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On Euler systems and Nekovai—Selmer complexes

DoMINIK BuLLACH DaAviD BURNS

We develop a theory of Euler and Kolyvagin systems relative to the Nekovai—
Selmer complexes of p-adic representations over local complete Gorenstein rings.
This theory is both finer and requires fewer hypotheses than those of Mazur and
Rubin [79, 80] over discrete valuation rings and of Sakamoto et al. [25, 26] over
Gorenstein rings. In particular, given appropriate Euler systems, it allows one
to study Selmer groups defined relative to Greenberg local conditions. As initial
applications, we prove new cases of Kato’s generalised Iwasawa main conjecture for
both Zy,(a) and the p-adic Tate modules of rational elliptic curves, new cases of
the Quillen—Lichtenbaum Conjecture, and a strengthening of existing results on the
Birch—Swinnerton-Dyer Conjecture for CM elliptic curves.
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1. Introduction

Background and main results The notion of ‘Euler system’ was introduced by Kolyvagin in [68]
as a means of axiomatising parallel earlier work of his on the Selmer groups of modular elliptic
curves [67] and of Thaine on the class groups of real abelian fields [110]. The general theory
was then further developed by Rubin [96], by Kato [62], by Perrin-Riou [91] and by Mazur and
Rubin [79, 80], and has by now become well-established as an effective method for studying
the Selmer groups of p-adic Galois representations. In particular, it has led to spectacular
advances concerning the Birch and Swinnerton-Dyer conjecture and other important cases of
the ‘Tamagawa number conjecture’ of Bloch and Kato [5] concerning motivic L-functions — for
examples, see [96] and [63] and, more recently, [71], [66], [75], and [101].

In this article, we pay special attention to ‘refined’ special value conjectures for motives with
extra symmetries. Such conjectures range from very concrete examples such as the ‘refined con-
jecture of BSD-type’ of Mazur and Tate [82] for the modular symbols of rational elliptic curves
to the unifying, and highly abstract, ‘generalised Iwasawa main conjecture’ of Kato [60, 61]
(or, equivalently, the commutative-coefficient case of the subsequently formulated ‘equivariant
Tamagawa number conjecture’ [18]) that is stated in terms of the Knudsen-Mumford determ-
inants of complexes arising from the p-adic realisations of motives. We further recall that, even
granting the existence of an appropriate Euler system, evidence for these refined conjectures
remains, in general, both rather limited and also often conditional on difficult-to-verify hypo-
theses such as the vanishing of Iwasawa u-invariants or order-of-vanishing conditions on p-adic
L-functions.

With these things in mind, one of the main aims of the present article is to render Euler systems
directly applicable to the study of refined special value conjectures by systematically incorpor-
ating complexes into the foundations of the theory. In the course of doing so, we shall also
extend the arguments of Kings—Loeffler—Zerbes in [66, § 12] that allow one to study Greenberg—
Selmer groups if an appropriate Euler system is given. This latter aspect is of interest since
recently discovered families of Euler systems, ranging from those for Rankin—Selberg convolu-
tions of modular forms [71, 66] to those for Asai (twisted tensor) representations of Hilbert
modular forms [72], for GSp, [75], for GSp, x GL2 [51] and for GU(2, 1) [74] satisfy non-trivial
Greenberg local conditions and can only be used to bound the associated Greenberg—Selmer
groups if there is a theory encompassing this wider class of local conditions. In this way, the
range of examples to which our theory can be applied extends well beyond the classical setting
of Euler systems and Selmer groups relative to relaxed local conditions, and this is a theme
that we aim to explore further elsewhere.

Broadly speaking, the main achievement of this article will therefore be the development of
a working theory of Euler systems that are valued in (exterior power biduals of) cohomology
groups of the Selmer complexes (relative to rather general local conditions) introduced by
Nekovar in [85] rather than in Galois cohomology groups themselves. Unsurprisingly, the idea
of incorporating Selmer complexes into the theory of Euler systems originates with Nekovar
himself, with the explicit question of [85, §0.19.3] being motivated by the observation that
formulating Iwasawa main conjectures in the setting of Selmer complexes, as pioneered in [60],
can explain the trivial zeros of p-adic L-functions. There are, however, two key obstacles that
need to be overcome in order for this to be properly achieved in the context that we consider.



Firstly, previous approaches rely heavily on the assumption that the Kolyvagin systems being
considered do not become trivial upon reduction to the residual representation. For represent-
ations over discrete valuation rings, a conjecture of Kolyvagin suggests that this is indeed a
mild restriction for the Kolyvagin systems related (via an Euler system) to L-values (cf. [28]
and the references therein). However, in our more general setting the presence of ‘trivial zeros
mod p’ will often force residual triviality even for Kolyvagin systems arising from L-series, and
so we must overcome the associated technical difficulties. At the same time, this possibility
of residual triviality also means that the ‘core-rank’ of Mazur and Rubin of a given Selmer
structure can be strictly negative, and in any such case one cannot expect the existence of
the ‘core vertices’ that are pivotal to their approach. To resolve this problem, we combine
the Cebotarev density theorem with Artin—Verdier duality to prove the existence of a weaker,
relative, version of core vertex that we refer to as a ‘relative core vertex’.

Secondly, when working over a general Gorenstein ring the relevant Selmer groups may not be
free at a relative core vertex or even, under our weaker hypotheses, at a core vertex (should
one exist) and this notably complicates the necessary analysis. To deal with this problem, we
are therefore forced to keep careful track of certain ‘error terms’ that occur naturally when
one attempts to extend the recent work of Sakamoto et al. [25, 26|, or the related work of
Kataoka [58] and of Kataoka and Sano [59], to the setting of Nekovai—Selmer complexes, with
the ultimate aim of providing ‘bounds’ for these error terms in the limit.

Whilst the main advances in the general theory that we obtain therefore appear somewhat
technical in nature (see, for example, Theorems 4.20, 5.29 and 6.38), their advantages over
previous results extend even beyond the aspect of much wider applicability mentioned earlier.
For instance, the results we obtain are significantly finer since their conclusions directly concern
the determinants of Selmer complexes rather than either the Fitting or characteristic ideals of
Selmer groups. This aspect allows us to completely remove any need to assume ‘u = 0’-type
hypotheses, and also to weaken any hypotheses related to the existence of ‘trivial zeroes mod-
ulo p’, both of which have hitherto been key obstacles to obtaining unconditional results on
the conjectures formulated by Kato in [60, 61]. Moreover, our theory is developed relative to
general local complete Gorenstein rings with finite residue fields of characteristic p, and so is
applicable to the study of Kato’s conjectures in both the ‘Galois-equivariant case’ (instances
of which we discuss below) and also relative to deformation rings, as studied, for example, by
Fouquet and Wan in [45] and by Fouquet in [43, 44].

For all of these reasons, the theory presented here can be combined with known techniques to
obtain, even in classical settings, stronger versions of a range of well-known results.

Selected arithmetic consequences To illustrate the latter point concretely, we shall first apply
our techniques to Kato’s Euler system of zeta elements to prove results such as the following.
This result is a direct consequence of (the more general) Corollary 9.7 and Remark 9.8 and,
before stating it, we recall that Kato’s generalised Iwasawa main conjecture asserts an equality
of lattices and so is equivalent to the validity of two inclusions.

Theorem. Let E be a rational elliptic curve and K a finite abelian extension of Q for which
the Hasse-Weil L-function L(E/K,s) does not vanish at s = 1. Fix a prime p > 3 such that
o the action of Gal(Q°/Q) on the p-adic Tate module of E contains SLa(Zy), and
o either E has potentially good reduction at p or the field K (\/—2(A/B)) contains no root of
unity of order p, where y?> = 23+ Ax+ B is a Weierstraf equation for E with A, B € Q*.
Then the pair (W (E/K)(1), Z,[Gal(K/Q)]) validates one inclusion in Kato’s generalised Iwas-
awa main conjecture. Further, this case of Kato’s conjecture is fully valid if, in addition, K/Q
1 a p-extension and E has good ordinary reduction at p.

We note that this result, in particular, avoids any hypotheses relating to trivial zeros modulo
p (such as p being ‘non-anomalous’ in the terminology of Mazur [77]) that have been used in
previous work in this area (see, for example, the discussion in [26, §6.4.1]) and also applies in



many situations where E has additive reduction at p. For this reason, it even leads to concrete
new evidence in support of the precise conjecture of Birch and Swinnerton-Dyer (see Corollary
9.9). In addition, in the companion article [14] of Honnor and the first author, the above result
plays a pivotal role in the verification of a large part of the conjectures of Mazur and Tate [82]
on modular symbols mentioned earlier.

As a further application, we also consider Tate motives over a number field k. In this setting,
our approach leads to evidence for Kato’s conjecture that is conditional only on a conjectural
integrality property of the Rubin—Stark Euler system (see Theorems 10.4 and 10.17). In partic-
ular, if k£ is an imaginary quadratic field, then the latter system is the (integral) Euler system
of elliptic units and this allows us to prove the following unconditional result (which follows
immediately from Theorem 10.5 and Corollary 10.6).

Theorem. Let K be a finite abelian extension of an imaginary quadratic field k. Then for
every prime p > 3 and integer j > 1, Kato’s generalised Twasawa main conjecture is valid for
the pair (h°(Spec K)(1 — j), Z,[Gal(K/Q)]).

This theorem completes earlier partial results of Bley [3, 4], of Johnston-Leung and Kings
[56], and of Hofer and the first author [13]. It thereby also implies a variety of more explicit
conjectures for abelian extensions of imaginary quadratic fields, ranging from the ‘Rubin—Stark
conjecture’ from [95] to the ‘refined class number formula’ conjecture of Mazur-Rubin [81] and
Sano [103] and several conjectures in classical Galois module theory (see [17] for more details
regarding these connections).

At the same time, the above result allows us to verify the Quillen—Lichtenbaum Conjecture
for a new family of explicit examples (see Remark 10.10) and also answers the open question
recorded by Burungale and Tian in [31, Rem. 2.2] and so can be expected to have interesting
consequences in the Iwasawa theory of CM modular forms (cf. [31, Rem. 2.7]). Indeed, as a
first application in the latter direction, we shall here combine the above result with the general
strategy described by Kato in [61, Ch. I, §3.3] (see also [11]) to obtain the following refinement
of the main result of Burungale and Flach [30] relating to the Birch and Swinnerton-Dyer
Conjecture for CM elliptic curves (see Corollary 10.15 and Remark 10.16).

Theorem. Let E be an elliptic curve over a number field F' that contains an imaginary quad-
ratic field k. Assume that E has complex multiplication by the ring of integers of k and that the
extension F(Eyos)/k is abelian, and write B for the Weil restriction of E to k. Then, for every
finite abelian extension K of k with L(B/K,1) # 0, and every prime p > 3, Kato’s generalised
Twasawa main conjecture is valid for the pair (h*(B/K)(1), (Endk(B) ®z Z,)[Gal(K/k)]).

At this point, it seems worth remarking that, whilst all of the above results relate to classical
rank-one Euler systems, their proofs involve (a refined version of) the higher-rank theory of
Stark systems introduced by Mazur and Rubin [80] and Sano [102] and, as far as we are aware,
there is no approach to these results that can avoid these higher—rank aspects. For example,
the (rank-one) proof strategies used by Rubin [96] and by Mazur—Rubin [79] rely in an essential
way on algebraic results such as the structure theorem for Iwasawa modules that are simply
not available for the more general coefficient rings that we are forced to consider.

Finally we remark that, as mentioned earlier, Euler systems related to special values of L-series
are now known to exist in a variety of other important settings and in each of these cases our
theory can be expected to have applications.

Overview of contents For clarity of exposition, we have divided this article in two parts.
In Part I, we extend previous work of Mazur and Rubin [96, 79, 80] and of Sakamoto et
al. [25, 26] in order to develop a general theory of Euler, Kolyvagin and Stark systems for
Nekovar—Selmer complexes relative to a morphism R — R of local complete Gorenstein rings.
In Part II (comprising §8 to §10), we then illustrate this general theory by presenting some
concrete arithmetic applications, including each of those discussed above. In fact, a reader who



is mainly interested to know how our techniques apply to arithmetic problems may prefer to
simply read § 4, for a discussion of key concepts and hypotheses and the statement of Theorem
4.20, and then directly pass to Part II.

In a little more detail, then, the main contents of this article are as follows. In §2 we review
the families of rings that arise in the development of our theory and then establish necessary
technical results concerning Matlis duals, exterior biduals, Fitting ideals, and resolutions and
determinants of complexes. In §3 we review Selmer structures both in the sense of Nekovar,
which we refer to as Nekovaf(—Selmer) structures, and of Mazur and Rubin, which we refer
to as Mazur—Rubin(—Selmer) structures, and establish some useful relations between the co-
homology groups of the Selmer complex of a Nekovai structure and the Selmer groups of an
associated Mazur—Rubin structure and its dual. We also study dual Nekovar structures, de-
scribe relations between Selmer complexes that follow from the Artin—Verdier duality theorem,
and construct a family of perfect Selmer complexes that plays a vital role in our theory. In §4,
we introduce a notion of Euler systems relative to Nekovar structures, discuss the hypotheses
under which our theory can be developed and then state our main technical result (Theorem
4.20) concerning relations between the values of an Euler system for a given Nekovar structure
and the determinant of its associated Selmer complex. The following two sections then com-
prise the technical heart of our article as we extend previous arguments relating to Kolyvagin
systems for p-adic representations over finite self-injective rings. Firstly, in §5, as a replace-
ment for the ‘modified Selmer structures’ of Mazur and Rubin that play a key role in previous
approaches we study the Selmer complexes of a natural family of ‘modified Nekovai structures’,
and also prove the existence of a ‘Kolyvagin derivative homomorphism’ in the setting of Euler
and Kolyvagin systems relative to Nekovar structures. Here it is perhaps worth pointing out
again that our contribution is new even in the setting of classical rank-one systems, since the
weaker hypotheses and finer Selmer groups that we consider force us to use Selmer complexes
in the construction of the Kolyvagin derivative (see §5.3.3). Then, in §6, we prove the exist-
ence in our setting of relative core vertices and investigate the extent to which they can be
used to control the value at the unit modulus of a Kolyvagin system relative to a Nekovar
structure. In §7 we combine the main results of §5 and §6 with an algebraic construction
of Stark systems and a delicate limit argument in order to prove Theorem 4.20. Partly with
future applications in mind, in an appendix to Part I we also present an axiomatic treatment
of the theory of algebraic Stark systems. Then, as a first step towards arithmetic applications,
in § 8 we explain how to apply Theorem 4.20 for certain ‘modified, relaxed’ Nekovar structures
in order to study the general case of Kato’s generalised Iwasawa main conjecture. Finally, in
§9 and § 10 we present some concrete applications of this strategy and, in particular, prove all
of the results stated above by respectively using the Euler systems of Kato’s zeta elements and
of elliptic units.
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Part I. The general theory

In this first part of the article we develop a general theory of Euler and Kolyvagin systems for
Nekovai—Selmer complexes over local complete Gorenstein rings. Arithmetic consequences of
this theory will be discussed in the second part of the article (starting in §8).

2. Algebraic preliminaries

This section establishes some general algebraic results that are essential to the theory developed
in later sections. Throughout, we fix a commutative Noetherian ring R. For each natural
number n, we write Spec”(R) and Spec="(R) for the sets of prime ideals of R that are of
height n and of height at most n respectively.

We endow the linear dual M* = Homp(M, R) of an R-module M with the structure of an
R-module by setting (z - f)(m) = x - f(m).

We frequently use (without explicit comment) that inverse limits over systems indexed by the
natural numbers are exact on the category of finitely generated Z,-modules.

Throughout the article we also use the following convenient notations: we set INp := IN U {0}
and, for n € IN, write [n] for the ordered set {i € IN: i < n}.

2.1. Hypotheses on rings
2.1.1. G,-rings

We first introduce the categories of rings for which most of our theory will be developed.

(2.1) Definition. Let R be a commutative Noetherian ring. Then, for each n € Ny, one says
o R has property (Gyn) if Ry is Gorenstein for all p € Spec="(R);
o R has property (Sy) if depth(Ry) > inf(n, ht(p)) for all p € Spec(R);
o R is a ‘Gn-ring’ if it has both of the properties (Gyp—1) and (Sy).

(2.2) Remark. (i) Condition (S,) is often referred to as ‘Serre’s condition’.

(ii) Gj-rings were first studied by Ischebeck [54] and by Reiten and Fossum [93]. Ga-rings
are also studied by Vasconcelos [112, 113] who refers to them as ‘quasi-normal rings’.

(iii) A ring is Cohen—Macaulay, respectively Gorenstein, if and only if it satisfies (S,,), re-
spectively (G,,), for all n € INg. Since every Gorenstein ring is Cohen—-Macaulay, this also
shows that Gorenstein rings satisfy both (S,,) and (G,,) for all n € INy.

Our first result shows that the class of G,,-rings is closed under a variety of natural operations.
In particular, it implies (equivariant) Iwasawa algebras and group rings of finite abelian groups
with coefficients in Z or Z, are G,-rings (in fact, Gorenstein rings).

(2.3) Lemma. If R is a G,-ring for some n € Ny, then the following claims are valid:
(i) The polynomial ring R[t] for an indeterminate t is a Gy,-ring.
(ii) The ring of formal power series R[t] is a Gy-ring.

(iii) The group ring R[G] for a finite abelian group G is a G, -ring.

Proof. Claim (i) is proved in [93, Cor. (a) after Prop. 1] and (ii) is [93, Cor. after Prop. 3]. To
prove (iii) we apply [93, Prop. 1 (ii)]: to see that the fibres of R — R[G] are n-Gorenstein it
suffices to note that, for any field F, the ring F'[G] is Gorenstein (this follows from [35, Cor. 8]
which shows that injdim g (F[G]) = injdimp(F) = 0). O

We recall that an R-module M is said to be ‘pseudo-null’ if M, vanishes for all p € Spec=t(R).
The following observations about this notion will be useful.
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Proof. Claim (i) is proved in [99, Lem. B.11] and (ii) follows from the proof of [99, Lem. C.13].
Since (ii) is however slightly more general than the statement given in loc. cit., we reproduce
the argument here. By assumption, the module (N; + N2)/Na is pseudo-null and so, by (i), the
natural map (N7 + N2)* — N3 is bijective. Hence, by [99, Lem. C.1] (with » = 1), the natural
map (N1)™ — (N1 + N2)*™* = (N2)*™ is injective, as claimed. O

2.1.2. Complete Gorenstein rings

In this section we fix a prime number p and Noetherian ring R that satisfy the following
condition.

R is a local complete Gorenstein ring with finite residue field of characteristic p. (2.5)

We write d for the dimension of R, m for its maximal ideal and k for its residue field R/m. We
also fix a decreasing filtration

Go:=m2oa Jag 2 ... (2.6)

of ideals of R such that, for every n, the ring R, := R/a,, is Gorenstein of dimension zero (or
equivalently, finite and self-injective) and the natural map R — @n(R/ a,) is bijective.

(2.7) Remark. The condition (2.5) ensures R is Cohen-Macaulay and so one can fix a regular
sequence {T;};cg in m with \/(z1,...,74) = m. One then obtains a filtration (2.6) of the
required sort by setting a, == («7,...,2}) for all n > 1. Indeed, {x?}ie[d] is a regular sequence,
Va, = m, the quotient R/a,, is Gorenstein (cf. [7, Prop. 3.1.19 (b)]) of dimension zero and
the map R — @nR/ a, is bijective since R is complete, Noetherian, and local. Further, this
filtration is universal in the sense that if {a] },en is any other filtration as in (2.6), then for
every n there exists m € IN with a,, C a),. (This is true since R/a), being zero-dimensional
implies R/p is zero-dimensional for any associated prime p C R of R/a), and so R/p is field; it
follows that m is the only associated prime of R/a], and so ), is m-primary, as required.) The
following special instances of the filtration (2.6) will also be of importance to us.

(i) R is finite, local and self-injective: for every n > 1 one can set a,, = (0) so R,, = R.

(ii) R is a Zp-order that is local and Gorenstein: one can set a, = (p") for n > 1, so
R, = R/p"R.

(iii) d > 1 and R is the completed group ring Z,[G] of an abelian pro-p compact p-adic Lie
group G of rank d — 1. Fix a base {U,, },>1 of open neighbourhoods of the identity of G
with U,41 C U, for all n. Then, for each n > 1, one can take a, to be the kernel of the
canonical (surjective) projection map from R = Z,[G] to Ry, := (Z,/p"Z,)|G/Uy].

We fix an injective envelope Er(k) of the R-module k (as defined in [7, Def. 3.2.3]) and define
the ‘Matlis dual’ of an R-module M by setting

M"Y = Homp(M, Ep(k))

(regarded as an R-module in the obvious way). We recall that E(k), and hence also MV for
any given module M, is unique up to isomorphism. In addition, the injectivity Er(k) implies
that the assignment M +— M"Y induces a contravariant exact functor on R-modules and, if M
is either a finitely generated or Artinian R-module, then Matlis duality asserts that the natural
map M — M"YV is bijective (cf. [7, Th. 3.2.13]).

Finally, we record a useful description of Er(k) in terms of the filtration (2.6) (this result is
essentially well-known but, for lack of a good reference, we include a proof).



(2.8) Lemma. The following claims are valid.
(i) For every n one can take Eg, (k) = R, and also fix an isomorphism of R,-modules
R, = Homp (R, Er(k)) = Er(k)[a,].
(i1) The isomorphisms in (i) induce an identification T,) = T* and also an injective homo-
morphism R, = Egr(k)[a,] C Er(k)[an+1] = Rnt1 of R-modules. The module Er(k) is
isomorphic to the inductive limit @n@NRn with respect to the latter morphisms.

(iii) Let M be a finitely generated Ry1-module. Then any choice of injection R, < Rp4+1 as
in (i) induces an isomorphism (M|a,])* = M*/a, M*.

Proof. At the outset we recall that, for any ring R, an extension N C M of R-modules is called
‘essential’ if U N N # (0) for every non-zero R-submodule U C M. By [7, Prop. 3.2.2] one
can characterise injective R-modules I as those R-modules that have no essential extensions
I C M with I # M, and ER(N) is then defined to be a maximal essential extension of N.
The first assertion of (i) is proved in [7, Th. 3.2.10] and to prove the rest of (i) it is enough
to construct an isomorphism of R-modules Eg, (k) = Egr(k)[a,]. To prove this, we note
that k C Fa(k)[a,] is an essential extension of R,-modules (since k C Egr(k) is an essential
extension of R-modules) and so Er(k)[a,] identifies with a submodule of Er, (k). In particular,
Er(k)[ay,] is finite and hence it is enough to show |Egr(k)[a,]| > |ER, (k)|. But this is clear
since k C Ep, (k) is an essential extension of R-modules so that Eg, (k) identifies with a
submodule of Er(k)[a,]. This proves (i).

The first isomorphism in (ii) is obtained as the composite map

T, = Hompg(T,, Er(k)) = Homg (T}, ®r Ry, Er(k))
= Hompg, (T),, Homp(R,, Er(k))) = Homg, (T),, Ry) = T,

where the first isomorphism is induced by Tensor-Hom adjunction and the second by the
isomorphism in (i). The second assertion of (ii) is clear and to prove the final assertion we note
that hﬂne]NR” is an essential extension of k. Indeed, let x € hﬂne]NR”’ then z € R, for some
n and since R, is an essential extension of k, it follows that (R,x)Nk # 0, as required. Now let
Er(k) be a maximal essential extension of k that contains hﬂn@]NR”' Then any element m of
Er(k) is annihilated by some ideal a,,: indeed, it is enough to show Annpg(m) is m-primary, and
this follows from the inclusion of sets of associated primes Assg(R/Anng(m)) C Assg(Egr(k) =
{m}, where the last equality is by [7, Lem. 3.2.7 (a)]. Now, one has Er(k)[a,] = R, by (i) and
so we deduce that m belongs to hﬂng]NR"' It follows that hﬂnglNR" is a maximal essential

extension of k, as required to prove (ii).

To prove (iii), we may fix an injective presentation 0 — M — Rg?il A, Rg?fl for suitable
integers [,m > 0 and an (m x[)-matrix A = (a;j);; because Ry, 1 is injective as an R, 1-module.

Since taking a,-torsion defines a left-exact functor, dualising leads to an exact sequence
At .
(Rniafan)®™ === (Rn—l-l[an])@l — (M[a,])" —— 0,

where A" = (aji)i; is the transpose of A. Write o: R,, — R,41 for the fixed embedding, which
restricts to an isomorphism 6: R, = R, 11(a,] because R, and Ry 41[a,] = Hompg, (R, Ryy1)
have the same length as R, 1-modules. The R,,;1-linearity of o then implies that the diagram

(Bnsalan) ™ 25 (R [an])
o@m = (671)%H =~
R;‘?m <At R;‘?l
is commutative. Since the cokernel of RY™ A R&! is canonically isomorphic to M*/a, M*, we
deduce that the map (6~ 1)® induces an isomorphism (M[a,])* = M*/a,M*, as required. [

In connection with Lemma 2.8 the following general observation will be useful.



(2.9) Lemma. Let R be a Noetherian local ring with mazimal ideal M. For every non-zero
element x in an R-module F there is an element r € R such that r - x is both non-zero and
belongs to FIM] :={y € F|a-m=0 for alla € M}.

Proof. Since R is Artinian, the descending chain of R-modules Rz 2 M-z D --- D Mz D,
becomes stationary and so there exists i € INg such that M! -z = M1 .z, By Nakayama’s
lemma, this implies M! -z = 0. Let [ be the smallest non-negative integer with this property.
Then, since z # 0 (by assumption), [ > 1 and, by the minimality of /, M'~! -z is non-zero and
contained in F[M)]. We may thus take r to be any element of M!~1\ M’ O

(2.10) Remark. Fix an element r as in Lemma 2.9 with ' = Rand x = 1. If Ris a
zero-dimensional Gorenstein local ring, the ideal R[M] is a one-dimensional k-vector space by

Lemma 2.8 (i) and so, in particular, principal. The assignment 1 +— r therefore induces an
isomorphism of R-modules k = R/ M = R[M]|.

For a general result on base change over inverse limit rings, see Lemma 2.32 below.

2.2. Fitting ideals

In this section we fix a commutative unital ring R and a finitely-presented R-module M. We
then fix (as we may) a resolution of M of the form
RO LRI 5 M — 0

in which m > n. For i € INp, the i-th ‘Fitting ideal’ Fitt’% (M) of M is then defined to be the
ideal of R that is generated by the set of all (n — i) X (n — 4)-minors of any matrix representing
¢ (where we use the convention that the determinant of an empty matrix is 1).

It is easily checked that the above definition is independent of the chosen resolution, that
Fittz (M) C Fitt], (M) if ¢ < j and that Fittz (M) = R if ¢ > n (cf. [88, §3.1, Th. 1, Th. 2]).
In the following result we record several further properties of these ideals, most of which are

well-known, that we shall rely on throughout this article. (A more detailed discussion, and
further properties, of Fitting ideals can be found in [88, §3.1], [83, App.] and [36, §20.2].)

(2.11) Lemma. The following claims are valid for all finitely-presented R-modules M and N
and all © and j in INg.
(i) If f: M — N is a surjective map of R-modules, then Fitth (M) C Fitts (N).
(i) If 0> N-—->M— M/N — 0 is a short evact sequence of R-modules, then one has
Fitt% (N) - Fittl (M/N) C Fitt;;“ (M).
(iii) One has Fitthy (M & N) =Y 97, Fitt% (M) - Fittyy “(N). In particular, if N is a non-zero
free R-module of rank r, then Fitt% (M) = Fitt)y" (M & N).
() If f: R — R’ is a morphism of rings, then M @r R’ is a finitely-presented R'-module
and Fitth, (M @r R') is equal to the ideal of R’ generated by f(Fittl (M)).
(v) (Buchsbaum—FEisenbud) If j < i, then Fittgz(M) annihilates Ny M. In particular, M is
itself annihilated by Fitt% (M).

Proof. We fix a free presentation R®™ % R®" Ty M — 0 and note that we have an exact
sequence 0 — kerm — ker(f o m) — ker f — 0. We can therefore construct a free presentation

RE(m+m’) £ pen TN N4 0 in which ¢’ restricts to ¢ on R¥™. This implies (i) and the
proof of (ii) is similar (see [88, §3.1, Ex. 2, solution on p. 90] for the details). The first equality
in (iii) is proved in [88, §3.1, Ex. 3, solution on p. 92] and the second assertion follows as a
consequence upon replacing i by i + 7 in the first equality and noting that Fittgz(N ) is equal
to (0) if j < r and to R if j > r. Claim (iv) follows directly from the definitions upon noting
(—) ®r R’ is a right-exact functor and hence that tensoring a free presentation of M with R’
gives a free presentation of M @ R’'.
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The second assertion of (v) is classical and proved in [88, §3.1, Th. 5]. It is also an immediate
consequence of the first assertion with ¢ = 1 and j = 0. To prove the first assertion of (v),
we note that the general result of [8, Cor. 1.3] proves Fitty, (M) annihilates A/ ' M. (Note
the different convention for Fitting ideals: in loc. cit. the authors write Fj, (M) for Fitté“{l(M )
in our notation.) The claimed result then follows from the existence of a surjective map
(/\%z+1 M)®r( ;{jfl M) — /\32 M. Since the cited result is perhaps not so well-known, for the
convenience of the reader we include its proof. Fix a free presentation R®™ HRE s M =0
of M with n > j+ 1. For every s > 0 we define the map

s J J+s
o) (/\RREBm) RR /\RR@" — /\R RO (mg A Axg) @y o) A Ap(xs) Ay.
The starting point is then the exact sequence
am i san oW i+ e i+1
R g N\, R = N\ R —— \ M —— 0,

which reduces us to proving that, for every \ € Fittgz(M) and b=">by A---ANbgiq € /\%2Jrl RE™,
one has A\b € im(pM).

Let e1,...,e,—j—1 € R¥" be basis vectors such that {b1,...,bj11,€1,..., en_(jJrl)} is a linearly
independent set. Then, setting e :=e; A --- Aep—j_1, one has e*(e Ab) = b. Now, any choice
of isomorphism Ax R¥" = R induces an identification

im ( A RO o N RO LaiiN /\, R¥" = R) = Fitth (M)

and so, in particular, Fittgz(M ) annihilates coker(p(®=7). That is, A - (e A b) can be written
in the form >, cpn (@) A A @(zyn—j)) Ay for suitable xy, € RE™ and y; € A\ R®" with
p € [k] (for some k) and [ € [n — j]. It follows that

Ab=e*(A-(eAD)) = e*(zl

= ZlE[k]ZpG[n—j} + Sp(xlp) VAN e* (SO(:E” A A (p(l‘lp) A A QP(MJ) A yl)

EWSD(JUM) A Np(@yn_jy) AY)

belongs to im(go(l)), as required. O

Finally, we establish a technical result about inverse limits of Fitting ideals that we will need
in later arguments. We note that claim (i) of this result extends the result [48, Th. 2.1] of
Greither and Kurihara and that claim (ii) develops an idea of Popescu and Yin [92].

(2.12) Proposition. Let (R;, pi)icw be a projective system of rings, and set R = l.&nielNRi'
Let (M;, f;)iew be a projective system of R;-modules with surjective transition maps f;, and
write M for the associated R-module l'mie]NMi. Assume that M is finitely presented and that,
in addition, either of the following conditions are satisfied:
(i) Each ring R; (resp. module M;) is a compact Hausdorff space and the transition maps
pi (resp. fi) are continuous, and there exists a natural number s such that, for all i € IN,
the kernel of M ®r R; — M; is generated by s elements over R;.

(i) R satisfies condition (2.5), and R; == R/a; as in §2.1.2.
Then, for every integer v > 0, one has Fitt (M) = lim, _ Fitty (M;), where the limit is taken
with respect to the maps Fitty (Miy1) — Fitt, (M;) induced by the restriction of p;.

Proof. We first assume that the conditions in (i) are satisfied. Since each map f;: M;11 — M;
induces a surjection M;1 ®g,., Ri — M;, applying parts (iv) and (i) of Lemma 2.11 implies
that there is an inclusion

pi(Fitt%i+1 (M) = Fitt%i(Mi_H ORit1 Ri) C FittrRi (M;).

141
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In a similar way, since the second assertion of (i) implies that the natural map M @g R; — M;
is surjective, one has 0;(Fittp(M)) = Fittn (M ®@r R;) C Fittp (M;), with 6; the nat-
ural projection map R — R;. By taking the limit over i, we therefore obtain an inclusion
Fittiy (M) C m, Fitt%. (M;), and so we must prove the reverse inclusion.

To do this, we use the fact M is finitely presented to fix an exact sequence of R-modules

R —— R y M > 0
for suitable natural numbers t; and t;. Now, each of the composite maps R??2 — M — M;,
where the second arrow is the natural projection, factors through R — REQ. The assumption
that the transition maps f;: M1 — M, are surjective (j > i) implies that M — M; is
surjective, hence we obtain a surjective map REQ — M;. Setting K; = ker(RE2 — M;), we
obtain an exact commutative diagram

R R » M @r Ri
! I ! (2.13)
K; R » M;.

The Snake Lemma, applied to the above diagram, then combines with condition (iii) to imply
that K; can be generated by at most ¢; + s elements.

Since M; is Hausdorff, K; is a closed subspace of a compact Hausdorff space, hence is itself
compact Hausdorff. The associated first derived limit therefore vanishes and so, passing to the
limit of the bottom sequences in (2.13), we obtain the exact sequence

-— |3 . 13 \
0 — K:=lim K —— R” > M 0.

Using this sequence, Fitt (M) can then be computed as follows: For every subset J C [tg]
of cardinality 7, we now write m;: R2 — R" for the projection (z1,...,2,) — (¥))jes.
For each v = (v1,...,v,) € K", we then write 7s(v) for the (r x r)-matrix with columns
wy(v1),...,m7(vy). Then Fitt, (M) is the ideal of R generated by all det(m;(v)) with v ran-
ging over K" and J ranging over all subsets of [ta] of cardinality r.

We now give a similar description of Fittg,(M;) for every i € N. We write 77;: R> — R}
for the projection onto coordinates in J, and, for every v = (v1,...,v,) € K, write m;;(v) for
the matrix with columns 7;(v1), ..., 7 (v-). By definition, Fitty (M;) is then the ideal of R;
generated by all determinants of such matrices 7 ;(v).

Since K; can be generated by t5 + s elements and the determinant is multilinear, any matrix
of the form above can be written as a sum of N = (t2 + s)27" determinants with columns
from 7;(K;). If we set W; == @ ;(K7)", then we therefore have that Fitt (M) is equal to
the image of the map

W — r\N , N .
;0 Wi = @J(Kz’) —Ri, (vrj)ag— ZJZJ.E[N] det(m;(vs;5)),

where J runs over all subsets of {1,...,%2} of cardinality to — r.

We now claim that T&niew(im ®,) is equal to the image of the map &: @z‘e]NW" — R induced
by (®i)ien. To show this, we suppose to be given an element z = (zi)iew of lm, . (im ®;).
For every ¢ € IN, we write U; = @;l(xi) for the full preimage of z; under ®; and note that
each of the transition maps p;;: W; — W, takes U; to U; for j > 4. Since W; is finitely
generated over the finite ring R;, it is again compact Hausdorff. As the preimage of a closed
set under a continuous map, each U; is then a closed subset of a compact Hausdorff space,
hence itself compact Hausdorff. Now, p; ; is continuous and so p; j(U;) is a compact subset of
W;, which implies that it must be closed. In addition, the ascending chain given by the p; ;(U;)
has the finite intersection property because each preimage U; is non-empty. It follows that
the intersection V; := jziﬁi:j(Uj) is non-empty because W; is compact. We now inductively
construct a preimage (w;)ien € 'mi ]NWi of = with each w; in V;. For the induction base, we
take wy to be any element of Vi. Now fix ¢ > 1 and suppose that w; is already constructed.
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We then define Uj/- =U;N /3;].1 (w;) for all j > 1 and note that each U; is non-empty because
w; belongs to V;. Similar to before, it follows that the descending chain (ﬁi+17j(U;))j2¢+1 has
the finite intersection property, and hence that V/\; = (;5;410i+1,/(U;) is non-empty. Any
element w; 1 of V/,; will then both belong to V; and have the property that p;;1:(wi1) = w;,
as required. This concludes the induction step.

We have thereby proved that any element 2 of lim, _ (im ®;) = lim, - Fitty, (M;) can be lifted
to en element of m, Wi = @iem(@J(K[)N) =@, (K")N. It follows that z is a finite sum
of determinants of matrices of the form 7 ;(v) with v € K" and hence, by the explicit description
given above, belongs to Fittz (M). This proves the claimed equality under condition (i).

In the remainder of the argument, we therefore assume the validity of condition (ii) and we
argue by induction on d = dimR. Since each projection map M — M, is surjective, each R,-
module M, is finite and hence compact Hausdorff. The above argument therefore combines
with Remark 2.16 below to prove the claim if d < 1. In the following we thus assume d > 1.
Following Remark 2.7, we obtain a filtration (2.6) of R by setting b, = (27,...,2]), and we
now first justify that we may assume a,, = b,. To do this we recall, as noted in Remark 2.7, one
can define f: IN — IN such that by, C a, for all n € N. In particular, each M,, is a R/bf(n)-
module and it suffices to prove that lim . Fitt%/bf(n)(Mn) =lim . Fittp (M,). Since the
surjection R/by(,) = Ry = R/a, maps Fitt%/bf(n)(Mn) onto Fitty (M,) by Lemma 2.11 (iv),
we have an exact sequence

0 —— an/bsp) —— Fitt’k/bf(n) (Mp) + (an/bg(ny) — Fittg (My) —— 0, (2.14)

in which all involved modules are finite. Now, taking the limit of the surjections a, —
an/by(ny gives a surjection Hm _oan — @nem(an/bﬂn)), and this shows the vanishing of
@nem(a"/ b¢(n)) because @nema” = (Ve % vanishes by the assumption that the nat-
ural map R — &iinnE]NR/ a, is bijective. In a similar fashion, one shows that the nat-
ural map lim Fitt%/bf(n)(Mn) — @nem(Fitt%/bf(n)(Mn) + (an/bf@n))) is an isomorph-
ism. Passing to the limit over the exact sequences (2.14) now shows that the natural map
Hm Fitt%/bﬂn) (Mp) — lim _ Fitt (My) is bijective, as claimed.

In the remainder of this argument we therefore assume that a, = b, = (z7,...,2%), and we
also set a], = (z7,...,2];_;). Now, one has

Fitth (M) = lim__ Fittl (o (M ©r (R/(2)))

=lim _ lim o Fitt%/(a;n,xg)(Mm Qr (R/(z}))).
Here the first equality follows from the above argument (under condition (i)) and the second
equality holds by our induction hypothesis. Since M, = @neN(Mm ®@r (R/(x}))) for all
m € IN, we may use the induction hypothesis again to deduce that

%iLnnelNyanE]N FittTR/(a;ﬂ,mg) (Mm ORr (R/(.%‘g))) = yinme]N FittrR/a;n (Mm)
Now, the image of Fitty ;. (Mp) in R is equal to Fitty (Mpm) by Lemma 2.11 (iv), so we
have an exact sequence

0 —— tm/al, —— Fitth o (Myn) + (/) —— Fitthy (M) — 0. (2.15)

Moreover, a,,/a), is generated by z7" and so there exists a surjective map 'R — ap,/aj,.
Taking the limit over m then gives, because the involved modules are finitely generated R-
modules and hence compact Hausdorff, a surjection @mem(:v:l”R) — @mem(am/ a,). In
addition, the Krull intersection theorem implies that the limit lim = (PR) = Npen(@R)
vanishes, and so the same is also true for T&lmew(am /al.). A similar argument shows that
@mem«Fitt%/ain(Mm) + (o /ap,))/ Fitty o (M,,)) vanishes. Taking the limit (over m) of
the exact sequence (2.15) (in which all involved modules are compact Hausdorff) shows that

lim = Fitte (Mp) =lm _(Fitty o (M) + (am Jar,)) = lim o Fittr o (M),
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as required to complete the proof. ]

(2.16) Remark. The second condition in Proposition 2.12 (i) is automatically valid if R is
local Noetherian and Anng (M) contains an R-regular sequence of length dim(R) — 1. (In
particular, the condition is satisfied if either dimR < 1 or if both dim(R) = 2 and M is
R-torsion.) To justify this, we note that the diagram (2.13) implies it is enough to prove the
minimal number of R;-generators of K; is bounded independently of ¢. If {xi}ie[d,l} is an
R-regular sequence in Anng (M), then (x1,...,24-1) -R? C K;. It therefore suffices to bound
the minimal number of R;-generators of K;/(x1, ... ,xd,l)R?. The latter is now a submodule
of R¥*/(z1,...,24-1)R}?, and hence a subquotient of (R/(z1,...,z4-1))". Since {Titicd—y) is
an R-regular sequence, R/(z1,...,24—1) is a local Noetherian ring of Krull dimension one and
so the claim follows from the fact that the minimal number of generators of any ideal of such
a ring can be bounded by a constant that only depends on the ring (see, for example, [106]).

2.3. Exterior power biduals

For any r € INg, we write Az M for the r-fold exterior power of an R-module M. The ‘r-th
exterior power bidual’ of M is then defined by setting

ﬂRM = (/\RM ) '
This construction is motivated by the approach of Rubin in [95, § 1.2] and is extensively studied

in the literature (cf. [27, App. A], [99, App. B]). In this section, we establish several properties
of these modules that will be useful in subsequent arguments.

2.3.1. Rank reduction

If s € Ng is such that s < r, and f is an element of A M*, then the assignment a — [g —
a(f A g)] induces a ‘rank reduction’ map (VM — (i ° M which, by abuse of notation, we
continue to denote by f.

(2.17) Lemma. Let R be a Ga-ring and suppose to be given, for some s € N, an exact sequence

(fi)iels)

0 N M R®s

of finitely generated R-modules. Then the following claims are valid.
(i) For any r € IN, there exists an exact sequence

0 ﬂ;N ﬂ;M (fi)iels] @ie[s] ﬂ;—l M (2.18)

Here the first map is induced by the inclusion N — M, and the second is the diagonal
map induced by the maps fi: (g M — ﬂ?{l M for each i € [s].
(i) If s < r, then the map N fi: NrM — g ° M factors through the map (i ° N —
% M in (2.18). In particular, there exists an induced map

Nl fi: ﬂR M — ﬂR_ N. (2.19)

Proof. Claim (i) requires a slight variation of the proof of [99, Lem. B.12] and so, for cla-
rification, we shall provide full details. Thus, by dualising the tautological exact sequence
0—N—M— M/N — 0, and setting Y := im{M* — N*}, one obtains an exact sequence

0 —— (M/N)* M Y 0. (2.20)

This in turn implies the existence of an exact sequence

(M/N)* ®p /\ZlM* — /\RM — /\RY — 0
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(see [25, Lem. 2.5] for details) and, upon dualising again, this gives an exact sequence

o%(/\;y)

We now first claim that ( A} Y)* ~ Nz N. To this end, we set Z := coker(M — R%%) and note
that the cokernel of the inclusion Y C N* identifies with a submodule of Extk(M/N, R) =
Ext%(Z, R), and so is pseudo-null since for all p € Spec' (R) the localisation R, has injective
dimension at most one by condition (G7) on R. It follows that both kernel and cokernel of the
natural map AR, Y — AR N* are pseudo-null, which, by Lemma 2.4 (i), implies that the dual
map (N — (AR Y)* is an isomorphism, as claimed.

We now set C' := coker((R*)* — (M/N)*) and observe that applying the right-exact functor
(—) ®r /\7}“{1 M* to the exact sequence (R*)* — (M/N)* — C — 0 gives an exact sequence

*

— ﬂ;M —— ((M/N)" @r /\;ﬁlM*)*. (2.21)

r—1 r—1 r—1
(R*)* ®p /\R M* —— (M/N)* ®g /\R M —— C®pg /\R M*—— 0. (222

To investigate the last term in this sequence, we note that C naturally identifies with a sub-
module of Exth(Z, R). It follows from condition (Gg) on R that the latter, and hence also C,
is a torsion R-module. By dualising (2.22) we therefore obtain an injection

(M/N) @ N M) o (RO @r ) 7).

Now, (R*)* is a free R-module and so tensoring with (R®)* commutes with taking duals. This
combines with the isomorphism (R*)** = R to give an isomorphism

" r—1 N r—1
(B er/\, M) =R or(), M
By composing the last two displayed maps, we may then deduce the exact sequence (2.18)
claimed in (i) from the exact sequence (2.21) upon recalling the isomorphism ( AR Y)" = N N.
By the exactness of (2.18) it suffices to prove, for each i € [s], that the composite homomorphism

fi o (Njeps) f5) vanishes in order to verify (ii). For this, it is enough to note that, for each
a € (M, the element (f; o (Ajerfi))(a) = ((Ajegs)fj) A fi) (a) vanishes since f; A f; = 0. O

(2.23) Remark. It is known that R is a Gi-ring if and only if, for each finitely generated
R-module M, the kernel of the canonical map M — M** is the R-torsion submodule of M.
Indeed, since (S1) is equivalent to asserting each prime in Spec=!(R) contains a nonzero divisor,
and hence that R has no embedded primes, the claimed equivalence follows directly from [112,
Th. A.1].

The next result extends [25, Prop. 2.4]. Before stating it, we recall that an R-module M is
called ‘torsion-less’ if the natural map M — M™* is injective (cf. Bass [1, §3]).

(2.24) Corollary. Let R be a Go-ring and r > 1 an integer. If N is an R-submodule of a
finitely generated R-module M with the property that M /N is torsion-less, then one has

N, N={ae(\ M|fa)e N forallfe N\ "M}

Proof. Choose a surjection R®* — (M/N)*. Since M/N is assumed to be torsion-less, taking
duals gives an injection M/N < (M/N)** < R%. We may therefore apply the argument of
Lemma 2.17 (a) to the exact sequence 0 -+ N — M — R®* to deduce the exact sequence (see
the exact sequence (2.21))

0 —— ﬂ;N — ﬂ;M —— ((M/N)* ®r A;_lM*)*. (2.25)

In order to show that an element a of () M belongs to (N it is therefore sufficient to
prove that a(m A f) = 0 for all m € (M/N)* and f € A\ ' M*. By definition, f(a) is the
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map = — a(z A f), so a(m A f) = f(a)(m). Now suppose that f(a) belongs to N**, then
the exact sequence (2.25) for » = 1 shows that f(a) belongs to the kernel of the natural map
M** — (M/N)** and so f(a)(m) must vanish, as required. O

(2.26) Lemma. Let R be a Go-ring, M a finitely generated R-module, and r a non-negative
integer. Then, for every element a of (i M, the following claims are valid.

(1) If R is a self-injective ring, then im(a) = Anng(Anng(a)).
(ii) If Anng(m) = (0), then im(m)** = Fitth(Extk (MR M)/(Rm), R))**.

Proof. By definition, we have im(a) = {a(f) | f € AR M*}. If R is self-injective, then the map
/\RM* — (ﬂRM) , e {m—=m(f)}

is an isomorphism, and so im(a) = {f(a) | f € (NzpM)*}. Now, R being self-injective also
implies that any ¢ € (Ra)* can be lifted to an element of (( M)*, whence im(a) = {f(a) |
f € (Ra)*}. Since Ra = R/Anng(a), claim (i) now follows from the isomorphism

Homp(R/Anng(a), R) — Anng(Anng(a)), f+— f(1).

Turning to claim (ii), Lemma 2.4 (ii) allows us to verify the claimed equality locally at primes of
height at most one. Since R is a Ga-ring, we therefore may, and will, assume R is a Gorenstein
ring of dimension at most one. In this case, then, the module Ext} ()} M, R) vanishes since
the exterior bidual [ M is reflexive. Upon dualising the tautological exact sequence

0 Ra ﬂ;M — 5 (M}, M)/(Ra) — 0
we therefore obtain an exact commutative diagram
(N, M)" — (Ra)* —— Bxtk (" M)/(Ra), F) —— 0
s f(a)l f=f (a)l %

0 — im(a) R R/im(a) — 0.

