sends (2 )w to the homomorphism a — 3~ 45, Us,), 0tdw(a) - Tuw.

We further recall from [8, Prop. 2.2] that if ¥; is non-empty, then there exists a canonical
exact sequence

(47) 0 — CI2(F)Y — Selg? (F) — Homg(OF g 5., Z) — 0.

Here we write Ofy, , for the finite index subgroup Op s, NFy;, of Oy, and Clgf(F ) for
the ray class group of Ory, modulo the product of all places in ¥9 r.
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7.3.2. If w is any place of F outside X, then the closed immersion ., : Z,, — CI? induces
a morphism of sheaves G, — iy «%5,Gp, on C%,Wét and hence a morphism in D(Z[G])

ow : RT(CRwer, Gm) = RT(Chwe, tw i Gm) = RT(k(w)wet, Gm).-

If ¥’ is any finite non-empty set of places of k that is disjoint from Y, then we define the
¥-modified Weil-étale cohomology complex RFE/(CI%Wét, Gy,) so that it lies in an exact
triangle in D(Z[G]) of the form

(48) RFE’(Cg,WémG ) - RF(CFWem 92 @ RF WetyG ) -
weXl

where 0¥ denotes the diagonal morphism (0w)wes, -
Since each place v in ¥ is unramified in F' we can fix a place w, of F' above v and write
o, for the Frobenius element of w, in G. We then define a ¥'-modified leading term element

in ((Q[G])* by setting

Z5(fs.1) = 2°(f.1) - [] Nedgiy([L - No- o))
vex!

where [1 —Nv-o,], denotes the element of K1 (Q[G]) that corresponds to the automorphism
of Q[G] given by right multiplication by 1 — Nv - g.

In the following result we record relevant properties of these constructions and also use
them to reinterpret Theorem 7.1.

Proposition 7.4. Set KFE = RFZ/(CFWet,G ). Then the following claims are valid.
(i) The complezes KF’E and ( F,£> [—1] belong to DP*™(Z[G]) and are acyclic outside

degrees zero and one.
(ii) Hl((Klgg)*) is the cokernel of the diagonal map Z — By, and H%(Kﬁé’)*) iden-
tifies with Sel: (F).
e ! e
(iii) HO(KFZ )= O;«:E e Hl(KF,E Jtor = Cl% (F) and Hl(KF,E Jot = B%,E'
(iv) In KO(Z[G] Q[G]) there are equalities

0a(Z (fo, )F) = xa(Kps enn) and 66(Z3(f5,1) = xa(Krs)) [-1), €k)-

Proof. We set FS, := @, ey, k(w)* and Ky, = @weZ/FRF(K,(w)Wét,Gm).
Then, since the complex RT ((Orx)w,Z) constructed in [8, Prop. 2.4] is canonically
isomorphic to RI’(CEWet,]F’,Z) (cf. [8, Rem. 2.5(i)]), there is a diagram in D(Z[G])

1

(F5)[-3] =2  RL((Ops)w,Z) —— RUesr((Ops)w,Z) —
(49) l (Am—z]l

=/ ,
L RD(CR g Gu)'-2) —— (KPS =2]  —— .

)

(K3)*[-2]
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Here the upper row is the exact triangle obtained by shifting the exact triangle in the
third column of [8, (6)] whilst the lower row is the shift of the defining exact triangle (48).
The morphism Ay is the duality isomorphism (40) and ¢ is the canonical isomorphism
(Fg/)v[—?)] = (K3)*[—2] in D(Z|G]) that is induced by the fact that for each w in X% the
complex RT'(k(w)wet, Gpy) is canonically isomorphic to x(w)*[0].

Assuming for the moment that the above diagram is commutative, it can be completed
to give an isomorphism in D(Z[G]) from (K?g)*[—l] to RT'c sy ((Opx)w, Z)[1].

Given this isomorphism, both claim (ii) and the assertions in claim (i) regarding the
complex (K?E)*[—l] follow directly from those of [8, Prop. 2.4(iii) and (iv)] and the fact
Fg, is torsion-free since ¥’ is non-empty and F has characteristic p.

From the isomorphism K?g = ((K?g)*[—l])*[—l] we can then deduce K?{ belongs to
DPe(Z[G]) and also obtain (via the universal coefficient spectral sequence) a description
of the cohomology of K?:g in terms of that of (Kﬁlg)*[—l]. In this way, claim (ii) and
the exact sequence (47) with ¥; = 3 and X9 = ¥’ combine to imply that K?g is acyclic
outside degrees zero and one and has cohomology as described in claim (iii). ’

To prove claim (iv) we use the fact that, since each place in ¥’ is unramified in F/k,
there is an exact sequence of G-modules of the form

dU v
0— @PU% @PUQIFQAO.
veX veX!

Here each P, is Z[G], the differential d, maps each element = of P, to (1 — Nv - o, 1) (x)
and the map 7 is obtained by choosing for each v € ¥ a generator vy, of the cyclic group
k(wy)™ and then mapping the identity element of P, to y,.

This resolution implies K&, belongs to DP*'{(Z[G]) and that in K¢(Z[G], Q[G]) one has

xa(K3y,0) = 5G(HU€E,NrdQ[G]([(1 — Nv-0)#];1) = 6c(Z*(f=. ) /25 (f=, 1)F).

Given these observations, the general property (17) applies to the triangle (48) to imply

XG(Kps ers) = xa(BL(CR e Gm), ers) = — xa(K%,0)
=0 (Z3 (fs, )¥) = 6a(2*(fs, )).

This shows that the first equality in claim (iv) follows directly from that of Theorem 7.1.
This equality then implies that

06 (2% (f5,1)) = 06 ((Z& (fs, 1)#)#)
= — (06 (25 (f5. 1)F))
= — . (xc(Krg erx))
= - XG((K?,/ﬁj.)*vﬁ*F,Z)
:XG((K?{)*[—H&*F,Z),
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where the second equality follows from (41). This verifies the second equality in claim (iv)
and so means that the proof will be complete if we can show that the first square in the
diagram (49) commutes, as claimed above.

For any finitely generated G-module M we write Dy; for the subcategory of D(Z[G])
comprising bounded complexes C' that are acyclic in all degree less than one and such that
H1(C) identifies with the profinite completion M” of M. Then, since the quotient M” /M is
an injective Z[G]-module there exists a unique morphism ¢ in Hompzq) (C, (M”"/M)[-1])
such that H'(6) is the natural projection M”" — M”"/M. We write C” for the mapping
fibre of this morphism (regarding the module M as being clear from context) and note that
HY(C") = M and that H(C") = H*(C) for all i # 1.

For any finite set of places »1 of k that contains 3 we define complexes

Xs, := RT((C3 )¢, G) and Yy, := RT((C5!)r, Z).

Then, from the computations in [5, §3.2], one knows that Xy [—3] and Y5Y both belong
to Dwy, with Wy, the Z-linear dual of the cokernel of the diagonal map Z — By, , and
that the Artin-Verdier Duality Theorem induces a canonical isomorphism Abzl : (Yz\/lv)b =
(X, [=3])" in D(Z[G)).

We now fix a finite set X" of places of k that is disjoint from ¥ UY’ and such that Cly, (F')
vanishes with 37 := ¥ U X" and consider the diagram

(7 6
R s,

(F5)1-3] & () (Y/V)? RT((Ops)w, Z)
(50) =) a3, | a3 | @sy-2|
(Kp) -2 2 (X, [-3]) 2 (X¥[-3])" 2% RD(CPye. Gm) (-2,

in which we have used the morphisms 6; specified below.
The choice of ¥; ensures (via the argument of [8, p. 573]) that the homomorphism

Hom pzia ((F35,)*[=3], (Y,)") = Home((F3) ", H(Yy)')) = Homa((F%) ", (Ofis,)Y)

sending each morphism x to H3(x) is bijective and so we can define #; to be the morphism
for which 7%(6;) is the Pontryagin dual of the natural map Oy, — Fy,. Taking 64 to be
the morphism induced by (Q%ll)v the commutativity of the first square in (50) is then clear.

Next we take 6 and 65 to be induced by the natural morphisms RFC<(C}§1>ét,Z) —
RTU.((C%)et, Z) and RT((CF)et, Gn) — RT((C2Y)ét, Gy) so that the commutativity of the
second square in (50) follows from the functoriality of the Artin-Verdier Duality Theorem.