Here the second vertical map is bijective as a is assumed to generate a free module of rank one,
and the first vertical map is surjective since the present hypotheses on R imply the natural map
N M* — (N M*)*™ = (N M)* is surjective (cf. [86, Prop. (5.4.9) (iii)]). Upon applying the
Snake Lemma to the diagram, one therefore finds that the dotted vertical map (that is induced
by the commutativity of the diagram) is an isomorphism. This isomorphism leads directly to
the claimed description of im(a). O

(2.27) Remark. It is known that a Noetherian ring R is self-injective if and only if, for every
ideal I of R, one has Anng(Anng(I)) = I (cf. [70, Th. 15.1]).
2.3.2. Reduced rings

In this subsection we assume to be given a reduced Noetherian ring R. In this case the total
quotient ring Q of R is a finite product of fields and so is a semisimple, semilocal ring. This
fact is used in the following result to interpret exterior power biduals in terms of the lattices
considered by Rubin in [95, §1.2].

(2.28) Lemma. If M is a finitely generated R-module, then, for any integer r > 0, the map
&y induces an isomorphism

{ae Q®RA;M | f(a) €R for all f € /\;M*} i)ﬂ;M.
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Proof. This argument closely follows that of [27, Prop. A.8] (which deals only with Gorenstein
orders). Firstly, by applying the functor Homg (A% M*, —) to the tautological exact sequence
0 —- R — Q— Q/R — 0 one deduces that (| M identifies with the kernel of the natural map
Hompg (AR M*, Q) — Homg (A% M*, Q/R). In addition, since Q is semi-simple, the finitely
generated O-module Q®%r M is projective and so there exists a natural composite isomorphism

Qer A\, M= N\ (Qer M) = (N (Qer M) = Homg(/\, M*, Q),

where the first isomorphism is clear, the second is {5 5, and the third is induced by tensor-
hom adjunction. The claimed equality is therefore true since an element a belongs to the kernel
of the natural map Q @r AR M — Homg ( AR M*, Q/R) if and only if one has f(a) € R for
every f € N M*. O]

2.4. Complexes, resolutions, and determinants

In the sequel, for a (commutative) noetherian ring A, we write D(A) for the derived category of
A-modules. We also write D~ (A) and DP®f(A) for the full triangulated subcategories of D(A)
comprising complexes that are respectively bounded above and ‘perfect’ (that is, isomorphic
in D(A) to a bounded complex of finitely generated projective A-modules).

Each object C' of DP®f(A) has an associated Euler characteristic x(C) in the Grothendieck
group Ky(A) of finitely generated projective A-modules. If A is local, then a finitely generated
projective module is free and so the A-rank map P +— rky (P) induces an isomorphism of Ky(A)
with Z. In such cases, we regard x(C) as an integer (so that the class of C'in Ky(A) is equal
to xa(C) - [A]).

We write DP™50(A) for the full triangulated subcategory of DPf(A) represented by complexes
C for which xx(C) = 0. Let a and b be integers with a < b and let D®*(A) denote either D(A),
DPerf(A) or DPEO(A). Then we write Dy (A), D, (A) and D }(A) for the subcategories of
D*(A) that respectively comprise complexes C' for which H*(C) = (0) if either i < a or i > b,
H(C) = (0)if i < aand HY(C) = (0) if i > b.

In the rest of this section, we fix a ring R = @nem R, as in §2.1.2 (so that, in particular, R

is Noetherian and local) and describe two useful constructions of complexes in DP**{(R).

2.4.1. Limit complexes

The following result is essentially well-known.

(2.29) Lemma. We fiz integers a and b with a < b and, for every natural number n, assume
to be given data of the following form

(a) an object Cy, of Dﬁfz}f(Rn);

(b) an isomorphism 6,,: R, ®]IL%H+1 Cnt1 =2 Cy in D(Ry,).
Then there exists a bounded complex @n C., of finitely generated free R-modules that is unique
up to isomorphism in DP*"'(R) and has the following properties:

(i) (l&nn Cpn)' = (0) unless a < i < b;

(ii) for every m, there exists an isomorphism R, ®% (@n Cpn) =2 Cy, in D(Ry,);
(iii) for every i, the induced composite map

Hz(mncn) - @nHZ(Rn ®]Ié (@mcm)) = I&HnHZ(Cn)
1s bijective.

Further, if R, % C belongs to DP"'0(R,,) for any given m, then @nCn belongs to DP™0(R).

Proof. The conditions (a) and (b) imply that the general argument of [50, XV, p. 472 to the
end] applies to realise each C), by a bounded complex Cy of finitely generated R,-modules with
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Ci = (0) if either i < a or i > b, C, free for all i # a and C? of finite projective dimension,
and each isomorphism 6,, by an isomorphism of complexes 6,,: R, ® Rni1 Afl 1 = C’;L in such a
way that the following condition is satsified. If (C’;L, én) is any other family of complexes and
isomorphisms that satisfy the same conditions, then there exists a family (¢,: C& — C®),, of
isomorphisms of complexes of R,,-modules with the property that, for every n, there exists a

commutative diagram of morphisms of complexes of R,-modules

Ne ¢n+1 ~e

I (2.30)

| l

Co 0\ Cn
in which the first and second vertical morphism are respectively induced by 6,, and 0,.
We next claim that each R,-module C*g is projective, and hence free. To see this, we note that
for each p € Spec(R;,), one has depthp, (Rnyp) = dim(R,p) = 0 (as Ry, is Cohen-Macaulay), so
pdg,, (Co ) = 0 (by the Auslander-Buchsbaum formula) and hence C*gm is a free R, y-module.
It follows that C’g is a locally free R,,-module and hence projective, as claimed
The limit C' = @néﬁ with respect to the morphisms C® i1~ By @R, Ch 1 = >~ C* induced
by én is then a bounded complex of R-modules that is unique up to isomorphism in D(R)
(as a consequence of the diagrams (2.30)) and for which there exists for every m a natural
isomorphism R, ®r C = C‘;L of complexes of R,-modules.

We now claim that each term C* = gnnéfl is a finitely generated free R-module, and hence
that C belongs to DP®f(R). To see this, we note each Rp-module C! is finitely generated and
free and that each projection map C' i1 — Bn @R, Ct 41 = (], is surjective and has kernel

(an/an41)CY +1- Thus, since a,/a,41 is contained in the Jacobson radical of R, 1, Nakayama’s

Lemma implies that each limit C* = lgln(f'ﬁb is finitely generated and free over R = l'&nan
with rkz(C?) = rkp,, (Cp) for any choice of m.

Next we note that each group H'(C,,) is finite and hence, since inverse systems of finite groups
satisfy the Mittag—Leffler condition, the first derived limit L(l)H ‘(Cy,) vanishes. From the
exact sequences 0 — I'L(I)Hi_l(C ) — HY(C) — lim HY(C,) — 0 we then deduce that the
natural maps H*(C) — fm H HCp) = im H {(Cy,) are bijective, as claimed in (c).

It thus only remains to show that xr(C) = 0 if xg,, (R ®@% C) = 0 for any given m. But this
is true, since, by the argument above, each R-module C" is free of rank rkRm(C’ﬁn), whilst, as
R, is Cohen-Macaulay, the Bass Cancellation Theorem [119, Th. 1.2.3 (b)] combines with the
vanishing of X g,,(Rm @r C) = Xr,,(C%) to imply that 3, ,(—1)itkg,, (Ci,) = 0. O

We next record relations between the cohomology modules of complexes C), as in Lemma 2.29.

(2.31) Lemma. Fiz integers a and b with a < b and, for every natural number n, assume the
pair (Cy, 6y) satisfies (a) and (b) in Lemma 2.29. Then the following claims are valid.
(i) Any choice of Ry,i1-linear injection j,: Ry, — R,y1 of rings as in Lemma 2.8 induces
an isomorphism H*(Cypy1)[an+1] = H*(Cy).
(ii) Each map 0,41 induces an isomorphism H®(Cpi1) ®r, ., Rn = HY(C).

Proof. We have seen in the proof of Lemma 2.29 that Cn+1 can be represented by a bounded
complex C*® 41 of finitely generated free R, 1-modules Ci .1 that are zero if i ¢ [a,b] and with

differentials 9!, ; : . Ct b1 C’,ﬁl. In particular, H%(Cy41) identifies with the kernel of 0
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and so we may construct a commutative diagram of the form

0 ——— H*(Cpst)lops1] ——— Cppyfans] ————— Cili

] ]

871
0 —— H(Cn1 ®p, , Rn) — Ciyy @p,ey By — Co1{ @R, Rn,

n+1

where the first row is exact because (—)[an41] is a left-exact functor, the two vertical isomorph-
isms are induced by our choice of identification j,: R, = Rn+1[an+1] and the second square
commutes because j, is R,+1-linear. Since 6,, identifies C,, with Ce 1l QL Bt | Ry, the dashed
arrow in the above diagram gives the isomorphism required to establish Clalm (1).

As for claim (ii), we note that H? (Cn+1) identifies with the cokernel of 8%, because ct 41
vanishes for i > b. Now, C,, = C® +1 Qk Ry B via 0 and so H L(C,) can similarly be identified
with the cokernel of the map C®7} 1 @R R — Cn+1 @Ry, R induced by 2. ;. Given this, (ii)
follows upon noting these two cokernels agree since (—) ®r, ., Ry is a right-exact functor. [

We finally prove a useful technical result concerning Tor-groups.

(2.32) Lemma. Let f: R — S be a morphism of rings satisfying (2.5), and assume that f
arises as the limit of commutative diagrams of finite rings of the form

Ryt EiEEN Sn+1
{ {
R, —I 8,

Let (My)nen be a projective system of R,-modules and set M = l'glnem M,

(i) For every n € IN such that My, is finitely presented as an R,i1-module, the maps f,
and My+1 — M, induce a natural map

Tori™ " (My41, Sny1) — Torl (M, S,,),

where we regard each Sy, as an R,-module via f,. Further, if fn41 and f, are surjective
and the natural map My 11 ®r, ., Ry — My, is bijective, then the cokernel of the above
map is isomorphic to the cokernel of the natural map

Tort™ " (My 41, Rn) = Tory"™ " (M y1 ®R,.,, Sni1,Sn). (2.33)

(ii) If all transition maps M,11 — M, are surjective, and M is finitely presented as an
R-module, then there exists a canonical isomorphism

lim . Tory"™ (M, S,) & Tor( (M, S),
where the limit is defined with respect to the maps in ().

Proof. At the outset we note that if R — S is a morphism of commutative Noetherian rings
and C is a perfect complex of R-modules, then one has a spectral sequence

By = Tor?,(HI(C),S) = B = HHI(C 0% 8).
If C is acyclic outside degrees zero and one, this spectral sequence degenerates on its second
page to give an exact sequence

TorX(HY(C),S) — H°(C)®r & — H°(C ®% S) — TorX(H'(C),S) — 0. (2.34)

Choose an R, 1-free presentation P? il P1+1 — Myp4+1 — 0 of M,,4+1, which we regard as a

perfect complex P,y1 = [P ; = P} ;] in D(Ry41), where P?_ | is placed in degree zero. We

then obtain a commutative diagram of the form

H(Pos1) @R, Snt — H (Pt @, ., Sni1) — Tory™ (M 41, Spgr)

l { Y
HO(Poy1 ®F, , R) ®r, Sn — H(Poy1 ®F,,, Sn) — Tor{" (My41 @R,y R, Sn).
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Here the first two vertical arrows are the natural maps, the first row is (2.34) applied with C' =
P,+1, R = Rp41, and S = S, 41, and the second row is (2.34) applied with C = P, ®]IL%n+1 R,,
R = R,, and § = S,,. Since the first square commutes, the dashed arrow now exists due
to exactness of the rows, and we define the map in claim (i) to be the composite of this
dashed arrow with the natural map Tor{%”(MnH ®Rp1 By Sn) — Torfz"(Mm Syp) induced by
Mn+1 ®Rn+1 Rn — Mn

To complete the proof of (i), we assume that the maps f,+1 and f,, are surjective and the map
Mp11 ®R, ., Rn — My is bijective. In this case, the above diagram simplifies to give an exact
commutative diagram

HO(Pn+1) . HO(Pn+1 ®Hén+1 Snt1) —— Tor?nﬂ (Mp41, Sn1)

u ! s

HO(Poy1 ®F,,, Rn) —— HY(Ppy1 ®F, , Sn) ——— Tor(" (M, Sy)
¢ +
Tor]™ (My 41, Rp) ~% Tory™ (M 41 @R, ., SniisSn)-

Here the exactness of the first two columns follows from an application of (2.34) with C' = P41,
R = Rpy1, and § = .5, respectively C' = P,y ®% Sn+1, R =Sph+1, and S = 5, and « is the
natural map in (2.33). The final assertion of (i) is therefore obtained by applying the Snake
Lemma to this diagram.

To prove (ii), we fix an R-free presentation P — P! — M — 0 and regard it as a complex
P =[P’ — PYin D(R). Taking Py4+1 = P ®% Ry+1 and M,y = M ®g Ry4q in the first
diagram above and passing to the limit over n leads to an exact sequence (because all appearing
modules are assumed to be finite) that forms the first row of the diagram

lim H(P®R,) — lim  H(P®%S,) — lim . Tory™ (My, Sp) — 0

I k-

H(P) ——— HY(P®LS) ——— Torf{(M,5) —— 0.

Here the second row is (2.34) applied with C = P, R = R, and § = S, and the isomorphisms
are by Lemma 2.29. As a consequence, we deduce that the dashed arrow is an isomorphism.
For every n € IN, we now write K, for the kernel of the map M ®r R, — M, (which is
surjective because the system (M, ),en is assumed to have surjective transition maps). Since
all appearing modules in the exact sequence

Tor; (Kp, Sn) —— Tor" (M ®pr Ry, Sp) —— Tory™ (M, S,) —— K, ®g,, S»

are finite, passing to the limit over n yields an exact sequence. To prove the isomorphism
claimed in (ii), it is therefore enough to show lim Torf (K, S,) and yﬂlne]N(K” ®R,, Sn)
both vanish. To do this, we note that the limit over the maps M ®gr R,, — M, is an isomorphism
(because M is finitely presented and each R, is finite), and hence that 1'&nn€]N K, vanishes.
We now fix m € N, write g, for the map K, — K,, for every n > m, and consider the group
of universal norms Uy, = (),,>,, 9n(Kn) in K,,. Since each K, is finite, U, coincides with the
image of lim _ Ky — Ky, (cf. [12, Lem. 3.10]), which implies that U, = (0). By finiteness of
K,,,, we can therefore fix an integer N with N > m for which gy is the zero map. It follows that
also the maps TorfN(KN,SN) — Torfm(Km, Sm) and Ky ®pry SN — Ky ®r,, Sm induced
by gn are both zero. As m was chosen arbitrarily, this proves the required vanishing of both
@nem Tor1 (K, Sp) and L (K, ®R,, Sn), thereby concluding the proof of (ii). O

2.4.2. Quadratic resolutions

The class of complexes considered in the next result plays an important role in later arguments.

20



(2.35) Lemma. Let C be an object of Dperf}(R) for some m <1 such that, for some m’' € N

[m’1

andn’ € N, the complex R, ®H}§C belongs to ppret

[0,m
(i) R, ®% C belongs to D[%e:ﬁ(Rn) for all n € N, and the integer a == xg, (R, ®% C) is
independent of n.

1 (Ry). Then the following claims are valid.

(i) C is isomorphic in DP*'(R) to a complex of finitely-generated free R-modules Py LA P,
in which Py occurs in degree 0 and one has xg(C) = rkr(Py) — rkr(P1) = a.
(iii) Let'Y be a free R-module quotient of H*(C). Then the composite map

m: P, — cok(¢) = HY(C) =Y

induced by (ii) induces an isomorphism of R-modules P1 = ker(w)®Y . In particular, the
R-module ker(r) is free of rank rkr(Py) — rkr(Y).

Proof. Since C belongs to DP™(R), it is clear that C,, == C ®% R is in DP*(R,,) for every
n. The same argument as for Lemma 2.31 (ii) moreover shows (under the given hypotheses)
that H(C,) = H®(C) ®g Ry, for b € N, and hence that C,, belongs to DP™ )(£2n) for some

[mn
my < 0. In addition, the assumption that C,, belongs to Dﬁfi}i,} (R,) combines with the results
of Lemmas 2.31 (i) and 2.9 to imply that, for each a < 0 and every n € IN, the module H*(C),)
vanishes, as required to prove C, belongs to Dﬁ)fiﬁ(Rn), as claimed in (i). The second assertion
of (i) being clear, we now define a complex

. [CeR[-1], ifa>0,
C =
C @ R®D[0], ifa<0.

This complex belongs to Dmﬁ} (R) and (i) implies that, for all n, R, ®%C belongs to Dﬁfﬁ(Rn).

It is also clear that the validity of (ii) and (iii) for C' implies their validity for C. Hence, after
replacing C' by C' if necessary, in the rest of the argument we will assume a = 0.

We first consider the case that R is finite and self-injective. Then, after fixing a surjective
map of R-modules 7: P — H'(C), with P finitely generated and free, the argument of [27,
Prop. A.11(i)] proves the existence of a finitely generated R-module P’ of finite projective

dimension such that C is isomorphic to P’ % P and the induced map P — cok(¢) = HY(C)
coincides with 7. Since the vanishing of xz(C) combines with the Bass cancellation theorem
[119, Th. 1.2.3 (b)] to imply P’ is isomorphic to P (just as in the argument of Lemma 2.29),
the claimed result is therefore true in this case.

To deal now with the general case, we fix a surjective map of R-modules 7: P — H'(C), with P
finitely generated and free and note that, as Y is free, the composite 7/ of 7 with the projection
H'(C) — Y induces an isomorphism P = ker(7') @ Y. For each n, we set P, := R, ®r P and
Cy, = R, ®% C and note H'(C,,) & R, ®p H'(C) since H'(C) = (0) for all i > 1. With 7,
denoting the surjective map P, — H'(C,,) induced by 7, we can then combine the argument
in the last paragraph with that of Lemma 2.29 to fix a resolution P, ¢—"> P, of C,, so that
the induced map P, — cok(¢,) = H'(C,) is 7, and the isomorphism R, ®%n+1 Cpy1 =2 Cy in
D(R,,) is induced by the identification R, ®g, ., Pny1 = R, ®r P = P,. Setting ¢ = I'&nngbn,

one can then check the complex P % Pis isomorphic in D(R) to C in such a way that the
induced map P — cok(¢) = H'(C) coincides with 7 = fm 7,. Given this, it is easily verified

that the complex P i) P has all of the required properties. O

In the next two results, we record some useful consequences of the quadratic resolutions con-
structed in Lemma 2.35 (i). In both of these results, we fix data C' and Y as in the last result,
we write X for the kernel of the (given) surjective homomorphism H'(C) — Y and we set

r=ryc =rkr(Y)+ xgr(C).
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(2.36) Lemma. Fiz i € Ny such that i+ r > 0. Then one has
Fitt’t"(H' (RHompg(C, R)[—1])) = Fitt}(X)
and hence, if R is self-injective, also Fitt)y"(H(C)*) = Fitth(X).

Proof. By using Lemma 2.11 (iii), it is easily checked that the stated claims are valid if and
only if they are valid after replacing C' by the complex C used in the proof of Lemma 2.35.
In particular, since xz(C) = 0, in the sequel we shall assume xz(C) = 0, and hence that
T = I"kR(Y).

Now, since Y is free, there exists a (non-canonical) isomorphism of R-modules H*(C) = X ®Y
and so, by using Lemma 2.11 (iii) again, one finds that Fitt}(X) = Fitt}{"(H'(C)). It therefore
suffices to prove that Fittfé(Hl(RHomR(C, R)[-1])) = Fitt{%(Hl(C)) for each j > 0.

To do this we note that, since xg(C) = 0, Lemma 2.35 (ii) implies that we can fix a resolution
of C of the form P % P, with the first term placed in degree 0. We set n := rkg(P) and
write A for the (n x n)-matrix representing ¢ with respect to a fixed choice of basis B for P.
Then Fitt},(H'(C)) can be computed as the ideal of R that is generated by the collection of
(n—7) % (n—j)-minors of A. We write b*: P — R for the ‘dual’ of b € B and define a basis of P*
by B* := {b* | b € B}. With respect to this choice of basis, the dual ¢*: P* — P* is represented

by the transpose A* of A. The complex RHompg(C, R)[—1] is represented by P* 2y P* s that
coker(¢*) = H'(RHompg(C, R)[—1]), hence we deduce that Fitt},(H'(RHompg(C, R)[—1])) is
equal to the ideal of R generated by the (n — j) x (n — j)-minors of ¢(A"). Since the sets of
minors of A and A" are in bijective correspondence, this proves Fitt},(H!(RHompg(C, R)[—1]))

is equal to Fitt%(H 1(C)), and hence completes the proof of the first claim.
The second claim is then true since if R is self-injective, then Hompg(—, R) is an exact functor
and so H'(RHompy(C, R)[-1]) = H(C)*. O

(2.37) Lemma. Set ry :=rkgr(Y). Then, if r > 0, the following claims are valid.

(i) Each choice of ordered basis be of the (free) R-module Y gives rise to a canonical homo-
morphism of R-modules ¢, : Detr(C) — (i H(C).

(i1) Let R — R’ be a surjective homomorphism of rings, with R’ as in § 2.1.2. Then the object
C" = R'®@% C of DP*"(R) satisfies the conditions of Lemma 2.35 with R replaced by R'.
In addition, Y' == R' @R Y is a free R'-module quotient of H'(C") = R' ®@p H'(C) of
rank ry, the image b, of the basis be in (i) is an ordered R'-basis of Y' and there exists
a canonical commutative diagram of R-module homomorphisms

9 r
Detg(C) ——=2 ﬂR H°(C)
rrc,R/ lﬂ%WC,R’
CRTRY
Deth(C') Cibe

Here mc g is the canonical composite Detp(C') — R’ ®g Detr(C) = Detr/(C’) and the
map (\gmo,r s defined in the course of the proof below.

Proof. Set a .= xg(C). Then, since r = ry +a > 0, the argument of Lemma 2.35 (ii) implies we
can fix a natural number n > r such that C has a resolution P*® of the form R®™ ﬂ R®(-1) gy .
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Then rkr(R®™ ") ©Y) = n — a and we consider the composite homomorphism of R-modules
Ope s, Detp(P?) = ( /\’; R®") @p ( /\;*a( R g y))*
S (N BT @ (N, RO ) @r (N Y)

i) (/\; R@n) QR /\;_T(RGB(N—T))*

’194) s 0
H
— ﬂR (c
Here the first isomorphism is clear and the second is induced by the isomorphism ( AR Y)* —
R that evaluates elements on A!ZYb; and the canonical isomorphism (NG T RO =~

N "(R®M=m))* In addition, the map ¥y is defined by the condition that, for all a € Ay R®"
and f; € (R®(=7))* one has

19¢(a ®R /\ze[n rf’L) :( 1)7"(n—r) ( 1€[n—r] floqb /\ RY™,

In particular, writing {bi}ie[n_r} for the standard (ordered) basis of R®("=") the inclusion
m(dy) € N HO(C) follows by applying Lemma 2.17 (b) to the exact sequence

(8’?‘0(;3)1-
0— H°(C) —» R" — R
( ) @ie[nfr]

Here the sequence is induced by the fixed identification H°(C) 22 ker(¢) after noting that im(¢)
is contained in the direct summand R®("~7) of R#(—7") gy
To prove that this construction only depends on the pair (C, bs), and hence complete the proof

of (i), we now fix an alternative representative P* for C' of the form R®" 2 Ro'- gy
and use it to construct a map ¥z, , just as above. We can then fix a quasi-isomorphism
g°: P* — P* of complexes of R-modules with the property that H°(6°®) and H'(0*) induce
the identity maps on H°(C) and H'(C). Then, if necessary after replacing P*® by its direct
sum with a complex R®™ M, R®™ for a suitable natural number m, we can assume that
the maps 6° and 6 are both surjective (without changing Detz(P*)). Writing ker(6*) for
the complex ker(6°) 2 ker(6'), we thereby obtain a short exact sequence of complexes of R-
modules 0 — ker(6*) — P* %, P* — 0. This sequence implies firstly that ker(6®) is acyclic
and then, by taking determinants, induces an isomorphism of R-modules
v: Detgr(P*) = Detp(ker(6®)) @ Detr(P*) = Detp(P*)

that is independent of the choice of #*. By an easy diagram chase, one then checks that
U5, b = Upe p, 0 t. This equality implies that the above construction gives a well-defined map

Detg(C) — Nk H°(C) that only depends on C and the choice of basis b, as required.

To prove (ii), we note that C” is represented by the complex R'®r P*. Given this representative,
all assertions of (ii) are clear except for the commutative diagram. To construct this diagram,
we note Lemma 2.17 (a) implies the existence of an exact commutative diagram of R-modules

r 0 r r—1
0— ﬂRH (C) — /\RP*) P®R/\R P
3 1 +
1
Oﬂﬂ H(C *)/\ P'%P’@R//\r P
Here we set P = R* =2 R" " @Y and P' .= R’ ®r P and the solid vertical arrows are the
natural projection maps. In particular, since the square in this diagram commutes, there
exists a dashed arrow that makes the entire diagram commutative. It is easily checked that

this dashed arrow is independent of the choice of representative P® of C' and we denote it
by Nrmc.r- Given this explicit construction of (7w g/, and those of the maps ¥pep, and
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Upignpep, in (i), it is then a straightforward exercise to check that the diagram given in (ii)
commutes, as required. O

(2.38) Remark. For data C, b, and 7y (= |be|) as in Lemma 2.37, the map J¢p, has the
following additional properties.

(i) For any ordered basis bs of Y, define a matrix U = Us, b in GLry, (R) by the condition be =
U - be. Then /\ie[ry}i)i = det(U) - \;e},1bi and hence, by directly comparing the explicit
construction of ¥, and J¢p, in Lemma 2.37 (i), one verifies that J 5, = det(U) - dcp, -

(ii) If both R is reduced and xr(C) = 0, then an alternative description of the map J¢, is
presented in [27, Prop. A.11].

3. Selmer structures, complexes, and modules

3.1. Galois cohomology

In this preliminary section we recall the definition, and basic properties, of some relevant Galois
cohomology complexes.

3.1.1. Definitions and conventions

Let R be a local complete Gorenstein ring with finite residue field of characteristic p as in
condition (2.5). (The constructions in this section can more generally be made for a ring that
satisfies the weaker condition (x) in [46, § 1.4] but since it is sufficient for our purposes to work
under assumption (2.5), we shall do so in order to streamline exposition.)

Let (a)new be the descending filtration of finite-index ideals of R from (2.6), which has the
property that the natural map R — @nem(R/ a,) is an isomorphism. The discrete topology
on the finite rings R/a, then naturally induces a topology on R. More generally, for any
finitely presented R-module M we have an isomorphism M — T&lneN(M /a, M) that allows
us to endow M with the inverse limit topology induced by the discrete topology on the finite
modules M /a,, M.

Let G be a topological group and let M be an R[G]-module. Following Nekovar [85, Def. 3.3.4]
we call an R[G]-module M ‘ind-admissible’ if it is equal to the union y¢ o () N with (M)
the set of all R[G]-submodules N C M which are finitely presented as an R-module and on
which the action of G is continuous. For every ind-admissible R[G]-module M, we then define
the (inhomogenous) continuous cochains of degree ¢ > 0 as

C(G,M) = ligNey(M)Mapscom(G@i, N),

and write €°*(G, M) for the associated complex of (inhomogenous) continuous cochains (see,
for example, [86, Ch. I, §2] for the definition of the differential for this complex). We write
RI'(G, M) for the object of D(R) defined by the complex €*(G, M).
If F denotes a perfect field with algebraic closure F° and absolute Galois group Gp =
Gal(F°/F), then we set

RI'(F, M) := R['(Gp, M).
We also fix a number field £ and an algebraic closure k£¢ of k. If F' is an extension of k£ in
k¢, we write Il for the set of all places of F' and 11 and H% for each rational prime ¢ for
the subsets of IIp comprising places that are respectively archimedean and ¢-adic. We set
IR = {qgel¥: F=R}and I == {q € ¥ : [, = C} (so ¥ = NRUIIY), and will often
work under the following additional assumption on the pair (k,p).

If p = 2, then II} = . (3.1)
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Denote by Syam (M) C IIr the subset of all places for which (a choice of) the inertia subgroup
acts non-trivially on the Gp-module M, and set

S(M) =1x U H’l} U Sram(M).
If S C Ilp is a subset that contains Sram(M ), then M is naturally acted upon by Grg =
Gal(Fg/F) with Fs the maximal extension of F' unramified outside Sr, and we define
RF(ORS, M) = RF(GRS, M)

This notation is motivated by the fact that RI'(F, M) and RI'(OF s, M) coincide with the étale
cohomology complexes RI'((Spec F')gt, M) and RI'((Spec O g)st, M) if M defines an étale sheaf
on the étale site of Spec F' (resp. of Spec Op,s).

In each degree i, we set H'(A, M) := H'(R['(A, M)) if A denotes either F or O .

We furthermore define

s (Gps, M) == cone(€¢*(Gps, M —>@ ¢*(Gr,, M))[-1],

where ¢ denotes the natural restriction map, and write RFC(OF,S, M) for the corresponding
object of D(R) (which coincides with the complex of compact-support étale cohomology if M
defines an étale sheaf on Spec O g). In particular, in D(R) one has an exact triangle

RT(Ors, M) = RI(Ops, M) = @, RI(Fy, M) — . (3.2)
In each degree ¢, we then set
H!(Op,s, M) = H'(RI'(Ops, M)).
For a place q € IIp \ 113, we write k4 for its residue field and define a complex in D(R)
RT(Fy, M) == RT(kq, MGG/ E5"))

where Fi'" denotes the maximal unramified extension of Fy in Fy. In each degree i, we set

HO(Fy, M), if i =0,
H}(Fy, M) = H'(RTy(Fy, M)) = { ker(H(Fy, M) — H'(F™, M)), ifi=1, (3.3)
(0), if i € {0,1}.

We also note the existence of a natural composite ‘inflation” morphism in D(R)

inq: RTp(Fy, M) — RT(Fy, MG/ FY)y  RT(Fy, M).

3.1.2. Some basic properties

The case that A is a projective R-module is of particular interest to us and we make much use
of the following general result.

For a finitely generated projective R-module P we write [P]p for its class in Ko(R). We also fix
an injective hull Er(k) of k and write (—)V := Hompg(—, Fr(k)) for the Matlis dual functor.

(3.4) Lemma. Assume R satisfies condition (2.5), let F be a number field, and let A be a
finite-rank free R-module endowed with a continuous action of Gg such that S(A) is finite. If
S CIlg is a finite set that contains S(A), then the following claims are valid.

(1) R[¢(OFpg,A) belongs to DPO(R).

(1,3]
(i) If q € Hp \ (I UIIE.), then RI'(Fy, A) belongs to Dﬁfgﬁ,ﬂ(R)’
(iii) If q € IIL., then RT(Fy, A) belongs to Dﬁ)e;](R) and xr(RT(Fy, A)) = —[Fy : Q] - [A]s.

(iv) If q € IIp \ S(A), then RI§(Fy, A) belongs to Dferﬁo(R).

(v) If (3.1) is valid, then RT'(OF,g, A) belongs to Dﬁf;(R} and RI'(Fy, A) belongs to DFJﬁ(R)
for each q € 113.
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In the remainder of the result, we let ® denote any one of the functors that sends A to

RI.(OFs,A), to RI'(Fy, A) for q € IIp \ I, to RT'f(Fy, A) for q € IIp \ S(A), or, if (3.1) is

valid, either to RT'(Opg, A) or to RI'(Fy, A) for q € 11,

(vi) For any morphism R — R’ of rings satisfying (2.5), there exists a natural isomorphism

P(A) L R 2 d(Ar R) in D(R).

(vii) For any morphism R — R’ of finite rings satisfying (2.5), there exists a natural iso-
morphism RHomp(R', ®(AY)) = &(Hompg(R', AY)) in D(R').

(viii) Lemma 2.29 gives rise to a well-defined object Hm ®(A/ayA) of D(R) for which there
exists a natural isomorphism ®(A) — lim _ ®(A/a,A) in D(R).

Proof. Claims (i) — (vi) follow directly from the general results established by Flach in [40, §4
and §5] and by Fukaya and Kato in [46, Prop. 1.6.5].

We next prove claim (vii). Under the conditions of (vii), the functor ® satisfies the assumptions
of [40, Prop. 3.1] with the algebra 2 in loc. cit. taken to be Z,[Autz, (A)]. It follows that there
exists a bounded complex P*® of finitely generated projective Z-modules such that ®(A) =
RHomg(P*, A) in D(R). By construction, RHomg(P®, A) is a complex of finitely generated
projective (hence also injective because R is self-injective) R-modules and so by definition
RHompg(R', ®(A)) = RHompg(R',RHomgz(P*, A)) in D(R’). To prove (vii), it is therefore
enough to construct an isomorphism in D(R')

RHompg(R',RHomg(P°®, A)) — RHomg(P*, Homg(R', A)). (3.5)
For this, we note that for any finitely generated projective Z-module P, there exists a natural
isomorphism of R’-modules
Homp (R, Homg(P, A)) = Homg(P,Homg(R', A)), f— (a— (b f(b)(a))).

The map (3.5) is then induced by these isomorphisms with P taken to be each individual term
of the complex P°.

Finally, to prove (viii), we note that the family of complexes (®(A/a,A))y satisfies the condi-
tions (a) and (b) of Lemma 2.29. Condition (a) is satisfied as a consequence of the respective
result of (i) — (v) and the existence of the required isomorphisms in (b) follows from (vi)
with (R — R/, A) taken to be the pairs (R/a,+1 — R/an, A/ay,+1A). The construction of
Lemma 2.29 therefore gives a complex l'glne]Nq)(A/ a,A) in D(R). In addition, since ®(A)

belongs to DP*'f(R), we may fix a bounded complex P*® of finitely generated projective R-
modules that is isomorphic to ®(A) in D(R). Then, for each n, the isomorphism in (vi)
applied to R — R/a,, implies that (R/a,) ® g P*® is isomorphic to ®(A/a,A) in D(R/a,). One
therefore obtains a composite isomorphism in D(R)

®(A) = P* = lim _ ((R/a,) @ P*) 2 lim _ ®(A/a,A),

in which the second isomorphism results from the fact each R-module P? is finitely generated
projective and the third is a consequence of the uniqueness assertion in Lemma 2.29. O

To recall the relevant duality theorems for Galois cohomology, we write RI'rate(Fy, A) for the
standard complex computing Tate cohomology of A over G, for q € H% and then define an

object f{\f‘c((’)F,g, A) of D(R) by the triangle

— As(A

RLc(Ors. 4) = RT(Ors, 4) “ @D _ Rmuse(Fy, 4) = -
with Ag(A) the natural localisation morphism.

(3.6) Proposition. If R satisfies (2.5) and A is a finitely generated free R-module, then the
following claims are valid.

(i) For each q € IIp \ 113, there are canonical isomorphisms in D(R)
RHompg(RI'(Fy, A*(1)), R)[-2] = RI'(Fy, A) = RHompg(RI'(Fy, A" (1), R)), Er(k))[—2].
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(11) There exist canonical isomorphisms in D(R)
RHomR(ﬁC(OF7S,A*(1)), R)[-3] = RI'(OFs, A) = RHomR(ﬁC(OF7S,AV(1)), Er(k))[-3].

Proof. Since R is assumed to be Gorenstein, it is its own dualising module (cf. [7, Th. 3.3.7 (a)]).
Given this fact, the isomorphisms in (i) and (ii) are respectively proved in [85, Th. 5.2.6 and
§5.7.5] (see also [18, §5.1, Lem. 12b)] for the first isomorphism in (ii)). O

3.2. Selmer structures of Nekova¥ and of Mazur—Rubin

Throughout this section, we fix a ring R satisfying (2.5) and an ind-admissible R[G]-module
A for which S(A) is finite.

3.2.1. Nekovai—Selmer structures

(3.7) Definition. A ‘Nekovdr(-Selmer) structure’ % on A comprises
o a finite set S(.F) of places of k that contains S(A), and
o for each q € Iy, a morphism in D(R)
04
Rr,ﬁ(kch A) ﬁ Rr(kch A)a
with
(Rry(k‘q, A), Qyﬂ) = (Rl_‘f(k‘q, A), Lqu) for all q €1l \ S(ﬁ)
We write RT) z(kq, A) for the mapping cone of 0.7 4 and in each degree i set
Hz(kq, A) == H'(RT 5 (kq, A)) and Hjz(kq, A) = H' (R 5 (kq, A)).

(3.8) Definition. The ‘Selmer complex’ associated to a Nekovdr structure F on A is the object
RT' #(k, A) of D(R) that is defined (up to isomorphism) via the existence of an exact triangle

L (0%,
R 7 (k, A) — RI(Oy 5(7), A) @ @qes( RI 7 (kq, A) Ls(2) 02 a)a), P R (kq, A) — -

(3.9)

F q€S(F)

i which vz 1s the diagonal localisation map. In each degree i we set
HY%(k,A) == H'(RT #(k, A)).
We also say that F is ‘perfect’ if RT z(k, A) belongs to DP°™(R).

(3.10) Remark. The definition of RI'#(k, A) given in Definition 3.8 specifies it only up to
non-unique isomorphism in D(R). However, in all examples that are relevant to this article, the
structure .% is given by data on the level of complexes so that the associated Selmer complex
can be explicitly defined via a mapping cone construction.

The Octahedral axiom implies that the exact triangle (3.9) is equivalent to an exact triangle

RT 5 (k, A) = RU(Op s, A) —Z5 ) R (kg A) — - (3.11)

q€S(F)
in D(R) in which the morphism L’S( #) is induced by tg(#). The following notion allows us to
extend this observation.

(3.12) Definition. Let % and .F' be Nekovdr structures on A. Then we say that F' ‘is a
refinement of’ (or, more simply, ‘refines’) F, to be written as F' < F, if for each q € 1l
there exists a specified morphism

jﬂ‘/7g7q : Rrg‘/(kq, A) — Rrgz(k‘q, A)
in D(R) with the following properties: 0z q = 0z 40 jz 74 and, if ¢ ¢ S(F')US(F), then
J# .7 q is the identity morphism RT f(kq, A) — RI'f(kq, A). If F' is a refinement of &, then
for each q € Iy, we write RT z,2/(kq, A) for the mapping cone of jz 7 q-
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(3.13) Lemma. The following claims are valid for any Nekovdr structure F on A.
(i) If S is any finite subset of Iy, with S(F) C S, then there exists an exact triangle in D(R)

Ls,(0.
RI 7 (k, A) = RI(Oy.5, A) & @quRF 5 (kg, A) L2070, @quRr(kq’ A) =

in which vg is the diagonal localisation map
(i1) Let F' be a refinement of . Then there exists a canonical exact triangle in D(R)

R 7/ (k, A) — Rz (k, A) — @qes y,)us(y)Rrg/ 71 (kqy A) —

(i1i) If A is a finite-rank free R-module, then .7 is perfect if and only if, for every q in S(F),
the compler RT 7 (kq, A) belongs to DP™(R). If this is the case, then in Ko(R) one has

xn(REz(k, A)) =3 Xr(RT 7 (ky, 4)).

() If either i < 0 ori > 3, then H'y(k, A) = Doesio )Hy(k:q, A). The same equality is valid
fori=3 zfA is a finitely generated free R-module and there exists a place q9 € S(.F )\H]R
for which H*(0.% q,) is bijective.

) and O (A) for the respective direct
,A) and RI'#(kq, A). We then recall

Proof. For a finite subset ¥ of II;, we write Cx(A), Cg(
f ( q
S’ C 9, there exists a canonical ‘inflation-

sums over q € ¥ of the complexes RI'(kq, 4),R
that, for any finite subsets S’ and S with S(A) C
restriction’ exact triangle in D(R)

LS/ ( ) (Lfg/ S?(L‘LA)Q)

RT(Of 57, A) === RI(Op 5, 4) & C, o (A) ——— C\5/(4) = (3.14)

in which ¢, ¢ is the canonical localisation morphism.
To prove (i) we assume S’ = S(#) and consider the following diagram in D(R)

RT(Of s, A) @& C4 (A) — (RT(Oh,s, A) @ Cf, 4, (4)) & CF (A) — Co5(4) —.
Jug,(eg,q)q) J«Ls,uq,A)q»(ag,q)q)
Cs(A) Cs(A) Corgr(A) — .

Here the upper row is the exact triangle induced by (3.14) and the lower row is the canonical
exact triangle. In addition, because Cg\s,(A) = CS’\S,(A) (since S" = S(&)), the central
vertical map agrees with (s, (0.7 ¢))q) where q runs over S, and the diagram commutes. The
Octahedral axiom therefore implies that the mapping fibres of the first and second vertical
morphisms are canonically isomorphic in D(R) and this implies (i).

To prove (ii) we set S := S(Z') U S(#) and consider the following diagram in D(R)

! o
RE (I, A) —— RT(Oy 5, A) @ CF (4) 22070 o

l(idijgz/,f;,q) )
Rl 7(k, A) —— RI(Ok 5, 4) ® cg‘(A)

Here the two rows are the exact triangles obtained from (i) and the square commutes by choice
of the morphisms jz/ # 4. In particular, the Octahedral axiom implies both that the diagram
can be completed to give a morphism of exact triangles and hence that there exists an exact
triangle as stated in (ii).

We note next that the exact triangle (3.2) defining RI'¢(Oy g, A) combines with the exact
triangle in (i) (with S = S(.%)) to imply, via the Octahedral axiom, the existence of an exact
triangle in D(R)

Rl (Ok.5,A) — Rz (k, A) — @quRI‘g(k:q, A) = . (3.15)
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Given this triangle, both (iii) and the first assertion of (iv) follow directly from the result of
Lemma 3.4 (i). To prove the second assertion of (iv) we note that the long exact cohomology
sequence of the last displayed triangle gives an exact sequence

@qesﬂg(zﬁq,A) L H3 (O 5, A) — HS(k, A) — @ H%(kg, A) — HX(Ops, A) = (0).
It is therefore enough to show that the stated hypothesis implies « is surjective. This is true,

since the compatibility of local and global duality (as respectively expressed by the second
isomorphisms in Proposition 3.6 (i) and (ii)) identifies the composite map

(09,%)7

H? (kqy, A) F (kgo, A @ H 5 (ky, A) % H2 (O, A)
with the Matlis-dual of the inclusion map HO((’)k,g, AY(1)) — HO%kgy, AV(1)). In particular,
since the latter map is injective, its Matlis duals is surjective, as claimed. O

(3.16) Example. (Greenberg-Nekovaf structures) Fix a finite subset S of II; with S(A) C S
and assume to be given, for each q € S, an ind-admissible R[G},]-module A, for which there
exists a morphism jq: Ag — A of R[Gj,]-modules. Then one obtains a Nekovai structure
F = F((Aq,Jq)qes) with S(F) == S by setting

(RL#(kq, A),07,4) == (RT(kq, Aq), R (kq, jq)) for all q € S.
This approach is discussed more fully in [85, §7.8], and the following examples will play a key

role in subsequent arguments.

(i) The ‘relaxed’ Nekovafl structure .Fq = Fe1(A,S) for A and S. One has S(F) = S

and, for each q € S, sets
(R']‘—‘yrel (kCI’ A)’ eyrelyq) = (RF(kCI’ A)’ ld) .

Hence RI'z, (k, A) = RI'(Oy 5, A) and so Lemma 3.4 (v) implies that %, is perfect if A
is a free R-module of finite rank and (3.1) is satisfied.

(ii) The ‘canonical’ Nekovai structure Fean = Fean(A,S) for A and S refines Z,(A4, S).
One has S(Fcan) = S and for q € S sets

(RTf(kq, A),ta,4), ifqe S\ I UIR)

(RT (kq, A),id), if g e P UIL.
In particular, if A is a free R-module of finite rank, then Lemma 3.13 (iii) combines with
Lemma 3.4 (ii) and (iv) to imply Fcan is perfect if and only if, for each q € II}°, the
Gk,-module A is cohomologically-trivial and the R-module H O(kq, A) is projective and,
for each q € S(A) \ (I° UIIY), the complex RT'¢(kq, A) belongs to DP(R).

(iii) The ‘strict’ Nekoval structure Fg, = (A, S) for A and S refines Fcan(A,S), and
hence also Z1(A4, S). One has S(Zg,) = S and for q € S sets

(R’Egstr (kq7 A)’ ngstryq) = (0’ 0) °

One therefore has RI'z,, (k, A) = RI¢(Of,s,A) and so Lemma 3.4 (i) implies Fy, is
perfect if A is a free R-module of finite rank.

(R]'_‘ycan (kq7 A)7 ngcan,q) = {

The approach of Example 3.16 does not encompass all Nekovar structures of arithmetic interest.
For instance, if S is a finite subset of II; with S(A) C S, then the specification for each
q € S of a projective R-submodule Xy of H'(kq, A) determines a perfect Nekovdi structure
F = F((Xq)q) with S(F) = S and, for each q € S, RI' z(kq, A) = Xy[—1] and 07 4 the unique
morphism Xq[—1] — RI'(kq, A) in D(R) for which H' (7 4) is the inclusion X C H'(k,, A).
In particular, this construction incorporates the ‘perfect Selmer structures’ introduced in [24,
§ 2] in order to study refined versions of the Birch and Swinnerton-Dyer Conjecture for abelian
varieties over number fields.
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There are also several natural ways in which a given Nekovar structure .# on A gives rise to
further structures. In § 3.3 we will discuss natural notions of ‘dual’ Nekovai structure. To end
this section, we record several other constructions that are also important for our approach.

(3.17) Example. (X-modifications) Let ¥ be a finite subset of II;. Then the ‘X-modification’
Zs, and ‘Y-comodification’ .#> of .Z are the Nekovaf structures on A that are specified as
follows: S(Zs) = S(F*) = S(F)UY; for q € S(.F), one has

(RT 7y (kgy A), 0.75.q) = (RT g (kg, A), 025 ) == (R z (kg A), 07 4);
for q € ¥\ S(.#), one has
(RT 7 (kq, A), 0.7 q) = (0,0) and (RI g=(kq, A),02x 4) = (RT(kq, 4),id).

If ¥ = @, then %y, = .F> = .%. In general, Fy refines .# and Lemma 3.13 (ii) gives an exact
triangle in D(R)

Rz, (k,A) — RT 7 (k, A) — @ T (kq, A) — - (3.18)

R
€X\S(F)
In addition, by comparing the exact triangles in Lemma 3.13 (i) for .# and .#> (and with S
taken to be S(.#) U X in both cases), one finds that local Tate duality (Theorem 3.6 (i)) for
each q € ¥\ S(F) gives rise to an exact triangle in D(R)

R 7 (k,A) = Rl z=(k, A) — @ . )RFf(kq,AV(l))v[—Q] — -

These two displayed exact triangles combine with Lemma 3.4 (ii) to imply that .% is perfect
if and only if %y, and .Z> are both perfect. As a concrete example, if .# is the relaxed
structure Fe = Frel( A, S) from Example 3.16 (i), then one has RI'z_ (k, A) = RI'(Oy 5, A).
In particular, if ¥N.S = &, then the exact triangle (3.18) implies that RT'#,, ; (k, A) coincides
with the ‘¥-modified étale cohomology’ complexes RI's;(O), g, A) used in [25] and [27]. In the
case A = Z,(1) such constructions were first used by Gross [49] and Rubin [95] in the context
of Stark’s conjectures (see also [96, Ch. IX, §5]).

(3.19) Example. (Induced structures)

(i) If¢: A" — Ais a homomorphism of continuous R[G]-modules, then .# induces a Nekovar
structure t*(.%) on A as follows. One has S(¢*(.%)) = S(&); for q € S(.Z) one defines
RT - (7)(kq, A) via the exact triangle in D(R)

R« () (kg A') = RT(kq, A') @ RT 5 (ky, A) 0070, ppge 4y
and takes 0,:(z) 4 to be the morphism induced by the first morphism in this triangle.
When the map ¢ is clear from context, we will write .% 4/ in place of t*(.%).

(i) Ifj: A — A’is a homomorphism of continuous R[G|-modules, then .# induces a Nekovar
structure j. (%) on A’ as follows. One has S(j.(F)) = S(F); for q € S(F), one defines
Rl (# )(k:q, A’) to be RI' 7 (kq, A) and 6, (#) 4 to be the composite RT'(kq, j) 007 . When
the map ¢ is clear from context, we Wlll write .Z 4/ in place of j.(F).

(iii) Fix a morphism of rings R — R’ satisfying (2.5). Assume A is a finitely generated free
R-module and that condition (3.1) is valid. Then, for every place q € IIj, there exists a
natural isomorphism RI'(kq, 4) ®% R’ = RT'(kq, A ®g R') in D(R') (cf. Lemma 3.4 (vi))
and so one can specify a Nekovar structure .# @z R’ on A ®r R as follows. One has
S(F @r R') = S8(F); for q € S(F), one sets

Rl 7, r (kg A®R R') = RT 7 (kq, A) @5 R/
and takes 0 zg,r g to be the following composite morphism in D(R')

Gg-’q@]lL%R/
_—

RT 7, r (kgy AR R) RI(kq, A) ®% R’ = R (kq, A®R R).
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(iv) Assume the same conditions as in (iii) and fix finite subsets S and ¥ of ITj, with S(A) C S
and SNY. = @. Then, for the structures defined in Examples 3.16 and 3.17, Lemma 3.4 (vi)
implies that the corresponding induced structures Ze(4, S)s ®r R, Zra(A, S)” @r R/,
Fstr(A,S)y ®r R’ and (A, S)* @r R respectively identify with .Za(A ®g R, S)s,
j\rel(A KRR R/, S)E, ystr(A KRR R/, S)E and g‘\str(A KRR RI, S)E

For the induced structures defined in the last example, one has the following useful ‘control
theorems’ for Selmer complexes.

(3.20) Proposition. Assume condition (3.1) is valid, and let F be a Nekovdr structure on a
finitely generated free R-module A. Then the following claims are valid.
(i) For every morphism R — R’ of rings satisfying (2.5) one has a natural isomorphism
Rl 7(k,A) @k " 2 Rl 54, r (k, A®Rr R') in D(R).
(i) Let R be a finite ring satisfying (2.5) and I C R an ideal. Then one has a natural
isomorphism RHompg(R/I, Rl #(k, A)) = Rl z, , (k, A[I]) in D(R/I).
(iii) Assume F is perfect and, for n € N, set A, = A®p (R/ay,) and F, = F Qpr (R/ay,).
Then Lemma 2.29 defines an object im RTz, (k, Ay) of DP*™(R) that is naturally iso-
morphic to RI' z(k, A). Hence, in each degree i, one has H%(k, A) = Hm Hy (k, Ap).

Proof. The mapping cone of a morphism in D(R’) is unique up to ismorphism. Hence, given
the explicit definition of each complex RI' zg,r/ (kq, A ®r R’) and morphism 64 FPSpE the
isomorphism in (i) results directly by comparing the triangles (3.15) for the structures .# and
Fagpr and taking account of the isomorphisms in Lemma 3.4 (vi).

The isomorphism in (ii) is obtained by a similar application of Lemma 3.4 (vii) with R’ = R/I.
To prove (iii), the fact .# is perfect allows us to fix a bounded complex P* of finitely generated
projective R-modules that is isomorphic in D(R) to RI'#(k, A). We then fix integers a and b
with @ < b and P’ = (0) if either i < a or i > b. Then by applying the isomorphism in (i) to
the morphism R — R/a,, respectively R/a,11 — R/a,, we deduce RI'z, (k, A/a,A) belongs
to D[I:;fz]f(R/ an), respectively that there exists an isomorphism in D(R/a,,)

Rrym-l(kv An+1) ®%/an+1 R/Cln =RI'z, (kv An)

The hypotheses of Lemma 2.29 are therefore satisfied in this case so that @nem RT'z, (k, Ay)
is well-defined and isomorphic in D(R) to RT'#(k, A) = P*® by the uniqueness assertion of the
latter result. This isomorphism then induces an identification H%; (k, A) = Hm Hﬁgn (k, Ap)

in each degree i since all modules P’ /a,, and H J(]n (k, A,,) are finite and inverse limits are exact
on the category of finite abelian groups. O

(3.21) Remark. The isomorphisms in Proposition 3.20 (i) and (ii) respectively give rise to
convergent spectral sequences

E;’j = TOI']_%z(H??(kv A), R/) = B = ';jx‘f@RR/

(kv A®R R,)v

By = Extp(R/LH5(kA) = B = Y (k Al
In particular, if H’ 9;(1{:, A) vanishes, then the latter spectral sequence induces an isomorphism
HL(k,A)[I] = HéZA (k, A[I]). This observation is the natural analogue for Nekovar structures

(1]

of the result of [25, Cor. 3.8].

3.2.2. Mazur—Rubin—Selmer structures

(3.22) Definition. A ‘Mazur—Rubin(-Selmer) structure’ F on A comprises
o a finite set S(F) of places of k that contains S(A), and
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o for each q € Iy, an R-submodule
H (g, A) € H'(kg, A)
of H'(kq, A), with
Hy(kq, A) = H}(kq,A) for all q €Il \ S(F),
where the group H}(kq,A) is as defined in (3.3).

A Mazur-Rubin structure F' on A ‘refines’ F, written F' < F, if S(F) C S(F') and for each
q € Iy, one has HL (kq, A) C Hy(kq, A).

The link between these structures and Nekovar structures is as follows.

(3.23) Lemma. The following claims are valid.

(i) A Nekovdr structure F on A induces a canonical Mazur—Rubin structure h(.%) on A. If
F' is a Nekovdr structure that refines F, then h(F') refines h(F).

(ii) Let F be a Mazur—Rubin structure on A. Then there exists a Nekovadr structure F on A
for which h(F) = F, S(F) = S(F) and RI g (kq, A) = Hx(kq, A)[—1] for all q € S(F).
These conditions determine % wuniquely if and only if, for every q in S(F), the group
Extp(Hx(kq, A), H(kq, A)) vanishes.

Proof. Fix a Nekovar structure .# on A. Then one obtains a well-defined Mazur—Rubin struc-
ture h(.#) by setting

S(MF)) = S(F) and Hy z)(kg, A) = im(H' (0
With this definition, it is also immediately clear that h(.Z") <

prove (i).
To prove (ii), we use for each q in S(F) the convergent cohomological spectral sequence

q)) for all q € II.

hMZF)if F' < .Z, as required to

Byt =[], Bxthy(H (H (ky, A1), H(RT (ky, A)))
= Hp+q(RH0mR(HJI’-‘(k3q7 A)[fl]vRF(kq’ A)))

from [115, III, 4.6.10]. Since H}(kq, A)[—1] is acyclic outside degree 1, this spectral sequence
converges to give a short exact sequence

0— EXt}%(H}:(kCh A)a Ho(kfh A)) - HomD(R)(H}:(kfh A)[_1]> Rr(kfh A))

1
2O, Homp (HY (ky, A), H (g, A)) — 0.

We may therefore choose a morphism ¢q: Hi(kq, A)[—1] — RI'(kq, 4) in D(R) for which
H'(¢q) is the inclusion H%(kq, A) = H'(kq, A). In particular, if we define .7 to be the Nekovar
structure with S(#) = S(F) and, for each q € S(F), both RI'5(kq, A) = Hx(kq, A)[—1]
and 0z, = 04, then it is clear h(#) = F. It is also clear from the displayed exact se-

quence that, given F, a Nekovai structure with these conditions is unique if and only if
Exth(Hx(kq, A), H(kq, A)) vanishes for all q in S(F). O

(3.24) Example. Fix a finite subset S of II; with S(A) C S.

(i) The relaxed Selmer structure Frop = Frel(A4, S) for A and S defined in [26, Exam. 2.4] is
equal to h(.Z1(A,S)). In particular, one has S(F) = S and H}rel(k’q, A) = H'(kq, A)
for all g € S.

(ii) The canonical Selmer structure Fean = Fean(A, S) for A and S defined in [79, Def. 3.2.1]
is equal to h(Fcan(4,5)). In particular, one has S(Fean) = S and

HYy. (kg, A) = H(kg, A), if g€ S\ (T° UITY),
can H'(kq,A), ifqe Il UIL.
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(iii) If R is a Zy-order, then the unramified Selmer structure Fyy = Fyr(A4,S) for A and S is
a refinement of Fean(A) defined in [81, Def. 5.1]. One has S(Fy) = S and for q € S sets

HY  (kq, A), if ge S\ I,
H}'—ur (k/q’ A) = Fcan( i ) 1 sat . q p\ k
(N Corp i, (HY(L, A))™, if q € TI},

where in the intersection L runs over all finite unramified extensions of kq, and we write
X5 for the saturation of a subgroup X of H 1(kq,A). In particular, if R is a discrete
valuation ring, then [81, Cor. 5.3] shows that F;(A) coincides with Fean(A) if and only
if HO(kq, AY(1)) is finite for every q € I1%.

(iv) Let A’ be a submodule, respectively quotient, of the R[Gj]-module A. Then, by [79,
Exam. 1.3.3 and 2.17], a Mazur—Rubin structure F on A induces the Mazur—Rubin struc-
ture F 4 on A" with S(Fa/) := S(F) and, for each q € S(F),

H]l-'A/(km A/) = ker(Hl(km A/) - I—I/l}'(kqv A)v
respectively

H}-—A/ (kch A/) = lm(H}-—(kCh A) - Hl(kQ7 A/))
If .7 is a Nekovér structure on A such that h(.%#) = F, then, in the respective notation
of Example 3.19 (i) and (ii), one has in both cases Fa = h(.Z /).

(3.25) Remark. If A" is a quotient of the R[Gy]-module A then, for the following sorts of
reasons, care is needed in the use of induced structures in the sense of Example 3.24 (iv).

(i) Whilst, in some cases, the induced structure Fean(A)as coincides with Fean(A'), it is in
general strictly finer (cf. [96, Lem. 3.5], [79, Prop. 6.2.6]).

(ii) Let R — R’ be a surjective morphism of rings satisfying (2.5), and write A’ for the
corresponding quotient A ®g R’ of A. Assume A is a free R-module, let .7 be a Nekovar
structure on A and recall the Nekovai structure . @ R’ on A’ defined (under condition
(3.1)) in Example 3.19 (iii). Then one has h(F)a < h(-F ®r R’) and, in general, this
refinement is strict. For example, in contrast to the situation for Nekovar structures
themselves (cf. Example 3.16 (iv)), the latter refinement is usually strict in the case that
F is a relaxed Nekovar structure.

To each Mazur—Rubin structure one associates a Selmer module as follows.

(3.26) Definition. Let F be a Mazur—Rubin structure on A. For q € I, we write H/l}_(k:q, A)

for the quotient module H*(kq, A)/Hx(kq, A). The Selmer module Hx-(k, A) of F is then defined
to be the kernel of the natural localisation map

A(F)
H'Y(Ops(7), A) == € H/z(ky, A).
qeS(F)

If S is any finite subset of II; with S(F) C S, then the argument of Lemma 3.13 (i) implies
Hjl_-(k', A) is also equal to the kernel of the localisation map

As(F): H' (O, A) = @D H) (kq, A).
qes

To describe the link between the Selmer complex of a Nekovaf structure .# on A and the
Selmer module of the Mazur—Rubin structure h(.%), we use, for each finite subset S of IIj, the
canonical diagonal map

0
A(F): HO(k, A) — C@ m (3.27)

(This is a natural analogue in degree zero of the map Ag(h(.%#)).)
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(3.28) Lemma. For each Nekovdr structure F on A the following claims are valid.
(i) There exist canonical short exact sequences of R-modules

0= @, g ker(HO5.0) — HE(k,A) — ker(Wyz)(F)) — 0

0 ——— Hiz(k,A) ——— Hy(k,A)Y — ker(\) 2 (F)¥) — 0.

(i) If S and S’ are finite subsets of Iy with S’ C S, then there exists a canonical exact
sequence of R-modules

0 \Y
0— ker()\%\s,(ﬁ)v) — ker(\2(F2)V) & G? (m> — COk()xOS\S,(ﬁ)V) — 0.
qe ! “ b

Proof. To prove (i) we abbreviate S(.#) to S. We then note that .# refines the relaxed structure
Frel defined in Example 3.16 (i), and hence that the long exact cohomology sequence of the
exact triangle of Lemma 3.13 (ii) for the pair (%, %) gives an exact commutative diagram

H"™(Os,A) —— @ H"(Cq) —— Hiz(k, A) — H'(Op5,A) —— @ H'(Cy)

H (55 a] @i)a]

i1 )\1 1 H~ 1 kq,A) i A Hi(kCI’A)
H Ok S: @ 1m Hz 1 0/ q)) H (Ok,S’7A> — @ 1m(HZ(9<7’q))

Here all direct sums run over q € S and for such q we set Cy :=RI'z, , 7(kq, A) = RT) 7 (kq, A)
and write §; for the injective map induced by the long exact cohomology sequence of the
tautological exact triangle RI' #(kq, A) — RI'(kq, A) — Cq — -. In addition, A" denotes the
natural localisation map so that A% = A\2(.#) and A! = Ag(h(F)).

Now H!(Oy.s,A) = (0) and, for each q, also H~'(Cy) = ker(H%(074)) since H !(kq, A) =
(0). Given these facts, the exactness of the above diagram with i = 0, respectively i = 1,
directly gives the first exact sequence in (i), respectively a short exact sequence

0 = cok(AY(F)) = H(k, A) = Hj 5 (k, A) = 0. (3.29)

The second exact sequence in (i) is then obtained as the Matlis dual of the latter sequence.
The exact sequence in (ii) is directly obtained by applying the Snake Lemma to the obvious
exact commutative diagram

HO(k ,A \ A%\S/(y)v
ker(Ayy (%)) (Besns mmyosy ) <Ag\? (7))
f v AL (F)V
ker(Ag(ﬂ)V)C—> (®qe$ 1m(H(()IZg’g )q))) s HO(k, A)Y

¥ ,
HO(kq,A)
(@qes/ m> ’ -

Let F be a Mazur-Rubin structure on A and, for each n, write 7, for the induced structure F4,,
on A, = A®pg (R/a,). Then the explicit definition of induced structure (in Example 3.24 (iv))
implies the existence of a natural projection map H]l_-n+1 (ky, Apy1) — H}n(k, Ap). In a similar
way, there is a natural diagonal projection map from H}:(kz,A) to the corresponding inverse
limit @nemHJl"n (k, Ay). The following result is the analogue of Proposition 3.20 in this setting
(and does not require A to be a free R-module).

(3.30) Lemma. Assume A is finitely generated as an R-module. Then, for any Mazur—Rubin
structure F on A, the natural map Hx(k, A) — @nneﬂ\IHJl:n (k, A,,) is bijective.
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Proof. Consider the exact commutative diagram

0 —— H:(k,A) —— H'(k,A) ——— @verH/lf(kv,A)

| > Lo

0 — lim Hr (k,A,) — lim H'(k, A,) — @n@venkmfn(kv,/ln).

Here the middle vertical map is bijective by [96, Prop. B.2.3] since each A,, is finite. It therefore
suffices to prove that « is injective and hence, since « factors as a natural composite

(IB'U)U . .
B Hir(ky, A) = @D lim Hiy ko, An) = lim €D Hix, (ho, An),
’UGHk ’UEHk ’UGHk

it suffices to show that each map g, is bijective. To do this, we consider the natural exact
commutative diagram

0 —— Hi(ky,A) ——— H'(ky, A) ——— H/l}-(kU,A) — 0

Jow = 18,
. 1 . 1 : 1

0— lglann(kv,An) — lim H (kv, Ap) — @nH/Fn(kv’A") — 0.
Here the second vertical map is again bijective because each A, is finite and the exactness of
the bottom row is obtained by applying the functor @n(_) to the underlying (tautological)
exact sequence of finite groups. The bijectivity of 3, will therefore follow as a consequence
of the Snake Lemma provided that -, is surjective. This is in turn true since each map
Hy(ky, A) = H} (ku, Ay) is surjective (by definition of F,) and inverse limits are exact on the
category of finite groups. O

3.3. Duality results

If A is finitely generated over R, then, for each q € Ilj, local Tate duality induces a canonical
isomorphism of R-modules H*(kq, A) ~ H'(kq, AV(1))V. Following [79, §1.3], for any Mazur—
Rubin structure F on A, one uses these isomorphisms to define a ‘dual’ Mazur—Rubin structure
FY on AY(1) by setting S(F") :== S(F) and, for each q € Il,

Hiv(kq, AY(1)) = ker (H' (kq, AV (1)) = H' (kq, A) — Hz(kq, A)") = H}x(kq, A)".

In this section, we discuss the natural analogues of this construction for Nekovar structures.

3.3.1. Dual Nekovai—Selmer structures

The following terminology will be convenient.

(3.31) Definition. A Nekovdr structure F# on A is ‘co-relazed’, respectively ‘co-strict’, if for
every q € II° one has RT' #(kq, A) = RI'(kq, A) and 0.7 4 is the identity morphism, respectively
RI' #z(kq, A) is the zero complex.

(3.32) Example. The structures o1 (A, S)s, Frel(A, ), Fean(A, Sy and Fean(A, S)x from
Example 3.16 are co-relaxed, whilst Zy,(A, )y and (A, S)* are co-strict.

We now introduce the notions of dual Nekovar structure that are useful in our theory.

(3.33) Definition. For any Nekovdr structure # on a finite-rank free R-module A, we specify
‘dual’ co-strict Nekovdr structures F* on A*(1) and F" on AY(1) as follows.

(a) S(F*)=S(F); for q € IIf° one has RI' z«(kq, A*(1)) == 0; for q € S(F) \ II}°, we set
RT 7+ (kq, A*(1)) == RHomp(RT) % (kq, A), R[—2])
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and take 0z« 4 to be the composite morphism

*[—2
RT 5+ (kg A) 222 RHomp(RT (ky, A), R[2]) & RT (kg A*(1))

where ¢q is the natural morphism RI'(kq, A) — R 2 (kq, A) and the isomorphism is the
first isomorphism in Proposition 3.6 (i).
(b) S(FV)=8(F); for q € II® one has RL z+(kq, AY(1)) == 0; for q € S(F) \ II}°, we set
RI zv (kq, AY(1)) = RHomp(RT) 5 (kq, A), Er(lk)[—2])
and take 0 zv 4 to be the composite morphism

RE 5 (g, A) 212 RHomp(RT (kg, A), Er(K)[—2]) = R (ke, A (1))

where ¢q is the natural morphism RI'(kq, A) — R, 7 (kq, A) and the isomorphism is the
second isomorphism in Proposition 3.6 (i).
(3.34) Example. For any finite subset ¥ of II; with ¥NS(.#) = @, one has (Fa(A4,5)n)* =
Fsr(A*(1),9)" and (Frel(A, S)x)Y = Fur(AV (1), 9)%.
The following result establishes some important compatibilities between the notions of dual
and induced Nekovaf and Mazur—Rubin structures.
(3.35) Lemma. For every Nekovdr structure % on a finite-rank free R-module A the following
claims are valid.
(i) For a morphism R — R’ of rings satisfying (2.5), the isomorphism (A ®g R')*(1) =
A*(1) ®g R induces an equality (Fagpr)* = (F*)a+(yorr of Nekovdr structures.
(ii) For every n < m, the isomorphism A} (1) = A)lan] induces an equality (Fa,)* =
(F4 ) ava)1) of Nekovdr structures.
(111) One has an equality h(FY) = (F)" of Mazur-Rubin structures on AV (1).

Proof. The proofs of (i) and (ii) proceed along very similar lines and so we restrict ourselves
to the proof of (ii), leaving details for (i) to the attentive reader. For this, we define functors
Fi(-) = RHomg, (— ®% R,,R,) and Fy(—) = RHompg(R,, RHomg(—, Er(k))).
Then it follows from derived Tensor-Hom adjunction [117, Th. 10.8.7] that there is natural

isomorphism of functors F} = Fy, hence for every q € Il we have a commutative diagram

F1(6
Fy(RT) 5 (kq, Am)) —CZ2 5 By (RD(kq, Am)

l_ Fi(0%.,q) i_
F(RE) 7 (g, Am)) ———"— Fa(RT (kg Am))
In addition, we have an isomorphism (using Lemma 3.4 (vi) for the first and Theorem 3.6 (i)
for the second isomorphism)
t1: Fy(RD(kg, Am)) — RHomp, (RT(kq, An), Rn) = RT (kq, Ay, (1))
and also an isomorphism (using Theorem 3.6 (i) for the first and Lemma 3.4 (vii) for the second
isomorphism)
ta: Fo(RT (kg, Am)) — RHomp(Ry, RT (kq, A, (1)) = RT (kq, Ay (1)).
By definition, one then has 6z, )« 4 =t1 0 Fi(074) and 07v) v . =tyo Fy(0z4)-

)19
Recall that the isomorphisms of local Tate duality in Theorem 3.6 (i) are induced by cup

products and are therefore functorial. It follows that we have a commutative diagram (cf. [85,
proof of Prop. 5.2.4])

F1(RT (kq, Apm)) ——+ RT(kq, AY (1))

5 H

F3(RT(kq, Am)) —2 RT(kq, AY (1)),
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which together with the previous discussion proves the claimed equality (#,,)* = (Z") a¥ [a.] (1)
of Nekovar structures.
To prove (iii), we recall that, for q € I, the group H}L(E{})(kq, AY(1)) is defined to be the image

of H'(07v 4). Now, there is the commutative diagram

RT v (kq, AY (1)) =—— RHomp(RT) 5 (kq, A*(1)), En(k))[=2]

iey*aq le‘\éﬂq

RI(kg, AY(1)) «+—=—— RHomp(RT (kg, A), Er(k))[~2].

Here the equality in the upper row follows directly from the definition of .#V, and the lower
isomorphism is the second in Proposition 3.6 (i). Then, since Egr(k) is self-injective so that
the functor (—)¥ = Hompg(—, Fr(k)) is exact (and hence commutes with cohomology), upon
taking cohomology one obtains a commutative diagram

H (kq, A" (1)) == Hjz (kq, A" (1))"
JHl(ﬂg,q) lHl(QLG;,q)V
H(kq, A (1)) ¢——— H'(kq, A)",
where the lower isomorphism is induced by local Tate duality. We deduce that
HY 5 (ks AY(1)) = im(H (077 )

Hl(eﬁ,q)v

= im (Hjz (kq, A¥(1))* HY (kg, A)Y = H' (kq, AY(1)))
= ker (im(054)" — H'(kq, A)Y = H'(kq, AY(1)))
= ker (Hy(z(kq, A)Y — H'(kg, A)Y =2 H' (kq, A¥(1)))
= Hy 7y (kg, A (1)),
where the isomorphism is obtained by applying the exact functor (—)V to the exact sequence

1
Hé(kcﬁA) M Hl(kCIaA) - }I/léz(kfbA)

This proves the claimed equality h(.Z") = h(#)" of Mazur-Rubin structures. O

(3.36) Remark. Assume A (and hence also A*(1)) is a finite-rank free R-module and that
Z* is perfect. Then, by combining the identifications (#*) 4« (1) = (Fa,)" in Lemma 3.35 (i)
with the result of Proposition 3.20 (iii) for .#*, one obtains a natural isomorphism in D(R)

RI 7« (k, A*(1)) = lim RI'(z, \«(k, A, (1))
and, in each degree i, an induced identification H%. (k, A*(1)) = fm o H(iyA e (b, A7 (1)).

(3.37) Remark. Let F be a Mazur-Rubin structure on a finitely generated R-module A.
Then, for each n, there exists an equality of Mazur-Rubin structures (Fa,)* = (F¥)av [an] (1)
on A% (1) & AV[a,] that is analogous to Lemma 3.35 (ii) (cf. [79, Ex. 1.3.3]). This fact combines
with the fixed identification
A=Ay = Ao = Ay = ALy

(cf. Lemma 2.8) to induce both a morphism H(l}.An)*(k:,A:iL(l)) — H(lfAnH)*(k,A;"LH(l)) and
also a diagonal map H, (k, AV(1)) — lim H(l]:An)*(k7 A% (1)), where the limit is taken with
respect to the above morphisms. By a similar argument to that in Lemma 3.30 one can prove
that this diagonal map is bijective.

We will also use the following technical result regarding the a,-torsion submodules of dual
Selmer modules.
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(3.38) Lemma. Assume that A is R-free of finite rank and such that AY(1)%% = (0). Then,
for any Mazur-Rubin structure F on A, and every n € Wy, the natural map AY (1) — AY(1)
induces an isomorphism H(l}_An)v(k, AV (1)) = Hi (k, AY(1))[an).

Proof. This is proved in [25, Cor. 3.8] (see also [79, Lem. 3.5.3]). O

3.3.2. Consequences of Artin—Verdier duality

In this section, we discuss relations between the Selmer complexes that are respectively asso-
ciated to a Nekovai structure .# and to its duals .#* and .Z".

In order to state the first result, for each q € I} we write 74(A) for the canonical morphism
RI'(kq, A) = RI'Tate(kq, A). We then define an object of D(R) by setting

Aso(k,A) = ) A® @ Cone(ry(A))[-1].

qelf qellf
(3.39) Proposition. Artin—Verdier duality induces canonical morphisms in D(R)
pz 7+ RHomp(Aoo(k, A*(1)), R)[=3] = @qenx RI 5 (kq, A)
nz Fv: RHOHIR(AOO(]C, Av(l)), ER(E{))[—3] — Gaqeﬂ,;” Rr/gz(kq, A)
In addition, setting
RT3 5. (k, A) = Cone(pgz,z+) and RI% 5 (k,A) = Cone(pz ),
there exist canonical exact triangles in D(R)
Og g+
RI 5 (k, A) 7% RHomp(RL 7+ (k, A*(1)), R)[~3] — R[4 5. (k, A) — -
0
RT 5 (k, A) ~ZZ%5 RHomg(RT #v (k, A (1)), Eg(K))[-3] — RTA 50 (k, A) — -.

Proof. To prove the stated results for #*, we set B := A*(1) and consider the following
commutative diagram in D(R)

Ao (k, B) (3.40)

RFC(Ok,S7 B) — RF(Ok,Sa B) — @quRF(kqv B) E—

g
As(B)

RL(Oy,s, B) — R (O 5, B) == @, c sRT Tate (kg B) —— -

(1q(B))q

Here the upper triangle is the appropriate case of the exact triangle (3.2) and, for each place
q € S\ IR, we set RI'rate(kq, B) = RI'(kq, B) and write 74(A) for the identity morphism
RI'(kq, B) — RI'(kq, B). In addition, Ag(B) denotes the natural localisation morphism and
ﬁf‘c((’)k’s, B) its mapping fibre and the vertical exact triangle is that which follows directly
from the definition of Ay (k, B). In particular, from the (obvious) commutativity of the central
square, one deduces the existence of a morphism p that completes the diagram to give a
morphism of exact triangles, and thereby implies the existence of an exact triangle that forms
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the first column of the following commutative diagram in D(R)
RI.(O,s, B) —— RI'#«(k, B) —— eaqu\H;oRFﬁ* (kq, B) — - (3.41)

’ e

RT (O 5, B) — RL 5+ (k, B) —— @ ey 112 RT 5+ (big, B) —— -

i

g

A (k, B) A (k, B)

Here the complex ﬁf‘gz*(k‘, B) is defined via the same exact triangle as RI'z-(k, B) after re-
placing RI'(kq, B) for each q € II3° by RI'rate(kq, B) and the morphism p z- is then induced by
the obvious analogue of (3.40). In addition, the first row is the exact triangle of (3.15) (with
A and Z replaced by B and .#*) and the second row is the natural analogue of this exact
triangle. In particular, since the first square in the diagram commutes there exists a morphism
wz+ which makes the lower square commute and the second column an exact triangle in D(R).
Now, if we apply the exact functor X +— X*[—3] to the second row of (3.41) and then substitute
the first isomorphism in Proposition 3.6 (ii) and recall the explicit definition of the complexes
RI 7+ (kq, B) for g € S\ II3°, we obtain an exact triangle in D(R)

RT - (k, B)*[=3] = R[(Oy.s, A) > @qes\nwm/ 7 (kq, A) — -
k

in which A is the natural localisation map. By the argument of Lemma 3.13 (ii), this in turn
induces a canonical exact triangle in D(R) that forms the central row of the following diagram

" 0/0/
Ak, B)*[-3] —— Byen=R)5 (kq, A)

M/
A

RI 7 (k, A) —'— RT3+ (k, B)*[~3] — % @qer=RT) 2 (kg 4) —

/w% Iz

RT 7+ (kq, B)*[~3] —— RT 2 (kq, B)*[-3]

Here the central column is the exact triangle obtained by applying the functor X — X*[—3]
to the second column in (3.41) so p' = (¢'5.)*[—3] and u = (ugz+)*[—3]. In particular, if we
respectively define pz #+ and §7 z- to be the morphisms 6’ o (t/;.)*[—3] and (pz+)*[—3] 0 0,
then the Octahedral axiom combines with the commutativity of the above diagram to imply
that the mapping fibres of 1z 7+ and d# #- are isomorphic (in D(R)). This last fact leads
directly to an exact triangle of the required form and so proves all claimed results for .#*.

In addition, after making obvious changes, the same argument derives the analogous claims
for .#V from the second isomorphism in Proposition 3.6 (ii). Since this is a routine matter, we
leave details to an interested reader. O
(3.42) Remark. If .7 is co-relaxed, then RT3 ., (k, A) = RHomp (A (k, AV (1)), Er(k))[—2]

F,FV
and, by explicit computation, one checks that this is represented by the complex

(D A-1)[-2)) & (D IA(-1) —D A(—1) =% A(~1) =D A(-1) =% ..]).
qeId q€eII}
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Here, for each q € H,i;R, we write ¢q for the non-trivial element of G, and the first term of the
displayed complex occurs in degree 2. If % is oco-relaxed and either R is self-injective or A is

a free R-module, then RF;YQ* (k, A) also coincides with the above complex.

Let F1 and F2 be Mazur-Rubin structures on A with F; < Fa. Then Mazur and Rubin [79,
Th. 2.3.4] have shown that global duality gives rise to a canonical exact sequence of R-modules

HY, (kq, A)
HE, (k, A) = HE,(k, A) —» €D m — H:(k, A (1)) — Hpy (k, AY(1))". (3.43)
Fi\"a

qeS(F1)

We next use Proposition 3.39 to establish an analogue of this result for Nekovar structures.

(3.44) Theorem. Let .F; and % be co-relazed Nekovdr structures on A with 71 < %5 and
set B == AY(1). Fori e {1,2} write H(;«iv(k‘q, B)V for the kernel of the morphism

H3 (kg B)Y — H*(RT% (k, A))
induced by the exact triangle in Proposition 3.39. Then the following claims are valid.

(i) There exists a canonical long exact sequence of R-modules

P H(RT 5,5, (kg, A)) = H, (k, A) = Hi, (k, A) » @ H' (R 5, 7, (kq, A))
— Hiy (ky, B)Y = Hby(k, B) = D HO(RT 5y 7y (ko, B))
in which all direct sums are taken over q € S(F1).
(ii) Set Fi = h(F1) and Fo = h(F2) and assume the following hypotheses:
(a) the maps H (0.7, 4), H' (07, 4) and H*(jz, 7,4) are injective for every q € S(F1):
(b) IR = & if p=2.
Then there exists a canonical exact commutative diagram of R-modules

H, (k,A) % Hi,(k,A) > @ H' (RT 5,7, (ky, A)) + Hjy(kq, B)Y % Hy(k, B)Y

N

HL (kq, A)
HE (k, A) < Hk (k, A) &b H?(kq ) » Hyv(kq, B)" + Hyy(k, B).
Fi\va

Here both direct sums are taken over q € S(F1)US(Fa) = S(F1)US(Fa), the first row is
induced by the exact sequence in (i), the second row is the relevant case of (3.43) and all
vertical maps are described in the course of the argument below. In addition, the map o
is injective (resp. ag is surjective) if for each q € S(F1) U S(F2) the map H(jz, 7,.,4)
is surjective (resp. H*(jz, .7,,q) 18 surjective and H3(jz, 7,q) is injective).

Proof. We set S := S(.#1)US(Z3). We then recall that, since %, < .%», for each q € S we are
given a morphism jz 7, q: Rl # (kg, A) — RT %,(kq, A) in D(R) and RI" 2,7, (kq, A) denotes
its mapping cone.

Now, since .%1 and %3 are both oo-relaxed, the morphism jz, #, q is an isomorphism for each
q € II°. In addition, if we set B := AY(1), then for each q € S\ II}°, the definition of the dual
condition (RI" zv (kq, B),0 ngivﬂ) implies that jz #, q induces a canonical morphism

]yQ\/y_ql\/,q Rl“%v(k‘q, B) — Rryl\/(k‘q, B)

whose mapping cone is isomorphic to RI' g,z (kq, A)Y[=2]. In particular, if we use these
morphisms to regard %, as a refinement of .#,’, then we obtain a commutative diagram of
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exact triangles in D(R) of the form
RI‘yl(k, A) ————— RT v (k, AY(1)V[-3] —— Rrgfjlv(k, A) —
| I
RT 7, (k, A) RI’ng(k,AV(l)) [—3] —>RI’¢ o*\/(k A)—-
l l
Daes RI' 7,5, (kq, A) —> Bqes RU 7y 7y (kg A)Y[-2]
1 1

Here the first and second rows are the respective exact triangles from Proposition 3.39 and
the equality occurs since %7 and %, are oo-relaxed (cf. Remark 3.42). In addition, the first
column is the exact triangle in Lemma 3.13 (ii) with (%', %) = (%#1,.%2) and the second
is the image under the exact functor X — X*[—3] of the corresponding exact triangle with
(F',F) = (FY,F#). Finally, ¢ is the direct sum over q of the local duality isomorphisms
described above. The exact sequence in (i) is now obtained by combining the long exact
cohomology sequences of the first two columns.

In regard to (i), we first note that the assumed injectivity, for each q € S, of both H!(6#, 4) and
H! (0.#,,q) implies that H L J.71,%»,q) 1s injective, and then combines with the assumed injectivity
of H*(j#,,7,,4) to induce an identification H'(RT 7,7, (kq, A)) = H}Q(kq, A)/H}l(kq, A). We
take the map (3 in the claimed diagram to be the direct sum over q € S of these identifications.
We next define 81 and 2 to be the Matlis duals of the first map in the second exact sequence
of Lemma 3.28 (i) with .# taken to be .#; and %3 respectively. We also note that, for both
i =1 and ¢ = 2, the same exact sequence in Lemma 3.28 (i) with .# taken to be .Z, zv induces
an exact sequence

\Y%
% HO(k,, B
qelng? qu( D\IIEe Fi'a

in which in the direct sum we have also used the fact that %, is co-strict so that H° (Hgiqu) is
the zero map for each q € II3°. In addition, under condition (c), there are natural isomorphisms

0 V o~ v \
@qenon (kq, B) —@qengB @@qeng(u +¢q)B)
= @quEA ® Gaqen}f'(l —cq)A

= H*(RI5Y (K, A)),

where the equality follows from Remark 3.42. It follows that the map ~; factors through the
submodule f]}ilv (kq, B)Y of Hjozlv (kq, B)" and so, in the claimed diagram, we can take 4 and
05 to be the maps that are respectively induced by ;1 and 2. With these specifications of the
maps [3;, it is then a straightforward exercise to check that the claimed diagram commutes, as
required.

Finally, we note that the assumed surjectivity of H’(j# #,,) and injectivity of H'(jz, #,4)
for all g € S would combine to imply H° (RL 2, /7, (kq. A)) = (0) for such q and hence that ay
is injective as a consequence of the exact sequence in (i). In a similar way, the surjectivity of
Hg(jg/:l,y%q) and injectivity of Hg(jyhgrm) for all ¢ € S would imply H? (RFgQ/gl(k:q,A)) =
(0) for such q and hence that ag is surjective. This verifies the final assertion of (ii). O

3.4. Perfect Selmer complexes

Throughout this subsection, we assume (k,p) satisfies (3.1). We also fix a Nekovar structure
% on a finitely generated free R-module A and assume the following hypothesis to be valid.

41



(3.45) Hypothesis. The following conditions are satisfied:
(a) Z is oo-relaxed;
(b) For every q € S(#) \ II}°, the following conditions are satisfied:
. rf
(i) R #(kq, A) belongs to Dﬁ)eg] (R);
(ii) H%(0#4) is injective;
(¢) For some qo € S(F) \ II{°, the map H%(0.# 4,) is 0.
(d) For some q; € S(F) \ II;°, the map H*(0# q,) is bijective.

For each finite subset S of II; we also use the map A2(.Z") from (3.27) to define an R-module
X5(F) = ker(\Y(FV)Y).

We then abbreviate Xg(7)(F) to X(F).
The following result constructs a family of complexes that plays a key role in our theory.

(3.46) Proposition. Assume (k,p) satisfies (3.1), that A is a free R-module of finite rank,
and that F satisfies Hypothesis 3.45. Then the following claims are valid.

(i) The complex
O(F) i= RHomp(RT 5. (k, A*(1)), R)[~2]
is a well-defined object of DP**'(R) such that, in Ko(R), one has

xXr(C(F)) = qus(y)\H?XR(RFﬂ*(kqvA*(l)))-

(ii) C(F) is canonically isomorphic to RHomp(RT zv(k, AV (1)), Er(k))[—2] in D(R). In
particular, in each degree i, one has H'(C(F)) = H%/(k, A¥(1))".

(11i) Fix a morphism R — R’ of rings satisfying (2.5). Then there exists a natural isomorphism
C(F)@%Y R = C(F @ R) in DP*I(R'), where F ®p R is the Nekovdr structure on
A®p R defined in Example 3.19 (iii).

(iv) Lemma 2.29 defines an object m C(Za,) of DP*™(R) that is naturally isomorphic to
C(F). In particular, in each degree i, one has H'(C(F)) = Jm e]NH(Z«%Z Lk AN (D) .

(v) C(F) is acyclic outside degrees 0 and 1. There exists a canonical identification H°(C(.F))
= Hio;(k:,A) and a canonical exact commutative diagram

Xsrnme(F) (3.47)
QIT
HZ% (k,A)/—— H'(C ﬂ@qeanO(kq,Avu))V
Hj)( zyv(k, AY (1) —— H'(C(F)) —————» X (7).

(vi) Let ¥ be a finite subset of llg. Then, for the ¥-comodification F> of F defined in
Ezxample 3.17, there exists a canonical exact triangle in DP*'(R)

C(F) = C(g%) L, @qu\S 5 RU s (g, A%(1))*[=1] = - (3.48)

Proof. We set B := A*(1). Since .#* is oo-strict and S(.-F*) = S(#), Lemma 3.13 (iii) implies
F* is perfect if and only if, for every q € S(#) \ II3°, the complex RI'z-(kq, B) belongs to
DPe(R). Since the latter condition is satisfied as a consequence of Hypothesis 3.45 (b)(i), it
follows that RI z-(k, B), and hence also C(.%), belongs to DP°™(R). For similar reasons, one
also has

XrR(C(F)) = xr(RT z+(kq, B)) = qus(y)\HmXR(erf*(kq»B)a
k
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where the second equality follows from the formula in Lemma 3.13 (iii) with (A4, .%) replaced
by (B,.#*). This proves (i).
To prove (ii), we use the following diagram in D(R)

C(F) RIS - (k, A)[1] 2% RT7(k, A)[2] — -

v [ |
RHomp(RT 5+ (k, A¥ (1)), Eg(k))[~2] — RTA 5 (k, A)[1] 2 RT 5 (k, A)[2] — -

Here the upper and lower rows are equivalent to the respective exact triangles in Proposi-
tion 3.39 (ii) and the left hand equality follows from Remark 3.42. In addition, an analysis of
the construction of these triangles shows that the morphisms 6; and 65 coincide as they are
both induced by the morphism @qenzoRF/y(k:q,A) — RI'#(k, A)[1] that occurs in the exact
triangle (3.11). The Octahedral axiom therefore implies the existence of a dashed arrow that
makes the above diagram into a morphisms of exact triangles and hence is an isomorphism in
D(R). This proves the first assertion of (ii) and then the second assertion follows immediately
from the fact that Matlis duality is an exact functor.

To prove (iii) we note that the argument of Lemma 3.35 (i) implies an equality .#* ®r R’ =
(# ®@r R')* of Nekovar structures on A*(1) ®r R’ = (A ®gr R')*(1). After taking this into
account, the exact triangle (3.15) with .# replaced by .#* combines with Lemma 3.4 (vi) (with
F (—) taken to be RI'c(Ok,g, —)) and the explicit definition of the local conditions for .Z*®pr R’
to imply the existence of a natural isomorphism in D(R’)

RL 5 (k, A*(1) € B 2 RO (gm0 (k, (A @ R)(1)).

Upon applying the exact functor RHompg (—, R')[—2] to this isomorphism one obtains the
claimed isomorphism in (ii).
To prove (iv) we first apply (iii) with R — R’ taken to be R — R/a,, to deduce that for each n
there exists a natural isomorphism C(F)®% R/a, & C(Z4,) in DP*(R/a,). Given this family
of isomorphisms the first assertion of (iii) is proved by mimicking the argument of Proposition
3.20 after replacing RI'#(k, A) by C(.%). From the ismorphism C (%) = @neﬂ\l C(Fa4,) one
then derives, in each degree ¢, an identification

HI(C(#) = H(lim,_ C(Fa,) = lim _ HI(C(Fa,) = lim _ HE | (k, AL(1)"
Here the second equality is valid since inverse limits are exact on the category of finite abelian
groups and the third since R,, is self-injective and so taking duals commutes with taking
cohomology. This proves (iv).
Turning to the proof of (v), we note that, since HE = @ if p = 2, Hypothesis 3.45 (a) implies
H'(kg,A) = (0) for all ¢ > 2 and all q € II3°. This fact combines with Remark 3.42 to
imply H'(RI'3Y(k, A)) = (0) for i # 2 and also combines with Hypothesis 3.45 (b) and (d)
and Lemma 3.13 (iv) to imply that H%(k, A) = (0) for i < 0 and i > 2. These observations
in turn combine with the long cohomology exact sequence of the exact triangle in Proposition
3.39 to imply H'(C(F)) = (0) for i < —1 and i > 1, to identify H'(C(%)) with H'(k, A) for
i € {—1,0} and to give a short exact sequence that forms the central row of (3.47). In addition,
since Hypothesis 3.45 (¢) implies injectivity of )\OS( ) (%), Hypothesis 3.45 (b) (ii) combines with
the first exact sequence in Lemma 3.28 (i) to imply that H%(k, A) = (0). To complete the
proof of (ii), it is therefore enough to construct the diagram (3.47). To do this, we note that
HY(Cg(A)) =2 HL(k,AV(1))" by (iv) and the fact that taking Matlis duals is exact. Given
this identification, we obtain the exact sequence that forms the lower row of (3.47) by first
taking Matlis duals in the second exact sequence in Lemma 3.28 (i) with (A,.%#) taken to be
(AY(1),#V), and then recalling that h(Z") = h(.#)" by Lemma 3.35 (iii).
We now take the map a3 in (3.47) to be the map « in the exact sequence of Lemma 3.28 (iii)
with (#,S) replaced by (Z#V,S(Z")). Then, with this definition, the commutativity of the
second square in (3.47) is clear and this has two consequences: firstly, the map a3 is surjective
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(as can also be seen directly from Lemma 3.28 (iii) since the conditions 3.45 (b)(iii) and (d)
combine to imply H° (0#v q,) is the zero map) and there exists an injective morphism ao that
makes the first square of (3.47) commute. The existence of a surjective morphism oy that
makes the first column of (3.47) a short exact sequence now follows by applying the Snake
Lemma to the lower two rows of the diagram and taking account of the exact sequence in
Lemma 3.28 (ii) with (%, S, S’) taken to be (#Y,S(#V),II3°). This proves (v).

To prove (vi) we note that (.#*>)* coincides with the Nekovaf structure (.#*)sx on B. Given
this, the claimed exact triangle is directly obtained by applying the exact functor X — X*[—2]
to the exact triangle (3.18) with (A, %) replaced by (B, .#*). O

The following result establishes some properties of the modules Xg(.#) that will be needed in
later arguments.

(3.49) Lemma. Let .Z be a Nekovdr structure on a finitely generated R-module A and S a
finite subset of Il,. Then the R-module
Xs(F) = ker(AY(F)Y)
is finitely generated. Further, if (k,p) satisfies (3.1), A is a free R-module and R z(kq, A)
belongs to DK;(R) for all q € S, then the following claims are also valid.
(i) Every morphism R — R’ of rings satisfying condition (2.5) induces a surjective map of
R'-modules Xg(F) @r R’ — Xs(F @r R).
(ii) The maps from (i) combine to give an isomorphism Xg(F) = l'&nieme(ﬁ ®pr R;) of
R-modules in which all of the transition morphisms in the inverse limit are surjective.

Proof. The definition of A$(#") directly implies that
Xs(F) € @P(H (kq, A (1)) im(H (057 4))) € @D H(kq, A¥ (1))
qes qes

In addition, for each q € S, the Matlis dual of the inclusion H?(kq, AV (1)) C AY(1) is a surject-
ive map A(—1) - H%(k,, AV(1))V. The latter map implies that each R-module H(kq, A¥(1))"
is finitely generated and hence, since S is finite (and R is Noetherian), the displayed inclusions
imply Xg(.%) is also finitely generated over R, as claimed.

In the rest of the argument we assume all of the stated hypotheses for (i) and (ii). We then fix
q € S and note that the definition of .#" combines with local duality to give an isomorphism

0 v v BHOzvq)" g Vv v
ker (H'(kq, AY(1))Y ————"— Hyv(kq, AY(1))")
ker (Hz(kq, A) — H/Qy(km A))

H2(69,q)
e

(coker H(07v 4))"

12

1

= im (H% (kq, A) H?(kq, A)). (3.50)

This isomorphism combines with the analogous isomorphism for .%’ .= .% ®g R’ to induce an
exact commutative diagram

H2(#
HYs gy A) @5 B — H(kq, A) 95 B ——290, (coker HO(05v4))¥ @5 R — 0

! I o !
H/{g/(kq, A®pr R,) — Hza(:/(k‘q, A®p R/) ¢> (COkeI' HO(Q(g:/)vﬂ))V — 0.
Here the bijectivity of the central vertical map follows from (the argument of) Lemma 2.31 (ii)
and the fact RI" #(kq, A) belongs to DP™(R), and so the third vertical map is surjective.

[0,2]
In addition, global duality induces (via Proposition 3.6 (ii)) an isomorphism
HO(k, AY(1))Y = H¥RT(k, A)) (3.51)
and since RLc(k, A) belongs to Dﬁfg(R) (by condition (3.1)), we can similarly deduce that the

map HY(k, AV(1))Y ®r R — H°(k,(A®gr R')V(1))V is bijective.
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Now, from the respective definitions of the modules Xg(.-#) and Xg(.%'), one obtains an exact
commutative diagram of the form

Xs(F)®r R — (@qes(cokerHo(G&rv’q))v) ®r R — Ho(k,Av(l))v @r R — 0

1 " !

0 —— Xs(F') ——— Pyeg(coker HO(O(z1yv 4)) — H(k, (Aor R)Y(1))Y — 0

in which the second and third vertical maps are as above, and the first vertical map is induced
by commutativity of the second square. In particular, since we have seen that the second and
third vertical maps are respectively surjective and bijective, the Snake Lemma implies that the
first vertical arrow is surjective, as required to prove (i).