We take 63 to be the unique morphism induced by the morphism Yy, = RI'.((Orx)w, Z)
that occurs in [8, (6)]. In addition, since the complex ((Q ®z Wx)[—3])* is acyclic, the
natural morphism RF(C}E’Wét, Gm)*[—2] = X3[—2] is an isomorphism and we define 6 to
be the composite of this isomorphism and the morphism (Xy[—3])’ — X3[—2] induced by
the natural morphism X\[—1] — X3.. Then, with these definitions, the commutativity of
the final square in (50) follows from the construction of the isomorphism Ay.

Given the commutativity of (50), the required commutativity of the first square in (49)
follows from the fact that the very definition of the morphism 0%72, in [8] implies it is equal
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to the composite 03 o 03 o 0; whilst it is straightforward to check (Q%l)* is equal to the
composite fg o 05 o 6. ]

7.3.3. We end this section by noting that Proposition 7.4 has an interesting consequence
concerning the Galois structure of Selmer groups.

Let R be a Dedekind domain. Then by a ‘presentation’ h of a finitely generated R[G]-
module M we mean an exact sequence of R[G]-modules of the form

RIGI™® 2 RiGIm=™) - M — 0

where the natural numbers mj(h) and meo(h) satisfy mq(h) > ma(h).

We write R, for the completion of R at a maximal ideal p. Then an ‘adelic presentation’
h of an R[G]-module M is a collection over all maximal ideals p of R of a presentation hy,
of the R,[G]-module R, ®p M with the property that the integers mi(h) := my(hy) and
ma(h) := ma(hy,) are independent of p and there exists a homomorphism of R[G]-modules
hg : R[GI™ ") — R[G]™" with the property that h, = R, ®g hg for almost all p.

We say that an R|[G]-module is ‘quadratic’, respectively ‘locally quadratic’, if there exists
a presentation, respectively adelic presentation, h of M such that mq(h) = mgo(h). This con-
dition means that, with respect to the given presentation, the R[G]-module M, respectively
each R,[G]-module M, has the same number of generators and relations.

Corollary 7.5. Fix finite sets of places ¥ and X' of k as in Proposition 7.4. Then the
following claims are valid for the G-module Sels (F).

(i) Sel¥ (F) is locally quadratic.
(ii) If LA™ (0%, x, 1) is positive for every x in IrS(G), then Sely (F) is quadratic.

Proof. The results of Proposition 7.4(i) and (ii) combine to imply that the complex K*® :=
RHomZ(RFE/(CﬁwéUGm),Z) belongs to DP™(Z[G]), is acyclic outside degrees one and

two and such that H'(K*®) is torsion-free, H2(K*®) = Sel3 (F) and the Q[G]-modules that
are respectively spanned by H'(K*®) and H?(K*®) are isomorphic.
By a standard argument (as used, for example, in the proof of [2, §5.3, Lem. 6]), these

facts combine to imply K*® is isomorphic in D(Z[G]) to a complex of the form P 4 Z[G]™,
where m is any large enough natural number and P is a projective module such that the
Zp|Gl-module Z, ®7 P is free of rank m for every prime p.

By Roiter’s Lemma [17, (31.6)], the latter fact implies P contains a submodule P’ of finite
index that is isomorphic to Z[G]™. We can therefore obtain a quadratic adelic presentation
h of Selg(F) by setting h, := Z, ®z d for all p and taking hz to be the restriction of h to
P’. This proves claim (i).

Turning to claim (ii) we note that, since Nrdgg([1 — Nv - 0y],) belongs to im(Nrdgq)
for every v in ', the given hypothesis implies that the leading term Z$,(fx, 1) belongs to
im(Nrdgjg)). From the second displayed equality in Proposition 7.4(iv), we can therefore
deduce that the Euler characteristic of K*® in Ky(Z[G]) vanishes.

Given this fact, the argument used at the end of §6.2.2 implies that the projective module
P that occurs in the above construction must be free of rank m. By taking P/ = P, we
therefore obtain a quadratic presentation A of the G-module Sel%l (F), as required to prove
claim (ii). O
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7.4. Refined Stark Conjectures. In this section we use Theorem 7.1, as interpreted in
Proposition 7.4(iv), to prove several previously formulated refinements of Stark’s Conjec-
ture. In particular, in this way we shall obtain proofs of Corollaries 1.6 and 1.7.

7.4.1. For the reader’s convenience, we first quickly review the theory of non-commutative
Fitting invariants introduced by Nickel (cf. [36, §1.0.3]).