As for (ii), by taking R’ = R; in the above diagram and passing to the limit (over i), we obtain
a diagram of the form

0 —— Xg(F) ———— P(coker H'(05v 4))" HO(k,AV(1))Y ——— 0

| T J

0+ lim Xs(F @g Ri) » @ lim(coker H (050 pm)vq)" + lim HO(k, (A®r Ri)"(1))Y + 0,
i qes i i

in which the upper row is the defining exact sequence for Xg(.7). We are therefore reduced
to proving that the second and third vertical maps in this diagram are bijective. As in the
discussion of (i), we are then further reduced (via duality isomorphisms of the form (3.50) and
(3.51) with .# and A replaced by each . ®p R; and A®g R;) to showing that there are natural
isomorphisms

lim o, (kg A ©p Ri) = H(kg, A), lim H2(ky, A®g Ri) = H2(ky, A)
€N 1€IN
for each q € S, and also
lim H3(RTc(k, A @ R;)) 2 H*(RT(k, A)).
€N
These isomorphisms are all in turn derived by applying Lemma 2.29 to the respective complexes
RI'#z(kq, A), RI'(kq, A), and RI¢(k, A). O

4. Euler systems relative to Nekova¥ structures

4.1. The definition of higher-rank Euler systems

We now fix a prime number p and a number field k£ such that condition (3.1) is satisfied. We
also fix a ring R that satisfies condition (2.5) and a finite-rank free R-module 7 that carries
an R-linear continuous action of Gy. We assume S;am (7)) is finite, and choose a finite subset
So of I, with

Hzo U Hz C 5.
(In applications one often takes Sy = II° UTIIY U Sram(7).) For q € II;, \ So, we fix a choice Z,
of inertia subgroup in Gy of q and set

Euly(X) = det(1 — Frob, ' X | H*(Z,, T*(1))) € R[X].

We also fix an abelian pro-p extension K of k in which all places in II}° split completely, and
denote the collection of finite extensions of k in I by Q. For each extension K of k in K we
abbreviate Sram(K/k) to Syam(K) and then set

So(K) = SpU Stam(K) and Gg = Gal(K/k).
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We observe that the ring R[Gk] also satisfies condition (2.5) (with the necessary Gorenstein
property following, for example, from Lemma 2.3). We consider the R[Gx| x R[Gk]-module

Tk =T ®@r R[GK]

upon which Gy acts via right multiplication and o € G}, by 0 - (a ® z) == (0a) ® (z7~!) where
o is the image of ¢ in Gk.

In the sequel we assume to be given a family of Nekovaf structures that satisfies the following
hypothesis.

(4.1) Hypothesis. § = (%) keq is a family of Nekovaf structures parametrised by fields in

Q) that has both of the following properties.
(i) Each .Zk is a Nekovar structure on Tx that satisfies Hypothesis 3.45 (with R = R[Gk]).
(ii) For K and L in Q with K C L, the Nekovaf structure .77, ®gg,] R[GKk] induced by 77,
on Tk is the modification 9}% = 9}?”"‘(]:) of i defined in Example 3.17.

For K in Q, we set Hi(K,T) = H};K (k, Tk)-

(4.2) Example. Fix a finite subset S’ of IIj \ II}° with II} U Syam(7) € S’ and assume to
be given, for every q € S’, an R[G},]-submodule T, of T that is free as an R-module. As in
Example 3.16 we define a Greenberg—Nekovai structure Fx = 7 ((Tq K Jq, K )qes(k)) by taking

o S(K):=S5"UIPU Sram(K),
° 7:]7[( = 73 KR R[QK] ifq € S" and 7;7[( = Ti if qe S(K)\Sl,
® jq Kk to be the inclusion 74 g — Tk for all g € S(K).

The associated family § := (#k)keq then satisfies Hypothesis 3.45 if there exist places qp and
q1 in S" with Ty, = (0) and 7q, = T.

For each K and L in 2 with K C L, the long exact cohomology sequence of the exact triangle
(3.48) (with .# taken to be Fx and ¥ to be Spam (L)) combines with the explicit descriptions
of cohomology given in Proposition 3.46 (v) to give an injective map of R[Gx|-modules

H3(K,T)=Hg, (k,Tg) — H}IL((I-{:, Tk ) (4.3)

These maps have two important consequences. Firstly, since Hypothesis 4.1 (ii) combines with

Proposition 3.46 (iii) and Lemma 2.31 (i) to identify H (k T) with a submodule of H} (L, T),
the map (4.3) induces a canonical injective homomorph1sm

H(K,T) < H{(L,T). (4.4)

We use this homomorphism to identify Hg(K,T) with a submodule of Hg (L, T).
In addition, Lemma 2.17 (i) implies that, for each a € INg, the map (4.3) induces a canonical
injective map of R[Gx]-modules

and, via these maps, we regard ﬂ%[gK] HS(K, T) as a submodule of (g, H}L (k,Tr). We
K

will then also use the isomorphisms that are constructed in the next result. In the proof of this
result, and also often in the sequel, we will use, for any finite group A, the trace element

Na = Zma c Z[A]. (4.5)

(4.6) Lemma. Fiz a family § of Nekovdr structures as in Hypothesis 4.1 and fields K and L
in Q with K C L. Then, for each a € IN, there exists a natural isomorphism of R|Gx]-modules

Ve ﬂ Hy (k, Tic) = (ﬂ;[g ]HS(L 7)),
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Proof. Hypothesis 4.1 (i) implies that the complex C(.#) constructed in Proposition 3.46
satisfies the assumptions of Lemma 2.35. It follows that C'(#1) has a resolution P® in D(R[G.])
of the form P° % P!, in which PY and P! are finitely generated free R[Gr]-modules and P°
is placed in degree 0. Set H := Gal(L/K) and Pj; := P' @gg,) R|GK] for i € {0,1}. Then, by
taking H-invariants of the exact sequence given by Lemma 2.17 (i), we obtain the upper row
in the following exact commutative diagram

a

a H H ¢ a—1 H
0 — (mmgn HYL,T))" — ( /\R[QL] P75 (P @gig, /\R[gL] PY)

a ‘1 a 0 1) 1 a—1 0
0— ﬂR[gK] H, (k, Tk) /\R[gK] Pr > P ®r(gy) /\R[QK} Pir-

To describe the lower row we note that Proposition 3.46 (iii) and Hypothesis 4.1 (ii) combine
to imply C(Ff) = C(FL ®rg,) RlGKk]) is isomorphic to C(Fp) ®]7Lz[gL] R[GKk] and hence
to P* ®@g(g,] R[Gk]. The lower row is therefore obtained by applying Lemma 2.17 (i) to the
exact sequence obtained from the latter resolution. Now, for any finitely generated free R[Gy -
module M, the assignment m — N (m) induces an isomorphism My — MH. The first and
second solid vertical isomorphisms are then obtained by applying this observation with M
taken to be /\%[QL] PY and P! QRG] /\%_[glL] PV respectively. Since the square involving these
isomorphisms clearly commutes, there exists an induced dashed map as in the diagram and the
Snake Lemma implies this map is bijective. We can therefore take the latter map to be the
required isomorphism v} K O

We can now specify an appropriate notion of Euler system for our theory.

(4.7) Definition. Let § be a family of Nekovdr structures as in Hypothesis 4.1. Then, for each
a € IN, an ‘Fuler system’ of rank a for § is an element

_ @ 1
c=(ex)x €[] ﬂmg}d H(K,T)
with the property that, for all fields K and L in  with K C L, one has

Neal(z/r)(er) = VZ/K((Hveso(L)\So(K)EUI”(Fmb”_l)) o).

The collection of all such elements is naturally a module over R[Gx] that we denote by ESS (F).
If So = TI° UTL U Spam (T), then we abbreviate ESE (F) to ES*(F).

(4.8) Example. Assume R is reduced and Z-torsion free, and write Q for its total quotient
ring. Then, for K € Q, the ring R[Gk] is also reduced, with total quotient ring Q[Gk], and
we write el i for the relaxed Nekovar structure on the R[Gx]-module Tx. Let Frel = Frel(T)
denote the family {Fe1 k } keq and, for K € Q, set O} = O g(x). Then for each L € 2 with
K C L, an explicit computation shows that

Hérel(KaT) :Hl(olKvT) H(l,;f'c‘reLK)L(kaTK) :HI(OK,S(L)aT) Hérel(LaT) :Hl( /LaT)
In addition, setting H := Gal(L/K), the observation of [25, Rem. 6.11] implies the existence
for every a € IN of a commutative diagram of Q[Gr]-modules

a 1 a 1

/\Q[QL} H (O, Q&R T) /\Q[QK] H (OK,S(L)a Q®erT)
I~ I~

Q@R ﬂR[gL] HY(01,T) Q®r ﬂn[gK] H" (O 5(1),T)

N%coresp /e
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in which the horizontal map is induced by corestriction H'(O},T) = H' (O s(1),T) and
both vertical isomorphisms are as in Lemma 2.28. This diagram implies that elements of
ES*(Fre1(T)) coincide precisely with the notion of Euler systems of rank a for the pair (7, ),
as defined in [25, Def. 6.1].

4.2. Hypotheses on Galois representations

In this subsection, we assume to be given a pair of local complete Gorenstein rings

R= 1.&nz‘e]NRi and R= yinie]NRi

that arise as the respective inverse limits (as in §2.1.2) of families of rings R; and R; that are

local, Gorenstein and of dimension zero. In particular, all transition morphisms R;41 — R;

and R;y1 — R; are assumed to be surjective.

We write M and M for the maximal ideals of R and R, and assume the residue fields
K:=R/M and k:=R/M

are both finite and of characteristic p. We also adopt the convention that Ry := K and Ry = k.
Then the maximal ideals M; and M; of each R; and R; are the respective images of M and M
under the canonical projections R — R; and R — R;. In addition, the corresponding residue
fields R;/M; and R;/M; respectively identify with K and k and so are both independent of i.
We also assume to be given a morphism

0: R—-R
of local rings such that, for every natural number ¢, the diagram

Qi+1

Ri—H —_— Ri+1 (4.9)

|, |

commutes. Here p; and ;41 denote the maps induced by o, and the vertical arrows are the
given transition maps that occur in the respective inverse limits.
In addition, we assume to be given a finitely generated free R-module 7 that is endowed with

an R-linear continuous action of Gy that is unramified outside a finite set of places Syam(7T).
We fix a finite set Sy C Il containing II7° U Hz, and we set

T=Tr R S = Sram(T) U Sp
and, for every i € INg, also
Ti =T Qr R; T, =T ®pr R; T=To=Tor K T=Ty,=T®rk.
We write .% for the Nekovaf structure %, on 7T that was fixed in §4.1, and use the associated
structures
Fi=F QrRi, Fi=h(%) and F;,:=h(% Qr, R)
on 7; and T;. The Mazurleﬂain structures th&t are induced (via the pro@ure dﬁcribed in
Remark 3.24 (iv)) by F; on T and by F; on T will then be denoted by F; and Fj;, and we
caution the reader that these structures are, in general, respectively finer than Fy and Fp.
We fix an ascending chain of number fields

k(T6) S k(T € CR(T) C ... (4.10)
with the property that Gy, acts trivially on 7; for all i € Ny. For i € INg, we set
(i) = max{|Ril, |Ril}, ki = kg, (O k(1) and ki(To) = k(To)ks
and then define fields
koo = |J ki and B(T)oo = | ki(T).

i€IN 1€IN
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Given ¢ € INp and an element 7 € Gi__, we define a subset of II;, by setting
Qi = Q(r,T;) = {v €llx\ S: Frob, is conjugate to 7 in Gy, (1)},
and write N; = N(Q;) for the set of square-free products of primes in Q;. We observe that
there are decreasing filtrations
Q20129 2... and MNyDN DN D
and for each modulus n € N;, we set
Vin)={aeQi:qln}={ge Q:q|n} and v(n):=[V(n)].
For each natural number j with j > 4, the Tate-Shafarevich group
i (k,T) = Wi (k, T, Q) = ker(H}v—i(k,T) =11 Hl(kv,T)>
vEQ;
is a submodule of H%(n)(k,T), where the modified Mazur-Rubin structure F;(n) is as defined
n [79, Exam. 2.1.8] (see also [25, §3.1.3]). Further, by using global duality sequences of the
form (3.43), one can show that the ‘core-rank’ invariant
x(Fi, j) == dimy (H}P—i(n)(k,f)/mﬁj(k,f)) — dimy (H%_*(n)(k:,T*(1))/HJE*J(I§,T*(1)))
(4.11)
is independent of n (for details see §6.1.3).
Before stating the technical hypotheses that our subsequent arguments require, we make one

further observation. Specifically, we note that the maps in Lemma 3.49 combine with the
general result of Lemma 2.32 to give natural maps

Tory” (X(F), Ryy) — Tor (X(F;), Ry)
for integers j and j' with j/ > j, and also a canonical isomorphism of R-modules
~ 7 R;
Torf (X(£), R) = lim__ Torl” (X(F)), Ry), (4.12)

where the limit is taken with respect to the above maps for 5 > j. In particular, for each
i € IN, this fact gives rise to the following invariants J; and j(i) of the Nekovar structure .%.

(4.13) Definition. For each i € N we set
Ji=Ji(F) = im(Tor?(X(ﬂ), R) — Tor" (X (%), Ri)),

where the arrow denotes the map induced by (4.12). Then, since the group Tor™ (X (%), R;)
is finite, there exists m € IN with m > i for which J; is equal to the image of the natural map
Tor ™ (X (Fm), Rin) — Torl (X (), R;). We define j(i) to be the least possible value of such
an m subject to the condition that the assignment i — j(i) is an increasing function of i.

We can now finally state the hypotheses on 7 and .%; that will be used in our arguments.

(4.14) Hypotheses. The following conditions are satisfied.
(i) The k[Gg]-module T' and K[Gy]-module T are both irreducible.
(ii) There exists an element 7 of Gy__ such that dimk (7 /(t — 1)7T) = 1.
(ii*) If p = 2, then dlm]K('T) 1.
(iil) H'(k(T)oe/k, T (1)) = (0).
)

(iv) If p € {2,3}, then the Z,[Gy]-modules T & T and T (1) @ T (1) have no nonzero iso-
morphic subquotients.
(v) For every i € INg, the Nekovar structure .%; satisfies Hypothesis 3.45 (with A = 7; and
R=R,).
(vi) For every i € INg, one has x(Fj, (7)) > 0.
(vii) Gal(k(T)so/k) is a compact p-adic analytic group.
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(4.15) Remark. We clarify aspects of Hypotheses 4.14.

(i) It is clear that if T satisfies Hypothesis 4.14 (i) and (ii), respectively (ii)*, then so does
T*(1) (and with respect to the same element 7 in (ii)).

(ii) The argument of [26, Lem. 3.8] implies that, under Hypothesis 4.14 (iii), the modules
HY(kj(T;)/k, T;*(1)) and H'(k;(T;)/k,T; (1)) vanish for every (i, j) € N2 with j > i.

(iii) The Jordan-Hélder Theorem implies that Hypothesis 4.14 (iv) is equivalent to the fol-
lowing condition: if both By and By denote either T or T, then the Z,[G]-modules By
and Bj(1) have no nonzero isomorphic subquotients. For more details, see the proof of
Proposition 6.5 (ii) below.

(iv) Sakamoto [100] has developed a theory of Kolyvagin systems in a case where p = 3 and
Hypothesis 4.14 (iv) fails. It seems reasonable to believe that the approach of Sakamoto
would also allow a corresponding weakening of Hypothesis 4.14 (iv) in our set-up.

(v) Hypothesis 4.14 (vi) is weaker than the ‘cartesian’ condition that originates with Mazur
and Rubin [79] and is assumed by Sakamoto et al. throughout [25]. In particular, sub-
sequent analysis (in §8.3.3 and §8.4) will show that, in cases relevant to the study of
Kato’s ‘generalised Iwasawa main conjecture’, Hypothesis 4.14 (vi) is satisfied under a
variety of wide-ranging, and natural, conditions.

(vi) Let T be a continuous Z,[G]-module that is free of rank ¢ over Z,, with k(T") the
fixed field of k° under the kernel of the induced homomorphism Gy — Autz,(T"). Then
Gal(k(T")/k) is isomorphic to a closed subgroup of GL;(Z,) and so is a compact p-adic
analytic group. In particular, if R = Z,[Gal(L/k)] for any compact p-adic analytic
extension L/k and T =T ®z, R, then k(T ) is the composite of the extensions k(1"),
L and ko, of k and so Hypothesis 4.14 (vii) is valid. In addition, Hypothesis 4.14 (vii) can
be omitted in any case in which certain Tate-Shafarevich groups are known to vanish
(see Remark 6.37).

At this point, we fix an abelian extension K of k in k¢ and write €2 := Q(K) for the set of finite
extensions of k£ in /C. Then, in the sequel, we will often assume the following hypothesis.

(4.16) Hypotheses. The following conditions are satisfied.

i) K is a pro-p extension that contains k for every prime q € Qp and also a Z,-power
(1) pro-p q y p q P
extension of k in which no finite place splits completely.

(ii) For all a € Ny and primes q € Qy, the endomorphism Frobé’a — 1 is injective on T.

(4.17) Remark. As discussed by Rubin in [96, §9.1], in many situations there exist alternative
conditions that can replace Hypothesis 4.16 (i). It is also useful to note that Hypothesis 4.16 (ii)
implies 7 can have no element of finite order.

4.3. Statement of the main result

We fix a family § = (Zx)keq of Nekovar structures satisfying Hypothesis 4.1 and, following
Proposition 3.46 (i), define an integer

K
X5 = XRr(C(Fr)) € Ko(R) % Z.
We also assume to be given a non-zero free R-module quotient Y of @qengoH O(kq, TV (1))V.
Such an R-module is necessarily finitely generated and we set
ry =1kg(Y) and rzy =71y + X3 (4.18)

We fix an R-basis b, of Y and use the surjective map in the central row of diagram (3.47)
to regard Y as a quotient of H'(C(%)). We recall (from Proposition 3.46 (i) and (v)) that

C(.Z)) belongs to D[%eﬁ(R) and H(C(F)) = Hy(k, T). Hence, if r5y > 0, then the general
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construction of Lemma 2.37 (i) gives a map of R-modules
Ozey =00z 5. Detr(C(F)) — ﬂ;‘y Hi(k,T) (4.19)

that depends only on C(.%) and be. (Note also that Remark 2.38 (i) implies a change of b, will
not affect the validity of any of the results stated subsequently and so, for clarity of exposition,
we prefer to write ¥z, y in place of the more precise ¥z, p, ).

We finally note the R-module X (%) is finitely-presented (by Lemma 3.49 and our assumption
R is Noetherian) and so, for each a € Ny, the Fitting ideal Fitt% (X (%)) is well-defined.

We can now state our main result concerning FEuler systems for Nekovai structures.

(4.20) Theorem. Let § = (Fk)keq be a family of Nekovdr structures satisfying Hypothesis 4.1.
Assume that Hypotheses 4.14 and 4.16 are valid, and that the (non-zero) free R-module Y is
such that rzy > 0. Then, for every pair of elements x and y of Fitty (X (Fy)), there exists
a natural number N that depends only on T and has the following property. For every FEuler
system ¢ = (cx) g in ES?DY(S) and every prime ideal p of R for which both

(i) the map gp: Ry — Ry induced by o is nonzero and surjective, and

(ZZ) Fltt%(TOrF(X(ﬁk), R))P = RP7

there is a containment
zy™ - (ar)y € ¥V - V7, v (Detr(C(Fr)))yp-

(4.21) Remark. The only role that Hypothesis 4.16 plays in the proof of the above result is
in the construction of an appropriate ‘Kolyvagin derivative homomorphism’ in Theorem 5.29.
In particular, in any situation in which suitable Kolyvagin systems are already known to exist
one can avoid assuming Hypothesis 4.16 in proving the displayed containment in Theorem 4.20
(see also Remark 7.8 for more details in this regard).

(4.22) Remark. The assumed existence of a non-zero free R-module quotient Y of the direct
sum P qern® HO(kq, TV(1))Y for which one has rzy > 0 constitutes a restriction on the Nekovai
structure F. For example, if .7 is a Greenberg-Nekovai structure 7 ((Ty; jq)qes(z,)) (a8
defined in Example 3.16 with A = 7) for which each sub-representation 7y is a free R-module,
then Proposition 3.46 (i) combines with Lemma 3.4 (ii) and (iii) to imply that

X5 = _quﬂi [Kq: Qpl - (ke (T) — rkr(7Tq))-

Hence, in this case, there exists an R-module Y of the required form with 73y > 0 if and only
if the subrepresentations 7Tq for each q € II} satisfy the following condition

quﬂi [Kq : Qp] - vkr(Tq) > [K: Q] -tk (T) — qunzorkR(Ho(kq,TV(l))v).

(4.23) Remark. Though technical in nature, Theorem 4.20 has several significant advantages
over the main results of the existing theory of Euler, Kolyvagin and Stark systems (in arbitrary
rank), as developed by Mazur and Rubin in [79, 80] and by Sakamoto et al. in [25, 26]. Firstly,
it is finer since its conclusion directly concerns the determinants of Selmer complexes rather
than the Fitting ideals of Selmer groups. Secondly, it is more general both in dealing with
Euler systems relative to a wide class of Nekovar structures (rather than only to the relaxed
Nekovar structure) and also with representations over arbitrary local complete Gorenstein rings
with finite residue fields of characteristic p. Thirdly, it is more widely applicable in arithmetic
settings since several of the assumptions in Hypothesis 4.14 are weaker than the corresponding
conditions that are imposed in both [79, 80] and [25, 26] (see, for example, Remark 4.15 (iv)).

After a lengthy series of preliminary results, some of which are possibly of independent interest,
the proof of Theorem 4.20 will finally be obtained in §7. However, a reader who is more
interested to understand how Theorem 4.20 can be applied in arithmetic settings rather than
in the details of its proof, may prefer at this point to pass directly to the second part of the
article (that starts in §8).
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5. Kolyvagin systems |: modified Selmer complexes and derivatives

The theory of Kolyvagin systems was introduced by Mazur and Rubin in [79] and then further
developed by Sakamoto et al in [25], as a means of axiomatising Kolyvagin’s construction of
‘derivative classes’ in [67]. In this, and the following, section we shall develop a version of
this theory relative to the Selmer complexes that arise from a family § of Nekovar structures
satisfying Hypothesis 4.1. These sections constitute the technical heart of our general approach.
In them we fix a natural number ¢ and, for clarity of exposition, we abbreviate the notation
already introduced in §4.2 in the following way:

F =T, Q= Qi N =N,

h=TRi A=T, B:=A*(1), F =7, F =h(F), (5.1)

A=R;, A=T;, B:=A*(1), F:= h(F @4 A), '

A=A k=Ax, k=T, B==4A"(1), F =F;
where in the last case FZ denotes the Mazur-Rubin structure on A induced by F (cf. Ex-
ample 3.24 (iv)). In particular with this notation, we note that

T=A@,K and T=A®,k=A4®,k.

5.1. Comparison maps

In this subsection, we construct several maps that will play a key role in the sequel.
For q in Q, we write k(q) for the maximal p-extension of k in the ray class field modulo q of k
and note that, by [96, Lem. 4.1.2] (or [10, Lem. 2.1]), the group

Gq = Gal(k(q)/k(1))

is cyclic of order divisible by [(7). Following Rubin [96, Def. 4.4.1], we then specify a generator

oq of G as follows. We fix a topological generator w of @nemul’" (Q) = Zpy(1) and an

embedding tq: Q < kq. This embedding induces an identification of Gy with Gal(k(q)a/kq).
where Q is the place of k(q) above q specified by ¢q. In particular, since the local reciprocity
map recy identifies Gal(k(q)q/kq) with a quotient of ux, ®z Z,, we specify the generator oq to
be the image of ¢q(ww) under the composite map

. JR— recq -~
W i (k) = pin, @7, Zy — Gal(k(q)a/ke) = Gq.

Similarly, for any n € N, we set
k(n) == quv(n)k(q) and Gy = Gal(k(n)/k(1)) = ®qev(n)aq.

Next we note that, with k;" the maximal unramified extension of kq inside kg, the natural ‘valu-

(5.2)

ation’ map ord, induces an identification k3~ /(ky"™)"?) = Z/1(i)Z. Hence, upon tensoring
the canonical composite isomorphism

H (k3 o) 2 kg™ ) (kg™)' = Z/1)Z

with A, we obtain an identification of H'(kj", A(1)) with A. This combines with the generator
wof Zy,(1) = H O(k:a“, Z,(1)) fixed above to give an isomorphism

Utg(w)

Oq: H' (K", A)%ra = H' (K}, A1) 0 = AT
The inflation-restriction sequence implies the existence of a canonical short exact sequence
Oqor _
0 — Hp(kg, A) = H' (kg, A) =% AT 0, (5.3)

in which resq denotes the (surjective) restriction map H'(kq, A) — H 1(k§r, A)%<a. One checks
that dq o resq is explicitly given by evaluating a cocycle at o4, and hence agrees with the map
used by Mazur and Rubin in [79, Lem. 1.2.1].
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The next result relies on the validity of Hypothesis 4.14 (ii) and is essentially well-known (cf.
[79, Lem. 1.2.3]). However, since it is important for us, we shall include a proof.

(5.4) Lemma. There erists a canonical isomorphism of R;-modules A/(T —1) — A™=1.

Proof. Each endomorphism f of the (free) /A-module A gives rise to a ‘cofactor map’ cy: A — A
that is uniquely characterised by the commutativity of the diagram

A= HomA(/\j:A(A)—l n /\IZA(A) .A)

lcf |photA )

A o~ HOIHA (/\IZA(-A)_I A’ /\ZI:A(A) A),

in which both horizontal arrows send a € A to the map = +— a A x. (Thus, if we fix a A-basis
of A, then cy is represented by the adjugate of the matrix representing f in this basis.) Then,
as focy and cfo f both coincide with multiplication by det(f), there is a well-defined map

AJF(A) L ker (A/ det(f)A —Ls A/ det(f)A).
We now take f to be multiplication by 1 — 7. Then det(f) = 0 (as Hypothesis 4.14 (ii) implies
ker(f) contains a non-zero divisor) and so the above construction gives a map of A-modules
crr A/(t —1)A — A™=1. It is enough to prove this map is bijective, or equivalently (as A is
finite) surjective. Then, as Hypothesis 4.14 (ii) implies the natural map k ®, A™=! — A=t
is bijective, and k ®, cy identifies with the cofactor map of the reduction f: A — A of f,
Nakayama’s lemma reduces us to proving cy is bijective. But Hypothesis 4.14 (ii) implies the

corank of f is one and hence that its adjugate matrix, and so also c, is nontrivial. Since

Hypothesis 4.14 (ii) also implies the k-dimension of ker(f) = A s one, the obvious inclusion

im(c?) C ker(f) must be an equality, as required to prove the claim. O

We now fix an isomorphism of R;-modules A/(7 —1) = A as in Hypothesis 4.14 (ii), and define
a composite map of A-modules

ve: H'(k, A) ®z Gq i H'(kq, A) ®7 Gq = Hl(kﬁrw‘l)G“ ®z Gq
A== A e — 1) = D, (5.5)

in which the penultimate map is the isomorphism from Lemma 5.4.
We next observe that, since the inertia subgroup at q acts trivially on 7; and Frobq acts as 7,
there exists a well-defined ‘evaluation’ map

H' (kg A) = A/(T = 1), x> z(Froby) + (1 — 1)T;. (5.6)
This map is surjective and its kernel coincides with the ‘transverse’ cohomology group
H(kq, A) = HY(Gq, A% ),

regarded as a submodule of H'(kq,.A) via the inflation map (cf. the discussion of [81, §1.2]).
The ‘finite-singular comparison map’ is then defined to be the composite map of R;-modules

WS H (k, A) =23 H (g, A) = A/ (7 — 1) = I (5.7)

where the final map is the same isomorphism as fixed in (5.5).

5.2. Modified Selmer complexes

In this subsection we refine the ‘modified Selmer structures’ that are used in [79] by defining
a corresponding family of ‘modified Nekovar structures’ and describing relations between their
associated Selmer complexes.

We start by analysing the complex RI'(kq,.A) for each prime q € Q.
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(5.8) Lemma. For each prime q € Q, the following claims are valid.
(i) H(kq, A), H' (kq, A) and H?(kq, A) are free l-modules of ranks 1,2 and 1 respectively.
(1) There exists a canonical isomorphism in DP (1)
Ho(kch A)[O] ©® Hl(klh A)[_l] ©® H2(kq’ A)[_2] = Rr(kch A)
(iti) Fori € {0,1,2} fix a projective /\-submodule X; of H(kq, A) and write Y; for the quotient
H'(kq, A)/X;. Then the isomorphism in (ii) induces a canonical morphism in DP(4)
QS(XO,Xl,Xg) : X()[O] D Xl[—l] &) XQ[—2] — RP(kq,A).

Further, local Tate duality identifies each module Y;* with a submodule of HQ_i(kq, B) and
also gives a canonical isomorphism in DPe (1)

Cone (¢(xy,x1,x5)) [-2] = Y5'10] @ Yy [-1] @ Y5 [-2].

Proof. For q € Q, one has H(k,, A) = A7=! and H}(k:q, A) = A/(7—1) and so both A-modules
are free of rank one (see (5.5)). From the inflation-restriction sequence (5.3) it then follows
that the A-module H'(kgq,.A) is free of rank 2. These observations combine with Proposition
3.4 (ii) to imply that the A-module H?(kq,.A) has finite projective dimension and its class in
Ko(£) is equal to [H(kq, A)] — [H°(kq, A)] = [A]. Since A is both local and self-injective, it
therefore follows that H 2(kzq, A) is isomorphic to A\, as required to prove (i).
Fix i € {0,1,2}. Then, since H*(kq,.A) is a projective AA-module, there exists a unique morph-
ism 6;: H'(kq, A)[—i] = RI'(kq, A) in D(£) for which H*(6;) is the identity map on H'(kq, A).
The direct sum morphism

0o © 01 © Oa: HO(kq, A)0] © H (kq, A)[—1] @ H?(kq, A)[~2] — RT(kq, A)
is then an isomorphism in D(4\), thereby proving (ii).
For Xo, X1, X as in (iii), the isomorphism in (ii) gives rise to an exact triangle in DPf(A)

P(xg,X71,X2)
IR

XQ[O] ® Xl[—l] ©® X2[_2] RF(k‘q, A) — YE)[O] S Yl[—l] S Y2[—2] —
Claim (iii) follows directly from this triangle. O

For any collection a, b, n of pairwise coprime moduli in A" for which V' (abn) NS (F) =@, we
now define a ‘modified Nekovar structure’ .#?(n) on A in the following way: we set

S(FL(n)) = S(F)UV(abn)
and then assign the condition at each q € Il to be

(RT3 (kg A), 05 ) if ¢ ¢ V(abn),
_ _ ) (HO(kg, A)[0], d.aq) if g € V(a),
(RT Fo( (kq"A) n),q) '* (RI( k‘:’ ),id) q if g € V(b),
(HO(kq, A)[0] & Hyy(kq, A)[~1], p4q)  if g € V(n).

Here we set @a,q = @(10(k,.A),(0),(0)) for each q € V(a) and ¢aq = d(gok, 4) 11 (ky,A),(0)) fOT
each q € V(n).

(5.9) Remark. If any of the moduli a, b and n are equal to the empty product of primes, then,
for convenience, we omit them from the notation ﬂ;f (n). In particular, with this convention, the
structure .Z° coincides with the modification .Z"®) of .# defined in Example 3.17. Further, for
all moduli a, b and n as above, an explicit check shows that the induced Mazur-Rubin structure
h(ZL(n)) agrees with the modification F?(n) of F = h(.#) that is introduced by Mazur and
Rubin in [79, Exam. 2.1.8] and used extensively in [25].

The following consequence of Proposition 3.46 will play a key role in our approach.
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(5.10) Proposition. Assume (k,p) satisfies (3.1), that A is a finitely generated free I\-module
and that F satisfies Hypothesis 3.45. Then, as a,b and n range over all pairwise coprime
moduli in N for which V(abn) N S(F) = @, the following claims are valid.

(i) C(Fb(n)) belongs to DP () and is such that, in Ko(4), one has
X2 (C(Z{ () =xa(C(#)) —v(a)- 1]
= @) I+ Y X (R . )
(ii) For any morphism I\ —>~A/ of rings satisfying (2.5), there exists a natural isomorphism
C(F3(n) @ &' = C((F @p 1)5(n)) in DX (D).
(iii) C(FL(n)) is acyclic outside degrees 0 and 1. In addition, H°(C(Z2(n))) = H}h(n)(k,A)

and there exists a canonical short exact sequence of I-modules

1 1 o‘\b I 0 *
0—H (k,B) — HY(C(ZL(n))) %X(J)@@qev(b)ﬂ' (kq, B)* — 0.

(F)a)
(iv) For all divisors n of m there are canonical exact triangles in DPH( /)
C(F") = C(F™) — @qev(m/n) (H};(kq, A)0] @ H?(kq, A)[—1]) — - (5.11)
C(F(m)) = C(F™) = EB /tr(kq,A){ | @® H?(kq, A)[-1]) — - (5.12)
C(Fa(m/n)) — ) = @ Hﬁr (kq, A)[0] — (5.13)
C(Fa(m)) = )~ D V) H(kq, A)[0] — (5.14)

(v) Let ® denote either the Nekovdr structure F or Mazur-Rubin structure F = h(ﬂi) on A.
Then the cohomology sequences of the exact triangles in (iv) combine with the descriptions
of cohomology in (iii) to induce the following exact sequences of I-modules

Hb(ky A) = Hba(k, A) V@ g vimm) Hlz (k,B)" — Hz. (k,B)" (5.15)

WF)aevim) * «
Hg oy (k, A) = Hgm (, A) Weaevm, povm) _, Hy. (k. B)" — HE. (k. B) (5.16)
1 1 W)qu(n) 1 * 1 *
Hy, (m/n) (ks A) = Hg ) (K, A) p S Hi kB Hy, (K, B)
(5.17)
1 () qev(a) 1 1 *
iy (ks A) = Hopy (b, A) == 0 — H (K, B) —HE, (k. B)".

(5.18)

Here, if & = ﬂi, then we write g and Qﬁgs, respectively 04 and zL for the composites
of vq and wés with the canonical homomorphisms mn(k A) — H}m(k,A), respectively
H}(m)(k, A) — H}(m)(k:, A). On the other hand, if ® = F, then both 0y and v, denote v,

and both 1&55 and 1[155 denote w(ff.

Proof. We write 2 for the dual Nekovaf structure .Z2(n)* on B. Then S(Z) = S(.Z)UV (abn)
and Lemma 5.8 (iii) implies that the local condition for Z at q € IIj is

(RL 4. (kq, B), ej*7q) if q ¢ V(abn),
_ ) (H(kq, B)[0] ® H' (kq, B)[-1],02,4)  if g € V(a),
(RLy(kq, A), 07,4) = (0,0 q o V), (5.19)
(H(kq, B)[0] & H,(kq, B)[-1],02,4) ifqeV(n),

with
b o ) Ok B) Ik B) (0, T 0 €V (a),
Dq — .
¢(H0(kq78)1H?r(k5hB))(0))’ lf q = V(n)
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The fact .Z satisfies Hypothesis 3.45 implies that the same is true for %:f(n) In particular,
the result of Proposition 3.46 (i) for .Z0(n) directly implies that C(.Z!(n)) belongs to DP¢'f(A)
and that its Euler characteristic in Ko(4\) is equal to

Ygeszrmnme Xr (R (kg B)) = 3= cg(7)\mee X (RL . (kq, B))
+ 2 qev(a) X (H (kq, B)[0] & H* (kq, B)[-1])
5w X (H ey, B)[0] & HL (g, B) 1))
qus( FO\IIE xn(RT 5 *(kan)) quv (a) [4\]
=x4(C()) —v(a)- [1].

Here the first equality follows directly from the explicit description (5.19), the second from
Lemma 5.8 (i) and the fact H{.(kq, B) is a free -module of rank 1 and the last follows directly
from Proposition 3.46 (i). This proves (i).

To prove (ii) we recall from Proposition 3.4 (vi) that, for each q € V(abn), there exists a natural
isomorphism RI'(kq, A) @ A" = RT(kq, A®p A') in D(4\). In conjunction with Lemma 5.8 (ii),
this isomorphism induces, in each degree i, an isomorphism of A’-modules H i(kzq, A) @p D =
H'(kq, A®y £\"). Further, for q € V(n), the isomorphism H'(kq, A) @5 ' = H (kq, A®s 1)
combines with the canonical isomorphisms (A/(7 —1)A) @ A" = (A®p £')/(T — 1) to imply
the image under — ®, A" of the map (5.6) for A is equal to the corresponding map for A®, A’
and hence that there exists a canonical isomorphism H{.(kq, A) @ £ = H{ (kq, A® £') with
respect to which ¢4 4 ®, A’ identifies with ¢ 44 A1 - Taken together, these observations imply
the induced structure .Z0(n) @, A/ identifies with (F @p A)2(n) and so the isomorphism in
(ii) follows from Proposition 3.46 (i) for .Z2(n). ) 3

Regarding (iii), we note Proposition 3.46 (v) for .#? (n) directly implies that C(#0(n)) is acyclic
outside degrees 0 and 1 and H(C(.Z?(n))) = H}b(n)(k, A). From Remark 5.9, we also know

a

that the dual Mazur-Rubin structure h(ZE(n))* on B is equal to F¢(n)* = (F*)&(n). In addi-
tion, since .# is assumed to validate Hypothesis 3.45 (b) (i) and (d), one has H°(RT =+ (kq,, B)) =
(0) and so the map /\0( UV )(.@) from (3.27) is injective. From Lemma 3.28 (ii) with .#,S

and S taken to be 2,5(2) = S(.#) UV (abn) and V(bn), one therefore obtains a short exact
sequence of A-modules

- - HOky,B) \"
X _ ab X = b 9 .
0= Xg(3)0v ) (Fa (M) = Xy (Fam) = D <im(H0(9@7q)) =0
qeV (bn)
Further, from (5.19) one checks that H°(fy ) is the zero map for q € V(b) and is surjective
for q € V(an), and so this sequence is equivalent to an exact sequence

0= X(F) = X(F(w) = @ H(ke, B)* — 0.
qeV(b)

This sequence splits since, for each q € V(b), the A-module HO(kq, B)* is free. Given these
observations, the exact sequence in (iii) is now obtained from the lower row of the diagram
(3.47) with .Z taken to be .Z?(n).

The exact triangles in (iv) are all derived from Lemma 3.13 (iii). In the first case, the de-
scriptions (5.19) imply (Z™)* < (Z")* and also, for q € V(m/n), that RF(jn)*/(jm)*(kq,B) is
isomorphic to HY(kq, B)[0] & H}(kq,B)[—l]. In this case, therefore, Lemma 3.13 (iii) gives an
exact triangle

R . (k, B) = RE o (k,B) = @5 (HO(kq, B)[0] @ H}(kq, B)[-1]) — -

qeV(m/n)

(Fm

and (5.11) is directly derived from the image of this triangle under the exact functor (—)*[—2].
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In a similar way, (5.19) implies (Z™)* < .%(m)* and that, for each q € V(m), there exists a
natural isomorphism in DP¢f(A)

R e o (s B [=2] 2 (HO gy B)0] & HL, (ko, B)[~1])"[~2]
= Hj, (kq, A)[—1] © H(kq, A)[-2].
Given these facts, the exact triangle (5.12) is directly derived from the image under (—)*[—2]

of the exact triangle in Lemma 3.13 (iii) with (.#’,.%) taken to be ((Z™)*,.% (m)*).

We next use (5.19) to check that .# (m)* < .Z,(m/n)*, with Ran(m/n)*/}:(m)*(kq, B) acyclic for
each q ¢ V(n) and naturally isomorphic to H/ltr(k:q, B)[—1] for each q € V(n). Given these facts,
the exact triangle (5.13) is derived from the image under (—)*[—2] of the triangle in Lemma
3.13 (iii) with (.Z’,.7) taken to be (.Z(m)*, Z,(m/n)*).

Finally, to complete the proof of (iv), we note that (5.19) implies .Z (m)* < .Z,(m)* and that
R )</ 7 (m)+ (Kq» B) is acyclic for each q ¢ V(a) and identifies with H/lf(k:q, B)[—1] for each
q € V(a). These observations imply that the exact triangle (5.14) is directly derived from
the image under (—)*[—2] of the exact triangle in Lemma 3.13 (iii) with (', %) taken to be
(F(m)*, Fo(m)").

Each of the exact sequences in (v) is derived from the long exact cohomology sequence of the
corresponding exact triangle in (iv). For example, the long exact cohomology sequence of (5.11)
combines with the descriptions of cohomology in (iii) to give the following variant of the exact

commutative diagram in Theorem 3.44 (ii)

H}l:n (kv A)(—> Hyl:m (kv A) . @qev(m/n) I—I/lf(kq7 ‘A)

l l =)

(vq)q

1 1 (m/n) 1 1

Hﬁn(k, A)— Hﬁm(k, A) ———— Y _ H(ﬁ*)n(k’ B)* —» H(ﬁ*)m(k’ B)*.
Here the first two vertical maps are the canonical projections from (3.29) and each «q denotes
the isomorphism H /1f(k:q, A) = /\ induced by the composite map

HY (g, A) ™5 HY(KI, A) G0 25 A=V 2 A/ (7 — 1) = 10 (5.20)
that occurs in the definition (5.5) of v4. Taking account of the latter isomorphisms, the lower
row is the exact sequence of (3.43) with (Fy, F2) taken to be (F*, F™) and directly gives the
sequence (5.15) in the case ® = F. In addition, since the commutativity of the second square
implies that the second map in the upper row is (@q)qu(m /n), the two rows combine to give the
sequence (5.15) in the case ® = .Z.

In a similar way, the long exact cohomology sequence of (5.12) combines with the descriptions
of cohomology in (iii) and the appropriate case of (3.43) to give an exact commutative diagram

H3 oy (s A) > H (ks A) — @gev(m) Hip (Ka: A)

l l NJ(ﬁq)q

H;(m)(k, A)— HE,, (k, A) A ———— HE

fs
W (k, B)* —» H'__ (k. B)".

(m) (F*)m

Here, for each q, we write (3 for the isomorphism H/ltr(kq,.A) = A induced by the composite
map H'(kq, A) — A/(t — 1) = A that occurs in the definition of wgs. It follows that the
second map in the upper row is (@gs)qev(m) and so the exact sequence (5.16) with ® = F,
respectively ® = .Z, follows directly from the lower row of the above diagram, respectively
from a comparison of the upper and lower rows of the diagram.

The derivations of (5.17) and (5.18) from the respective exact triangles (5.13) and (5.14) follow

along precisely similar lines. For brevity, we therefore leave details of these derivations to the
reader except to note that, for each q € V(n), the isomorphism (5.20) induces an isomorphism
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of HY (kq, A) = H /lf(k:q, A) with A and, for each q € V (a), the map wgs relies on the isomorphism
of H}(kq, A) = A/(1 — 1) with A that was fixed earlier. O

The R-module Y fixed at the beginning of §4.3 gives rise to an A-module Y :=Y @5 A that
is non-zero, free and identifies, via (3.47), with a quotient of X (.%). In the next result we shall
use variants of the exact triangles (5.11) and (5.12) that are respectively constructed via the
following diagrams in D(/\)

(Y @ M(n))[-1] — (Y & M(m))[-1] ——— M (m/n)[-1] ——- (5.21)
. Tl ]
C(F") ——— C(F™) DByev (mmCq ——

(m/n)

Cp(F™) — Cp(F™) — 5 D gy (mjmy B (s A[0] — -

Y[-1] —— (Y & M(m))[-1] ———— M(m)[-1] —— - (5.22)

Cp(F (m) —2 Cp(F™) —2 B ey () H (s A)[0] —

Here, for each modulus a in A/, we write M (a) for the free A-module ®q€V(a)H (kq, B)* so that
the upper rows of the respective diagrams are the exact triangles induced by the obvious short
exact sequence 0 — M (n) — M(m) — M(m/n) = 0and 0 - Y — Y & M(m) — M(m) — 0.
In addition, we set

Cy = H/lf(kq, A)[0] ® H?(kq, A)[—1], respectively Cq = H/ltr(kq,A) 0] ® H?(kq, A)[-1],

for ¢ € V(m/n), respectively q € V(m), so that the central rows of the two diagrams are
respectively the exact triangles of (5.11) and (5.12). The morphisms 6}, and 6, are the unique
morphisms in D(A) for which H'(6],) and H'(6,) are the surjective maps induced by the
descriptions of H'(C(.% (m))) and H*(C( Z™)) in Proposition 5.10 (i) (these morphisms exist
and are unique since C(F (m)) and C(.Z™) are both acyclic in degrees greater than one) and
we write Cy (% (m)) and Cy (F™) for their respective mapping fibres. Finally, we write 0y n
and 6/ for the unique morphlsms in D(4\) for which H 1(0,,17,1) and H'(A!) are the direct sums
over V(m/n) and V(m) of the local duality isomorphisms H?(kg, A) Ho(kq,B) so that the
respective mapping fibres identify with @qu(m/n)Hl (kq, A)[0] and Dyey (m) /tr(kq, A)[0] and
the right hand columns of the diagrams are the assomated exact triangles. At this point, we
note that the upper squares of both diagrams commute and so the Octahedral axiom implies
the existence of the indicated morphisms p1, p/, p2 and pl, that make the respective lower rows
exact triangles and the whole diagrams commutative in D(A).

(5.23) Proposition. Recall the integer r = rzy defined in (4.18). Then for all moduli m and
n in N with n | m, the following claims are valid.

(i) Cy(F(m)) and Cy(F™) belong to DP (1) and are such that, in Ko(4\), one has
X (Cp(F(m) =r-[1] and xn(Cy(F™) = (r+v(m))-[A].
F

(ii) Cy(F(m)) and Cy m) are acyclic outside degrees zero and one. There are identifica-

(
tzons HO(Co(F(m)) = H ( (k; A) and HY(Cp(F™) =

k, A) and canonical short

f-\lﬂ(
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exact sequences

0— H}E*(m)(k,B)* - HY(Cy(F(m))) = ker(X(F) - Y) =0

0—>H(1ﬁ*) (k,B)* = H'(C3(F™)) — ker(X(F) = Y) — 0.

(iii) If r > 0, then there exists a commutative diagram of /\-modules

Det(Cy (F) —— 22y (1 fL (k,.4)
®1 Naqev (m/m) Pa
Dem(cy(ﬁm))A ;\“(‘“)H (k, A)
w2 /\qev(n1)1z’gS
1<’12/;(111),{/

DetA(Cf,(j(m))) ﬂZ\ ffe;(m)(k,fl).

The maps U zn v and 193;,( )7 are defined in the course of the proof below and have coker-

nels that are respectively annihilated by Fitt) (H'(Cy(F™))) and Fitt) (H(Cy (F (m)))).
The maps p1 and pa are isomorphisms and arise as follows: 1 is induced by the lower

row of (5.21) and the identification Dety ( /f(kq,A)[ ) = Dety (A[0]) = A for each
q € V(m/n) given by the isomorphism H/f(k:q,A) = M induced by (5.20); @2 is induced
by the lower row of (5.22) and the identiﬁcation Dety ( /tr(kq,A)[ ]) & Detp (A]0]) = A
for each q € V(m) given by the isomorphism H /t (kq, A) = A\ induced by (5.6).