Let R be a Dedekind domain with fraction field @ of characteristic zero (so that the
algebra Q[G] is semisimple). Then the R-submodule {(R[G]) of ((Q[G]) that is generated
by the elements Nrdg(g(IV) as IV runs over all matrices in J,5q Mn(R[G]) is an R-order
in (QIGY).

If h is a presentation (in the sense of §7.3.3) of an R|[G]-module, then its Fitting invariant
Fit%[G](h) is defined to be the {(R[G])-submodule of ((Q[G]) that is generated by the
reduced norms (over Q[G]) of the ma(h) x ma(h)-minors of the matrix of h with respect to
the standard bases of R[G]™ (") and R[G]™=(".

If h is an adelic presentation, then its Fitting invariant is the (finitely generated) £(R[G])-
submodule of ((Q[G]) that is obtained by setting

FitOR[G}(h) = ﬂ(C(Q[G]) N Fit%p[a](hp))’
©

where @ runs over all maximal ideals of R.

It is easily checked that if G is abelian, and h is an adelic presentation of an R[G]-module
M, then F it%[G](h) coincides with the initial Fitting ideal Fit%[G} (M) of M, as discussed by
Northcott in [37].

Remark 7.6. In [36, §1.0.3] Nickel also defines a canonical ideal H(R[G]) of ((R[G]) that
has the following property: if h is an adelic presentation of an R[G]-module M, then for any
element x of H(R[G]) and any element y of Fit%[G} (h) the product z -y is contained in R[G]
and annihilates M (by [36, Th. 1.2]). This ideal H(R[G]) is easily seen to be invariant under
the R-linear anti-involution of R[G] that inverts elements of G' and has also been described
explicitly in many cases by Johnston and Nickel in [29]. For example, the argument of [29,
Prop. 4.8] implies that if g is any maximal ideal of R with residue characteristic prime to
the order of the commutator subgroup of G, then one has H(R[G]), = ((R,[G]).

7.4.2. In this section we show Theorem 7.1 extends the known validity of the Brumer-Stark
Conjecture for global function fields. We recall that the latter conjecture was first proved
by Deligne using 1-motives (for Tate’s exposition of this proof see [46, Chap. V]) and then
later by Hayes [28] by using rank one Drinfeld modules.

For a non-empty set of places ¥’ of k& we define the ¥'-modified degree zero divisor class
group Pic™ *(F) of F to be the cokernel of the natural divisor map div%gl from FY;, to the
group of degree zero divisors of F' with support outside X'

Theorem 7.7. There exists an adelic presentation h' of the G-module PiCEI’O(F)V such that

Zsy(f5,1) € Fitgye (h').
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Proof. We claim first that for the quadratic adelic presentation h of Sel%l(F ) that is con-
structed in the proof of Corollary 7.5 one has

(51) Zsy(fz,1) € Fitgpe (h).
To prove this it is enough to show Zs/(fs, 1) belongs to FitOZp[G](hp) for every prime p.
But if Z,[G]™ G, Zp|G]™ is the representative of the complex Z,®zK*® that is constructed
in the above argument, then FitOZp[G](hp) is equal to FitOZp[G](dp) = &{(Zp[G]) - Nrdg, () (dp)-
In addition, the second equality of Proposition 7.4(iv) combines with the commutativity
of the diagram (36) to imply that
02,161 (p(Z5: (f2,1))) = mp(xa(K*[-1], €k )
=Xz,(c)(Zp @z K*[-1],Qp ®q €F5)
= 0z, 16 (Nrdg, i) (d})).

Here d}, is an automorphism of the Q,[G]-module Q,[G]™ that agrees with Q, ®z, dp on
some choice of Q,[G]-equivariant direct complement to Q,, - ker(d,) in Q,[G]™ and the last
equality is verified by an explicit computation of the non-abelian determinant (as per [4,
Lem. A.1.1]). From this displayed equality we deduce the existence of an element u of

ker(dz,(q)) = Nrdg, () (K1(Zy[G])) C £(Zp[G]) such that

Z%(fs,1) = u- Nrdg, g (d}).