Proof. The A-module M(m) is free of rank v(m). Hence, by combining the relevant cases
of Proposition 5.10 (i) with the exact triangles given by the first two columns of (5.22), one
deduces Oy (. (m)) and Oy (F™) belong to DP(A), and also that, in Ko(4), one has both

X2 (Cy(F(m)) =x2(C(F(m))) - xa(Y[-1))
=xn(C(7)) +[Y]
—r-[4]
and
X1 (Cy(F™) =x0(C(F
ZXA(C’(?)) + [f/] +v(m
— (4 v(m)) - [41].
This proves (i). In addition, all assertions in (ii) are obtained by combining the relevant cases
of Proposition 5.10 (iii) with an analysis of the long exact cohomology sequences of the first
two columns of (5.22).
We note now that the results of (i) and (ii) combine with the argument of Lemma 2.35 to imply
the hypotheses of Proposition A.12(iv) are satisfied by both of the following sets of data
o C*,D*,r and n are respectively taken to be Cf,(jm), Cf/(j”), r+v(n) and v(m/n) and
the exact triangle (A.13) is the lower row of (5.21);

o C*, D* r and n are respectively taken to be C'f,(j(m)), C'f,(jm), r and v(m) and the
exact triangle (A.13) is the lower row of (5.22).

™) = xa(M(Y, m)[~1])
) - (4]

By applying Lemma 2.35 to the first, respectively second, set of data we obtain the upper,
respectively, lower square in the commutative diagram of (iii), with the assertions concerning
annihilation of cokernels following directly from Proposition A.12 (i). Here we also use the fact
that the argument of Proposition 5.10 (v) explicitly describes the map H(p}) induced by the
lower row of (5.21) in terms of the maps 94 for q in V(m/n) and the map H°(p}) induced by
the lower row of (5.22) in terms of the maps zﬂfls for q in V(m). O

99



5.3. The Kolyvagin derivative homomorphism

In this subsection, we fix a family of Nekovar structures

§ = (IK)Kkeq
that satisfies Hypothesis 4.1 and also natural numbers ¢ and ¢. We also continue to use the
notation fixed in (5.1) (so that .# denotes .7y ; etc.).
We shall first define a notion of Kolyvagin system of rank ¢ for the Nekovai structure Z and
then refine arguments from [25] and [62] in order to prove that Euler systems in ES'(F) give
rise to such Kolyvagin systems via a natural ‘derivative homomorphism’ construction.

5.3.1. Kolyvagin systems for Nekova¥ structures

Fix a modulus n € N and a prime q € Q \ V(n). Then, by applying Lemma 2.17 (ii) to the
exact sequence (5.17) (with m and n replaced by n and q), one obtains a map of A-modules

ﬂ J(k, A) —>ﬂ Hl o (ks A).

In the same way, by applying Lemma 2.17 (ii) to (5.18) (Wlth a and m replaced by q and n),
one obtains a map of A-modules

.ﬂ (k, A) —>ﬂ Hl (o (s A)-

We can now give a definition of Kolyvagln system that is appropriate for our theory.

(5.24) Definition. A ‘Kolyvagin system’ of rank t for the Nekovdr structure F is a family
(Kn)n € H ﬂ,\ Fm(k

with the property that, for everyn € N cmd q€ Q\V(n), the ‘finite-singular relation’

Oq(King) = QLSS(’%)
1s valid in ﬂt L H1 )(k,.A). The collection of all such families is naturally a A-module that
we denote by KSt(ﬂ).
To prepare for the statement of our main result concerning these systems, we note that, for
each field K € Q, Hypothesis 4.1 implies the Nekovai structure #x satisfies Hypotheses 3.45

(with R = R[Gk]). It follows that Lemma 2.37 (ii) combines with Proposition 5.10 (iii) and (v)
to imply the existence of a natural ‘projection’ map of R[Gx|-modules

t . ¢ 1 t 1
Ty 7 ﬂR[gK] Hy(K,T) — mmgm HL (K, A). (5.25)

For each modulus n € N, we use the group G, defined in (5.2) and also fix a pre-image N,
under the (surjective) projection map Z[Gyw)| — Z[Gr1)] of the trace element Ng,  defined
n (4.5). Then, by using the generator o4 of Gy for q € Q; fixed at the beginning of §5, we
define ‘derivative operators’

Dy= Y joleZGy), Dy:= H Dq € Z[Gy] and D i= Dy - N € Z[Gy(w))-
jellGal-1] a€V(n

The following result is well-known.

(5.26) Lemma. Fiz ¢ = (cx)rxeq of ES§ (F). Then, for every modulus n € N, the element

/ t t 1
Dy 7 (Ch(m) € mA[gk(n)] H (k(n), A)
is fized by Gx(ny and also independent of the choice of lift Ny of Ng, .
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Proof. Both claims are true if, for all n, one has (o — 1)Dn(7r§(g§(ck(n))) = 0 for every o € Gy.
Hence, since a; annihilates ﬂz\[gk(“)] H}y:(k(n),A), it is enough to show that every element

(0 — 1) Du(c(ny) belongs to a; - ﬂ%[gK} HY (k(n),T). This is proved by the argument of [25,
Lem. 6.12], which we now briefly explain for the convenience of the reader.

We use induction on v(n) and may assume both that v(n) > 1 (since there is nothing to prove
if n = 1) and also 0 = o for some q € V(n) (since Gy, is generated by the set {oq: q € V(n)}).
Then, since (oq — 1)Dy = |G4| — Ng,, one has

(0q — 1) Dycrmy) = (IGql = Neg) Dy g Chin)

= |Gal Dy jqCrn) = Vina) k) (Dryq - Eulg(Frobg exin/q)),
where the second equality holds by the Euler system norm relations. Now, since q € Q, the
element Eulg(Frob 1) belongs to the augmentation ideal of A[G,, /al and so the induction hypo-

thesis implies D;/q - Bulg (Frobq_ )Ch(n/q) Delongs to a; - ﬂNgk("/q)] ( (n/q),.A). In addition,
the containment q € Q also implies that |A| divides |G4|. Since ]A\ belongs to a;, this shows
that (0q — 1) Dycpn) is contained in a; - ﬂ%[gK] HL (k(n),T), as required. O

For each modulus n € A the Nekovaf structure .Z*® agrees with .Z" (cf. Remark 5.9). As a
consequence, the assumed validity of Hypothesis 4.1 combines with the argument of Lemma 4.6
to imply the existence of a canonical isomorphism of A-modules

1 t 1 gk(n)
ﬂﬁ\ b A) = (ﬂmgk<n>1 Hp (R (m), A

For each prime [ € Q \ V(n), we may regard Euli(Frob; ') as an element of R[Gy]. Then,
writing I,, for the augmentation ideal of Z[Gy], the definition of Q implies that the image
of Eul(Frob; ') in A[G,] belongs to /A ®z I, and so defines an element of /A ®z (I,/I2). In

particular, for every q # [, we may define an element ac[(q) of /A by means of the equality

Eul(Frob; ) = (¥ @ (0g —1) in Aoz (Ig/12). (5.27)
We also write &(n) for the group Per(V(n)) of permutations of the set V(n).

(5.28) Definition. Fiz an element ¢ = (c¢x)kxeq of EStS0 (§). Then, for each modulus n € N,
Lemma 5.26 allows us to define

t
/i/(c)n = (VZ(n)/k’j)il(W]i(n%j(D;(ck(n)))) € mA Hl”n(ka-A)
We then set
— () !
(C)n 1= Zfee(n)sgn(ﬂ ' (quV(n/aT)xT(q)) Hch, € ﬂl\ #n(k

where 0, denotes the product over all (prime ideals) q € V(n) with 7(q) = q, and deﬁne the
‘Kolyvagin derivative’ of ¢ to be the family

K(): HENEHGNH Hﬁ‘u
We can now finally state the main result of §5.3.

(5.29) Theorem. Assume the family § = (Fx)kea of Nekovdr structures satisfies Hypo-
thesis 4.1 and that IC and T satisfy Hypothesis 4.16. Fix an Euler system c in EngO (%). Then,
for each modulus n € N and prime q € V(n), one has

neﬂi\Hl

Ba((e)a) = P (@) € Ny HE, o (s )
In particular, the assignment ¢ — k(c) defines a well- deﬁned homomorphism of R-modules

ESk, (§) — KS'(Z).

and

After some preliminary steps, the proof of this result will be completed in §5.3.3.
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5.3.2. The reduction of Theorem 5.29 to rank one

In the special case that § is the family §.e(7) of relaxed Nekovar structures discussed in
Example 4.8, R is equal to O[Gk]| for a finite extension O of Z, and a field K € K and the
filtration (ay), is (p"R)n, then the result of Theorem 5.29 coincides with [25, Th. 6.15]. We
recall that the latter result is proved by first adapting a technique of Rubin [95] and Perrin-Riou
[91] to reduce to the case t = 1, and then deriving this special case from an argument that is
used by Mazur and Rubin to prove [79, Th. 3.2.4]. We shall use the same strategy to prove
Theorem 5.29 for general Nekovar structures, though in the case ¢ = 1 we shall also now rely
on a modified version of arguments of Kato [62, § 2] that are compatible with our use of Selmer
complexes.

As a first step, we must therefore establish a version of the key technical result [25, Lem. 6.22]
that is appropriate for Nekovar structures.

(5.30) Proposition. Fiz a modulus n in N'. Then, for each element ® € N H}n (k, A)*,
there exists a family of elements

t—1
U= (Yg)ken € HKGQ /\R[gK} Hy (K, T)*

with both of the following properties.
(i) For all K and L in Q with K C L, and all y € ﬂ%[gK] HL(K,T), one has

(Pzov)y) = (v i © Vr)(y) € Hz(L,T),
where the maps VE/K and VE/K are as defined in Lemma 4.6.

(11) For each divisor m of n, we use the first map in (5.15) to regard H}m (k,A) as a submodule
of H}n (k, A). Then, in H}g}n (k,A), one has
(I)((V;i(m)/kyy?)il(D; ’ 7T]tf(m)735(ck(m)))) = (V;(m)/k,j)il(Dlln ) Wi(m%yi(\l]k(m) (Ck(m))))'

Proof. For any K and L in 2 with K C L, the canonical injective map (4.4) induces a restriction
map /\Eéd HL(L, T)* — /\f,g[éK] HYL(K,T)*. Viathese maps, the construction of ¥ is reduced
to the consideration of a cofinal subset of €.
We therefore fix a cofinal subset {F}, },en of € that is totally ordered with respect to inclusion,
order-isomorphic to IN and such that F; = k(n) and, for each n, we set

S, =R[Gr,] and C, = C(Fp,).

Then, to construct a family of the required sort, it is enough to inductively construct elements
U of /\fszl H};(Fn,T)* that have the claimed properties. To do this, we first inductively

n

construct a family of finitely generated free S,-modules P, such that C, has a resolution

P, d—”) P, (with the first term placed in degree zero) and a family of elements f,, € /\g1 P
with certain compatibility properties.
To construct the required objects for n = 1, we note Lemma 2.31 (i) identifies H}n(k', A) with

the Gp-invariants of H ;(k(n), A). Hence, upon taking duals over the self-injective ring A[Gh],
it follows that the restriction map

-1 i} t—1 . Gove o AL )
Ny Lz kA" = A, o HE0W), AP = N, H, (k, A) (5.31)

is surjective and so we can fix a pre-image ® of ® under this map. Now, since .Z#p, validates
Hypothesis 3.45, Lemma 2.35 implies C; has a resolution P N P;, where P; is a finitely
generated free S;-module (and the first term is placed in degree zero). Hence, from Proposition
di,i .
3.46 (iii), it follows that C(Fr, ®@r ) = C; ®f],L2 A\ is isomorphic to P ; SELN P ; with P ; ==
Py ®r I\ and dy; == di ®R 1. In particular, since the natural composite map
t—1 t—1

=1, t—=1 ~ « t—1 * o %
/\Sl Py — ( /\31 Pf) or I = /\NG"] Py — /\NG“} ker(dy ;)" = /\NG“] H (k(n), A)
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is surjective (where the isomorphism follows from the fact Py is Si-free, and the third map is
surjective since A[Gy] is self-injective), we can fix a pre-image f; of ® under this map.
Having constructed P; and f1, we now pass to the inductive step. For this, we assume to be

given a resolution P, n, P, of C,, (in which P, is a finitely generated free S,,-module) and an
element f, of /\Z1 P} and use them to construct similar objects for n 4 1 in place of n.

To do this, we set C’n = C’(gzpn+1 @811 Sy,) and write IT,, for the set of places of F;, above those
in S(Fn+1) \ S(F,,). Then the relevant cases of Hypothesis 4.1 (ii) and Proposition 3.46 (vi)
combine to imply the existence of a canonical exact triangle in DP®f(S,,)

Cn = Cn = @D RTp(Frg, TH(1))*[-1] — - (5.32)

q€lly
In addition, for q € II,, the complex RI'¢(Fy 4,7 *(1))* has a resolution Q(q) — Q(q), with
Q(q) a finitely generated free S,-module (and the first term placed in degree zero). Hence,
setting @, = P qunQ(q), a standard mapping cone construction combines with the fixed

~ d/
resolution of C,, to imply C, is isomorphic in DP*™(S,,) to a complex P, ® Q, — P, ® Q,
(with the first term placed in degree zero) in such a way that a, is induced by a commutative
diagram of S,-modules

p,—™ . p

[ [
PaQ, ™ PoQ,,

in which o and ) are the natural inclusion maps. In particular, since restriction through

Y induces a surjective map & : fg;l(Pn dQn)* — /\g;l Py we can fix an element f, of

50 (Pu @ Qu)* with 5(f) = .
Next we note that Proposition 3.46 (iv) induces an isomorphism in DP*™(S,,)

Cry1 @5, ., Sn = Ch, (5.33)

«

and hence also an isomorphism of S,-modules H'(Cp11) ®s,,,, S = H 1(Cy).

We now fix a finitely generated free S,,41-module P, ;1 for which there exists an isomorphism of
Sp-modules from (P y1)n = Ppy1 ®s,.,, Sn to P, ® Qp, and write ¢, for the induced surjective
map of S, 1-modules P11 - P, ® @y. The resolution of C’n fixed above induces a surjective
map of S,-modules j,: P, ® Q,, — Hl(é’n) Then, since P41 is a free S;,41-module, we can
fix a commutative diagram of &,1-modules

Pn+1 % Hl(cn—i-l)

b
P,®Q, ey Hl(én)

in which the right hand vertical map is induced by (5.33). Note here that Nakayama’s Lemma
implies any map j,+1 in such a diagram is surjective since j, o ¢, is surjective and the kernel

of the projection S,+1 — &, lies in the Jacobson radical of S,4+1. The argument of Lemma

. . . dn . . .
2.35 (i) now implies that C),41 has a resolution P, RALN P, 11, in which the first term is

placed in degree zero and the isomorphism cok(¢, 1) & H'(Cyy1) is induced by jp11, and the
descent isomorphism (5.33) is induced by a commutative diagram of S,,41-modules

d7L+1
Pn+1 PnJrl

Voo,
In particular, since this morphism of complexes induces a quasi-isomorphism between the lower

complex and the image under — ®s, , Sy of the upper complex, and the map i, ®s,,, Sy is
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bijective, the map 4/, must induce an isomorphism (Pp,11), & P, ® Q,,. The map i/, therefore
induces a surjective map
t—1

t—1 t—1
N, Privi = (N, Prr) @500 S = [\ (P @ Q)"

and we fix a pre-image f,+1 of fn under this map. Having inductively constructed modules P,
and elements f,, we now claim that the properties (i) and (ii) are satisfied by the elements

t—1
= palfn) € Ng HE(FT)"

Here p,, denotes the restriction map /\fg;1 P — /\g;l ker(d,)* = g;l HL(F,,T)* in which
the last isomorphism is induced by Proposition 3.46 (v).

It is enough to verify (i) with L/K taken to be F,,+1/F,. The key observation for this case is
that, for each y € /\fsjrl P11, the composite map

t—1 t—1 t—1 al(F, n t—1
/\Sn (Pn-i-l)n = /\Sn (Pn+1)Gal(Fn+l/Fn) = (/\ Pn-‘rl)G (1 /Fn) — /\S Pn+1

Sn+1 n+1

sends N&}(Fnﬂ/Fn)y to Naai(r,,,/F,)y- It follows that

Naal(Foir/Fn) - Fa(NGair, om0 ¥) = Fast (NGai( /20 Y)s
and this implies the equality in (i) since the assignment NtGal(Fn+1 IENY Naai(F, i1 /7)Y
restricts to give the map V?n-!—l/Fn on s, H5(Fn, T).
To verify (ii) we fix a divisor m of n. We regard H}(k‘(m), A) as a submodule of Hlj(k(n), A)

(just as in (4.4)) and write ®y, for the image of ® under the induced restriction map
-1 1 * -1 1 *
/\A[Gn] Hudz(kj(n)v "4) - /\A[Gm] Hﬁ(k‘i(m)’ A) .
Then, since Wy(y) is the restriction of Wy = pu(f1) and d is a pre-image of ® under the
restriction map (5.31), our explicit choice of f; implies that
Dt/nﬂi(m)”g}(qjk(m) (Ck(m))) = D;(im(ﬂ;(m)vg}(ck(m))) = &)m(D{nﬂi(m),j(ck(m)))'
Hence one has
(V;i(m)jgé)_l(D:’nﬂi(m),j(\yk(m) (Ck(m))))
= (V;i(m%g?)_l(q)m(DI/‘nﬂ-]i(m),j*(ck(m))))
1
k

)71((;1;111 °© V]i(m)7j © (V]i(m%j)il)(D{nﬂ-;(m%g}(ck(m))))
:(I)((’/]tﬁ(m)/k’j)il(Dtlnﬂ']i(m)’j(ck(m)) ),

where the last equality uses the fact @y, o y]i Y 1/; (m)/k.F © ® on N\ H i;m(k,.A). This

verifies the required property (ii). O

A collection ¥ = (Vg )geq of maps that satisfy the relations in Proposition 5.30 (i) is often
referred to as a ‘Perrin-Riou functional’ (see, for example, [71, Def. 8.1.2]). The key observation,
made independently by Rubin in [95, § 6] and by Perrin-Riou in [91, §1.2.3], is that any such
collection gives rise to a well-defined map of R[Gx]-modules

Esgo(grel(T)) — ES}S‘Q("S’I‘QI(T))? (cx)rea = (Yi(ck))Ken

where §re1(7) is as defined in Example 4.8. By precisely the same argument, one verifies that
this result remains valid after replacing F.e1(7) by any family of Nekovar structures § that
satisfies Hypothesis 4.1. This observation then combines with Proposition 5.30 to prove the
following reduction result for Theorem 5.29.

(5.34) Lemma. To prove Theorem 5.29 it is enough to consider the case t = 1.
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Proof. We first show that, for each n € A, the element #(c), belongs to (), H}(n) (K, A). For
this, Corollary 2.24 implies it suffices to show that, for every ® € /\t[,\_lH}n(k, A)* one has
O(r(c)) = > sen(r)- (][] xgng)) B/ (ch,) € Hy (kA). (5.35)
T€G(n) qeV(n/o7)

However, by Proposition .5.'30, there exists an element ¥ € lim /\sg[éF]H};(F, T)* with the
property that, for every divisor ? of n, one has

(k' (cr)) = K'(T(c)).
In particular, since ¥(c) belongs to ES%0 (), the containment (5.35) is valid for all ¢ if it is

valid for t = 1.
We show next that, for every n € A and q € V(n), one has

Vg(8()n) = ¥ (K(C)nq)-
(n)(k‘,A) is defined to be (A’ H}?(n)(kz,fl)*)*, the element
(k,A) defines a map Al H}( (k, A)* — /. Given this, vq(k(c)q) is the map

For this we note that, since (), H;

w(c)n of Ny H}(n)

n)
A, HY A B s s(c)a(og A D).
In particular, if we identify ﬂﬁ,\H}(n)(kz, A) with Htloj(n)(k:, A), and thereby regard ®(x(c)y) as
an element of H}j (n)(k, A), then we have
R(C)n(vg A @) = (=1)""" - vg(@(k(c)n))-

Similarly, one finds that 1/1£S(n(c)n /q) € N H 19} (n)(kz, A) identifies with the map

NTHY A 5 A s B W8 A @) = (—1) (@ ()ase)).
_ o fs

To verify the claimed equality vq(k(c)n) = ;
S /\KlH}(n)(/ﬂ, A)*, one has an equality

vg(®(r()n)) = Ug°(R(K(C)usq)) (5.36)
Moreover, by using Proposition 5.30, we can choose an element ¥ of @F /\%_[QIF] Hé( F,T)*
with both ®(x(c)s) = K(¥(c))n and P(k(C)n/q) = K(¥(c))n/q- In particular, since ¥(c) belongs
to ES%0 (§), the required equality (5.36) will therefore follow if Theorem 5.29 is known to be
valid in the case t = 1. This proves the claimed result. d

(K(C)n/q), it is thus enough to show that, for every

5.3.3. The proof of Theorem 5.29 in rank one

In this section we shall prove (in Propositions 5.46 and 5.50) the result of Theorem 5.29 in
the special case t = 1. In view of Lemma 5.34, the results presented here will therefore also
complete the proof of Theorem 5.29 for arbitrary ¢.

In the first result, we adapt an approach of Kato (from [62, §2]), to show that Euler systems
for Nekovar structures satisfy the ‘congruence condition’ discussed in [96, §4.8]. For this, for
each g € Q and K € ), we write

locq: Hy(K,T) — Dociqy ' (Ko, T) = H (kq, T[GK])

for the natural localisation map. We will also often use the fact that, for every n € N and
q € V(n), the extension k(n)/k(n/q) is totally ramified at all places above g, and hence that
for every ¢ there is a natural isomorphism H}(kq, TGrew)]) = H]’}(kq, TGrm/a)))-

(5.37) Proposition. Assume § satisfies Hypothesis 4.1 and that IC and T satisfy Hypothesis
4.16. Then, for eachn € N, q € V(n), and c € ES%0 (%), the following claims are valid.
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(i) Euly(Frob, ") — Euly(Nq - Frob, ') € [k(q) : k(1)] - R[Gp/q)-
(i1) 10Ck(n),q(Ch(n)) and 10Ck(n/q).q(Chin/q)) belong to H i (kq, T(Grw)]) = H kg, T(Grnsa)))-
(iii) One has an equality

Euly(Frob; ') — Euly(Nq - Frob, 1)
lock ) g (Ch(n)) = ( “h@) B — | - 10ck(n/a),a(Chin/m)-

Proof. Claim (i) is true since Eulq(Frobq_l) — Euly(Ngq - Frobq_l) belongs to (Nq — 1) - R[Gy /4]
and Nq — 1 is divisible by [k(q) : k(1)].

We next note that im(locy/q),q) € H}(kq,T[gk(n/q)]) because q ¢ S(Fy(n/q))- In particular,
since cp(n/q) € Hg(k(n/q),T), one has 1ocy(/q).q(Crn/g) € H}(kq, T Gk(n/q)])- To prove (ii) it is
therefore sufficient to prove locy) q(cx(m)) belongs to H}(k:q, T(Grw))-

To do this, we use the fact that, by the assumed validity of Hypothesis 4.16 (ii), the field
K contains a Z,-extension ko of k in which no finite place splits completely. We then set
k(0)oo == koo - k(n) and k(n), = ky, - k(n) for n € IN, where k,, denotes the n-th layer of k, /k.
We further set S := R[Gi)..] and regard the free S-module 7 ®r S as a Gi-module via the
action o - (a ® b) == (0a) ® (bo 1) for 0 € G}, where & denotes the image of o in Gi_ . Then
Shapiro’s lemma induces a canonical isomorphism

Hl(kq? T ®R S) = l'&nne]NHl(kq? T[gk(n)n])a

where the transition morphisms in the limit are the natural corestriction maps. In particular,
the Euler system distribution relations imply that the family

dn = (lock(n)n,q(ck(n)n»neﬂ\f
defines an element of H l(kq, T ®r S). Hence, if we can prove that the natural composite map

lim _Hj(kq, TGrw),)) = Hi(ke, T @r S) = H' (kg, T @R S)

is bijective, then one has locy ) q(crm)) € H}(kzq, T1Gkw)]), as claimed. Further, if R is finitely
generated over Z,, then the bijectivity of the displayed map is proved by Rubin in [96, Prop.
B.3.4], and so we now adapt the argument of loc. cit. to our more general setting.

For this, we write F' for the completion of k(n) at a place above q and F,, for the n-th layer
of the (unique) unramified Z,-extension of F'. The inertia subgroup Z = Zr, C G, is then
independent of n because F),/F is unramified. Since Z acts trivially on 7, the relevant case of
the inflation-restriction sequence gives an exact sequence

0— H}(Fo, T) = H'(F,, T) = H'(Z, T)“"/F = Homeon,(Z®), T) %, (5.38)

where Z(P) denotes the pro-p completion of Z. Local class field theory implies that Z(®) is a
finitely generated Z,-module and so X = Homcont(l'(p)7 T) is a finitely generated R-module.
It follows that X is Noetherian (since R is) and p-torsion free (since 7T is, by Remark 4.17). In
particular, the ascending chain (X,,)peny with X, = Homcont(l'(p), T)GFn becomes stationary
and so, for some m € IN, one has X,, = X, for all n > m. For each n > m, the norm
map X,+1 — X, is therefore induced by multiplication by p, and so @nem X, = (0). Upon
taking the limit (over n) of the exact sequence (5.38), one therefore obtains an isomorphism
fm o H}(Fn,T) = lim HY(F,,T). Since (by assumption) the set ¥, of places k(n)oo
above q is finite, this in turn induces an isomorphism
Hj(kg, T ®r S) = lim P H}(kn)ny, T) — lim P H (k()no, T) = H (kg, T @7 S),
neN yex, nelNyex,

as required to complete the proof of (ii).
Before proving (iii), we claim H}(k‘q, T ®r S) is torsion free. To see this, for every v € ¥, we
set S, = R[Gal(k(n)/kq)] and note Shapiro’s Lemma gives a direct sum decomposition

H}(ka@R S) = @ H}(ka@R S'U) = @ Hl(]F”UvT)a

vEXg vEXq
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in which IF,, denotes the residue field of k(1) . Now, since every finite extension of I, has
degree coprime to p, Frob, must act trivially on 7. It follows that there are isomorphisms

HYTF,,T)=T/(1—Frob,) =T
and hence that H}(kzq, T ®r S) is torsion free since 7 is (by Remark 4.17).
Turning now to (iii), we observe that (ii) implies (iii) is valid if, in H}(k‘q, T ®r S), one has

Eul, (Frob, ') — Eulg(Nq - Frob, ')
dn = ~du/q

o [F(q) : k(1))

where d, and d, 4 are as defined above. In addition, since H}(kzq, T ®r S) is torsion free, this
equality will follow if we can prove that
[k(q) : k(1)] - do = (Eulq(Frob; ') — Euly(Ng - Froby ")) - dy/q- (5.39)
To do this, we note first that the trace element Ng, acts as multiplication by [k(q) : £(1)] on
H (kg, T{Gr(w),)) = H' (Fq, TGk (), ]), and hence that
[k(q) = k()] - 10Ck(n),0.q(Chny) = 10Ckwm),.q(Ney Chiny, ) = Bulg(Frobg ™) - 10Ck(n/q),.0(Chn/a)a)-
In addition, the exact sequence

0 = TGk(n/an] 2% T1Ghtnsarn] = H' (Fas T Gnjayn]) — 0

implies that H'(IFq, T [Gy(n/q),]) is annihilated by the element
1(1 = Froby | T1Gx(n/q),]) = Eulg(Ng - Frob; ") € R[Gr(n/q).)-
These facts combine to prove the equality (5.39), and hence also (iii). O

d€tR (G (/0.

In order to prove the relevant ‘finite-singular relations’; we recall certain maps introduced by
Kato in [62, §4]. To do this, we fix n € A and q € Q, and define a composite homomorphism

WS H (ky, T{Gm)) — H}(kqs AlGrw))

5.6 C1—_Fro
B, (AGm)) e/ (Frobg — 1) =% HO kg, AlG(w))-

Here the first map is induced by the projection 7" — A, we write Zyy) ¢ € Gi(n) for the inertia
subgroup at q (80 Zym)q = Gr(q) if 9 € V(n) and Zyy) 4 is trivial otherwise), and the ‘cofactor
map’ C1—Frob, (as defined in the proof of Lemma 5.4) is induced by multiplication by 1 — Froby

on AlGk(n)/Li(n),q)-

We also have a well-defined ‘evaluation’ map
nr Gm
eVoy i H' (ks AlGrw)]) = H' (k7" AlGrm)) ™ = (AlGkw)]/(0q = 1)), [€] = &(aq).
If g € V(n), we thereby obtain from ev,, a map
Vaa: H' (kg, AlGr(w)])) — HP(kq, AlGr(w)]) = H{ (kq, AlGrng)));

where the last isomorphism is a consequence of the k(nq)/k(n) being totally ramified at q.
The above maps ‘I’,f,iq and V; 4 are then related to the maps 11)};5 and ?q that occur in the
definition of Kolyvagin systems relative to Nekovar structures in the following way.

(5.40) Lemma. Fiz ¢ € ES}%(S), ne N and q € Q and write h for the isomorphism of
R-modules A/(T — 1) = I\ fized just before (5.5). Then one has

(Urvg 0 10ck(m) o) (Dycimy) = (tng 0 ™" o 0g") (K ()n)-
In addition, if ¢ € V(n), and we set

— 1 -1/ 1 1
Tng = (Vk:(n)/k(n/q),(g“:) (Wk(n)’g}(Dl/lck(n))) S H/E(ka A[gk(n/q)])a

then one has

(V. © 10Ck(n/q),0) (Tn,q) = (tng © Cl_—lr oh™'o Bg) (K (€)n)-
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Proof. We recall that the maps 0, and %‘S (as defined in Proposition 5.10 (v)) factor through
the respective maps vy and 1™ from (5.5) and (5.7), and hence that it suffices to compare
the latter maps to V, /44 and \If]ffq Then, since the cofactor map behaves functorially, the
commutative diagrams

H* (kq, AlGrm)]) Y (A[Grm)) ™ /(Frobg — 1) H (kq, AlGk(n/)]) —3 (AlGk(n/q)]) s

*
L:‘JIT Lnqu Ln/q,qT L“/ﬂvﬂT

H (kg A) — Y5 A/(Frobg — 1) Y (g, A) 200

reduce both claims to an explicit comparison of the definitions of all involved maps (which we
leave to the reader). O

In the sequel, for each K € 2 we write
Okq: H'(kq, AlGK]) — H' (kq, 0; - TIGK])

for the connecting homomorphism that arises from the tautological short exact sequence
0—a;-T[Gk] = T[Gk] — A[Gk] — 0. (5.41)

In particular, for each n € N and q € Q, the following result explicitly computes the images
under the respective composite maps dj()q © \Ifflsq and dj(n) g © Va,q of the elements that arise in
the finite-singular relations.

(5.42) Proposition. For each ¢ € ES}% (%), ne N and q € Q, the following claims are valid.
(i) For each element a of the ideal (a;, I) of R[Gy] generated by a; U I, there exists a unique
element a - (Djcrmy) of H}(kq, a; T [Grw)]) that satisfies
(a - (Dycr(n))) (Frobg) = a((Dycx(w)) (Frobg))

in (@ T [Goguy ]P0/ (Frobq — 1),
(ii) If @ ¢ V(n), then Eulg(Ng - Frobg) € (a;, 1), and in H}(kq, ;7 [Grw)]) one has

(Or(nyq © Tiq © 10Ck(m) q) (Dicr(m)(y) = —Eulg(Nq - Frobg) - (Djck(n))
where the right-hand side is the element defined in (i) with a = —Eulg(Nq - Froby).
(111) If q € V(n), then in H}(kq, ;T [Gr(w)]) one has

(Ok(n),q © Vag) (Zn,q) = (0q — 1)D:10k(n),
where the right-hand side is the element defined in (i) with a = oq — 1 € I,.

(iv) Assume § satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis 4.16. Then, for
every system c € ES}% (), every modulus nw € N, and every prime q € V(n) one has

(Ok(n/q).q © \I’is/q,q o 1ocy(n/q),0) (Dr /gChn/a) = (Ok(w),q © Voug) (Znq)
m H}(kq, a; - T[gk(n/q)]) = H}(kqu a; - T[gk(ﬂ)})

Proof. To prove (i), we write k(n)oo = koo - k(n) with ks the cyclotomic Z,-extension of k.
Then, since ko, Nk(n) C k(1), there is an injection Gy < Gy, that allows us to view a as an
element of R[Gy(n).. ] Letting K be a finite extension of k(n) contained in k(n)oo, the element
a therefore acts on cg.

Now Proposition 3.46 (iii) gives a canonical isomorphism C 5(A[Gk]) = (R/a;) @ C# (T [GK])-
Upon tensoring the short exact sequence 0 — a; - R — (R/a;) — 0 with C#(T[Gk]), one
thus obtains a canonical exact triangle

a; ®% Cz(T[Gk]) = C#(T(Gk]) — C5(AlGk]) —
and hence, by Proposition 3.46 (v), an induced exact sequence

7l

0 — H°(a; ©% C(T(Gx]) —~ H (k, T[Gx]) —T HL(k, AlGr]). (5.43)
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By the argument of Lemma 5.26, the element 77}( j(D(ch) is fixed by Gy, and so is annihilated by
a. From the last displayed exact sequence, we can thus deduce aD/;cx € H%(a; ®% C#(T[GK])).

To proceed, we use the natural composite morphism

i a; ®% C(TIGk]) — 0 @ RD(kq, T[Gk]) — RT (kq, ;T [Gx)),
in which the first morphism is induced by the localisation morphism Cz (T [Gk]) — RI'(kq, T[Gk])
and the second by commutativity of the following diagram of exact triangles

a; ®p RD(kq, T[Gk]) — RI(kq, T[Gk]) — (R/a;) @ RT(kg, T[Gk]) —

RI(kq,0;T[Gk]) — RI'(kq, T[Gk]) — RI'(kq, Al[GK]) —
Here the third vertical map is the canonical isomorphism from Lemma 3.4 (vi) and the lower

row the triangle associated to the short exact sequence 0 — ;T [Gx] — T|[Gk]| — A[Gk] — 0.
In particular, there exists a natural commutative diagram

H(a; @5 C5(T(Gk])) — Hz (k. TIGK])
LHO(€x) Jock(m),q
H' (kq, 0;TGK]) —— H'(kq, T[Gx])-
Hence, if the element
a - Djcymy = H° (&) (aDpch(n))
belongs to H}(k:q,aiT[gk(n)]), then it satisfies all of the properties specified in (i). On the
other hand, the required containment a - Djcym) € H}(kq, ;7 [Gr(m)]) is a consequence of the
equality lim . H(kq, a;T|GK]) = Jm H'(kq,a;T[Gk]), with K ranging over the subfields of a
Z,-extension of k contained in X in which no finite place splits completely (and which exists
by Hypothesis 4.16 (i)), that was shown in the proof of Proposition 5.37 (ii). Indeed, given
this, it is enough to note that, since ¢ is an Euler system and the second arrow in (5.43) is
injective, the family (a - Djckm))x belongs to Jim H'(kq, 0; T[GK]) because (ckx(n)) K is norm
compatible. This proves (i).
We next recall that the definition of Q implies g splits completely in the fields k(1) and k(pz,)),
and also that Frobq restricts to 7 on the field k£(A). This implies Nqg — 1 € |R4|Z C a; and
hence, since Froby — 1 € I, that
Euly (N, - Frobg) = Euly(1) = detg, (1 — 771 | A*(1)) =0 mod (I, a;).
This proves the first assertion of (ii) and, in particular, implies (i) can be applied with a taken
to be —Eulq(Ny - Frobg). To prove the rest of (ii), we now fix y € H}(kq, T [Gk(w)]) and note

‘Ifis,q(y) = C1—Froby (Y(Froby)),
with 7 € H}(kq, A[Gi(n)]) denoting the reduction of y modulo a;. In addition, one has
(Frobq — 1)c1-Froby, = —(1 — Frobg)ci—rrob,
= —detm[gk<n>](1 — Frobg | AlGkw)])
= —Eulq(Nq . FI'Obq) S A[gk(n)]
Now, for any o € HO(kg, A[Gk(w)]) the definition of the map dj(y) q implies Jj () q(a)(g) is equal
to the class of the cocyle G, — a; - T [Gr(m)], 9 = (9 — 1)&, where & € T[Gyy)] is a lift of z. In
particular, since ¢1_prob, (y(Frobg)) is a lift of ¢1_prop, (F(Frobg)) and belongs to (T[gk(n)])%n),q
as y € H}(kq,T[gk(n)]), one has ((m),q © \I/f’q)(y)(Frobq) € H}(kq, a; - T [Gk(w)])- Moreover, we
may compute that
(5;{(@q o \I/fiq)(y)(Frobq) = (Frobg — 1) - cprob,—1 - ¥(Froby)
= —Euly(Nq - Froby) - y(Frobg)
= (—Euly(Nq - Frobg) - y)(Froby).
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Applying this with y = locy) q(Dycr(n)) then implies (ii) since an element of H}(kq, AlGrm))
is uniquely determined by its value on Froby.
To prove (iii), we take y € H}(kq, A[Gr(n/q)]) and similarly compute that

(5k(n),q © V;Lq)(y)(FrObq) = (Frobg — 1) - y(ay),

where y(0q) € T[Gk(m/q) is a lift of y(oq). Note (dxm)q © Vaq)(y) belongs to H}(kq, a; T [Gn)).
Indeed, this is true since we may view (V;4)(y) as an element of H]Q(kq, A[Gr(n)/q] and because
On/q,q ApPs into H}(k‘q, ;T [Gu/ql) as the representation A[G, /4] is unramified at q. This shows
that (0x(n),q © Va,g)(y) is uniquely determined by its value on Frob.

—~—

We now apply this with y = x4 so that, denoting by o4 a lift of o4 to G, we may take y(oq)
to be (D}cym))(dq). Given the explicit action of Gq on H'(kq, a; - T[Gh]), repeated use of the
cocycle property then implies that

(03 = 1) Dicuoy) (Froby) = Gy(Dicuay) (G4~ Frobydy) — (Dyex ) (Froby)
= ((Drcr)) (Frobedg) + aq(Dncrm) (g ) = (Dick(w)) (Frobg)
— (Frobq(Djcun) (@) + (Dcxiwy) (Frobq)) — (Dhcin) (&)
— (Dyex(n)) (Froby)
= (Frobg — 1)(Dy k) (7).
We have therefore proved that
(5k(n),q 0 Vaq)(Znq) (Frobg) = ((oq — 1)Dr/10k(n))(FTObq)(Fmbq),
and this implies (iii) since ((m),q © Va,g)(Zn,q) and (oq — 1) Dycpm) belong to H}(k‘q, & T [Grwm)))-
To prove (iv), we first use (i) to regard |Gq|Dycym) as an element of H}(k‘q,aiT[Qk(n)]) and
(Eulg(Frob, ) — Euly(Ng - Frobq_l))D:l/qck(n/q) as an element of Hj(kq,a;T[Gk(n/q))). From
Proposition 5.37 (iii), we then obtain an equality
|Gl Dicimy = (Eulg(Frobg ') — Eulg(Nq - Froby 1) Dy (/o) (5.44)
in H(kq, 0T [Grn)]) = H kg, 6T [Gr(n/g)])-
We also note that the identity (oq — 1)Dq = |G4| — Ng, implies an equality
(0 — 1) Dycrny = (IGql — Nay) Dy jgChin) = |Gal Dy jgCrn) — EUlq(FTOb‘;l)D;/qu(n/q) (5.45)
in H;;(k, T Gk(w]). Since (i) can be applied to both summands on the right, these equalities
also hold in H}(kzq, ;7 [Gr(m)])- We may then compute that

(Ok(n).q © Vi) (DnCrn))
= (0 — 1) Dycim)
= (1G4l = NG, ) Dy k)
= (Eulg(Froby ") — Eulg(Nq - Frobg 1)) Dy o Ci(n/q) — Eulg (Frob, ') D), JqCk(n/a)
= —Euly(Nq - Froby ") D}, o Crn/a)
= (Ok(n/a).0 © Ying) (DryqChn/o):

where the first equality is by (iii), the second by (5.45), the third by (5.44), and the last by
(ii). This proves the equality in (iv). O

The above computations can now be combined to prove the ‘finite-singular relations’ that occur
in Theorem 5.29 in the case t = 1.

(5.46) Proposition. Assume § satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis
4.16. Then, for every c € ESg (§), n € N, and q € V(n) one has

Oq(K'(c)n) = @gs(/ﬁ’(c)n/q) € .

70



Proof. Since the maps h and ¢, are bijective and ¢, 4 is injective, the claimed equality is valid
if, in H}(kq, AlGk(n/q)]) = H} (kg AlGr(w))), one has

(Lﬂ/qvq oh™'o %S)(H'(C)n/q) = (Ln,q 0 01__17 oh'o ﬁq)(’f/(c)n)~
Since Hypothesis 4.16 (ii) implies the connecting maps dj(u/q),q a0d dj(n) 4 are injective, it thus
suffices to show that, in H}(k:q, a; - T[Grwn/q))) = H}(kq, a; - T[Gk(m)]), one has

(51‘3(“/‘1)»‘1 ©tn/qq° h’_l © djcf[S)(Hl(C)n/q) = <5k(n),q Olnyg© 61__17— o h_l o @q)(l@/(c)n).
It is then enough to note that the latter equality can be directly verified by combining Lemma
5.40 with Proposition 5.42 (iv). O

At this point, to complete the proof of Theorem 5.29 it only remains to show that the explicit
linear combination of elements x’ (c)ock(oy that occurs in Definition 5.28 belongs to the group
H},;( n)(k:,.A), and for this we adapt an argument of Mazur and Rubin in [79, App. A]. This
means that the key technical result we have to prove is the following.

(5.47) Lemma ([79, Th. A.4]). Assume § satisfies Hypothesis 4.1 and that K and T satisfy
Hypothesis 4.16. Then, for every c € ES%0 (§), neN, and q € V(n) one has

PR () == Y san(r)- ([T #l) - 28 (0)s,),
TEG(n) [ev(n/or)

where &4(n) denotes the subset of &(n) comprising cycles T for which 7(q) # q and x(T[()I) are

the elements defined in (5.27).

Proof. Let &1(n) denote the collection of all cycles in Per(V(n)). Then for each 7 € &;(n)
one has q ¢ V(d,) and so Proposition 5.46 shows that QLCfIS(K,/(C)aT) = Uq(K'(c)qo, ). Since the
maps h and c¢;_, are isomorphisms, it is therefore enough to compute (i q © hto qﬁgs)(/in)
in terms of (140 ¢y’ oh™owy)(ky,). Since Hypothesis 4.16 (ii) implies that the connecting
homomorphism dyy) 4 is injective, we may carry out this computation after applying 0y(n)q-

Using Lemma 5.40 and Proposition 5.42 (ii) and (iii) we are therefore reduced to proving that,
in H}(k‘q, ;T [Gr(w)]), one has

[
Euly(Frobg) - (Dyckw)) = Z-reeq(n) sgn(7) - (H[eV(n/af)*'ES-()[)) (g = 1) - (D, Cr(qp,))- (5.48)
To do this, we fix m € N with m | n, and p € V(m). If u is an element of Iy, + a;R[Gj(m)], then

u annihilates (op — 1)(DyCr(m)). Indeed, this follows from the fact that « annihilates £'(c)m
(by Lemma 5.26) and Lemma 5.40 and Proposition 5.42 (iii). For every [ € V(m) we have

Eul((Frob, ) = 2 eV (m/D xfp)(ap —1) mod (In + &;R[Gk(m)])
by definition of the elements a;[(p) (cf. (5.27)), and so it follows that
Eul((Frob; ') - (D Cr(m)) = 2 peV (m/h x[(p)(o'p — 1) Dy Crm)
= = Y pev(my @ Buly (Frob ) - DLy, (5.49)

where the second equality follows from Proposition 5.42 (ii), (iii) and (iv).
We can now use (5.49) (with m = n and [ = q) to express —Euly(Frobg) - (Djcym)) as a sum

of terms of the form xépl)Eulpl(Frob;ll) . Dr/u/plck(n/m)‘ If p; # g, then we can apply (5.49)
(with m = m/p and [ = p) to the corresponding summand in order to write it as a sum of
terms of the form x;(,ﬁQ)Eupo (Frobpgl) . Dnln/(ppo)Ck(n/(mpz))' Continuing this process until p,, = q
for some n produces a cycle 7 := (qpy—1 ... p1) € Gq(n) such that 3, = n- ([}, p;)~ 1 and
sgn(7) = (—1)""1, and the resulting summand is

[
=san(r) - ([T .y o, 00) (03 = V(Db crory).

This proves (5.48), thereby concluding the proof of the lemma. O
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The next result now finally completes the proof of Theorem 5.29.

(5.50) Proposition. Assume § satisfies Hypothesis 4.1 and that IC and T satisfy Hypothesis
4.16. Then, for every system c € ESEO (§) and modulus n € N, one has k(c)y € H;:(n)(k,/l).

Proof. If m divides n, then £’(¢)y belongs to H}m(k, A) C H}g}“

n)(k, A) it is then enough, by the exact sequence

(k,A) and so the same is true

for k(c). To prove that x(c), belongs to H}(

(5.16), to prove that @gs(/@(c)n) =0 for all g € V(n). To verify this, we write

Ug(n) = {7 € &(n) [ 7(q) = q}
for the stabiliser of q in &(n) and note that every 7 € &(n) \ Uy(n) can be written as 7 = oo p
with o € Ug(n) and p € &4(n/0d,). Given this, we can rearrange the terms in the definition of
K(C)n as

LCIEDDIE. IO R | I R CL
- (ZTqu(n)Sgn(T) ' (quv(n/m)x(f())) '“'(C)DT)
- (Zaevq(n»m@ﬂn/%)ggn(g °p): (quv(n/%)ﬂfﬁfp)(q)) "‘/(C)%p)
- ZTqu(n)Sgn(T> ' (qu\/(n/oT)x(Tq()q)) TAr

where we set

— _ C RN
A= w0 4D B0 (Lo o ala) (D

In particular, since Lemma 5.47 implies that @Lgs(AT) = 0 for every 7 € Uy(n), this calculation
implies 1,/}55(,%(6)“) = 0, as required. O

6. Kolyvagin systems ll: controlling values at 1

Throughout this section we fix ¢ € IN and continue to use the notation specified in (5.1).

6.1. Tate—Shafarevich modules and relative core vertices

The notion of ‘core vertex’ plays a key role in the theory of Kolyvagin systems developed by
Mazur and Rubin in [79]. In this subsection, we use the Cebotarev density theorem to prove
the existence (under Hypotheses 4.14) of an appropriate analogue of this notion for our theory.

6.1.1. Tate—Shafarevich modules and cohomological invariants

For each j € IN with j > i, and each Mazur-Rubin structure 7’ on A, we define /A-modules
T3 (A) = (b, A, Q) = ker (H (k, A) = [T H'(ky, A))
qe€Q;
and
X7 j(A) = Hp(k, A) N H" Gy, (1), A) = ker(Hx (k, A) = H' (k;(T;), A)).
In a similar way, for each j € IN with j > 4, and each Nekovar structure .#’ on A, the exact

sequence (3.29) implies the existence of a localisation map HL,(k, A) — H'(kq, A) for each
q € Q;, and so we can define a A-module

Uz ;(A) = Wz (k, A, Q;) :=ker(Hb: (k, A) = [ H'(kq, A)).
qeQ;
In this way, we obtain increasing filtrations of Tate-Shafarevich modules

Mz ;(A) C g1 (A) C--- C Hpi(k, A)
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and
Mz ;(A) C Mg i1 (A) C - C Hi(k, A).

In the following result concerning these modules we write (7) for the subgroup of Gal(k;(7;)/k;)
generated by 7.

(6.1) Lemma. Assume Hypothesis 4.14 (i) and (ii). Then, for each j € IN with j > i, the
following claims are valid.

(i) Mg ;(A) € Xz (A), with equality if H({7), A) vanishes.
(it) If w € Xz ;(A) is such that loc,(z) =0 for some v € Q;, then x € Il £ ,(A).