Next we recall (from, for example, [46, Chap. I, Prop. 3.4]) that for each x in Ir(G) the
order of vanishing ry; , at t = 1 of the series LArtm(CE, X, t) is equal to

(52) 71y, = dimge (Hoch[G} (V%,Q° @z BIO;Z)) = dimge (Hoch[G} (V%,Q° @z (’);72)),
where V5 is a choice of Q°[G]-module with character the contragredient x of x and the
second equality is a consequence of the isomorphism Q ®z DY.+..

We write e for the sum of all primitive idempotents of ((Q[G]) that annihilate the space
Qp ®z, ker(d,) = HomZ(B%j‘E, Qp). Then, since

dimge (Hoch[G] (Vx, Q° @z B?’,E)) = dimge (Hoch[G] (Vy, Homyz, (B%’Z, QC))),
the formula (52) implies both that Zsy(fs,1) = e- Z35,(fs, 1) and also that Nrdg, (¢ (dp) =

e - NI‘de[G] (d;)
It follows that Zy/(fs, 1) is equal to

e Z3(fg.1) = eu - Nrdg, g (d}) = u - Nrdg, ¢ (dp)

and so belongs to Fitozp[G](hp), as suffices to prove (51).

Given this containment, the argument of [36, Prop. 3.5(i)] shows that the claimed result
will follow if Pic™(F) is isomorphic, as a G-module, to a quotient of Selit (F).

To verify this we write Ay for the homomorphism defined as in (46) with Yo = ¥’ and
%)) empty. Then there is a natural surjection from Sel3 (F) to cok(fsy) and so it suffices to
prove that the latter group identifies with Pic="0 (F)V.
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To do this we note that divpyy is injective (as Fyy, is torsion-free) and that Pic™ O(F)
is the (finite) torsion subgroup of cok(divgyy). Hence, if we write Divyy (F') for the group
of divisors of F' with support outside ¥, then there exists a natural short exact sequence
0 — F, — Divyy(F) — cok(divpyy) — 0. Since, by applying the functor Homgz(—,Z) to
this sequence, one obtains an exact sequence

O
1 z =5 Homy(Fy, Z) — Exty(cok(divps:), Z) — 0
w¢s

it is therefore enough to note that Extj(cok(divgyy),Z) identifies with
Ext},(cok(div e sy )or, Z) = Ext},(Pic™ *(F), Z) = Pic™ *(F)".
O

Remark 7.8. After taking account of Remark 7.6, it is clear that the containment of The-
orem 7.7 implies a refined version of the ‘non-abelian Brumer Stark Conjecture’ formulated
by Nickel in [36, Conj. 2.6]. In addition, if G is abelian, then for any presentation A’
as in Theorem 7.7, the ideal Fit%[G}(h’ ) is equal to FitOZ[G] (Pic™*(F)V) and so annihilates

PicEI’O(F )V. Tt follows that Theorem 7.7 also specialises to recover the original Brumer-
Stark Conjecture for global function fields, as proved by Deligne in [46, Chap. V] and by
Hayes in [28].

7.4.3. We now write Xy, for the subset of ¥ comprising places that split completely in F’
and set @ = ap/p 5 = |[Sspl-

If ¥, is a non-empty proper subset of 3, then the formula (52) implies that Zsv(fx, 1)
vanishes and so the statement of Theorem 7.7 is trivial.

However, in any such case, the formula (52) also implies that the ‘a-th equivariant deriv-
ative’ series

25 Unrt) = (3 )1 = 07 )  Zr(F)

is holomorphic at ¢ = 1 and that its value Z ((f)( fs,1) at t =1 does not, in general, vanish.
In the next result we prove that this value encodes information about the Galois structure
of ideal class groups, thereby proving a conjecture of the first author from [4].
For any homomorphism of G-modules ¢ : 0;7272, — B%Z we set

R(¢) := Nrdgig)((Q ®z D} ) "' 0 (Q &7 ¢)) € ((QIG))

where the isomorphism Q ®z DY+, is as defined in (39).
In this result we also use the ideal H(Z[G]) of ((Z[G]) that was discussed in Remark 7.6.

Theorem 7.9. If X, is a proper subset of ¥, then the following claims are valid for every
¢ in Homg(Opy: sy B%}E).
(i) If X1 is any subset of ¥ that properly contains Yg,, then for any element x of
H(Z[G]) the product x - Z(%)(fz, 1) - R(¢) belongs to Z|G] and annihilates Cl%; (F).
(ii) If G is abelian, then Z((f)(fg, 1) - R(¢) belongs to Fit7q (Pic™ O (F)V)#.
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Proof. To prove the stated claims it is enough to show for every prime p that the product
x-Z(;)(fg, 1)- R(¢) belongs to Z,[G] and annihilates Z, ®z, Cl%; (F) and that, if G is abelian,
then Z(ch)(fg, 1) - R(¢) also belongs to Fity (Zp ®7, Pic™ 0 (F)V)#,

To prove both of these claims we fix p and set K*® = Z, ®z RFE/(CI?Wét,Gm), U :=
Zy®70% s s, B :=1Z,®y B%,E, By :=7Z,®z Brx,, and N 1= Z,®z Selg(F). We also write
M* for the Zy-linear dual of a Z,[G]-module M, regarded as endowed with contragredient
action of Zy[G].

Then, since U is torsion-free, the approach used in the proof of Corollary 7.5 combines
with Proposition 7.4(i) and (iii) to imply that K* is represented by a complex of Z,[G]-
modules of the form P 2 P where P is a free of rank m (for any large enough m) and the
first term is placed in degree zero.

We label the places in Xy, as {v; }1<i<q and for each index ¢ choose a place w; of F' above
v;. We note that Bj is then a free G-module of rank a with basis {w;}1<i<q. Since Xg is

assumed to be a proper subset of ¥, the natural projection map BY — Bj is surjective. We
may therefore fix a basis {b;}1<i<m of P so that the natural projection map

P — cok(¥) = HY(K®) - HY(K®) = B - B

sends b; to w; if 1 <4 < a and to zero otherwise.
In addition, since im(?)) is torsion-free and the G-module Bj is free, the restriction map

HOHIZP[G} (P, Bl) — HOHIZP[G} (ker(ﬂ), Bl) = HomZp[G] (U, Bl)

is surjective. We can therefore choose an element ¢ of Homy, g (P, B1) that maps to the
composite of Z, ®z ¢ and the projection BY — B and consider the composite homomor-
phism of Z,[G]-modules
¢ :P— By — P,
where the first map is ¢ and the second sends each place w; to b; (for 1 <i < a).
We write M (¢'+4) for the matrix in M,,(Z,[G]) that represents the endomorphism ¢’ +1
of P with respect to the given basis {b;}i<i<m. Then the argument of [4, Prop. 7.2.1(ii)

and Lem. 7.3.1] implies the existence of an element u of Nrdg, ¢ (K1(Zp[G])) C &(Zy[G])
such that

(53) 235 (f5.1) - R(9) = u- Nrdg, (M (¢/ + ).

To interpret this equality we write b; for each index ¢ for the element of P* that is dual
to b;. For each homomorphism 1 in Homy_ g (U, BY) and each index i with 1 < i < a we
then write 1); for the element of U* that sends each element x to the coefficient of w; that
occurs in ¥ (x).

We use Proposition 7.4(ii) to identify the cohomology groups of the complex K7 :=
RHomgz, (K*,7Z,) and then consider the following exact triangle in DP(Z,[G])

(54) ZplG)** % Ki[=1] = K3 — Z,[G1%**[1].

Here Z,|G]®** denotes the complex Z,[G]|%*[0] & Z,|G]P*[—1] and, writing {c;}}1<i<q for
the canonical basis of Z,[G]®?, the morphism 6 in D( »|G]) is uniquely specified by the
condition that for each index 7 one has
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HI(9)(c;) = {lgf € Bj ¢ (B = HK{[-1)), ifj=0

G € N = H\(K7[-1)), itj =1,
where w] is the element of B} that is dual to w; and q@l is a choice of pre-image of ¢; under
the projection map N — U™ that is induced by (47).

Following Lemma 7.10 below, we may, and will, henceforth assume that the G-module
spanned by the homomorphisms {¢;}1<i<q is free of rank a. Then, in this case, the long
exact cohomology sequence of the exact triangle (54) implies K3 is acyclic outside degrees
zero and one and induces identifications H(K3) = (Z, ®z, B%,E\Esp)* and H'(K3) = N/&,
where £ denotes the (free, rank a) G-submodule of N that is generated by the set {Cgihgiga-

We now consider the following diagram of G-modules

L id
Pl

idT T(idﬂr)
L V¥ o 1,9*
P (0,0) Pra P ((¢") ) p

(W,id)j\ idT
(¢'+0)*

P —— P,

P

Here P; denotes the free G-submodule of P spanned by {b;}1<i<, and ¢ and 7 are respec-
tively the natural inclusion Pj" = P* and projection P* — P maps.