(iii) There exists a canonical isomorphism of I-modules
H;(k, A)/Hlj’j(A) = H}(k,A)/LHﬁJ(A).
(iv) If Hypothesis 4.14 (iii) is also valid, then Iz j(E) vanishes.

Proof. To prove the inclusion in (i), we need to show that any element £ of Il £ ;(A) is trivial
upon restriction to Gy, (r;). Since Gy, (1) acts trivially on A (since j > i), the restriction
f=res(§) of § to Gy (7;) is a Gy, (7;)-equivariant homomorphism f: Gy (1) — A. In particular,
the fixed field of the kernel of f is a finite extension K of k;(7;) that is Galois over k.

Now let o be an element in Gal(K/k;(7;)). Then, since 7o agrees with 7 when restricted to
k;(T;), Cebotarev’s density theorem allows us to choose places v; and v in Q; such that the
projections to Gx of Frob,, and Frob,, are respectively equal to 7o and 7. By assumption, ¢ is
trivial when restricted to the decomposition groups of v; and va, so there are elements a; and
ay of A such that, for n € {1,2}, one has {(p) = (p — 1) - a,, if p belongs to the decomposition
group of v,. It follows that

¢(Frob,," - Frob,,) = Frob,! - {(Frob,, ) 4+ £(Frob,')
= Frob;21 - Froby, a1 — Frob;;al + FI'Ob;;GQ — a9
=a1 — 7'_1(11 + 7-_1&2 — a2
= =1 (a2 — a).
Now, since Frob;z1 - Frob,, € ij (T;)» one has
§(Frob;21 - Frob,, ) = f(Frob;; - Frob,, ) = f(Tflra) = f(o).

The above calculation therefore implies that im(f) is contained in (7 —1).A. Hypothesis 4.14 (i)
and (ii) then combines with Lemma 6.2 below (applied with L = k;(7;)) to imply that f is
trivial, as required to prove the inclusion in (i).

Next we note that, if H'((r),.A) vanishes, then the inflation-restriction sequence shows every
element x of X7 ;(A) is the inflation of an element of H'(k;(7;){")/k, A). Since (the explicit
definition of Q; ensures) every place v in Q; splits completely in k:j(7})<7>, it follows that
loc, (z) must be trivial for every such v. This implies € Il £ ;(A), as required to complete
the proof of (i).

Turning to (ii) we note that each z in Xz ;(A) is trivial when restricted to G, (7;) and so is
unramified at every place that is unramified in k;(7;)/k. In particular, x is unramified at every
place v in Q; and so loc,(x) € H}(ky, A). Since, for each such v, there is an isomorphism

Hj(ky, A) = A/(T =1)A,  [y] = y(Frob,) (mod (T —1).A),
it follows that res,(x) vanishes if and only if the element
z(Frob,) = z(r7 'Frob,) = z(7) + 7 'z(r~! - Frob,) = z(7)

belongs to (7 —1).A. Since the latter condition does not depend on v, we see that x belongs to
Iir ;(A) if res,(x) vanishes for any given v € Qj, as claimed in (ii).
To prove (iii), we note that, for ¢ € S(.%), the natural localisation map H}(k, A) = H'(kq, A)
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factors through the map H}(kz,A) — Hl(Ok’S(j),A) induced by the exact triangle (3.11).
Claim (iii) therefore follows from the fact the exact sequence (3.29) implies that the image of
the latter map is equal to H}(k, A).

To prove (iv), we note Hypothesis 4.14 (iii) implies that H 1(gk]. (73.),?), and hence also its sub-
group Xz+ ;) .(B), vanishes (cf. Remark 4.15 (i) and (ii)). In this case, therefore, the vanishing

of Mz, j(E) follows from the same argument that proves the inclusion in (i), after replacing

Fand Aby F and B. O

(6.2) Lemma. Assume Hypotheses 4.14 (i) and (ii). Then, for any finite Galois extension L
of k containing k;(A), the following natural map is injective

HY(L, A)% = Homg, (G, A) — Hom(Gp, A/(T — 1)A).

Proof. Let z: G, — A be a non-trivial homomorphism in Homg, (G,.A) that belongs to the
kernel of the above map. That is, im(z) is contained in (7 — 1).A. Then, since z is non-trivial,
Lemma 2.9 implies the existence of a non-zero element A of A such that A-z is a non-zero element
of the M;-torsion submodule of Homg, (G, A). In particular im(Az) = X - im(z) is contained
in A[M;]. In addition, following Remark 2.10, there exists an isomorphism A ®, K = A[M,]
and so Hypothesis 4.14 (i) implies A[M;] has no proper non-trivial Gi-stable submodules. If
A -im(x) is non-zero, it must therefore span A[M;] over /. Since im(x), and hence X - im(z),
is contained in the A-module (7 — 1).A, it follows that (7 — 1).A contains A[M;]. We therefore
obtain a surjective map of A-modules of the form

0: A/(AM;]) - A/(1—T)A.

If A =A®) K, then the domain of # vanishes, whilst its codomain is isomorphic to K and
this is a contradiction. On the other hand, if ¢ > 1, then the codomain of # is isomorphic to
A\, whilst Lemma 2.9 implies that every element of its domain is annihilated by a non-zero
element of /. The surjectivity of 8 therefore implies that 1 € A is annihilated by a non-zero
element of A and this is a contradiction. In all cases, therefore, the map x must be trivial, as
required. O

For j € N with j > ¢, and any pairwise coprime moduli a, b and n in A}, one has

o 1 a . (B 1, B
Mg ;(4) C Hyw (k. A) and g ((B) C Higey. (k. B).

In particular if, for m € N;, we set
Ap(m, j) = dimy (Hp o (k, A) /T ;(A))
Ae(m, j) == dimy (Hp- (m (%> B) /Ui (B)),
then the integer

X(F,j) = Ag(m, j) — A(m, j)
provides an appropriate analogue in our theory of the cohomological ‘core-rank’ invariants for
Mazur-Rubin structures that are introduced in [79, §4.1].
The basic properties of these integers are as follows.

(6.3) Lemma. Fiz j € N with j > i. Then x(F,j) is independent of m. Further, for all
pairwise coprime moduli a, b and n in Nj, the following claims are valid.

(i) x(Fq(n),j) = x(F. j) +v(b) - v(a).
(ii) x(F. j) = x(F(), ).

(iti) If Hypothesis 4.14 (i), (ii) and (iii) are satisfied, then N (n, j) = dim]k(H%* k,B)).

(n)(
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Proof. Both the independence of x(F,j) from m and the equality in (i) follow directly from
the argument of [97, Cor. 3.21]. Specifically, since
A () = dinng (FIL, (k) — dinn (11, ()

(F)s(n )(
one need only compare dimensions by using appropriate cases of the global duality exact
sequences (5.15)—(5.18) with A, A and both ® and F taken to be k, A and F respectively.
Claim (ii) then follows directly from (i) in the case a = b = 1, and (iii) is an immediate
consequence of Lemma 6.1 (iv). O

)\* (n §) = dimy (H-. k,B)) — dim]k(IHf*’j(E)),

(6.4) Remark. Lemma 6.3 (iii) implies that, if Hypothesis 4.14 is satisfied, then )\*F(n,j) is a
non-negative integer that is independent of j. In such cases, we will usually abbreviate )\*f(n, 7)

to A%(n).

6.1.2. The Cebotarev density theorem

In the sequel, for j € N with j > i we write III;(.A) for the subset of H'(k,.A) comprising all
classes that are locally trivial at every place in Q; and X;(A) for H 1(gk (1;)»A), regarded as a
submodule of H!(k,.A) via the inflation map.

Then the following consequence of the Cebotarev density theorem constitutes a refined version
of both [79, Prop. 3.6.1] and [25, Lem. 3.9].

(6.5) Proposition. We assume to be given data of one of the following forms:
(i) Hypotheses 4.14 (i), (ii) and (ii*) are satisfied; Z1 € {A, A, A, A} and D = {c1,c}} where,
for some j € IN with j > i, one has

c1 € (H'(k, Z1)/11;(Z1)) \ {0} and ¢ € (H'(k, Z{(1))/11;(Z;(1))) \ {0}.

(ii) Hypotheses 4.14 (i), (ii), (i5*) and (iv) are satisfied; Z1 € {A, A}, Zo € {A, A, A, A} and
D = {c1,c¢2, ¢}, c5} where, for some j € IN with j > i and both s =1 and s = 2, one has

cs € (H'(k, Zs)/T1;(Zs)) \ {0} and ¢ € (H'(k, Z;(1))/10;(Z5(1))) \ {0}.
Then there exists a subset S C Q; of positive density with wgs(c) %0 forallce D and q€eS.

Proof. We note, at the outset, we may assume ¢, ¢ X;(Zs) for s € {1,2}. Indeed, if ¢ €
X;(Z,)/11;(Z,) is nonzero, then Lemma 6.1 (iii) implies loc,(cs) # 0 for all v € Q; and so the
respective claims are trivial for c¢g. Similarly, we may assume ¢} ¢ X;(Z7(1)) for s € {1,2}.
Next we observe that, for each q € Q;, there exists a unit uq (in £\, A, K or k as appropriate,
and only depending on q) such that

e (x) = uq - 2(Frobg) € Z,/(Froby — 1)Z, for all z € H'(k, Z,),

and similarly for Z}(1).

Writing fq € H'(k, Z1)* and fi € H'(k,Z{(1))* for the respective maps = + z(Frobg), to
prove the claim in case (i) it is thus enough show there exists a subset S C Q; of positive
density with the property that fq(c1) # 0 and fy(c}) # 0 for every g € S. To do this, we set
A = Gal(k;(T;)/k) and consider the composite map

¢ HY(k, Z1) 253 HY(ki(T;), Z0) = = Homa (G, (73, Z1) = Hom(Gy (7, Z1/ (T — 1) Z1)
where ‘Res’ denotes the natural restriction map and the unlabelled arrow the map induced by
the natural projection Z; — Z /(7 — 1)Z;.

Now, by assumption, ¢; does not belong to X;(M), and hence not to the kernel of the first map
in the composite ¢. Since Lemma 6.2 implies the second map in this composite is injective, it
follows that ¢(c1) # 0 and so ker(¢(c1)) is a proper subgroup of Gk (1;)- Consider the subset

Hy = ¢(c1) H(—cy(1)) of Gp;(;)- Then, if g1, g2 € Hi, one has 9195 " € ker(¢(c1)) (since ¢(cp)
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is a homomorphism) and so Hj is a coset of ker(¢(cq)).
In exactly the same way, if we set H; := ¢'(c})~*(—c}(7)), with ¢’ the composite map

H'(k, 2 (1) S H (k;(T), 21 (1)A

— Homa (Gyr;), Z1) — Homa (G o7y, 21 (1)/ (7 — DZ{ (1)),

then one can deduce Hy is coset of the proper subgroup ker(¢'(c})) of Gy, (7;)-

It now follows from the general result of Lemma 6.7 below that H; U HY is a proper subset of
Gh,(T;)- (Here we are use the fact that, if 7 = id, then Hy = ker(¢(c1)) and H{ = ker(¢'(c}))
are subgroups of Gy, (7;)). Fix an element v € Gy, (7;) \ (H1 U HY) and write L := Ly L] for the
finite extension of k;(7;) obtaining by composing the fixed fields L; and L} of the respective
kernels of Res(c1) and Res*(c]). Let S C Q; be the subset of primes that are both coprime to
n and such that the restriction of Froby to L agrees with 7. Then, by construction, for every
q € S one has T‘lFrobq € Gy, (1;) and so, since the cocycle relation implies

c1 (TT_IFI‘Obq) =c (1) + 711 (T_lFl“Obq),
we can compute
c1(Frobg) = c1(17 7 'Froby) = ¢1(7) + ¢(c1) (7~ 'Froby) (mod (1 — 1).A) (6.6)
= ci1(7) + ¢(e1)(y) (mod (7 —1)A)
Z0 (mod (7 —1)A).

Here the second congruence is valid since 77 1Frob, € v ker(¢(c1)) and the final assertion since
v ¢ Hi. The non-vanishing of each c¢;(Froby) implies that S has all of the required properties,
and hence concludes the proof of the claim in case (i).

In case (ii) it is convenient to argue separately for the cases p > 3 and p € {2,3}.

If p > 3, then for a € {1,2} we set H, = ¢(cqa) ' (—co(7)) and H := ¢'(c) " (—ci(7)) and
take Lo and L} to be the fixed fields of the respective kernels of Res(c,) and Res*(c}). Then,
since a simple counting argument (using p > 3) implies X := H; U Hy U H{ U Hj is not equal
to Gy, (7;), we can therefore again fix an element v € Gy, (1) \ X and, just as above, take S
to be the subset of primes that are coprime to n and such that the restriction of Frob, to the
compositum Ly Lo L]L5 agrees with 7.

In the rest of the argument, we thus assume p € {2,3}. In this case, we can first use Lemma
2.9 to choose elements y1, y2,y7, ys of R such that each ysRes®(cs) is a nonzero element of

HomA(ijm.), ZS.)[CLS] = HOIIlA(ij(f]}), Z;[as]) = HomA(Gk](%),Z)

Here the symbol e can either be omitted or is equal to *, as denotes M;, respectively M;, if Z;
is a module over A, respectively A, we set Z® := Z2/as,Z? and the isomorphism is induced by
a choice of isomorphism k = A[a;], respectively K = A.
Given these choices, it is then enough to find a subset S C Q; of positive density such that,
for every v € S, all of the elements loc,(yic1),loc,(y2c2), loc, (yicr), loc, (y5¢5) are nonzero.
To do this, we write L1, Lo, L} and L3 for the finite extensions of k;(7;) that are the fixed
fields of the respective kernels of y1Res(c1), y2Res(c2), yjRes*(¢}) and yiRes*(c5). We then set
L' := L1Ly N L{L% and claim there is an equality

L' = k;(Tj).
To verify this, we note that Gal(L'/k;(7;)) is a quotient of the subgroup Gal(LiLa/k;(T;)) of
Gal(L1/k;(T;)) x Gal(L2/k;(T;)), which we can identify with a submodule of A% Z5 via the map
(y1Res(c1), y2Res(cz2)). This shows that Gal(L'/k;(7;)) is isomorphic to a Z,[G}]-subquotient
of T & Z. Similarly, (yiRes(c}),y5Res(c3)) induces an isomorphism between Gal(L'/k;(T;))
and a Z,[Gy]-subquotient of the module B @ Zy (1). In order to deduce Gal(L'/k;(T;)) is
trivial, and hence that L' = k;(7;), it is thus enough to show Hypothesis 4.14 (iv) implies the
Z,|Gx]-modules A® Z and B Z, (1) have no non-zero isomorphic subquotients. In addition,
since Zp|Gj] acts on these modules via a finite (and hence Artinian) quotient ring, the modules
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have composition series and so, by the Jordan—Ho6lder Theorem, it is enough to show that they
have no isomorphic composition factors (as Z,[Gj|-modules). Now every composition factor
of A ® Z, is isomorphic to a composition factor of either A or Zo € {A, A} and hence to a
composition factor of A@® A. Similarly, every composition factor of B @72*( ) is isomorphic to
a composition factor of B@ A" (1). To prove the claimed equality of fields, it is thus enough to
show that no composition factor of A4 @ A is isomorphic to a composition factor of B & A" (1)
and this follows directly from Hypothesis 4.14 (iv).

We now set H? == ¢(y2cs) L (—yscs) for a € {1,2}. We then use the same argument as in case
(i) to choose elements v, v* € Gy, (1;) with v ¢ H1 U Hy and v* ¢ H} U H3. Since L' = k;(T;),
we can then choose an element +' € Gy, (7;) whose restrictions to Ly Ly and LjL3 are v and y*
respectively. The subset S of Q; comprising all primes q for which Frob, is conjugate to 77/
in Gal(L1LoLiL3/k) is then easily checked to have all of the required properties. O

The following general observation was used in the above argument.

(6.7) Lemma. Let G be an infinite group, and Uy and Uy proper normal subgroups of G of
finite index. Let V| be a coset of Uy in G, and Va a coset of Us in G. Then G # V1 U Vs unless
Uy = Us is a subgroup of index 2 and Vi and Va are the two cosets in G /Uy .

Proof. Suppose G = Vi U Va. By assumption Uy, Us C G, so also must have Vi, V5, C G. We
can therefore find elements x,y € G with € V; and y & Va. It follows that x € V5 and y € V.
If z:= 2y € Vi, then 2y~ ! = 2 € Uy. Similarly, if z € V5, then 2712 =y € Us.

If (G:Uy) >2and (G:Usy) > 2, then we may choose ¢ U; UV; and y & Us U Vs, which

contradicts the previous conclusion. Without loss of generality we may therefore assume that

(G : Uy) = 2. In particular, we have G = V; UwU; with w an element of G with w ¢ V;. In

this case we therefore have V1/ =wlU; C Vs,

Now let u; be an element of U;. Then u must belong to V; or V{. In the first case ViNU; # @

and so Vi3 = U;j. In the second case Vl’ NU; # @ and so Vl’ = U;. Similarly an element us of

Us must belong to V4 or V{. If it belongs to V] C Vs, then Us N Va2 # @& and so Vo = Us. Since

ug was arbitrary, this is the case if any element of Us belongs to V{. Otherwise we therefore

must have Uy NV = @, and hence Us C V;.

It is thus enough to consider separately the following four cases:

o V3 = Uy and Vo = Us. In this case one has G = U; U Us and so an elementary argument in
group theory (in fact, the same as at the beginning of this proof) implies G = U; or G = Uy,
which contradicts the hypothesis that U; and U, are proper subgroups of G.

o V3 =U; and Uy C Vi. In this case Uy C Vi3 = U; and so the argument in the beginning of
the proof implies Us has index 2. Since U; also has index 2, it follows that Uy = Us.

o V{ =U; and Vi = Us. In this case Uy = V] C Vo = Us. Since (G : Uy) = 2 and Us # G, it
follows that Uy = Us.

o V{ =U; and Uy C Vi. In this case Uy N Uz C V{ NV; = &. However, since G is infinite, and
both U; and Us have finite index in G, this is impossible. O

6.1.3. Relative core vertices

In this subsection, we discuss the following analogue in our theory of the key notion of core
vertex from [79, Def. 4.1.8].

(6 8) Definition. A ‘relative core vertez’ for F on A is a modulus w in N for which the group
F*( )(k B) wvanishes.

(6.9) Remark. This notion is relative to the given ring homomorphism A — A, and is a weak-
ening of the notion of core vertex used by Mazur and Rubin. To justify the latter observation,
we let n is a core vertex for F in the sense of [79, Def. 4.1.8]. Then the group HL*(n)(k,B)
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1

~ (Fa)*(n) - -
Rubin structure on A induced by F (as in Example 3.24 (iv)). In particular, since 74 < F' (cf.
Remark 3.25 (ii)), and hence F*(n) < (F4)*(n), the group Hl{;*(n)(k, B) vanishes. It follows

that any core vertex for F in the sense of Mazur and Rubin is a relative core vertex for F in
the above sense, as claimed. However, the converse may not be true. In fact, even though our
next result shows Hypotheses 4.14 guarantees the existence of relative core vertices for F, it is
still possible H l*(n)(k‘, B) is nonzero for every n € N. Fortunately, however, if n is a relative

core vertex for F, then in all cases one can usefully ‘bound’ the complexity of the A-module
H}* (n)(k‘, B) (see Remark 6.15 below) and this observation will play a key role in our theory.

(6.10) Remark. Lemma 2.9 implies H}}*

vanishes and so [25, Cor. 3.8] implies H (k, B) also vanishes, where F4 is the Mazur—

K B) = (0) = Hflﬁ*(n)(ka)[Mi] = (0), and

(n)(k,B)[Mi] is isomorphic to H%* (n)(k,E). Hence, if Hypothesis
4.14 (i), (ii) and (iii) are satisfied, then Lemma 6.3 (iii) implies n is a relative core vertex for
F if and only if the (non-negative) integer A%(n) defined in Remark 6.4 is equal to 0, or

Lemma 3.38 implies H;%*

equivalently, for each j € IN with j > i the core-rank of the pair (F,j) is equal to

x(F,j) = dimk(H%(n)(k,Z)) — dimy (T ;(A)). (6.11)
The next result guarantees the existence of relative core vertices with certain additional prop-
erties that will be essential in our later arguments.

(6.12) Lemma. Assume Hypotheses 4.14. Then for every j € N with j > i, there exists a
relative core vertex n for F that belongs to N;(C N) and is such that v(n) is equal to the
integer N=(1) defined in Remark 6.4.

Proof. Set s :== N(1) = dim]k(H%* (k, B)). Then we shall use an induction on s to construct

a modulus n in Nj such that v(n) = A5(1) and H%* k, B) vanishes. This is enough since,

(
(n)
(n)(k,B)[Mi] = (0) and hence, by Lemma 2.9, that

H};* (n)(k, B) = (0) so that n is a relative core vertex for F of the required form.

for any such n, Lemma 3.38 implies H}}*

If, firstly, s = 0, then the claim is clearly satisfied (with n = 1) and so we assume s > 0. In this
case, we shall now inductively construct primes {qa}ae[s] C Q; with the property that, for each
b € [s], the ideal ny == [ cp9q is such that A%(ny) = A%(1) —b. We thus assume that suitable
primes {qa}qepp) have been constructed for some b with 0 < b < s, and we set n;, == Hae[b]qa'
Then, since Hypothesis 4.14 (vi) implies x(F,j(i)) > 0, where the integer j(i) is defined in
Definition 4.13, one has
0 < AH(1) — b= A5(np) = A5(, () < Az, 5(4)).
(nb)(k,Z) /HE (A) and H% (nb)(k:,E) are therefore both non-trivial. We may
therefore apply Proposition 6.5 (i) in order to fix a prime q,41 € Q; such that the localisation
maps H%(nb)(k‘,Z) — H'(kg,,,,A) and H%*(n )(k:,E) — HY(k B) are both nonzero. Given
b
this choice, the result of [25, Prop. 5.7] then implies that
A1) = A5(mp) — 1= A%(1) — (b+1),

as required to complete the induction step. This proves the claimed result. O

The groups H%

db+1

We show next that, for suitable moduli a, b and n, the ideals J; in Definition 4.13 can be used

: 1 _ 7l
to bound the complexity of the groups H(ﬁ*)g(n)(k’ B) = H(ﬁg)*(n)(k’ B).
(6.13) Lemma. Let a,b and n be pairwise coprime moduli in /\/']-(Z-) for which the Selmer group
1 B ~ 410 TN C Ao (Fitt0 (FL. *
H(F[?)*(n)(k:,B) vanishes. Then one has Fitty (J;) C A Qz(FlttA(H(]:g)*(n)(kaB) ))-
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Proof. We compare the exact sequence obtained by applying the functor (—) ® A to the short
exact sequence in Proposition 5.10 (iii) with the short exact sequence obtained from Proposition
5.10 (iii) after replacing A and F by A and F. In this way, we obtain an exact commutative
diagram of the form
Tor{(X(F),A) — H{za). (K, B)* ®n A — HY(C(F(n)) @n A
b
1 lg (6.14)
0 Hlpy ) (5 B) —— H(C((F 01 (),
in which the vertical isomorphism is induced, via Lemma 2.31 (ii), by the isomorphism in
Proposition 5.10 (ii). In addition, the assumed vanishing of H(lfu)* (n)(k‘,E) combines with
b
Lemmas 2.9 and 3.38 to imply that H (1]30)* (n)(k:, B) also vanishes. The commutativity of the
above diagram therefore gives rise to an gxact sequence
n > 1
Tor( (X (#),A) — H(fg)*(n)(k’ B)* @, A — 0.
Upon comparing this sequence to that obtained by applying the functor (—) ®g,,, A to the
analogous sequence with A,.%, A and B replaced by Ry Fji)s Ry and 7;’21.)(1), one then
obtains an exact commutative diagram
Ry 1 * *
Tory (X (F iy ) ) Oy A — Hir, e (B Ty (1)) ©my) A — 0
Jo 18

Tor{"(X (), A) Hoo (b, B) @4 A —— 0.
(P ()

Here « is the natural map and, similarly to (6.14), the map f is induced by the map
/. 1 * * 1 *
B Hiz, oo & Tin (W) = H za). ) (k. B)

J
that arises as the restriction (via the exact sequence in Proposition 5.10 (iii)) of the surjective
map H'(C((Z;))i(n))) = HY(C(Z&(n))) induced by Proposition 5.10 (ii). In particular, j3 is
surjective since 3’ is dual to the injective map

1 ~ 1 * 1 *
H gaye oy (B B) = H(z, . yoy= () (ks Ty WM S Hicr, gy (s Ty (1))

induced by Lemma 3.38. Now, by definition of the integer j(i), the image of « in the above
diagram is equal to the submodule J; and so the commutativity of the diagram combines
with the surjectivity of 8 to imply the existence of a surjective map of A-modules of the form
Ji —» H(lf_[?)*(n)(k, B)* @, A. This surjective map then combines with Lemma 2.11 (ii) and (iv)
to imply an inclusion

Fitt?\(']i) - Fitt?\(H(lf;)*(n)(kv B)* X A) =A- Qi(Fittg\(H(lﬁg)*(n)(kv B)*))a
and this proves the claimed result. O

(6.15) Remark. Taking a = b = 1 in Lemma 6.13, one obtains the following useful fact: if n
is a relative core vertex for F that belongs to /\/'j(z-), then there is an inclusion

Fittd (J;) C A - 0; (Fitt(}\(H}*(n)(k,B)*)).

6.2. Controlling Kolyvagin systems via relative core vertices

The aim of this subsection is to show that if n is a relative core vertex for F that belongs to
Nj(i), and & is any Kolyvagin system in KSt(j ) that vanishes at n, then the value of x at the
modulus 1 can be explicitly controlled. This result is stated precisely as Theorem 6.38 and
its proof adapts the graph-theoretical analysis of core vertices that forms a key part of the
approach of Mazur and Rubin in [79, §4].
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6.2.1. Graphs and paths

We use the following variants of the notion of the graph X of core vertices for Mazur-Rubin
structures that are defined in [79, Def. 4.3.6] (see also [25, Def. 5.14]).

(6.16) Definition. For each j € IN with j > i we define a graph XO XO( ) as follows.
(i) The vertices of X]Q are the relative core vertices for F that are contained in Nj.

(ii) Vertices n and nq as in (i) are joined by an edge in XJQ if and only if the localisation map

H%(n)(k:,ﬂ) — H}(k‘q,Z) is mon-zero.

(6.17) Definition. A ‘path’ on XJO s a finite ordered set
U= {(nlv ql): S (ns; qs)} - ./\G X Qj

with the property that, for every a € [s — 1] one has either ngy1 = Ngqq 07 Ngy1 = Ng/qq. We
set |U| == s and refer to this as the ‘length’ of U. We also say that moduli n and v in N are
connected by U if one has n =ny and n' = n,.

We shall need an upper bound on the minimum possible length of paths between certain pairs
of vertices on X]Q(Z.). To prove such a result we shall carefully analyse the arguments of [25, Cor.
5.16] in order to determine the length of the paths that are constructed in the latter result.
In fact, though our current hypotheses are weaker than those of loc. cit., this analysis doesn’t
require any essentially new ideas. Nevertheless, since it forms a key part of our argument,
for the convenience of the reader we provide a detailed argument in the remainder of this
subsection.

We therefore start by recalling a result of Sakamoto et al.

(6.18) Lemma ([25, Lem. 5.13]). Fiz j € N with j > i, n € Nj and q € Q; \ V(n). Then the
following claims are valid.

(i) If v is a relative core vertex for F and the map H%(n)(k‘,ﬁ) — H}(kq,ﬁ) is mon-zero,

then nq is a relative core vertex for F and n and nq are joined by an edge in X]O.
(nq)(k:,ﬂ) — H.(kq, A) is non-zero,

then n is a relative core vertex for F and w and nq are joined by an edge in X]Q.

(ii) If nq is a relative core vertex for F and the map H%

Our next two results are then minor refinements of [25, Lem. 5.14] and [25, Lem. 5.15] respect-
ively in that we also provide an explicit bound on the length of constructed paths.

(6.19) Lemma. Assume Hypotheses 4.14 and fix n € N,y and q € Qj). Then, if n and ng
are both relative core vertices for F , there exists a path from n to nq in on(i) that is of length
at most three.

Proof. If the localisation map H%(n) (k, A) — H}(kq, A) is nonzero, then Lemma 6.18 (i) implies
that n and nq are joined by a path of length 1. We may therefore assume this localisation map

is zero, and hence that H%(n)(k:,Z) = H1 Foln )(k A) C H}T( )(k,Z). The latter inclusion must

therefore be an equality since the fact n and nq are relative core vertices combines with (6.11)
and the first assertion of Lemma 6.3 to imply that

dimy, (F ( o (k. A)) = x(F,j (i) + dimy (I ;) (A)) = dimk(H%(nq)(k:,Z)).

SIDCG x(F,7(i)) > 0 (by Hypotheses 4.14 (vi)), the first equality here implies that the inclusion

T — .
()(A) F(n)(k’A) is strict. In addition, since HF( )(k:,A) = Hf(nq)(k’ A), the exact

sequence (5 17) (with the data ® = F, A, A, m,n taken to be F, A,k ,nq and q respectively)
implies HL. Fya(n )(k,E) is non-trivial. We can therefore apply Proposition 6.5 (i) to deduce the

existence of a prime v in Q;(;) \ V/(ng) for which the localisation maps

Hp (b, A) = H'(ke, &) and  Hpe o (k. B) — H' (k, B)
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are both nonzero. By using the argument of [25, Lem. 5.14], one then concludes the existence
of a path in X]Q(i) of the form n — nt — nrq < ng.

At this stage, we have proved that, in all cases, n and nq are connected by a path of length at
most three, as required. O

(6.20) Lemma. Assume Hypotheses 4.14. Let ny and ng be relative core vertices for F in
N}(z‘); and fix primes q1 € V(n1) and q2 € V(ng2) such that neither ny/qy and na/qo are relative
core vertices for F. Then there exists a prime t in Qi) \ V (ning) with the following properties.

(i) Both nit/q; and not/qq are relative core vertices for F.
(ii) Forl e {1,2}, there exists a path in XJQ(Z.) between n; and nye/q; of length at most four.

Proof. Proposition 6.5 (ii) combines with Hypothesis 4.14 (iv) to imply the existence of a prime
tin Qj;) \ V(nin2) such that the maps

1 T . 7 1

Hf(nl)(k’A) — H (ke,A) and Hf(nz/qz)

are non-zero for both [ € {1,2}. Lemma 6.18 (i) then implies that the moduli n; and n;v are

directly connected by an edge in XJQ(Z.). The proof of [25, Lem. 5.15] moreover shows that njt/q;

is a relative core vertex for F, and so Lemma 6.19 implies the existence of a path in X]Q(Z.)

(k,A) —» H'(k., A)

between n;v and nyr/q; of length at most three. In total, therefore, there exists a path between
n; and nyr/q; in on(i) that has length at most four. ]

We can now prove our main observation concerning path lengths.

(6.21) Proposition. Let ny and ny be relative core vertices for F in Njqy for which v(ng) =
v(ng) = )‘*F(l)‘ Then, if Hypotheses 4.14 is valid, there exists a path in on(i) between ny and
ny of length at most 8 - (A(1) — v(ged(n1, n2))).

Proof. We argue by induction on the non-negative integer

pg(n,ng) = (1) — v(ged(ng, ng)).
Firstly, if pz(n1,n2) = 0, and hence v(ged(ni, n2)) = A%(1), then one must have ny = ny since,
by assumption, v(n;) and v(nz) are also both equal to A%(1). This proves the induction base.
We therefore assume that p(ni,n2) > 0, and hence that n; # ny, and we then fix primes
q1 € V(ny/ged(ng,ng)) and g2 € V(ng/ged(ng,n2)). Now, by [25, Cor. 5.11], one knows that
any relative core vertex m for F satisfies v(m) > A%(1). In particular, since

V(nl/ql) = I/(nl) — 1= )\%(1) -1

for [ € {1,2}, neither n; /q; nor ny/qs can be a relative core vertex for F. Lemma 6.20 therefore
implies the existence of a prime v in Qj(;) \ V' (ning) such that, for both [ € {1,2}, there exists

a path in XJ.O(i) between n; and n;t/q; of length at most four. In addition, one has

pr(mr/qi,nat/g2) = A5(1) — v(ged(niv/q1, nat/q2))
=A5(1) —v(ged(ny, ng)) — 1
:,Lbf(ﬂl,l’lz) -1,

and so, by the induction hypothesis, the vertices nit/q; and ngt/qe are connected in ij(i) by a
path of length at most 8 - pz(nit/qq, nat/q2).
By concatenating these three paths, we have therefore constructed a path in X7

() from ny to
ng (via nyr/qp and ngt/qo) that has length at most

4+ 8- pp(nir/qu, nor/ge) + 4 = 8(up(niv/q, nev/a2) + 1) = 8- pgp(ng, n2),

as required. ]
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6.2.2. Moving along the graph

Given two values ki, and kyq of a system « in KSt(ﬁ ), the defining relation of Kolyvagin systems
(in Definition 5.24) relates their images under the maps 1/)25 and v, that are respectively induced
on biduals by ¢§S and vg. In order to be able to relate the values k, and kyq themselves, it is

therefore crucial for us to control the kernels of QLSS and ¥y. This is achieved by the following
result that uses the integer xz fixed at the beginning of §4.3.

(6.22) Lemma. Fiz a non-negative integer t for which one has tz =t + x5 > 0. Then, for
each modulus w € Nj;y and prime q € P\ V(n), the kernels of both of the maps

fs:ﬂtSHL (k, A) —>ﬂtjl L A
w: ()7 HlnqkAeﬂgl Yk A)

are annihilated by FittA(H(lf*)q( )(k B)*) - Fitth (X (%)).

\\)z

Proof. The exact sequences (5 17) and (5.18) (with ® = .% and n = q,m = nq, respectively

a=gqand m =n) imply H (k A) coincides with the kernel of both 7y : H}(nq)(k, A) — I

and wfs H1 Fn )(k,.A) — . Lemma 2.17 (i) therefore implies (1, s H1 Fin )(k,.A) is the kernel of

both of the displayed maps, and so we must show the stated ideal anmhllates the latter module.

In addition, by Lemma 2.11 (v), the module A X Hi@. " )(k, A)*, and hence also its A-linear dual

ﬂtg H L k ,A), is annihilated by F1ttt3 1(H L )(k, A)*) and so we are reduced to proving

Fitt (H *). Fitth, (X ( 7)) C Fite] (HY ) (k A)). (6.23)

(]_‘*) (

To do this, we use the complex C(F4(n)) from Proposition 5.10. In particular, from Proposition
5.10 (i) and (iii) one has x4 (C(F4(n))) = x5 — 1 and H(C(Fy(n))) = H;f (n)(k,A). By
q

applying Lemma 2.36 with C' = C(%,(n)) and Y = (0), one therefore has
L ts—1 « : ~
Fitt' (H;}q ok A)) = Fitth, (H (C(Z4(n))).

B)
7y

To deduce the required equality (6.23), we then need only note that Lemma 2.11 (ii) applies to
the exact sequence in Proposition 5.10 (iii) (with a and b taken to be q and 1 respectively) to
imply that

Fitt) (H} k, B)*) - Fitt}, (X (F)) C Fitth (H(C(F4(n)))). O

(F*)a(n )(

Lemma 6.22 has the following concrete consequence concerning the values of Kolyvagin systems

at moduli that are connected by paths on the graph X;)(i).

(6.24) Lemma. Fizt € No with tz ==t + x5 > 0. Let k € KS'% (%) be a Kolyvagin system of
rank tz for %, n a relative core vertex for F in N with kyn = 0 and U a path in XO() that

connects n to n’. Then ky is annihilated by every element of the ideal
( TI Fieth(H iz o (k. B)) - Fitth (X ().
(m,q)€U

Proof. We will prove the claim by induction on the length s = |U| of U. Let us therefore
assume that the claim has already been proved for all paths of length at most s — 1.

Writing U = ((n1,4q1),-.-,(ns,qs)), we then see that n; and ns_; are connected by a path of
length s — 1. By the induction hypothesis it therefore follows that

(Hle[s—l] FittA(H(lf*)qz(n)(ka)*)) Fitt) (X(£))*"" - kn,_, = {0}. (6.25)

Now, as n’ = ng and ng_; are connected by a path of length one, we have either n’ =ng_1qs_1
or v’ =ny_1/qs—1 and we consider these cases separately.
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We first assume n’ = n,_1qs_1. In this case, the defining relation of Kolyvagin systems implies

fi fi
Vgs—1 (Hﬂ’) = ¢qss,1 (”n’/CIs—l) = qus—l (“ﬂs—1)'

This equality then combines with (6.25) to imply an inclusion

(Hle[s—l] Fitt%\(H(lf*)qz (m)(k’»B)*)) 'Fitttﬁx(X(ﬁ))s_l -k C ker(vg,_,).

In particular, since (the second assertion of) Lemma 6.22 implies that the kernel of vg, ,

is annihilated by the product of Fi‘ct%\(H(l]i_*)%_l(u )(k:,B)*) and Fitt), (X (.7)), the claimed
s—1

equality is clear in this case.

We now assume n’ = ng_1/qs—1. In this case, the relevant Kolyvagin system relation asserts

i
qS5,1 (/{nl) = ,UCIsfl (/{nlqs—l) = UCIsfl (/Qnsfl)‘

Then, just as above, this equality can be combined with (6.25) and (the first assertion of)
Lemma 6.22 to deduce the validity of the claimed equality.
This therefore concludes the inductive step, thereby proving the claimed result. ]

6.2.3. Bounding dimensions

In this subsection, we shall provides bounds for the dimensions of IK-spaces that arise in sub-
sequent arguments.

(6.26) Lemma. Let n and Q be coprime moduli in j\/j(i). Then, if the homomorphism

(WF)
(H_,ly?(n)(kaA)/mj,j(i)(A))[Mz’] — @ I
aeV(Q)

s injective, one has H}Q(

(B A) =TI 5 ) (A).

Proof. The relevant case of the long exact sequence (5.18) implies that the kernel of the dis-
played map is equal to (H}Q (n)(k,A) AL (A))[M;]. The given assumption therefore im-
plies that this module vanishes and hence, by Lemma 2.9, that H ;;Q (n)(k:, A)/ z i) (A) itself

vanishes, as claimed. O

For each modulus n in Nj;), we set
ai(n) = dim]K((H;:(n)(k:,A) /M5 40y (A)) [M]) (6.27)
= dimg ((H;:'(n)(k’ ATz (A)) IMi]),

where the equality is a consequence of the isomorphism in Lemma 6.1 (iii). This quantity
constitutes an upper bound for the minimal possible value of v(Q) for moduli @ in N, that
are coprime to n and such that the displayed map in Lemma 6.26 is injective. The following
result establishes some crucial properties of these bounds.

(6.28) Theorem. The following claims are valid.
(i) For each modulus n € Njuy and prime q € Qj;) \ V(n), one has |a;(ng) — o (n)| < 1.
(ii) There exists an increasing function ® z, : No — Wo such that, for every (i,n) € NxNjq),
one has a;(n) < @z, (v(n)).

Proof. To prove (i), we fix an A-submodule W of H 19\ (n)(kz,A). Then, for the modulus n' =
“q

n, respectively n’ = qgn, the exact sequence (5.15) with (®,n,m) taken to be (F(n),1,q),
respectively the exact sequence (5.16) with (®, m) taken to be (% (n), q), gives an exact sequence
of /A-modules

0= Hi (kAW — Hj

Fi(n

J(k, A) /W = .
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Applying the functor (—)[M;] to this sequence, one obtains an exact sequence of IK-modules
1 1
0— (Hj(n,)(k, A) /W) [M;] — (qu(n)(k, A)/W)[M;] = K,
from which one deduces that
[ dinngg (B (s A)/W) M) = i (H (6 A)/W) M) <10 (629)
Claim (i) now follows upon setting W =1II 3 ;) (A).
To prove (ii), we lighten notation by setting Ills := Il g, j(4)(7s) for each s > 0. Then, upon
applying the functor Hompg, (K, —) to the tautological short exact sequence
0= s = Hi o (k, Ts) = Hi, o (k, T5)/1L — 0
we obtain an exact sequence of IK-modules
H oy (B, T9) [M] = (H 3, () (k, R) /T [M] = Ext (I, TII). (6.30)
To prove (ii), it is therefore suffices to provide suitable bounds on the K-dimensions of the
outer terms in this exact sequence.
For the first module, we note that Proposition 5.10 (i), (ii) and (iii) allow us to apply Lemma
2.31 (i) (with C,, = C(F,(n)),a =0 and b = 1) to deduce the existence of a natural isomorph-
ism of (finite) IK-modules
H (o (kT M) = Hig (o (K, T).
We write $(n) for the K-dimension of the latter module. Then, for each modulus m € N
and prime q € Qj(5) \ V(m), we can take W = (0) in (6.29) (with F = %;, A and M; replaced
by %y, T and M, respectively) in order to deduce an inequality |3(mq) — B(m)| < 1. By
combining this inequality with an induction on v(n), one can then prove that
dimg (Hé;s(n)(k,ﬂ)[/\/ls]) = B(n) < v(n) + B(1) = v(n) + dimg (H, (k, T)). (6.31)

To bound the K-dimension of Ext%zs (K, III5) we note that the derived Tensor-Hom adjunction
isomorphism in D(IK)
RHomg, (K, RHomg, (117, R)) — RHomg, (K @} LI, R,)
(cf. [117, Th. 10.8.7]) induces, on cohomology in degree one, an isomorphism of KK-modules
Exty (I, ITT,) = Tory® (K, IIT)*. (6.32)

To study the latter module, we use the exact commutative diagram of Rs-modules

0 > 111, y Hy (k,Ts) ———— @qeg( )H}(kq,ﬁ)
! J(s

i l= !
0 — Ilgas] — Hj, , (k, Top1)[as] — @qEQ( )H}(kq,ﬂﬂ)[%]-
Jj(s+1
Here the rows follow directly from the respective definitions of IIT; and 11,41 and (in the second
case) the left exactness of the functor (—)[a;s]. The central vertical map is the isomorphism that
is induced, via Lemma 2.31 (i) (and the result of Proposition 5.10), by the fixed isomorphism
Rsii1las] = Rs. Finally, the right hand vertical map is the projection induced by the isomorph-
isms H}(kq,ﬂﬂ)[as} = H}(kq,ﬂ) for each q € Qj(s41) € Qj(s)- In particular, the second
square in the diagram commutes and so the indicated dashed map exists in order to make the
whole diagram commutative. From the commutativity of the diagram, it then follows that the
latter map is injective and hence, upon taking the dual of the first square in the diagram and
using Lemma 2.8 (iii), we obtain a commutative diagram of surjective maps of Ri-modules
HL

t/s+1

(b, Top1)* @Rpey Rs—— (HY | (k, Topn)ag))* —— HS (k, T5)* (6.33)

| * |

m:+1 ®Rs+1 RS — (H—Is-i-l[as]) 4 H_[:
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Now, since all modules here are finite, exactness is preserved upon passing to the inverse limit
(over s) and so one obtains a surjective map of R-modules

i Hz, (k, T5)" — M = lim TII,
in which the limits are defined with respect to the maps that are induced by the respective
rows of (6.33). In particular, since the upper row of (6.33) is an isomorphism, Nakayama’s
Lemma implies that l.&nsgmHi%(kﬂ;)*’ and hence also M, is a finitely generated R-module.
Thus, if we set My = M ®p Ry for each s € IN, then the natural map M — Tglse]NMs is an
isomorphism. In addition, since the natural projection map kg: M — III7 is surjective, setting
Ng = ker(Rs ®r ks) gives a tautological short exact sequence of Rs-modules

0—>N5—>MSM>HIZ—>O.

Since each Ny is finite, exactness is preserved when passing to the inverse limit over s and so
@seNN s vanishes. Then, as KK is finitely-presented as an R-module, one also has

l'&nse]N(]K @R, Ns) = 1.&nsell\l(]K ®r Ns) = K @r @se]NNS = (0).

In particular, by applying the functor I ®%, (—) to the above short exact sequence and then
taking inverse limits over s, we obtain an exact sequence

hm o Tory™ (K, M) — lim o Tor;™ (K, ar;) — m (K ®gr, Ns)=(0),

and hence, upon taking duals, a composite injective map
limy | Tor* (K, 1113)* & (i Tor (K, 113))” < (lim Torfs (K, My))" = TorF (K, M),
where the second isomorphism follows from Lemma 2.32 (ii) with R taken to be R and each S,
to be K. In addition, from Lemma 6.34 below, the IK-dimension of the kernel of the direct limit
Tor?i (K, Oory)* — lim Tor?j (K, I1%)* of the homomorphisms induced by Lemma 2.32(i) is at
most 1k(k(T)oo/k) - dimg (T), where 1k(k(T)oo/k) is the ‘rank’ of the group Gal(k(T)wo/k) as
specifed below. Taken together, these observations imply that
dimg (Tor[ (K, 11})*) < tk(k(T)oo/k) - dim (T) + dimg (Tor [ (K, M)V).
We now define the function ® z, : INg — INg by setting
® 7, (m) == m+ dimg (H, (k, T)) + rk(k(T)oo/k) - dimg (T) + dimg (Tor{ (K, M)").

Then this function is clearly increasing and, by combining the last displayed inequality with
the isomorphism (6.32), the inequality (6.31) and the exact sequence (6.30), one checks that
ai(n) < @z (v(n)) for every n € N, as required to prove (ii). O

Before stating the next result we recall that, under Hypothesis 4.14 (vii), Gal(k(T )co/k) is
a compact p-adic analytic group. In particular, [33, Th. 9.38(ii)] implies that the Sylow p-
subgroups of Gal(k(7 ) /k) have a common finite rank (as pro-p groups) and we denote this

by tk(k(T)oo/k)-

(6.34) Lemma. Set Il := Mz, ;) (7s) for each s € N. Then, for each i € N, one has
dimm (Jer (Tor (K, T117)* 25 limy Tor[” (IK, TI1})*) ) < rk(K(T oo /k) - dim(T),

where the map ©; is the direct limit of the homomorphisms induced by Lemma 2.32.