Now K7[—1] is represented by the complex P* AN P*, where the first term is placed
in degree zero and the identification of ker(9*) with HO(K[—1]) = (BY)* is such that w}
corresponds to the element b of P* for each ¢ with 1 < i < a. For this reason, the central
row of the above diagram represents the mapping cone of the morphism 6 in the exact
triangle (54) and so is isomorphic in D(Z,[G]) to the complex K3.

In addition, the above diagram commutes (since the construction of ¢’ implies (¢')*
factors through 7) and all of its columns are exact.

Thus, since its upper row is an acyclic complex, the diagram implies that K3 is also
isomorphic in D(Z,[G]) to the complex given by the lower row of the diagram. Since
HY(K$) = N/&, this fact gives rise to a presentation of Z,[G]-modules

P YT pe L Njg 0
that we denote by h.

For a matrix M in M,,(Z,[G]) we now write M# for the matrix in M,,(Z,[G]) that is
obtained by applying to each entry of M the Zy-linear automorphism of Z,[G] that inverts
elements of G.

Then the matrix of the endomorphism (¢’ + ¥)* with respect to the basis {b} }1<i<m of
P* is the transpose of M (¢’ +19)% and so the equality (53) implies that

(55) Z8) (f2.1) - R(9) € Fitd o (h)*.
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We now write o for the natural surjective homomorphism from N = Z, ®z Selg(F ) to
N1 =17, ®z Selg1 (F). Then [36, Prop. 3.5(i)] implies the existence of a presentation h; of
the Zy,[G]-module N;/o(€) such that Fit%p[G](h) - Fit%p[G](hl).

The above containment therefore combines with Remark 7.6 to imply that for any element
z of H(Z[G]) the product z- (2L (fu,1)- R(¢))# belongs to Z,[G] and annihilates Ny /o(E).

In addition, since our choice of homomorphisms ¢; implies that the G-module (&) is
free (of rank a), the exact sequence (47) with X9 replaced by X’ implies Z, @z Cl%l1 (F)Vis
isomorphic to a submodule of Ny /o(&).

It follows that x - (Zg)(fg, 1) - R(¢))# annihilates Z, ® Cl%; (F)Y, or equivalently that
. ng)(fg, 1) - R(¢) annihilates Z, ®z Cl%;(F) To complete the proof of claim (i) we
therefore need only recall that H(Z[G])” = H(Z[G]) (cf. Remark 7.6).

Turning to claim (ii), we note that, if G is abelian then (55) implies that

255 (Fs,1) - R(9) € Fit) ) (N/E)* C Tt 9(N)*

Here the inclusion follows from a general property of higher Fitting ideals (which is a
consequence, for example, of the result of [8, Lem. 7.1] with b = 0) and the fact that the
G-module & is generated by a set of a elements.

The above containment then directly implies claim (ii) since Z;, ®z, Pic™ O(F)V is isomor-
phic to a quotient of N (see the proof of Theorem 7.7) and so Fit7 1 (N) is contained in

Fit}, (Zp ®z Pic™ *(F)Y). O

Lemma 7.10. It is enough to prove Theorem 7.9(i) in the case that the homomorphisms
{bit1<i<a constructed above span a free Z,|G]-module of rank a.

Proof. In this argument we use the same notation as in the proof of Theorem 7.9.
Then it suffices to prove the existence of a homomorphism ¢’ in Homg, (U, BY) for
which the Z,[G]-module generated by {¢}}1<i<q is free of rank a and one also has

(56) 25 (fs,1) - R(&) = Z5)(f5,1) - R(¢) modulo |CIE, (F)| - ((Z,[G)).

To do this we note that, since ng)(fg, 1) belongs to ((Qp[G]), there exists a natural

number n such that n - Zg)(fg, 1) € |Cl§1 (F)| - ((Zp|G]). Then an explicit computation
of reduced norms shows that there exists a natural number m, such that for any % in
Homy, (U, BY) and any integer m’ one has

R(¢ +m'my, - ) = R(¢) modulo n - ((Z,|G])

and hence that the congruence (56) is satisfied by ¢' := ¢ + m/m,, - 1.

It is therefore enough to prove that for a suitable choice of 1) and m’ this homomorphism
¢ is such that the Z,[G]-module generated by {¢}}1<i<q is free of rank a.

Now, since the Q,[G]-modules spanned by U and B° are isomorphic and the natural
projection map B? — B is surjective, there exists a homomorphism 1 in Homg, (U, BY)
so that the Q,[G]-module V spanned by {1;}1<i<q is free of rank a.

We fix a Q,[G]-equivariant section o to the inclusion V' C Q, ®z, U* and, for each integer
r, consider the endomorphisms a and «,. of the Q,[G]-module V' that send each v; to o(¢;)
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and to o(¢; + 7 - ;) = o(¢;) + r - ¥; respectively. Write M and M, for the matrices in
M,(Qp[G]) that represent o and «, with respect to the basis {1; }1<i<q.

Then M, is equal to M + r - Id, and so the matrix M, is invertible whenever r is large
enough to ensure that —r is not an eigenvalue of any simple algebra component of the matrix
M. In any such case, therefore, the elements {o(¢; +7-1;) }1<i<q span a free Q,[G]-module
of rank a.

By choosing r to be a suitable multiple of m,, we therefore obtain a homomorphism
¢ + 7 - ¢ that has all of the required properties. ]

Theorems 7.1 and 7.9(i) now combine to give the following result.
Corollary 7.11. The central conjecture of [4] is valid for all global function fields.

Proof. The formulation of [4, Conj. 2.4.1] makes two predictions, the first concerning the
existence of matrices with certain properties and the second concerning the annihilation of
ideal class groups. The proof of [4, Th. 4.1.1] shows that, in the case of global function
fields, the first of these predictions is implied by the validity of [2, Conj. C(K/k)] and hence
now follows as a consequence of Theorem 7.1 (and Remark 7.2). The second prediction of
[4, Conj. 2.4.1] follows directly from the containment that is proved in Theorem 7.9(i). O

Remark 7.12. The predictions of [4, Conj. 2.4.1] are known to incorporate a natural
generalization to non-abelian extensions of many existing refinements of Stark’s Conjecture
for abelian extensions that are due to, inter alia, Rubin [41], Gross [24] and Tate [47] (for
more details see [4, Prop. 3.4.1, Th. 7.5.1 and Rem. 7.5.2].) In addition, the result proved
in Theorem 7.9(i) is strictly finer than the corresponding prediction that is made in [4,
Conj. 2.4.1] since the latter deals only with ideal class groups of the form Cly, (F') rather

than with the potentially larger groups Cl%; (F).

7.4.4. Turning to the proof of Corollary 1.7, we note first that if the finite set X is large
enough to ensure Cl(OFy) vanishes, then the identifications in (38) imply RI‘(Cﬁwét, Gm)
corresponds to a canonical element €p/;, 5 of the Yoneda Ext-group Ext%‘(B%’E, (’);’E).

In addition, the argument of Flach and the first author in [5, Prop. 3.5] leads (via [2,
§4.1, Prop. 4.1]) to an explicit description of €x/; 5 in terms of the fundamental classes of
class field theory that were introduced by Tate in [44].

This fact is in turn the key point in the proof of [2, §4.2, Th. 4.1] which asserts that [2,
Conj. C(F/k)] implies the validity of Chinburg’s ©(3)-Conjecture for F/k.

Given the latter implication, it is then clear that Corollary 1.7 follows directly from
Theorem 7.1 (and Remark 7.2).

Our final observation now concerns Chinburg’s €(1)-Conjecture.

Corollary 7.13. The Q(1)-Conjecture is valid for all tamely ramified Galois extensions of
global function fields.

Proof. Chinburg has proved the validity of his €(2)-Conjecture for all tamely ramified ex-
tensions F'/k (this follows upon combining [10, §4.2, Th. 4] with [13, Cor. 4.10]). In
addition, the observations made by Chinburg in [10, §4.1, Th. 2 and the remarks that
follow it] imply that the ©(1)-Conjecture is automatically valid for a Galois extension F'/k
whenever the (2)-Conjecture and Q(3)-Conjecture are both valid for F'/k. Given these
facts, the claimed result therefore follows directly from Corollary 1.7. 0
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