Proof. For integers s and ¢t with ¢t > s > i we set

H—Is,t = I—ngs,t(ﬁ)a H—[s,t = H—[]-'s,t(ﬁ) and X, := %]:5,5(7;)
(so that one has Iy = lHS’j(S)). Then I ¢ C I, ; and ﬁw - ﬁ&t and, by the same argument

as in Lemma 6.1 (iii), the canonical surjective map H});S(k:,ﬂ) — H]l_-s(k‘,’];) induces an iso-
morphism Il /T ; = /Hlvs,t//LHvs,s. In addition, Lemma 6.1 (i) implies /Hlvs,t C HY k(T /k, Ts),
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and Lemma 6.1 (ii) shows that I, N X, = I, ,. Hence, setting Ay, = Gal(k:(77)/ks(T3)),
there exists a composite injective map of R¢-modules
I, ¢ /I 5 =2 /mvs,t//mvs,s — Hl(As,ta Ts) = Hom(Ag+, Ts)
and thus, upon taking duals, a surjective map of IK-modules
Hom(Ay, Ts)* ®©r, K — (Il /IIL)* ®r, K. (6.35)

On the other hand, for each s > 7, there exists an exact commutative diagram

1 1
0 — I j(5) — Hi,(k, i) —— @qegj(s)ﬂf(kq,m

; I I~
0 — Ig[a;] — Hé;s(k,ﬁ)[ai] — @qeg( )H}(kq,ﬁ)[ai]

analogous to that following (6.32), and hence an isomorphism ITI; ;(5) = Ills[a;] of R;-modules.
This isomorphism combines with Lemma 2.8 (iii) to induce an isomorphism HIF @z, R; =
(I, j(5))*. The latter isomorphism then allows us to apply Lemma 2.32 (i) with each 5,, taken
to be K (so that the target module, and hence cokernel, of the associated map (2.33) vanishes)
to conclude that the induced map Tor{™ (1%, K) — Toriz"((Hli,j(s))*, K) is surjective. This in
turn gives rise to an exact commutative diagram of the form

Ri
TOI‘l (]K, (Hl@j( )) ) HTOI“l (]K T ) *)]K@R ( 0.5 (s) /]_H)
Tor s (I, 1T )* — 4 Tor R (K, II?)*.
By applying the Snake Lemma to this diagram and then taking direct limits over s > i, we
obtain a composite injective homomorphism

ker(©;) = lim ker (TorT¥ (K, 1I})* — Tory (K, II})*) < lin (K @w, (L j(5)/11L;)%).  (6.36)

s>i s>%
In addition, the natural isomorphisms for each s > ¢
Hom(A; j5), To)" @r, K = (Hom(A; j(s), ) [M;])” = Hom(A, ;). T)"
combine to give an isomorphism
ling _ Hom(A;j(5), Ti)" ®r, K = (lim _ Hom(A, (), T))" = Homeont (Gal(koo(T)/ki(T5)), T)"
and hence also, in conjunction with (6.35), an induced surjective map
Homeont (Gal(keo(T)/ki(T5)), T)* — lim (K ®r, (Il () /111;)").
Recalling the injective map (6.36), we can therefore compute that
dim (ker(0;)) < dlm]}((g’l (]K ®@r, (II; j(5)/11)*))
< dimg (Homgon (Gal(k ( )/k (7)), T)")
= dimp, (Homcont(Gal( (T)oo/ki(T)), F )) ~dimg (7))
= dimp, (Gal(k(T)oo/ki(T))™ ®z, Fp) - dimk (T)
= d(Gal(k(T )oo/ki(T7))) - dimg (T)
<rk(k(T)oo/k) - dimg (T).

Here we write d(Gal(k(T )oo/ki(7;))) for the minimal number of topological generators of the
pro-p group Gal(k(T)eo/ki(T;)), so that the third equality follows from a standard property of
the Frattini subgroup (cf. [33, Prop. 1.9, Prop. 1.13]). In addition, since Gal(k(7T)co/ki(Ti))
is a closed subgroup of a Sylow p-subgroup of Gal(k(7)s/k), the final inequality follows from
[33, Prop. 3.11, Def. 3.12]. O
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(6.37) Remark. The proof of Lemma 6.34 is the only point in the proof of Theorem 4.20 in
which Hypothesis 4.14 (vii) is used. In particular, if the Tate-Shafarevich group Il z, (s (7s)
vanishes for every s € IN, then Lemma 6.34 plays no role in the proof of Theorem 6.28 and so
Hypothesis 4.14 (vii) can be omitted from the statement of Theorem 4.20.

6.2.4. Consequences for Kolyvagin systems

We can now finally prove the key technical result concerning Kolyvagin systems that will be
used in the next section to prove Theorem 4.20. In order to state this result, for each ¢ € IN
we abbreviate the non-negative integer defined in Remark 6.4 to
NH(1) = A (1),
where F; is the Mazur-Rubin structure on T induced by F; = h(.%; @, R;). For each i € N
and d € Ny we then define a polynomial Z;(d; X) of degree d in Z[X] by setting
. o Q)* d J=d=1
Zi(d; X) = 8\*(1)X +Zj:0 X7,

(6.38) Theorem. Assume Hypotheses 4.14 and fix t € Ng such that tz =1t + x5 > 0. Then,
for every i € IN, there exists a relative core vertex ng = ng(i) for F; that belongs to /\fj(i) and
also has the following property. If k = (kn)nen; s any system in KS'S(.%;) for which kg, = 0,
then there exists an ideal I of R; that satisfies both of the following conditions.

(i) The annihilator of k1 in R; contains I - Fittl, (X (F))N O,

(i) The R;-module J; in Definition 4.13 is such that

Fitt%i(Ji)Zi(Af(l);ai(1)+>\2‘(1)) CR;- o (])

Proof. Our argument will show that the required properties are satisfied by any relative core
vertex ng for F; that is constructed as in Lemma 6.12 with j = j(i). Before verifying this,
however, it is convenient to prove the existence of an ideal I] of R; that satisfies both

Fitt}, (/i) € Ri- oi(I}) and (I} - Fittle, (X(#))) - () Wp, () = (0).  (639)

To do this, we first note Lemma 2.11 (v) directly implies that ﬂgl gz, i) (7:) is annihilated
by Fitt;gi_l(ﬂl%d(i) (7:)). To study the latter ideal, we use Lemma 6.12 to ﬁ}ia modulus a in
N such that Hl_*(a)(k:, T7(1)), and hence also (by Remark 6.10) H(IF)*(a)(k’ T"(1)), vanishes.
We then use Proposition 6.5 to fix a prime q € Qj;) \ V(a) such that the localisation map
H%(a)(k‘,f) — H}(kq,T) is nonzero (and thus surjective). Given this, the global duality exact
. . _ -~ _ 7 . . 1 ==t _ 1 —%k

sequence (5.18) (with ® = F = F;) implies that H(m)*(a)(k,T (1)) = H(E)*(a)(k’T (1)). It

follows that H ST)* (a)(k,T*(l)) vanishes and hence, by Lemma 6.13, that the first property in
2,9
(6.39) is satisfied by the ideal

I{ = Fitt, (H{z, ok, T (1))
In addition, since Iz, ;;)(7;) is, by its very definition, a submodule of H{lgjm(a)(k, 7i), there
exists a natural surjective homomorphism H}%_’q( a)(k,ﬁ)* — Il g, (;)(7i)*. Taken together
with Lemma 2.11 (i), this surjective map implies an inclusion
Fittd ' (HY, (o (k. T0)") C Fittd (I g i (T5)"):

Given this, the fact that the above ideal I] also has the second property in (6.39) is a direct
consequence of the inclusion I{ - Fitty (X (%)) C Fitt%;l(Héi,q(a)(k,ﬁ)*) that is proved in
(6.23) (with n replaced by a).

Turning now to the proof of the claimed result, we fix a relative core vertex ng for F; that is
constructed as in Lemma 6.12 with j = j(i) (so that ng € Nj;) and v(ng) = Af(1)). We also
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assume to be given a Kolyvagin system x in KS' (%) for which sy, = 0. It is then enough for
us to prove the following: for any modulus n in -N’j(i) that satisfies

Ai(n) = A1) —v(n), (6.40)
there exists an ideal I, of R; that satisfies both
Fitt, (J;) 7N ) C R; - 0i(I,) and I - Fitth, (X ()N WAk = (0}, (6.41)

where, for brevity, we have set
Zi(Ai(n)) = Zi(Aj (n); ai(1) + A7 (1)).

Indeed, since n = 1 satisfies (6.40), if this claim is valid, then we will obtain an ideal I of R;
with all of the required properties by simply setting I := I.

Now, to construct ideals I, satisfying (6.41), we shall use an induction on the non-negative
integer Af(n). We therefore first assume that A(n) = 0, so that the exponents Z;(A\}(n)) and
Af(n)+8X7(1) in (6.41) are both equal to 8\f(1). Then, in this case, Remark 6.10 implies that
n is a relative core vertex for F; and (6.40) implies v(n) = A7(1). Upon combining Proposition
6.5 with n =4 and j = j(¢) with the argument of Proposition 6.21 with n; and ny taken to be
n and ng, we can therefore deduce that n is connected to ng in X]Q(i) (7) by a path U of length
at most 8A7(1). Given this, and the assumed vanishing of kg, the results of Lemmas 6.13 and
6.24 directly imply that (6.41) is validated by the ideal

L= J] Fittk, (Hiz, ek T(1)).
(qm)eU

For the inductive step we now assume to be given a modulus n in ;) that satisfies (6.40) and
is also such that both Af(n) > 0 and ideals I, with the properties in (6.41) are known to exist
for all moduli m in Nj;) that satisfy both (6.40) and A7 (m) < Aj(n).
At this point, we recall the non-negative integer a;(n) defined in (6.27). If a;(n) = 0, then
Lemma 6.26 implies H}i(n)(k, 7i) = W g, j(;)(7i). Hence, in this case, the ideal I, := I validates
(6.41) as a direct consequence of (6.39) and our assumption that Af(n) > 0. In the remainder
of the argument, we shall therefore assume that «;(n) > 0.
To deal with this case, we note that H}VT* k,T" (1)) is non-trivial since A¥(n) > 0. Hence, since

(
(n) _ _
x(Fi, 7(i)) > 0 (by Hypothesis 4.14 (vi)), Lemma 6.3 (iii) implies H%(n)(k, T) # g (7). In
particular, Lemma 6.26 can be combined with Proposition 6.5 (ii) to deduce the existence of a

subset {q; : | € [a;(n)]} of Q;(;) for which the localisation map
Hi%(n) (k77;)/m%7](1)(7;) — @ H}(kqwln) (6'42)
1€[ai(n)]
is injective and, simultaneously, for every [ € [a;(n)], the localisation maps

Hiy o (k,T) = H'(kq,, ) and  Hpe (kT (1) = H' (g, T (1)

are both nonzero. For every index [ € [o;(n)], one then has
A(na) = A7) = 1= A7 (1) —v(n) — 1= X (1) — v(na),

where the first equality follows from [25, Prop. 5.7], the second from (6.40) and the last is
clear. It follows that the modulus ngq; satisfies both (6.40) and also Af(ng;) < Af(n) and so
the inductive hypothesis implies the existence of an ideal I,,q, of R; that has the properties in
(6.41) after replacing n by nq;.
In particular, since A} (ngq;) = A (n)—1, we know that the ideal I,q,-Fittf, (X (F;)) X (m+8x7 (1)1

- tz—1 tg—1
annihilates the element locg, (kng,) of (3. H%’ql(n)(k,ﬂ) C Ng, H%(u)(k,ﬁ). From the
equality Q,Z)gj(f@n) = Vg, (Kngq,) that follows from the defining relation of Kolyvagin systems, it
therefore follows that UJES (Kn) is also annihilated by Ing, - Fittf, (X (F;)) AN m+8A M) =1,
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Next we note that injectivity of (6.42) implies 1Tz, ;(;)(7;) is the kernel of the diagonal map
(g ielas o)+ H 3,y (: Ti) = RO,
From Lemma 2.17 (i), it then follows that ﬂR 7,,j(i)(Ti) is the kernel of the map

(ks )
M e 0 @ O 0
l€fovi (n)]
and so the above observations combine to imply an inclusion

: * *(1))— (&3
(Hle[ai(n)]lnql ) - it (X(F) NN € (V0 1115, (7). (6.43)

In addition, there are also inclusions
FittQ (J;) 71 ) = Fitt, (.J;) - (Fitt%i(JZ.)Z«L()‘;(nCIl)))ai(l)+>‘f(l)
40 7y 140 ( 7\ Zi(Af (nay))
C Fitt% (J;) Hle[ai(n)] Fitth, (J;)

C Fittp, (J;) - Qi(Hle[m(n)}Inql)' (6.44)

Here the equality is valid for every | € [a;(n)] and follows from the fact that Z;(d; X) =
1+ Zi(d—1; X)X for each d > 0. In addition, the first inclusion is valid since

[ai(m)]] = ai(n) < ai(1) +v(n) = ai(1) + (A (1) = A7 (n) < ai(1) + A7 (1),
where the first inequality here is obtained via (repeated applications of) Theorem 6.28 (i) and
the equality is an immediate consequence of (6.40). Finally, we note that the second inclusion
in (6.44) follows from the induction hypothesis.
Upon combining the inclusions (6.43) and (6.44) with those of (6.39), it is now easily deduced
that the product ideal I, :== I - “ ITicja, () Ina, satisfies both of the conditions in (6.41), thereby
verifying the inductive step. This therefore completes the proof of the claimed result. O

(6.45) Remark. We make some observations about the exponents that occur in Theorem 6.38.
We recall first that A7(1) is defined to be dimy (H%*(k‘,TV(l))) and hence that

0<ON(1) <N =9 dimp(H (O5(5,), T (1))). (6.46)
Since this bound is independent of i it implies, in particular, that the set of polynomials
{Z;(A;(1) : X) : j € IN} is finite. In addition, the value of any polynomial Z;(A7(1) : X) at a
non-negative integer is a natural number and so we can set
Z =max{Z;(\j(1) :m) :j € N, m € No,m < &5, (N)},
where ® #, is the INp-valued function that occurs in Theorem 6.28 (ii). Then the latter result
(with n = 1) combines with (6.46) to imply that, for every ¢ € IN, one has

0< Zi(AH(1); ai(1) + AF(1) < Z. (6.47)

7. Stark systems and the proof of Theorem 4.20

In this section, we fix a family § = (Zk)xeq of Nekovar systems as in §4.3 and continue to
write . and .%; for i € IN in place of .%), and .7}, ;.

We recall that the notion of ‘Stark systems’ was independently introduced by Mazur and Rubin
in [81] and by Sano in [102]. To define a suitable variant for our theory we fix an ordering < on
I}, and use the following sign convention. Given a modulus n € A;, we label the primes in V (n)
as q1, - - -, qy(n) in such a way that q1 < q2 < -+ < q,(y). For any set of elements {aq: g € V(n)}
indexed by V(n), we then define the exterior product /\qev (n) %a 10 be ;e ) aq;- Further, if
a modulus m € N is divisible by n, then we define a ‘sign’ sgn(m,n) € {£1} via the equality

(/\qu(m/n) UI) A (/\qEV(n) (1) = sgn(m,n) - Aqev(m)d
in the exterior algebra A7, Z[II].
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(7.1) Definition. Fiz t € Ny and i € N. Then the R;-module of ‘Stark systems’ of rank t for
the Nekovdr structure F; on T; is the inverse limit

. t+v(n)
StS'(F) = lim__,. ﬂR Hpn (K, T).
Here the transition morphisms for w | m are the maps
R t+v(m) t+v(n)
U = 8g0(, 1) < Aqevimmber [ HepbT) = (), He(b ) (72)
that are obtained by applying Lemma 2.17 (ii) to the exact sequence (5.15) with ® = Z,;.

The reader will find a detailed axiomatic treatment of Stark systems in the next section. For
the moment, however, we shall only record an algebraic construction of such systems that will
be used the proof of Theorem 4.20. We observe that this construction is modelled on that of
Sano and the second author in [27, Th. 3.4].

To state the result, we use the free R-module Y, of rank ry, that is fixed at the beginning of
§4.3 and, for each i € IN, define an R;-module Y; via the push-out diagram

0 V \Y 0 * *
D, H s TV W)Y = €D, o HO (ke T (1))
+ +
Y > Y

where the horizontal map is the canonical surjective morphism that exists since (3.1) is satisfied
(see the argument of Lemma 3.49)). Then Y; is an R;-module quotient of Gaqer[,? HO(kq, T(1))*
that is free of rank ry and there exists a natural isomorphism

Y @r Ri = Vi (7.3)

Moreover, via the map ag in (3.47), we may regard Y; as a quotient of X (.%;). We also note
that, for all moduli n and m in A; with n | m, the exact triangle in the lower row of (5.21)
(in which Y,.Z and A correspond to Y;,.%; and 7;) combines with the identification, for each
prime q € V(m/n), of H/lf(kq, 7;) with R; that is used in the construction of the upper square
of the diagram in Proposition 5.23 (iii) (and earlier in the derivation of the duality sequence
(5.15)) to induce an isomorphism of R;-modules

Detr, (Cy;(F)) = Detg, (Cy,(F)) @r, Q)  Detr, (H};(kq, T:)[0]) = Detr, (Cy, (F})).
g€V (m/n)
We fix an (ordered) R-basis be of Y and write b, ; for the (ordered) R;-basis of Y; given by the
image of be under (7.3). Finally, to ensure compatibility of our constructions under change of

i, we assume that the map 1992;1% that occurs in Proposition 5.23 (iii) is defined with respect
to the basis b, ;.

(7.4) Lemma. Set r := ry + xr(C(%)) and assume that r > 0. Then, for each i € N, the
assignment (an)nen; — (V70 y;(an))nen; induces a well-defined homomorphism of Ri-modules

lim _ - Detr, (Cy,(F}')) — StS"(F),
in which the inverse limit is defined with respect to the morphisms specified above.

Proof. This follows directly from the commutativity of the upper square in the diagram of
Proposition 5.23 (iii). O

In order to prove Theorem 4.20, we now fix an Euler system c in ESg (). For each i € I,
we write k; = (Kin)nen; for the Kolyvagin system in KS"(.%;) that is given by the Kolyvagin
derivative of ¢ (cf. Theorem 5.29). We recall, in particular, that

ki1 = T z,(Ck), (7.5)
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where 7}, 5 is the canonical map (Vg Hg(k,T) — (g, Hi, (k, Ti) from (5.25).
Now, by applying Proposition 2.12 (ii) to the isomorphism X (%) = @lXS(c%) constructed
in Lemma 3.49 (i), we deduce that the ideals (Fittyy (X (#)))ien form a projective system
with respect to the natural maps R;+1 — R; and also that their limit is equal to

Fitty (X (F)) = fm, Fittyy (X (%)) C R.

In particular, if we fix an element z of Fitt3 (X (%)) as in the statement of Theorem 4.20,
then its image under the projection map R — R; belongs to Fittyy (X(F;)). As a consequence,
if we write n; for the relative core vertex for F; = h(.%;) in Nj(;) that is provided by Lemma
6.12 and also fix an element z of the ideal Fitt%i (H]l_.;(ni)(k, T;*(1))*), then the exact sequence

in Proposition 5.10 (iii) (with a = b = 1) combines with Lemma 2.11 (iv) to imply that

2@ € Fitty, (Hy- () (k, T;7(1))") - Fitty (X (Fx)) C Fitty (H'(C(Fi(n))))-
Now the first displayed sequence in Proposition 5.23 (ii) implies that the latter ideal is equal to
Fitth (H(Cy,(Zi(n;)))). Given this equality, the above containment therefore combines with

the assertion in Proposition 5.23 (iii) regarding annihilation of the cokernel of ¥ #, (n,) y; to imply
the existence of an element 3;. of Detr, (Cy;(#;(n;))) for which one has

(Z : '/"U) : K’Z',ni = 19?1(111),}/1 (3:‘11)

From the commutativity of the lower square (and surjectivity of the map ) in the diagram of
Proposition 5.23 (iii), we can then deduce the existence of an element 3,, of Detg, (Cy; (%))

(2
for which the element ¢, = 19/@:”/1 (3n,) of ﬂ%ty(ni) H;ﬁnz (k,T;) satisfies

7 fs s
(/\qEV(m‘)Q’Z)q )(6;2) = (/\qEV(ni) q )(ﬂyfi% (3“1')) = 19,%(,11.)7}@ (3:11) = (Z ’ x) K-

Further, since 3, belongs to Detg,(Cy;(:#;")), Lemma 7.4 implies the existence of a Stark

system €; = (€;n)nen; in StS”(.%;) for which one has €, = ef”.

Next we note that a straightforward calculation, as in [25, §5.2], proves the existence of a
well-defined ‘regulator map’ of R;-modules

Reg”: StS" (i) — KS™(F), € = (én)nen, — ((/\qev(n) D) () nen:

Then, by its very construction, the element

Reg"(€;) — (z - 2) - ki € KS"(F#)
vanishes when evaluated at n;. We now write I; for the ideal I of R; that is constructed in
Theorem 6.38 (with ¢ = 7). Then, by combining claim (i) of the latter result with the inequality
(6.46) we deduce that, for any element y of Fitt (X (%)) that is fixed as in the statement of
Theorem 4.20, every element in the R;-ideal 3V - I; annihilates the value

(Reg"(e;) = (- 2) - ki)1 = €1 — (¢ - 2) - Kia
of Reg"(¢;) — (x - 2z) - k; at 1. For every element a of I;, one therefore has an equality
ayN(a: CZ) Rl = ay™ - €il- (7.6)
On the other hand, the construction of Stark systems in Lemma 7.4 implies that
€1 =Y7,yv,(3"),
where 3" is the element of Detg,(Cy,(.%;)) that is given by the image of 3,, under the iso-

morphism ¢; in the diagram of Proposition 5.23 (iii) with (m,n) taken to be (n;,1). From the
equality (7.6), we can therefore derive a containment

az-xy™ - kig =y" 0zv.(a-5") €y 9z v (Detr, (Cyi (7))
Now, as the elements a and z vary, they generate the ideal
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of R;. From the above containment, we can therefore deduce that the following ideal of R;
Wi(z,y) = {w ER; |w- xyN “Ki1 € yN 02,y (DetRi(Cm(ﬁi)))}
contains I]. In particular, since Remark 6.15 combines with Theorem 6.38 (ii) and the inequality
(6.47) to imply that R; - ¢;(I]) contains FittORi(Ji)ZH, there is an inclusion
Fitt% (J;)7 C R; - 0;(Wi(z, ). (7.7)

We next claim that the natural maps R;+1 — R; send ;+1(x,y) to A;(x,y). To justify this, we
note the isomorphism C'(.%;41) ®]Iin+l Ri = C(.F;) in DP™(R;) given by Proposition 5.10 (ii)
and the obvious isomorphism of R;-modules Y; 11 ®%, , R; = Y; combine with the exact triangle
given by the first column in (5.22) (with m = 1) to induce an isomorphism in DPf(R;)

7i: Oy (Fin1) @R, Ri = Oy, (F).

This isomorphism then combines with the explicit construction of the maps ¥z, y, in Pro-
position 5.23 (iii) (and our use of the compatible family of bases (be;);) to give a canonical
commutative diagram of R;;1-modules

19;% Y5 T
DetRi+1 (CYi-H (yl+1)) — ﬂ H}Hl (k77;+1)

Rit1
\LDetRi (7‘1) \Lﬂ';;l/i
LEIRG r
Detr, (Cy. () & M, HE (& T).

T
i+1/i
map 7 » in (5.25). In particular, from the equality (7.5) one deduces that

Here the map 7 is constructed (via Lemma 2.37 (ii)) in the same way as the projection

Tivryi(Rir11) = T i(T 7, (1) = T 2, (k) = i
Hence, if a belongs to A;1+1(z,y), so that
a- xyN " RKi+1,1 € yN : ﬂfiJrl,%Jrl (DetRi+1 (CYH-l (§i+1)))>
then the commutativity of the above diagram implies that
a-xy™ - rig €YY Iz, (Detr, (Cy,(F2))).
It follows that the image of a under the projection R;+1 — R; belongs to ;(x,y), as claimed.
In particular, since the fixed R-basis be of Y induces an identification
U7,y (Detr(C(Fy))) = lim, Iz, v, (Detr, (Cy,(F))),
one obtains an inclusion
l'&niem%‘(x,y) C Az, y) = {7‘ ER|r- zy ep ey - ﬁgk,y(DetR(C(ﬁk)))}.
Next we note that the compactness of R implies
Q(@iemml‘(m’ y)) = Hm, 0i (i(z,y)) € R.
Now, by (7.7), the second limit in this display contains (@1z Fitt%i(Ji))Z‘H. In addition,
since the canonical isomorphism (4.12) combines with the definition of the modules J; to

give an isomorphism Tor(X (%), R) = lim, _Ji, the general result of Proposition 2.12 (ii)
implies that Fitt%(Tor (X (%), R)) is equal to fm, o Fitt%i (Ji). These observations therefore

combine to prove an inclusion
Fitt%(Tor (X (Fk), R)?™ C R+ o(A(z,y)).

At this point, we fix a prime ideal p of R that satisfies the conditions (i) and (ii) in Theorem
4.20. Then condition (ii) combines with the last displayed inclusion to imply that Ry-o((x, y))p
contains the element 1 of R,. In particular, if gp: R, — R, is surjective, as follows from the
condition (i), then Ry, - o(A(x,y))p = 0p(A(x,y)p) and so the Ry-ideal A(x,y), must contain a
preimage £ of 1 under g,. In addition, condition (i) also ensures that the map g, is non-zero,
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so that ker(gp) C pR, and gy(1) = 1. It follows that £ — 1 belongs to pR, and so Nakayama’s
Lemma implies § is a unit in Rp. This in turn implies that A(x,y), = Ry, as required to
complete the proof of Theorem 4.20. O

(7.8) Remark. A close inspection of the above proof shows that the only contribution of the
Kolyvagin derivative construction in Theorem 5.29 is to guarantee the existence of a Kolyvagin
system r; € KS"(F;) with the property that r;1 = 7 z (cx) for every i € N (cf. (7.5)). In
particular, if the existence of such Kolyvagin systems is in some way already known, then one
need not apply Theorem 5.29 in the above argument, and hence can avoid assuming Hypothesis
4.16 in Theorem 4.20 (cf. Remark 4.21).

A. Abstract Stark systems

In this appendix to Part I, we establish several useful general results in the theory of Stark
systems. Whilst some of these results have already been applied in previous sections, with
future applications in mind we have preferred to adopt a more axiomatic approach here.

A.1l. Characteristic ideals

We first recall a notion introduced by Greither [47, §5.2] and Sakamoto [99, Def. C.3]. For
this, we let R be a Ga-ring.

(A.1) Definition. Let Z be a finitely generated R-module and fix a surjective homomorphism
of R-modules of the form g: R®* — Z with s € N. Then Lemma 2.17 (ii) implies that the
tautological short exact sequence

induces a homomorphism of R-modules Nicjq) fi: [ ker(g) — N%(0) = R. The ‘characteristic
ideal’ charr(Z) of Z is defined to be the image of Nic|q fi-

0 — ker(g)

(A.2) Remark. Sakamoto has proved the following general results on characteristic ideals.
(i) chargr(Z) is independent of the choice of g (see [99, Rem. C.5]).
(ii) Fitt%(Z) C charg(Z), with equality if pdg(Z) < 1 (cf. [99, Prop. C.7]).

(iii) chargr(Z) = Anng(Z) if R is Gorenstein of dimension zero (see [98, Prop. 4.5]).

We will also require the following additional properties of characteristic ideals.

(A.3) Lemma. Assume R is a Go-ring, and let M be a finitely generated R-module.
(i) charr(M) C Anng(M)**.
(i) For any natural numbers r > s > 0, any ezxact sequence of R-modules of the form

(fi)iels)

0 N M RY — 57— 50

and any a in the image of the map Ny fi: N M — Ng °N in (2.19), one has
r—S
im(a) = {¢(a) | p € /\R N*} C charp(Z2).
Moreover, if M contains a free direct summand F of rank t, then one has
Fitth (M*) - im(a) C Fitt%(2)**.
(11i) For any submodule N of M, one has charg(M) C charr(N) N charg(M/N).
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Proof. To prove (i), we fix a surjective map of R-modules f: R" — M. We write {b;}ic[y
for the standard basis of R" and b}: R™ — R for each i € [n] for the dual of b;. Setting
N = ker(f), the definition of the characterlstlc ideal directly implies that every element of
charr(M) can be written as x = (A;epnbf)(a) for some a € (N N. Now, for each i and [ in [n],
we may compute that

bi ((Njibj)(a)) = ((Ajib5) Ab7) (@) = (=1)" 7" - it - (Niembi)(a) = (=1)" " - by -
with the Kronecker symbol d;;. This shows that
(~1)" - (Agab}) (@) = - by € N*,
where the containment is true since A;;bf defines a map (3 N — N**.
To proceed, recall that the cokernel of the natural map N — N** identifies with Ext%(A, R)
for a specific R-module A (cf. [86, Prop. (5.4.9) (iii)]) and hence, by assumption (G1) on R,
is pseudo-null. It follows that xb; € N, for every prime ideal p € Spec=!(R). Since the set
{f(bi) }icjn) generates My, this proves x € Anng,(M,) = Anng(M),. Noting that reflexive
ideals are uniquely determined by their localisations at prime ideals in Spec=!(R) (see Lemma
2.4 (ii)), we can therefore deduce that charr(M) C Anng(M)**, as claimed.
To prove (ii), we fix b € [z M and set 0 := N[5 fi.- Then, for p € A" M*, one has
p(0(b) = (0N @)(b) = (=1)" - (p AO)(b) = (=1)" - B(0(D))-
In particular, since 6 is the composite (i M — NR(M/N) = AR(R®*) = R (where the first
map is induced by the natural projection), and charg(Z) is, by definition, the image of the
second map in this composite, we have shown that

{o0(b) | p € /\ " M*} C charp(2). (A.4)

To proceed, we note charp(Z) is a reflexive ideal of R (cf. [99, Prop. C.10]) and so uniquely
determined by its localisations at p € Spec=!(R). To prove the first assertion of (ii), it is thus
enough to demonstrate that, for each such p, the localisations of the first set in (A.4) and of
im(0(b)) coincide. To do this, we use the commutative diagram

r—s * r—s *
Here the upper horizontal map is induced by restriction, the vertical arrows are the respective
canonical maps induced by (2.19) and the lower horizontal map is induced by the inclusion
N °N — i *M. In particular, since im(f) € (; °N (by Lemma 2.17 (ii)), the above
diagram implies that, for ¢ € A, * M* and a € im(6), one can compute ¢p(a) as the value at a
of the image of ¢ in A}, N*. Since, for z € (i * N = Homg(AR *N*,R) and ¢ € Ay ° N*,
the value 1(z) € R is defined to be :L‘(?,Z)) the above discussion therefore shows that
* T8 N
-
{e0®) e \" M} C{el0®) | o€ N\ N}
To deduce the first assertion of (ii), it is therefore enough to show that the cokernel of this
inclusion is pseudo-null. Now, for p € Spec=!(R), the group Extp(M/N, R), = Ext%%p (Zp, Ry)
vanishes since, by assumption, R satisfies (G1) and so Ry has injective dimension one. It follows

that coker(M* — N*), = Extk(M/N, R), vanishes, and hence that the p-localisation of the
cokernel of A\p™® M* — A" N* also vanishes. Every ¢ € A\ ° N can therefore be lifted to

an element ¢ € A\l ® My, and so the claimed result follows from
{p0®) o e N\, N} ={(0 soe/\ NG
C{p(b) | ¢ € /\Rp Mg} ={p(00) o e N\, M.
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We now prove the second assertion of (ii). As Fitt%(Z)™ is a reflexive ideal of R, localising at
primes in Spec=!(R) as in the discussion above shows it is enough to prove Fitt%(Z) contains
Fitty; (M*) - {0(0(b)) [ ¢ € N * M"}.

By assumption, M has a free direct summand F' of rank at least s. Then F* is a free direct sum-
mand of M* and the induced decomposition Az M* = @;_( (AR F*) ® (Az ' M*/F*) implies
the kernel of the surjection A M* — AR F* identifies with @f;&(/\% F*)®@ Ng "(M*/F*).
Lemma 2.11 (v) now implies Fitt$; “~!(M*/F*) annihilates A3 "(M*/F*) for i € {0,...,s—1}.
In particular, since Fitt?{i_l(M*/F*) contains Fitt%(M*/F*) = Fitt%(R(F)(M*), we deduce
that Fitth(F)(M *) annihilates the kernel of A M* — A% F*. Upon dualising, this implies
Fitt%(R(F)(M*) annihilates the cokernel of the natural map AR F =g F — Nr M.

Now let a = ¢(b) for some ¢ € A °M*. Then, for any z in Fitt%{R(F)(M*), the element
z - p(b) of i M belongs to A F. It follows that

2 p(a) = 2(p 0 0)(B) = (—1)T9) . §((xb)) € im( /\;M 5 R) = Fitt%(2),

as required to complete the proof of (ii).

As for (iii), we note Sakamoto [99, Th. C.8] proves charr(M) C charg(N). However, for the
convenience of the reader, we provide a different argument for this inclusion in the course
of this proof. For this, we fix surjections of the form f: R®® — N and g: R®™ — M/N.
Then, since R®™ is projective, we can lift ¢ to a map g: R®™ — M. The resulting map
f@®g: R®m) _ M is then surjective, and (writing K, K», and K3 for the relevant kernels)
we obtain an exact commutative diagram

Kl S > K3 » K2
\[(Sﬂi)ie[n] j(‘%’i)ie[ner] j(‘ﬂi)ie[n+m]\[n]
R « 5 RO g RP™ 5 ROM

lf lf ®g lg
N -« > M

» M/N.

From the above diagram we can deduce the exact sequence

0 K1 — Ky Pbmiin, pom i )

Now, if a € N5"™ K3, then Lemma 2.17 (ii) (applied to the above exact sequence) implies that
(Niepm+m\[n®i)(a) € g K1, and so claim (ii) allows us to conclude that

(Nieprm i) (@) = (=" ((Niepmi) © (Nicpampm @) (@)
€ im ((Aigfnrmp\@i) (@) N (/\ie[n]%)(ﬂR K)
- charR(M/N) N (/\ie[nﬁpi) ( m; Kl).
The claimed inclusion is then valid since
. n+m n+m ntm) ~ n+m
charg(M) = im { ﬂR K3 — /\R ROM+m) o~ R} = (/\ie[ner]‘Pi)(mR

C charg(M/N) N (Aicpn#3) (ﬂ’; K1) = charg(M/N) N charg(N). O

K3)

A.2. The general formalism

Let (Q, <) be a totally ordered set, and regard its power set P := P(Q) as partially ordered
with respect to inclusion. If S € P is a finite set, then by Ayesv we mean vy A -+ Av)g using
a labelling S = {v1,..., v} with v1 <--- < v|g. If §" € P is a further finite set with S C 5,
then we define a ‘sign’ sgn(S’, S) € {£1} via the equality

(Ave(s\s) v) A (Aves v) = sgn(S’, 8) - Avesv
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in the exterior algebra A7, Z[P].
We now suppose to be given a Go-ring R and an inductive system J := (Mg, 15 5/) sep of finitely
generated R-modules with the following properties:

(P1) The maps g, : Mg — Mg are injective (and so will be suppressed from the notation).

(P2) For any element v of Q, there exists a specified map of R-modules f,: hglsMs — R,
where the limit is over all elements S of P that contain v.

(P3) For all S and S” in P with S C ', there exists a specified exact sequence of R-modules

Byesn sl
0 > MS MS/ E—) @UES’\SR

(A.5) Definition. For each r € Ny, an (abstract) ‘Stark system of rank r’ for the inductive
system J is an element of the inverse limit R-module

St57(3) =l [,

in which the transition morphism for each S C S’ is

sgn(S’, S /\ fo): ﬂrHS | Mg — ﬂ::ls‘ Ms,

veS\S

r+|S|

as induced by the exact sequence in (Ps) (and Lemma 2.17 (ii)). Such a system is therefore an
element (cs)sep of [[gep ﬂrHSl Mg with sgn(S’,S) - (Ayegns.fo)(cs’) = cs for S C 5.

We now further assume the existence of an inductive system B = B(J) = (Zg, ps,s')sep of

(finitely generated) R-modules with the following properties:

(P4) For v € Q and S € P, there exists a specified map of R-modules gg,: R — Zg with
ps’,s © gsw = gs' for S € S’

(P5) For S and S’ in P with S C S’ there exists a specified exact sequence of R-modules

s’ sfv s’ sgSv Ps,s’
0 y Mg s Mg —2< P r Zves s Zg Zgr 0.
veES\S

(A.6) Theorem. Fiz a Go-ring R and inductive systems of R-modules I and P as above.
Then, for each r € Ng, the following claims are valid.

(i) For every U € P there exist elements S of P containing U for which FlttT+|S‘(M§«)
annihilates the kernel of the map

r+|S
StS7(3) — ﬂ;' Mg,

that sends each element (cr)rep to cs.

(i) Fiz U € P and denote by Yy image of the map Y .o guw from @, o R to Zy. For
every system (cs)sep € StS"(J) one has

im(cy) C charg(Yy).

In addition, if S is a set as in (i) that contains U, © > 0 is an integer with |S \ U| > i,
and Mg contains a free direct summand of rank t, then

ot * . o
Fitt (M%) - (ZVQS\U,|V|:i im(cpuy)) C Fitth(Tr).
Proof. Since R is Noetherian, the ascending chain of ideals

0 =ker(pgz) C -+ Cker(pgg) C

must terminate. There must therefore exist an element S of P such that ker(pg g) = ker(pg,s)
for all S’ € P with S C S’. From the exact sequence in property (P5), it therefore follows
that im(}, cq900) = im(}_, cg 9o,0) and hence that im(}, g gs,) is equal to the module

96



T that occurs in (ii). Note that we can also increase S if necessary to ensure S contains any
given element of P.

We now claim that for any subset U of S one also has that im(}_,c g\ 9u,0) = Tu. To justify
this, we let  be an element of T so that, by definition of T, the element x is contained in
the image of > ¢ gu,w for some S’ € P. Let us now consider the diagram

Zv S’ 9o,v
@ R es’'uu Z@
veS'UU

| l

Y ves! U
Dr T, g
ves’

where the vertical arrow on the left is the natural projection map (yy)vesruv — (Yv)ves’- To
prove that this diagram commutes, we first observe that pg 70ggz ., = 0 for all v € U by property
(P5) so that the commutativity follows from assumption (P4). By the surjectivity of the arrow
on the left, we then conclude that there is an element y € Zg in the image of ) ¢/ iy gv such
that pg(y) = =. In particular, y is in Yo = im(},cg90,0) and so y = > s 9o 0(yy) for
suitable (yy)yes € R®ISI. From poU © gz = 0 for all v € U and property (P4) it now follows
that

z=pou(y) =pov(D_goulmw) = > guulmw),
veS veS\U

as required to prove the desired containment z € im(3_,cq\p 9u0)-
From property (P5) we further deduce that ker(py s) = Y5 and that one has an exact sequence

Bves\ufo 2y w
00— My —— Mg —0 (@ p = vy o, (A.7)
veS\U
By applying Lemma A.3(ii) to this sequence and noting cy = sgn(S,U) - (Ayes\v fo)(cs) it
now follows that im(cy) C charg(Yy), as claimed in (ii), and, in addition, that
Fitth (MZ) - im(cy) C Fitt%(Yy). (A.8)
We next let ¢ > 0 be an integer such that n := |S'\ U| > ¢ and aim to prove by induction on ¢
that one has

Fitth(Yy) = ZVCQ\UW‘:i Fitt%(Youy). (A.9)

If ¢ = 0 the claim is clear, and so we may assume that ¢ > 0. Using the free presentation of Ty
provided by (A.7), we then see that Fitth(Yy) is generated by the (n — i) x (n — i)-minors of
Bues\v fu- Any such minor is a ((n —1) — (i —1))) x ((n — 1) — (¢ — 1))-minor of Syes\ (v} fu
for some v € S\ U. It follows that

Fitth(Ty) = ZUES\
= ii—1
N ZveS\UzvgQ\(Uu{v}),‘v‘:i,l FlttR (TUU{'U}UV)

_ o
= ZVEQ\U7|V|=2‘ Fitt(Yoov),

where the second equality holds by the induction hypothesis. This concludes the inductive

U Fitté{l (TUU{’U})

step.
Combining (A.9) with (A.8) we now obtain

Fitth (M3) - (>

as required to prove claim (ii).
To finish the proof, we show that any set S chosen as above has the property stated in (i). To

VC(S\V) [Vimi 1m(cUUv)) C Fitty(YTy),
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do this, we fix S and a Stark system (cr)r with c¢g = 0, and need to show, for every T € P,
that cp is annihilated by Fitt?‘s‘(M &). Now, after replacing 7" by T'U S, we can assume T’

contains S, and hence that T := Y is equal to ker(pg g) = ker(pg 7). From the diagram

Pa,S

0 T > Zg > 0
[ I lesa
0 T > Do — Zr > 0

we thus deduce pg 1 is bijective. In this case, therefore, property (P5) implies the existence of
a split-exact sequence

@’UET\SfU
—

0 s M Mr RS —— 0,

and hence an isomorphism M7 = Mg ® RIT\S|. This in turn induces an isomorphism

/\;HT\ A EBZLT\S\(/\;HTH M) ©n (/\; R|T\S|)

which, upon dualising, gives an exact sequence

T i T+ Aver\sfo r+|9|
0—— Mg —— Mp —M— M.
D g g Ms — (1, Mr e Ms

In particular, since cr € ker(Ayer\gfv), one has cr € @:;'«ﬂ S+1 ﬂ}i Mg. Thus, it suffices to
r+|S|

note that, by Lemma 2.11 (v), the ideal Fitt ;"' (M§) annihilates the R-module Nk M for each

i with 7+ |S| <i <7+ |T|, and hence that Fittgm(Mg) annihilates @gﬁ"sHl Ny Ms. O

(A.10) Example. Let K/k be a finite abelian group with Galois group G = Gal(K/k). Let
(S,V,T) be a Rubin datum for K/k, and suppose that the Rubin-Stark Conjecture holds for
all data (SU S,V US',T) as S’ ranges over P(Q) for a set Q of finite places of k that is
disjoint from 7" and comprises only places that split completely in K/k. Then the collection

(EXL/J,f /Su o 1)s'ep of Rubin-Stark elements is a Stark system in the above sense, with R = Z[G],

Mg = Of ¢ and Zg equal to the (Sk,Tx)-ray class group Clg g of K. Hence, in this
case, Theorem A.6 (ii) implies im(e}. Ik g ) is contained in the Z[G]-characteristic ideal of the

subgroup of Clg s 1 generated by the classes of places w in Q. (For a concrete application of
this observation, see [15, Th. 1.1].)

A.3. The Eagon—Northcott complex

In this section we review a family of complexes introduced by Eagon and Northcott in [34] (see
also [37, App. 2, § A2H]). These complexes generalise the classical construction of a Koszul
complex (see [36, § A2.6] or [88, App. C] for unifying frameworks) and can be used to compute
associated Fitting ideals.

To explain the construction, we fix a morphism ¢: Fy — F} of finitely-generated free R-modules
Fy and Fy of ranks d and d — r, respectively. For each i € {0,...,r — 1} we write Sym}"{i I
for the (r — i)-th symmetric power (over R) of F. Then the dual of the multiplication map
pi: Fi ®p (Symly "' Fy) — Sym’;  Fy is a map pf: (Sym)y ' F1)* — Ff ®g (Sym); "' Fy)*
and we use this to define a composite

*Qepd—1) ) d—i—1
AN (Ff ®r (Symly "' F1)*) ®@r (F1 ®g /\R ' Fy)

r—i—1 * d—i—1
[ (SymR Fl) QR /\R F().

. d—i
O;: (Symy ') or N\, Fo

Here ¢(d=9): ‘Ii{i Fy— I Qg /\?{ifl Fy is defined by means of

¢(d*i)(m1 A Amg_;) = Z (—1)j+1¢)(mj) @My A A A AMg_,

jE€ld—1]
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where we write m; to mean omission of the element m;, and the second arrow is induced by
the canonical evaluation map F}" ®p F} — R.
Then it is proved in [36, Th. A2.10 (a)] that the sequence

« d 9 L « d—i—1 9
(Symp F1)* @ N\ Fo = (Symp " R) @r [\ Fo .

. d—r+1 A1 d—r AN "¢ pd—r
...—>F1®R/\R F0—>/\R F0—>/\R F
constitutes a complex Chy(¢) of (finitely generated, free) R-modules in which the final term

/\jl{r F} is considered (by convention) as placed in degree zero.
The following well-known property of Cpy(¢) will play a crucial role in later arguments.

(A.11) Proposition. For every morphism ¢: Fo — Fy of free R-modules as above, and every
integer i, the ideal Fitt%(coker(¢)) annihilates the R-module H'(Cpy(9)).

Proof. This result is stated without proof in [37, Th. A2.59]. For completeness, we therefore
present a proof. For this, we follow an argument used by Buchsbaum and Rim [9] to prove the
analogous property for the Buchsbaum—Rim complex.
Let S :== R[X;; | ¢t € [d—r],j € [d]] be the polynomial ring in d(d — r) commuting variables
and consider the map ®: §%¢ — §9(4=7) that is represented by the matrix (Xij)ij. It then is
a result of Northcott [87] that Fitt%(coker(®)) is an ideal of grade d — (d —7) + 1 =7+ 1. It
therefore follows from [36, Th. A2.10 (c)] that Cy(®) is acylic. (This is what is referred to as
the ‘generic case’ in loc. cit.). In particular, Cfy(®) furnishes a projective resolution of
d—r

HO(Opn(®)) = coker (5% 2% AT
Let ¢ be represented by a matrix A = (a;j);; and define S to be the quotient of S by the ideal
generated by X;; —a;; for 1 <¢ < d—-rand 1 < j <d. Since Eagon-Northcott complexes
behave well under base change, the isomorphism S = R that sends the class of Xij to a;j
induces an isomorphism Chy(¢) = Cpy(®) ®% S. It follows that for every i > 0 one has

H (Cp(¢)) = Tor? (S/ Fitt2 (coker(®)), S).
This description shows that H*(Cpy(¢)) is annihilated by the image of Fitt2(coker(®)) under

S = R. By Lemma 2.11 (iv), this image is equal to Fitt%(S ®g coker(®)) = Fitt%(coker(¢)),
whence the claimed annihilation result follows. O

S®=1)) 2 G/ Fitt (coker(d)).

A.4. Determinants and biduals

We next prove a useful technical result that relates the determinant of a perfect complex to an
appropriate bidual of its cohomology.

(A.12) Proposition. Let R be a Ga-ring and fiz d € N and r € Ng with r < d. Let C* be a

complex of R-modules Fy 2 Fy, in which the first term is a free R-module of rank d that is
placed in degree zero and Fy is a free R-module of rank d —r that is placed in degree one. Then
the following claims are valid.

(i) The image of the canonical map

79¢2 DetR(C°) = (/\iFo) KRR (/\;l;r Fl*) — /\;Fo,
a® (Nigja—r fi) = (—1)r@="). (Nieja—n(fi o @))(a)

is contained in (i H°(C®), and there is also an inclusion of ideals of R

Fitth(H'(C*)) - Annp(Exth(R/ Fitth(H'(C*)), R)) C Anng((") HO(C*)/(im(d,)).
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(ii) We have an inclusion of ideals of R
Fitt(H'(C*) € {f(a) | a € im(dy), f € /\[ HO(C*)'}

with pseudo-null cokernel.

(11i) There exists a canonical injective map
9y Fitth(H'(C*))* @ Detp(C*) — ﬂ; HO(C*),

that sends each idr ®@ a to 94(a). The cokernel of{?\(; 1s R-torsion-free and annihilated by

Fitt%(HY(C*)). In particular, ¥4 is bijective if H'(C®) is R-torsion.
(iv) Suppose D*® is a perfect complex of R-modules that fits into an exact triangle of the form

c* » D*® » R"[0] —— . (A.13)

Then D* admits a representative R % RI=" in which the first term is placed in degree
zero, and there is a commutative diagram

. Ty T+n g .
Detp(D®) — ﬂR H°(D*®)
iﬁ LED Ny fi
° Uy r 0 °
Detp(C®) —2— ﬂRH (C*).
Here the first vertical map is the isomorphism induced by (A.13) and the canonical iden-
tification of R-modules Detr(R"™) = R. In addition, the second vertical map is induced,

via Lemma 2.17 (i), by the map (fi)icpn): H°(D®) — R™ in the long exact cohomology
sequence of (A.13).

Proof. Tt is convenient to first prove (ii) and (iii), before proving (i) and then (iv).
The proof of [27, Prop. A.2 (ii)] shows that

{ fla) la€im(y), fe N\ Fg} = Fitt,(H(C")), (A.14)

and so (ii) follows from an argument that was also used in the proof of Lemma A.3 (ii) (details
can also be found in [12, Lem. 2.7 (c)]).
To prove (iii), we set
d—r AL "¢ pd-r
A= ker(/\R Fy =2 /\R
Then, since the image of A% " ¢ is equal to FittQ(H(C*)) - A% " Fi, there exists an exact
commutative diagram

F) and B := coker(F; ®g /\‘;_T'Fl Fy G, /\:T ).

¥

— W

N d—r+1 O d—r
Feor\, Fo—> N\, F

I |

11 — /\iﬁ Fy — Fitt%(H' (C*
H™(Cix(9)),

in which C{y(¢) is the Eagon-Northcott complex from § A.3. By applying the Snake Lemma
to this diagram, one then obtains an exact sequence

(A.15)

~—

) @R /\dRiT Fy

0 —— H ' (O3(9) — B —— Fitth(H'(C) op \ Fi —— 0. (A16)
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Now, by dualising the upper row of (A.15) and tensoring with /\dR Fy =2 R, we obtain the upper
row in the diagram

0 — B*®p /\Z;FO — (/\dR_T Fo)* g /\dRF0 — F ®g (/\dR_T“FO)* ®R /\dRF0

F ;

00— ﬂ;HO(C) - /\RF0 Fi ®r /\;_1170.

(A.17)
Here the lower row is exact by Lemma 2.17 (i) and the vertical isomorphisms are the cases i = r
and ¢ = r — 1 of the isomorphism

(/\Z IF())*®R /\iFo i)/\;Fo, 9®$O—>0(Z’) (A.18)
It follows that the dashed arrow in (A.17) exists and is an isomorphism, which shows that
B* ®gr /\dR Fp is isomorphic to (\ H°(C*). Upon tensoring the dual of (A.16) with /\C]l% Fy
(22 R), we therefore obtain a canonical exact sequence

d—r d r d
Fitt% (H'(C*))* ®g (/\R F)" g ( /\R ) < ﬂR HY(C*) = H Y (Cpn(0))* ®r (/\R ).
(A.19)
In connection with this exact sequence we note that the first map is defined as the composite of
the dual map of /\?{r ¢ and the isomorphism (A.18) for i = r. Hence, if we now define ¥4 to be
this first map, then an explicit check shows %(id r®a) = Vg(a), as required by (iii). In addition,
the above exact sequence identifies coker(19N¢) with a submodule of H™(Chy(¢))* ®r ( /\% Fp)
and thereby implies coker({S‘;) is R-torsion free, as claimed. Finally, we note Proposition A.11
implies Fitt%,(H!(C*®)) = Fitt%(coker(¢)) annihilates H'(Cpy(¢)) in every degree i. In particu-
lar, if H(C®) is R-torsion, then Fitt%(H'(C*®)) contains a nonzero divisor and so H~(Cy(9))
is also R-torsion. This completes the proof of (iii).
Returning now to consider (i), we note that its first claim is proved by the argument of
Lemma 2.37. Next we observe that a slight adaptation of (A.16) leads to the exact sequence

0 —— B/H(Cin(6) —— N —— (BTt (") @r N\ Fr —— 0.

~Y

Upon dualising this sequence and then tensoring with /\dR Fyo (= R) we obtain the top row in
an exact commutative diagram

d—r * d _ ° * . °
(A, F) ®r (N, Fo) — (B/H '(Cin(9)))" — Extp((R/Fitth(H'(C*))), R)
| !
(N 5 en (N R) == (V1)
R R R
¢
H™}(Cin(9)"
in which the central column is induced by combining (A.16) with (A.19). Given this diagram,
the displayed inclusion in (i) then follows directly from Proposition A.11.
To prove (iv), we write h = h® for the morphism R"[0] — C*[—1] in D(R) that appears in the
exact triangle (A.13). One then has D*® = cone(h)[1], and so D* is represented by the complex
Py E> Py, where Py := R"@® Fj occurs in degree 0, P; := Fy, and ¥: Py — P is the map defined
by sending each (a,b) € R™ @ Fy to h'(a) + #(b). This verifies the first part of (iv).
We next write {e; : i € [n]} for the standard basis of R" (C P), and e} : R" — R for the dual
of e; for i € [n]. The isomorphism Detr(D*®) = Detr(C*®) induced by the exact triangle (A.13)
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can then be explicitly described as

Detp(D®) = (/\‘?”(R“ ®FR)) Or (/\Z_T Fp) = (/\i Fo) ®r (/\dR_T Fy) = Detg(C*)
h@g (=) (Aemed)(h) @ g.
In addition, for each g = Ajc[;19i, one has

(=1)" - 95 ((Niee; ) (a) © g) —(—1)”d'(( ictd—r)(9i © 9)) © (Niepn) (€5 © 1)) (a)
= (=1 ((A ze[n]e i) A (Nigla—(9i © 9))) (a)
= (=)™ (Nigja- r](giw)) (Aigin)(ef o h'))(a)
= (=" ((A zen]e) (Nieta—r(9i © 0)))(a)
= (=)™ (g i) © ) (@)

Here the last equality relies on the fact that ¥, (a) belongs to (5" H(D*) and hence that
its image under Ajcje; is equal to its image under Ay fi (since each e; induces the map
fi: H°(D®) — R™ on cohomology). This completes the proof of (iv). O

A.5. Algebraic Stark systems

Let Q be a set, and regard its power set P := P(Q) as a partially ordered set with respect to
inclusion. Let R be a Ga-ring and suppose to be given a family (Cg)sep of perfect complexes
of R-modules that satisfies the following hypotheses.

(A.20) Hypothesis. Assume the following conditions are valid.

(i) C% admits a representative of the form [Fy — Fj| with Fy and F) finitely generated free
R-modules. (Here the first term is placed in degree zero.)

(ii) The integer r := rkg(Fy) — rkr(F1) is non-negative.
(iii) For every pair of sets S, S’ € P with S C S’ there exists a specified exact triangle

ts,g o Puesisfs

cy =25 c, 5 P RO — (A.21)
veES\S

such that fs, 0155 = fs,. We will therefore simply write f, instead of fo ,.

(A.22) Remark.

(i) If (Cg)sep satisfies Hypothesis A.20, then we obtain a system (Mg, ts ¢/)sep as in § A.2
with Mg := H°(C%) and Ug g the map H%ss): HY(CY) — HO(Cé,).7 In particular, we
obtain a module StS"({C%, 15,5/} sep) of Stark systems of rank r associated to (C%)sep.

(ii) Hypothesis A.20 and Proposition A.12 (iv) combine to imply that C'g has a representative

[Py i P1] in which Py and P are free R-modules of ranks rkr(Fp) + |S| and rkr(F7).
We can now state our main result on Stark systems in this setting.

(A.23) Theorem. Let R be a Go-ring and (Cg)sep a family of perfect complexes of R-modules
that satisfies Hypothesis A.20. Write Y for the image of the map ) gv: D, co R — HY(CY),
where each g,: R — HY(CY) is the boundary map in the long evact cohomology sequence
associated with (A.21) for S" = {v} and S = @. Then the following claims are valid.
(i) There exist S € P with im(3,cqgv) = Y, and for such S, the ideal Fitt},(H (CY)) =
Fitt% (H'(Cg)/Y) annihilates the kernel of the ‘projection map’

S0 .
H(CS).

prg: StS"({C%, ts.s' tsep) = mR
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(ii) There exists a well-defined homomorphism of R-modules
F:lim ., Detp(Cy) = StS"({C§, 15,5} sep),  (as)sep = (Vg4(as))sep,

where the transition maps on the left are the isomorphisms Detr(C%) — Detp(C)
induced by (A.21). The kernel of F is annihilated by Anng(Fitt% (H'(C%)/Y)*), and its
cokernel is annihilated by the ideal Fitth(H'(Cg)/Y)? - A with
2 = Annp(Exth(R/Fitt%(HY(CS)/T), R)).
(iii) For every system c € StS"({C%, ts,s'}sep), and with A as in (i), there are inclusions
im(cg) C charg(Y),
Fitt%(H' (Cg)/Y) -2 - ¢y C im(Yy,,),
Fitth (HY(CS)/Y) - A - im(cg) C FittQ(H (C))*.

Proof. Theorem A.6 (i) implies both the existence of S € P with im(}_, .ggv) = T and that
L(FittrRHS'(HO(C')*)) annihilates ker(prg). To finish the proof of (i), it is thus enough to note
that Fitth(H(CY)) C u(Fitt; *I(HO(C*)*)) by Lemma 2.36.

The first part of (ii) follows from Proposition A.12(iv), and the second part (regarding the
kernel of F') follows from Proposition A.12 (iii). To prove the final part we fix a set S with
T = ker(H(Cg) — HYC?)), and hence HY(CE) = H'(Cg)/Y (and note that any S’ that
contains S has the same property). We also fix ¢ = (c¢x)xep € StS"({C%,tx x'} xep) and an
element z € Fitt’(H(C®)) - 2. Then Proposition A.12 (i) implies there exists 25 € Detr(Cg)
with Jgg(z5) = xcg. Since all transition maps in the inverse limit lim, Detr(C%) are
isomorphisms, we can then lift zg to an element z = (zx)x of this inverse limit. Now, F'(z)
is a Stark system with F'(2)s = Y44(25) = zcg, and hence F(z) — xc € ker(prg). By (i) we
therefore have yrz = yF(z) for any y € Fitt%,(H'(Cg)). This implies that cok(F) is annihilated
by Fitth(H(Cg))? - 2, as required to complete the proof of (ii).

Since F'(z) and c are Stark systems, we moreover have that

v co =sgn(S,0) - (\ _, fow)(@cs)

=sgn(S, 9) - (/\UGS fsw)(@ - F(2)s)
=z F(2)p
=z -y(22),

and this implies x - ¢z € im(?y), as required to prove the second inclusion in (iii). Finally, the
first inclusion in (iii) is a special case of Theorem A.6 (ii) and the third follows directly upon
applying Proposition A.12 (ii) to the second inclusion. O

Part Il. Arithmetic applications

In the remainder of the article we shall use the theory developed above to prove significantly
stronger versions of a range of existing results concerning special value conjectures.

8. Relaxed NekovaF structures and Kato’s Conjecture

In this section we explain how to apply Theorem 4.20 relative to suitably modified relaxed
Nekovar structures in order to study the ‘generalised Iwasawa main conjecture’ formulated by
Kato in [60, 61].

For brevity, in the sequel we shall refer to the latter conjecture as ‘Kato’s Conjecture’.
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8.1. The general strategy

To review Kato’s Conjecture, we fix a smooth projective variety X over k for which the motive
M = Rh'(X)(j) has coefficients in a semisimple commutative Q-algebra A. Then, for each
prime ¢, the (-adic realisation Vy(M) := H} (Xge, Q)(j) is a finitely generated module over the
semisimple Q-algebra A, := A ®q Q, that is endowed with a continuous commuting action of
Gy It is conjectured that, for every place q of k outside II3° UHﬁ, the characteristic polynomial

Euly(M, z) == det4,(1 — Frobq_lx | Vo(M)*(1)9) € Aylx]
belongs to A[z] and is independent of ¢. Assuming this, for each finite set of places S of k

that contains both II}° and all places at which M has bad reduction, the S-truncated motivic
L-series of M is defined via the (A ®q C)-valued infinite product

Ls(M,s) = | [ Buly(M, Frob, ' - Ng~*)~.
qgs
This product converges if the real part of s is large-enough and we assume (as is conjectured)
that it has a meromorphic continuation to s = 0. It can then be shown that its leading term
L%(M,0) belongs to (R®gA)*. To study this element one fixes a prime number p together with
a Gorenstein Z,-order A, in A, for which there exists a (full) Gj-stable sublattice T" := T},(M)
of V(M) that is free as an A,-module (so that Homz, (T, Z,(1)) is also free as an Ap-module).
We assume S also contains HZ and use the complex
Cs(T) = C(Z%#a(T,S)) = RHOII]AP (RFC(Ok’S, T), Ap)[—Q]
constructed in Proposition 3.46. Here %,(T, S) is the relaxed Nekovai structure specified in
Example 3.16 (i) so that the second equality follows from Examples 3.34 and 3.16(iii).
Then, modulo standard conjectures, the theory developed by Bloch and Kato [5], as interpreted
and extended by Kato [60, 61] and Fontaine—Perrin-Riou [42], gives rise to a canonical rank-
one A-module Z(M), called the ‘fundamental line’ of M, as well as canonical ‘period-regulator’
isomorphisms of invertible R ®q A-modules, resp. A,-modules
v R XqQ A i> R XQ E(M), resp. ﬁM,S: Qp ®Zp DetAp(CS(T)) i} Qp XQ E(M)
Writing M*(1) for the Kummer dual of M, we can now recall Kato’s Conjecture for M relative
to Ap. (This conjecture was first formulated in [60] and is shown in [19, § 2] to be equivalent,

in the subsequent terminology of [18], to the ‘equivariant Tamagawa number conjecture’ for
the pair (M, A,).)

(8.1) Conjecture (TNC(M, A,)). One has
Mr(LE(M(1),0)) € (M) and A, - Ay(L5(M*(1),0)) = I, (Det o, (Cs(T)).
For each Galois extension F' of k we now consider the free A,[Gr]-module
Tryp = IndGr (T) = T ®7 Z[Gr)

with Gy-action given by o - (a ® b) = (0a) ® (x5~ !) for & € Gr the restriction of o € G}, to F.
For each place v € 1I7° we also fix an extension of v to k¢ and write G, for the corresponding
decomposition subgroup of Gg. Given an abelian extension K of k, we denote the restriction
of 7, to K by 7k, and define an A,[(Tx ,)]-module by setting

T(—1)™=" if T = idg,
Vie(Tyw) = LY i iy = idi
T(-1) if T # idk,

where M™=%*1 denotes the maximal submodule of a Gz-module M on which 7, acts as +1. We
may then define a subset of II7° as

V(K) ={v ell}’ | Yk (T,v) is a nonzero free Ap[(Tx »)]-module}
and, for every v € V(K), a natural number
ri(T,v) = kg, (T(-1)™=1).
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(8.2) Example. In the following examples we assume A, is the valuation ring O of a finite
extension of Q.

(i) If T = O(1), then V(K) is equal to the set of infinite places of k that split in K and
rr(T,v) =1 for all v € V(K).

(ii) If T is self-dual (that is, 7" = T*(1) as Gy-modules) and p > 2, then V(K) = II?° and
1 (T,v) = (tko(T))/2 for all v € V(K). To justify this, we write p: Gy — GLy,(7)(O)
for a realisation of the representation 7" and note self-duality implies Mp(7,)M~! =
—p(r, 1)t for some M € GLy,7(0). Now, 7, = 7,71 since 72 = id and so we deduce

that p(7,) has vanishing trace. This implies that 1 and —1 appear with equal multiplicity

among the eigenvalues of p(7,), and hence that V(K) = II°. Indeed, if v € II3° splits in

K, then v € V(K) if and only if 1 is an eigenvalue of p(7,). If v does not split, on the

other hand, then v € V(K) if and only if rko(T(=1)™=1) = rkp(T(—1)™="1).

Assume the pair (k, p) satisfies (3.1). Then, with H, denoting the fixed field of 7x , in K, the
Ay [Gr]-module

Vi(T) = @ Tdg: (Vk(T,v)) (8.3)
veV(K)
is a quotient of Yy ne (T /x) = @vengo HO(k,, TIV(/k(l))v that is free of rank
TK(T) = ZUGV(K)TK(T,’U). (8.4)

We set
eK.sT = Z e € AlGk],
where e runs over all primitive idempotents of A[Gk] that annihilate each of HY(Of g, V,,(M)),
H%*(Oks,V,(M)) and the kernel of the projection map Yine (Tre) — Yr(T). We also
write Qi and Qg g for the semisimple C,-algebras (C, ®q A)[Gk| and Qxer s 7. Then the
descriptions in Proposition 3.46 (ii) combine with Proposition 3.46 (i) to imply the following:
The Qk, s -module
exs7(Cp - H' (O 5y, Tiesr)) = ex,s,7(Cp - H' Ok 5(), T))

is free of rank rx(7') and any choice of Ap[Gx]-basis bx = {bx.i}iclr. (1) of Vi (T) induces a
composite homomorphism of Qx-modules

Oby : Cp - Det a6, (Cs(x) (T 1)) — Deto, (Cp - HY(Op 550y, T 1))

®gy Deto, (Cp- H' (Csx)(Tr i) ™

ri(T)
— eK,S,T((Dp . /\.Ap[gz(] HI(OK,S(K), T)) (85)
Here the first map is the canonical ‘passage-to-cohomology map’ and the second is obtained

by multiplying by ek g7 and then evaluating elements of

ex,s,7(Deto, (Cp - H (C (i) (Tryn))) ") = ex,s7(Cp - /\TAP[QK} Yi(T))

at er, 5,7 Niepy (mybK.i- We write M for the motive M ®q h9(Spec(K)), regarded as defined
over k and with coefficients A[Gx]. Then, upon fixing an isomorphism C, = C, we may define

— * * d
Mg = @bK ((ﬁj\JlK,S(K) © )‘MK)(LS(K)(MK(l)’O))) € Cp ’ /\Ap[gK} HI(OKvS(K)’T)'

As in §4.1, we next fix an abelian pro-p extension K of k in which all places in II}° split
completely, write Q = Q(K) for the collection of finite extensions of k inside K and consider
the family of relaxed Nekovar structures

Srel = (grel(TK/ka S(K)))KGQ
Then, assuming the rank r = rx(7T") defined above to be independent of the choice of field K
in Q, one can aim to use Theorem 4.20 to study TNC(M, A,) in the following way.

-1
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(8.6) Strategy.
(i) Identify a compatible choice of bases {bx }xcq such that the family nr 4, = (M, )Ken
defined above belongs to ES"(Fyel)-
(ii) Apply Theorem 4.20 to the family 77, 4, and then derive from the conclusion of this result
consequences related to TNC(M, A,).

(8.7) Remark. Accomplishing step (i) requires one to show that, for every field K in €,
one has 1y, € ﬂip[gK]Hl(OKS(K),T) in Cp - /\ilp[g;(] Hl(OK,S(K), T). This restriction on the
element 7, constitutes an explicit ‘integral’ refinement of the Deligne-Beilinson Conjecture
for My and has been verified in only a very small number of cases. If HY(K,T/pT) = 0,
then in the case M = h°(Spec(k)) and A, = Z, the prediction for 7, is equivalent to the
‘Rubin—Stark Conjecture’ for K/k from [95] and, in general, one can show that it is implied by
the validity of TNC(Mk, Ay[Gk]).

(8.8) Remark. For each K in €, the functoriality arguments of [18, §3.5, Th. 3.1b) and §4.4,
Th. 4.1] show that the validity of TNC(Mp, A,[GKk]) implies that of TNC(M}., A,). Here we
write M}, for M @ h%(Spec(K)), regarded as defined over K and with coefficients A.

8.2. Statement of the main result

In this subsection we shall explain how, as part of the general Strategy 8.6 (ii), the techniques
developed in Part I of this article allow one to study an Iwasawa-theoretic variant of Conjec-
ture 8.1. In §9 and § 10 the results obtained here will then be used to complete Strategy 8.6,
and thereby obtain results towards Conjecture 8.1 itself, in several interesting new cases.
Throughout, we fix a finite extension ® of Q) in Qj,, write O for the valuation ring of ®, w for
a uniformising element of @ and & for the residue field O/(w). We also fix a finitely generated
free O-module T that is endowed with an O-linear continuous action of Gy and assume this
action is unramified outside a finite set Syam(7T’) of places of k.
As in §4.1, we then fix a finite set of places

So C Il with Hzo UHi C Sy
and, for every finite abelian extension K of k set

So(K) == SoU Stam(K/k) and S(K) := So(K) U Sram(T).
Given a subset X of II; with
XN (SoU Siam(T)) = 2,

we write K for the composite of all abelian extensions of k& which are unramified at 3, and

denote by Qs := Q(K*) the set of all finite subextensions of K*/k. We abbreviate Qg to Q.
For K € Qy, we use the >-modified Nekovar structure

Fras(Tk i) = Frel(Tr s S(K))s
(cf. Example 3.17) and, for each i € INg, we set
Hé(OK,S( K)» T)= Hr}el Z(TK/k)(k’ TK/k)‘

We observe that this construction agrees with previous definitions of 3-modified cohomology
(as used, for example, in [27, §2.3]), and is motivated by constructions of Gross [49] and Rubin
[95] in the context of refinements of Stark’s conjectures.

(8.9) Definition. Fiz r € IN and a finite subset ¥ of 11}, with ¥ N (So U Sram (1)) = @. Then
we define ESY, g (T) to be the set of all elements

c= CKKE H ﬂ OKS(K)a )
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that satisfy the following distribution relation: For all K, L € Qy, with K C L one has
cores e (cr) = (Hveso(M\so(K)EUI”(Fmb;l)) e

Here the equality takes place in ® ®o /\B[QK] Hé((’)K,S(L),T) (by using Lemma 2.28) and we
write coresz/K for the morphism
T

/\ coresy,/k : ¢ ®o /\O[gL] Hzl)<OL,S(L),T) —+ ®®0 /\o[gK]

that is induced by the natural corestriction map coresy x : Hé(OL,S(L), T)— Hé((’)KS(L),T).

Hs(Ok s(1).T)

(8.10) Remark. The link between the above notion of Euler system and that defined in §4.1

will be explained in §8.3.1.

We now fix a finite abelian extension K of k£ and a finite-rank Z,-power extension ko, of k, set
Ko =K ko and Ag = O[Gk_].

We write Ak for the finite subgroup Gal(K o /kso) of G, and fix (as we may) a subgroup Ik of

Gk, that is mapped bijectively to Gy__ by the restriction map Gx_. — G . In particular, the
group I is isomorphic to Z; for some n > 0 and there exists a direct product decomposition

Ok, = Ax x Ik (8.11)
as well as a canonical direct product decomposition
AK:VK XDK (8.12)

in which Og and Vi are respectively the p-Sylow subgroup of A and the maximal subgroup
of Ak of order prime to p. We also set
L:=K and F:=K.

Given a character x € @{ = Homyp,(Vi, ®>*) for some fixed choice of algebraic closure ®¢ of
P, we write O, = O[im(x)] for the O-algebra generated by the values of x. We note that O,
is an unramified extension of O with residue field x, = O, /(w). Moreover, any O[Vi]-module
M decomposes as a direct sum

M= B M,

XEVK [~

with My = M ®p[v;] Oy and ~ the equivalence relation on @\( induced by the action of Gg.
Given an element m € M, we denote by m, the image of m in M,. Lastly, we endow the
tensor product O,-module

T(X) =T ®o Oxa
with the ‘y-twisted’ G-action given by ¢ - a = x(c¢)~! - (¢a) for all @ € T. (Note that some
authors use a different sign convention and denote this representation as T'(x1).)
We assume ko, contains a Z,-extension of k in which no finite place splits completely (and
hence that no finite place splits completely in ko, itself). We also define Galois extensions
€ = C(F koo k) == F - k(1) - koo (ptpee, (O)P7) and &) = (k¢)kerloroo)

of k, where pp(y) denotes the canonical homomorphism G¢ — Aut(T(x)) (so that € C &).
Finally, we fix » € IN (which is to be specified later on) and consider the following hypothesis.

(8.13) Hypotheses. The above data (T, ks, F, X, 1) satisfies all of the following conditions.
(i) The ky[Grl-module T(x) = T(x) ®o, Fy is irreducible.
(i) There exists an element 7 of Gg for which dim, (T(x)/(t—1T(x)) = 1.

(ii*) If p = 2, then dim, (T()Q) =1

(iii) The module H'(&X./k, (T(x))*(1)) vanishes.

107



(iv) If p € {2,3}, then the Z,[Gi]-modules T(x) and (T(x))*(1) = T (1)(x!) have no
nonzero isomorphic subquotients.

(v) HY(€X/k,T(x)) is a finite-dimensional x,-vector space and

dimy, (H'(€}/k, T(x))) < r+dime (H(k, T(x))) =Y dimy (H(k,, T (1)(x1))).

vEY

(8.14) Remark. If the #, [Gy]-module T(x) is irreducible, then so is T (1)(x ). In particular,
the validity of Hypotheses 8.13 (i) and (iii) combine to imply that HO(k, T (1)(x~ 1)) = (0).

We consider the induced representation
— G _
[ = IndGI;oo (T) =T ® Ag,

upon which o € G}, acts via 0 - (a ® b) := (0a) ® (bg ') with & the image of o in Ag.
We write Fe1n(7T) for the X-modified relaxed Nekovar structure Ze(7,S(K)) on T, and
denote by
Fras(T) = h(Frax(T))
the induced Mazur—Rubin structure.
We will also use the complex

Csx),s(T) = C(Frax(T))

from Proposition 3.46. (If ¥ = &, then we will drop the subscript ¥.) In particular, we will
assume that each group H%)(OK,S( K)» T) is O-torsion free, and so may apply Lemma 2.35 to
deduce that the complex Cg(f x(7) admits a resolution of the form P — P with P a finitely
generated free Ax-module and the first term is placed in degree zero. This fact combines with
[99, Lem. B.9] to imply that the natural map

T 1 . T 1
ﬂAK H5(Ok,s), T) = Wi e ﬂo[gE] H5(Op s(x), T @0 O[GE])

~ . ' 1
= m e pege ﬂo[gE} H5(Op sk),T)

is an isomorphism. (Here the second map is the isomorphism from Shapiro’s lemma.) For
every ¢ € ESY, g (T') we therefore obtain a well-defined element

CK., ‘= (CE)E S mAK H%;(Okys(K),T).
Given any finite set U C I, we use the Ag-module
Yy (T) = D H ko, TV (1))
vel
We note in particular that the dual of the diagonal map H(k, TV (1)) = @,y H(kv, TV (1))
induces a map Yy (T) — H°(k, TV(1))V of Ax-modules, the kernel of which is equal to the
module
Xu(T) = Xv(Fren(T))
defined in §3.4.

(8.15) Remark. The above observation implies that, for any non-empty subset U’ of U, there

exists a short exact sequence of Ag-modules 0 — Xy (7)) =N Xy(T) = Yinu(T) — 0, in
which the third arrow denotes the natural projection map. In addition, if Hypothesis 4.14 is
valid, then Remark 8.14 implies that the modules Xy (7) and Yy (7)) coincide.

We next fix a non-zero Ag-free quotient Y of YH;O(T), for example of the form obtained by
passing to the limit over the modules Vg (T') defined in (8.3). We note that the central exact
sequence in Proposition 3.46 (v) implies that Y is then also a free quotient of H(Cs x(7)). At
this point we also specify the natural number r by setting

r=r1kp, (V) € N.
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By using the identification of rings Ax = O[Ak]|[Ikx] induced by (8.11) to regard ®[Ax] as
a subring of the total ring of fractions Q = Q(Ax) of Ag, we next define idempotents of
O[A k] by setting

eK = Z¢€EKew and €x = ZweE’K%'

Here we write =g and = for the sets of characters ¢ € KE for which the primitive idempotent
ey of ®°[A k] annihilates the kernel of the natural projection maps

Q%( QA H%(Ok:,S(K)a T) - Q(I:( QA Y, respectively Q;( Ak YHEO (T) — Q%( QA Y,
where we have set Q5% = ®° R4 Q.

(8.16) Remark. These idempotents have the following useful properties.

(i) Since no place in IIj \ TIg° splits completely in ko, the idempotent ex does not depend
on ¥ (cf. [12, Lem. 4.12]). In addition, if ky is the cyclotomic Z,-extension of k, then
the weak Leopoldt conjecture (from [90, §1.3]) predicts that Qg ®a, H%(Ok7S(K),T)
vanishes and hence ex = 1.

(i) The definition of = implies that Qg (1 —€x) @A, Yirge (T) is precisely equal to the kernel
of the projection map Qx @, Yo (T) > Ok ®a, Y.

We next fix a Ag-basis be = {bi}c|y) of Y. Then, since Q is a semisimple ring, we can define

a composite morphism of Qx-modules
OKe,mbet QK @1 Deta, (Csx)5(T)) = Deto, (Qx ®a, H(Csr0)s(T)))
®ay Deto, (Qx @n,e H' (Corryx(T))) ™
T
1
— exex QK ®ag /\AK Hy,(Ok s(k): T) (8.17)

(which we will usually abbreviate to Oy, ). Here the first map is the canonical ‘passage-to-
cohomology map’ and the second is induced by first multiplying by exex and then applying
the ‘evaluation at ex /\ie[r] b;” map to elements of
exer (Detg, (Qx @a, H' (Csi)s(T)) ™) = ek (Qx @, Deta, (Y)7H).

Our next result concerns the image under Oy, of the Ax-submodule Dety, (Cg(x)x(T)) of
Ok @y Deta (Csix)=(T)).
(8.18) Theorem. Assume that (k,p) verifies condition (3.1) and that K is a finite abelian
extension of k for which the following conditions are both satisfied.

(a) Every place v in Sram (T (1)) \ Sy is finitely decomposed in koo and such that the module

Do HC(E,,, T*(1)) vanishes for every intermediate field E of Kuo/k.

(b) Hy(Ok k), T) is O-torsion free.
Set T =T ®o Ak and fix a non-zero free Ax-module quotient Y of Yiee (T) of rank r. Also
fiz a character x: Vg — ®* for which (T, ke, F, Xx,7) validates Hypotheses 8.13. Then the
following claims are valid for every system c € ESy, g (T).

(i) For each Ak-basis be = {bi}icy) of Y one has

ST —1
Fitt e (X (7)) (T, gy a0 B (Froby ) ) e )y € O (Dt (Cisr (T
(ii) Ifp is a prime of Qk in the support of QK@AKHJI-}Cl STV (k, TY(1))y, then (excr.,)p = 0.
(iii) For all f € Hyy (O s(x), T)* one has
€K - f(cKoo)X € €K Fitt?&K (H}rel,z(ﬂv(h Tv(l))\/);*

The proof of this result will occupy the remainder of this section and is given in § 8.4 after we
have made a series of preliminary observations in §8.3.

We will then discuss consequences of Theorem 8.18 concerning Kato’s Conjecture (8.1) in the
settings of both elliptic curves and the multiplicative group in §9 and § 10, respectively.
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8.3. Preliminary results

We first make several general observations that will be used in § 8.4 to prove Theorem 8.18.

8.3.1. Twisting Euler and Kolyvagin systems

In this section, we assume to be given an O-algebra R that is endowed with a continuous
O-linear action of Gy, and write

P: Gy — Aut(R)
for the induced homomorphism. We then write

TW)=T®oR
for the O[G}]-module upon which each o € Gy acts via the rule o - (r ® y) = (o) @ (6~ 1y).
We also define an associated Galois extension of k by setting

ky = (k)<

(8.19) Remark. Fix a finite abelian extension K of k in k¢ and write ¢k : G — O[Gk]* for
the homomorphism that sends each element of Gy, to its image in Gx. Then the module T'(¢ k)
defined above coincides with the induced representation T/, defined in §8.1.

(8.20) Proposition. Assume that the algebra R satisfies condition (2.5), and that im(z)) is
both abelian and either finite or a finitely generated Z,-module. Let ¥ be a finite subset of Il
with ¥ N S(ky) = @ and such that Cs(kw),E(Tkw/k) has a representative of the form P — P in
which P is a finite-rank free O[[gkw]]—module and the first term is placed in degree 0. Then the
following claims are valid.

1) Fiz an abelian pro-p extension E of k in k¢ such that Gg is a finitely generated Z,,-module,
P
and assume that X N S(Eky) = @. Then, for every integer r > 0, there are canonical
(-semilinear) homomorphisms

ro. Y 1 " 1
Twigy: ﬂO[[gEkw]] Hy,(Opk,,s(Ek,), T) — ﬂR[[QE]] Hy,(Og,sEk,), T (1))
and
Twist,: Detogge, 1(Csry) (Ter, k) = Detrigp) (Cszr,) (Ta/r(4)))
that have both of the following properties.
(a) LetY be a free rank r O[Ggy, |-module quotient of Yiee (Ty,, /1) with basis be. Write
b, for the induced basis of the (free) R[Gg]-module quotient Y' := Y®O[[QE%]] R[GE]
of Ynee (T (¥)) = Yo (Ter, k) ®O[Gpk,] R[GEg]. Then the diagram

r

Detofg, 1 (Cstoky) s (Tok, k) —— o, |
P

lTw?;’“w lng’ >

Detrig,)(Cs(zky) 2 (Te/mk(¥))) ., mR[[gE]] Hy(Op 551y, T(¥))

commutes. Here we write 9 and ¥ for the maps obtained by applying Lemma 2.57 (i)
to the data (Cs(gry,),x(TEk,/k)sbe) and (Cs(er,)s(Tr/mk(¥)), b,), respectively.

(b) The image under Tw%‘isp of an O[Ggk, ] -basis element ofDet@[[gEkw]] (Cs(Bry) (TERy k)

is an R[Gg]-basis element of Detrg,1(Cser,)(Te/k(¥)))-

(ii) Write K>P for the composite of all p-power degree extensions of k contained in K>,
and let Q(IC*P) C Qyx denote the subset of fields contained in K>P. Then the family of
Nekovdr structures

Hy:(Opky, s(8k,), T)

Frel s (T(¥)) = (Frax(T (V) E/k)) Beqiicsr)
satisfies Hypothesis 4.1. In addition, the following claims are valid.
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(a) There exists a -semilinear map of O[Gy]-modules

Twy: ES5 5,(T) = ESg, (Breln(T(¥))), ¢ (TWg y(Cer,)) peniesr):

(b) Assume that, for every E € Qx, Hypothesis 4.16 (ii) holds for T, Fiz a filtration
(a;)i>0 on R as in (2.6), and set T;(¢) = T(¢)/a;T (). Then, for every Fuler
system ¢ € ESY, g (T) and non-negative integer i, there exists a Kolyvagin system
(kn)n € KS™(# relg(T (1)) such that, writing i p(p) Jor the map from (5.25), one
has

K1 =T ey (Twy (k) in ﬂR/aiﬂé(Ok,S(kwTi(lﬁ))-

Proof. At the outset we claim that, for every abelian pro-p extension F of k such that Gg is
finitely generated over Z,, the given assumptions imply the existence of an isomorphism

Cs(Bry),s(TERy k) = [Pr — Pz (8.21)

in D(O[GEk,]), in which Pg is a finitely-generated free O[Ggy,, [-module and the first term
of the second complex is placed in degree zero. To construct such an isomorphism, we will
apply Lemma 2.35 to the complex Cg(gy,) 5 (Tgy ” /&), and so must first verify the assumptions
necessary for an application of the latter result.

At the outset, we note Lemma 3.4 implies Fe) 5 (Tgx " /i) satisfies Hypothesis 3.45 and so Pro-

position 3.46 (v) implies that C’S(E;%)’E(TEkw/k) belongs to the category D%eﬁ O(O[[QE;%]])

apply Lemma 2.35 in this context, it is thus enough for us to show Cggy,,) v (TEkw/’f)®O[[GEk 15
v

perf,0
Do,
the existence of an isomorphism in D(k) of the form

belongs to (k) for some m' > 0. To verify this, we note that Proposition 3.46 (iii) implies

Cs(k,). 5Tk, 1) @616, 1% = (k). =(Thy /) ©0pg, 1 5
In particular, if we can prove that CS(Ekw),Z(Tkw/k) has a representative of the form P’ — P’

with P a finite-rank free O[Gy w]]—module and the first term placed in degree zero, then the
above isomorphism would induce an isomorphism in DP°™ (k) of the form

Cs(ny) 2Ty k) @016, 1 % = [P @opg,,1 & = P @org,,,1 ],

thereby showing that the left hand complex belongs to Dﬁ)eﬁ 0( ), as required.

At this point, we note Proposition 3.46 (vi) implies C' S(Eky),S 5 (T, » /k) is isomorphic to a mapping
cone of a morphism of the form

\4 \
@DES(Ekd,)\S(kw)RFf(kU’ Tkw/k‘(l)) [_2] — CS(kw),E(Tkw/k)

and also recall that, for each v € S(Fky) \ S(ky), there exists an isomorphism in D(O[Gy,])

RFf(kag/w/k(l))v[—Q] = [Ty, (= Ty, k(=1)],

in which the first term of the second complex is placed in degree 1. In particular, since the given
assumptions imply Cg w),Z(Tk » /k) is isomorphic to a complex P — P in which P a finitely-
generated free O[Gy 1/)]]—module and the first term is placed in degree zero, a standard mapping
cone construction can be combined with the above observations to imply that Cg gy, ME(T ky /k)
is isomorphic to a complex of the required form P’ — P’.

Having verified all hypotheses of Lemma 2.35, we can now directly deduce from the latter
result the existence of an isomorphism (8.21). By combining this isomorphism with the result
of Proposition 3.46 (iii), we can then deduce the existence of an isomorphism in D(R[GEg])

Cs(ery) s(T(W)Ek) = Csmry), =Tk, /1) ®]I(§[[QE,%]] R[Gg]
= [P ®0(gs,1 RI9E] = Pr ®oigy,,1 RI9s]],

in which the first term of the last complex is placed in degree 0.

1) Frob,—1
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On the other hand, the complexes

r

r—1
(T, = P P, P,
e Ek’/’/k) |:/\0[[gEkw]] B e ®O[[QE;%}] /\O[[gEkw]] E]
C"(Tek(¥n) = Csgry), s Tery k) ®%[[9Ekw]] R[GE]
(in which the first term of C"(T'gy, /1) is placed in degree zero) are both acyclic in degrees less
than zero and, moreover, Lemma 2.17 (i) implies that there are canonical isomorphisms

H(C"(Tgp, 1)) = ﬂO[[gEk : H' (Opky 55k, T)
»

0 T ~Y r 1
HY(C" (T (¥n))) :ﬂR[[gE]}H (OB,s(Bky): T(¥))-
These facts combine with an explicit analysis of the second page of the universal coeflicient
spectral sequence of O[Ggy,, [-modules
olg
. z[[ Biyl

EY = Tor_ (H(C"(Ter, k), RIGED) = H™(C"(Tr/k(tn)))- (8.22)

to imply the existence of a homomorphism Tw, ,, of the required sort. The claims (a) and (b)
in (i) can then be checked via explicit computations (cf. the argument of [111, Cor. 4.9]).
Turning now to (ii), we first note Lemma 3.4 implies the claimed validity of Hypothesis 4.1 for
§(T'(¢)). Part (a) of (ii) is then proved as in [96, §2.4 and Ch. 6]. In a little more detail, it is
clear that the maps TWTE’w combine to give a -semilinear map

ESy 5, (T) — H H(Og s(5k,), T())
EeQ(K=r)
of R[Gis.,]-modules. The key point now is that, for every field E € Q(K*P) and place
v € Iy \ S(Eky), the 1-semilinearity of the map TWOE’wZ O[GEk,] — R[GEg] implies that

Tw}, , (Euly(Frob, ', 7)) = Eul, (¢ (Frob, ') Frob, !, T) = Eul,(Frob, ', T'(¢")).

As for claim (b), let us write 1;: G, — R; for the morphism induced by v, and k; == (k¢)ker(¥:)
for the kernel field of 1);. We may assume also that @’ € a; for every i by taking a subfiltration of
(a;); if necessary, and we set Tj := T'/wT. Theorem 5.29 then shows that there is a Kolyvagin
derivative homomorphism

D: ESY, 5, (T) — ESG, (Fret, (T, 1)) = KS™(T; 1 /1)
with the property that D(c)1 = 7] 7-(cx) with the projection map 7} 7 from (5.25) . Here we take
the field k(7 1, /) in (4.10) that determines the set of Kolyvagin primes Q(7, T} 1, /i) appearing
in the definition of KS"(Tj,/x) to be the minimal extension of & such that Gk(Tik~/k) acts
trivially on k(T x, /). Then Gy, w, /) 2lso acts trivially on T;(;) and so we may take k(T;(1)))

to be equal to k(T;, /). In particular, since an element 7 € G}, that validates Hypothesis
4.14 (ii) for Tjy, /i also does so for T;(3)), we have an equality of sets of Kolyvagin primes
Q(T7 CTz,lw/k) = Q(T7 ﬂ(wl))

We now denote by .Z and .Z ® R; the ¥-modified relaxed Nekovai-Selmer structures on T iy ke
and on T; , /i, ®0 R; = T;(v), respectively. Then, for each modulus n € N(Q(7, T}y, /x)), the
method used to prove claim (i) applies to the complexes C'(.Z(n)) from Proposition 5.10 to
prove the existence of ‘twisting’” homomorphisms

T

o 1 . "ol :

that are compatible with the finite-singular relations (cf. [79, Rk. 3.1.4]) and therefore combine
to define a map

T\v;;: KS™(T; gy 1) — KS™(Ti(¥)),  (Kn)a = (wap,n(’fn))n-
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We now claim that « := ﬁ;(l)(c))) has the property that x1 = 7] (Twy,(c)x), and hence that
k is the Kolyvagin system sought after.
To do this, we observe that one has the commutative diagram

r Tw’ ”r
ﬂougk ]]Hé(okwvs(kw)’T) — ﬂR H (O s5k,), T(¥))
P
Irir lﬂ—ir,T(w)

r Tw, r
1 N 1 :
ﬂ(O/wi)[gki] Hs (O, sy, Ti) — ﬂRi Hy (O, sk, Ti(¥))-

It follows that one has

k1= Twy(D(e))1 = Twy 1(D(e)r) = Twy 1 (mir(ck)) = 75 1y (Twy i (cr)),
as required to complete the proof of claim (ii) (b). O

(8.23) Remark. Fix a homomorphism x: Ag — ®“* and write O, for the extension of O
generated by the values of . We then obtain an induced homomorphism ¢ : Gj, = O,[GFr]* and
the construction of Proposition 8.20 defines a morphism ESy, g (T') — ESg, (Sret,x(Tr/x(X)))-
Via this homomorphism, one obtains a precise link between the notion of Euler system specified
in Definition 8.9 and that used in §4.1.

8.3.2. Torsion subgroups
The following result clarifies the condition in Theorem 8.18 (b).

(8.24) Lemma. Suppose that Hypotheses 8.13 (i) (ii) and Hypothesis 4.16 (ii) are valid for T
(with R = O). Then, for all finite subsets ¥ of I, with ¥ N S(k) = @, all fields F € Q(K>P)
and all finite subsets U of Iy, with S(F) C U, the following assertions are equivalent.

(i) HY(Oxu,T) # (0),

(ii) HL(Opy,T) is not O-torsion free,

(iii) ¥ = @, 1ko(T) = 1, and Gy acts trivially on T.

Proof. At the outset we define V := ® ®» T'. The long exact sequence in cohomology arising
from the short exact sequence 0 — 7' — V — V/T — 0 then combines with the vanishing of
TG (that follows from Hypothesis 4.16 (ii)) to give the exact sequence

0 —— HY(Opy,V/T) — Hy(Opy,T) —— Hy(Opy, V).

Since HL(Opy,V) = ® ®0 HL(Opy,T) by Proposition 3.46 (iii), we deduce an identification
HE(Opy, T)tor & HY(Opy,V/T). The latter is non-trivial if and only if HX(Ok.y, V/T) # 0
because F' is a p-extension of k (cf. [86, Cor. 1.6.13]). Writing w for a uniformiser of O, we
have an isomorphism (V/T)[w] = T, and so HX(Ory,V/T) # (0) < HL(Ory,T) # (0).
This proves the equivalence of conditions (i) and (ii).

We note next that the triangle (3.18) implies H2(Ok 17, T) is equal to the kernel of the diagonal
map HY(k,T) — @,y H(kv,T). Since the latter map is injective if ¥ # @, we conclude
that (i) implies ¥ = @. In addition, since Hypothesis 8.13 (ii) implies that T is an irreducible
k[G]-module, the module H°(Oy 17, T) either vanishes or is equal to T. In the latter case,
Hypothesis 8.13 (i) then implies that T = T is a one-dimensional Ik-vector space, and
hence, by Nakayama’s Lemma, that rkp(T") = 1. This shows (i) implies (iii), and since (iii)
clearly implies (i), this proves the claimed result. O

8.3.3. Core ranks

We next clarify Hypothesis 4.14 (vi) in the case of relaxed Nekovai structures. To do this, we
use the notation specified in (5.1). In particular, we now write A and A for R; and 7 ®x A, so
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that Aok =T.
We fix finite subsets S and ¥ of I, with S(k) C S and ¥ NS = @ and recall that, if the pair
(k,p) verifies (3.1), then the ¥-modified relaxed NekovaF structure %, (A4, S)s on A coincides
with both of the induced structures F,o1(T, S)x®@r A and F1e1 (T @R Ri, S)n@r, A (cf. Example
3.19 (iv)).
We also recall that a finitely-generated A-module M is said to be ‘quadratically-presented’ if
there exists an exact sequence of A-modules of the form

AP 5 AP M0,
with m = dimy (M @, k).
(8.25) Lemma. Fiz finite subsets S and ¥ of I, with S(k) C S and NS = &. Write F for

the Mazur—Rubin structure h(Fe1(A, S)s) on A and F for the structure that it induces on T.
Then, if the pair (k,p) verifies (3.1), the following claims are valid.

(i) The core-rank x(F,7) of the pair (F,j) (in the sense of (4.11)) is equal to
dimy (H°(k,T)) + dimy (Xs(T)) +d1m]k( 7 (T (1)) = dimy (1115 ,(T))
+ Z dimy (HO(ky, T ( +Z s\ dimy (Tor{ (H(k,, A*(1))*, k)).

(ii) If the A-module H?(k,, A) is quadratically presented for every v € S\ II°, then x(F, j)
s at least

Zvenzo dimy, (Ho(k‘v,T*(l))) + dimy, (LHF*J, (T*(l))) — dimy (LHF,]' (T))
o+ dimmye (HO(k, T)) — dimy (HO(k, T (1)) = Y dim(HO(k, T(1))).

Proof. We write Fy for the Mazur-Rubin structure h(.Z(A, S)s ®4 k) on T. Then, by using
Theorem 3.44 (ii) to compare Fy with F, one finds that

X(F.3) =x(F0,0) = 3 g oy dimic(H (b, T)
= dimlk (Ho(k,T)) + dimlk (XS(]-") (T)) - ZUES(]:) dim]k (H/lf(k‘y, T))

+ Z dimy (H°(k, T)) + dimye (g (T7(1))) = dimy (115,;(T)).

In this computation we have also used Proposition 3.46 (v) and the equality xx(Csx(T)) =0
that follows from Proposition 3.46 (i) and Lemma 3.4.
Now, by the definition of induced Mazur—Rubin structure, one has

/F(kv,T) = coker (H}(ky, A) C H' (ky, A) — H'(ky,, T)).

In addition, for v € ¥, one has H #(ky, A) =0, s0 H/%(kU,T) = H'(k,,T) and hence

' (ky, T)) = dimy (H' (ky, T))

= dimy (H"(ky, T)) + dimy (H?(k,, T))

= dimy (H"(ky, T)) + dimy (H°(k,, T (1))).
It remains to consider the case v € S. In this case H / F(kU,T) is defined to be the cokernel
of the natural map p,: H'(k,, A) — H'(k,,T). In addition, the universal coefficient spectral
sequence

EY = Tor®,(H (ky, A), k) = E™ = H™(k,,T)
induces an the exact sequence
Tor) (H?(ky, A), k) — H" (ky, A) @ k — H*(ky,T) — Tory (H?(ky, A), k) — 0
in which the second arrow is induced by p,. In particular, since we are assuming (k, p) verifies

(3.1), one has H/IF(kv,T) = (0) for each v € II}°. In addition, for v € S\II°, the above sequence
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combines with local duality to imply H /%(kU,T) is isomorphic to Tor} (HO(k,, A*(1))*,k), as
required to complete the proof of (i).
Before turning to the proof of (ii), we claim that dimy, (Tor’lx(M, k)) < dimy (M @4 k) for every
quadratically presented A-module M. To justify this, we fix a presentation
A Iy ABn 0
with n = dimy (M ®4 k). Setting I := ker(f), we thereby obtain an induced exact sequence
0 = Tor} (A®", k) — Tord (M, k) — I @, k,

from which it follows that dimy(Tor} (M, k)) < dimy (I @5 k) < n since I is a quotient of A®™.
This proves the claim.

Then, by applying this observation with M = H?(k,, A) & H(k,, A*(1))* for each v € S\ I
and noting H?(k,, A) @4 k identifies with H?(k,,T) = H°(k,, T (1))*, we obtain an inequality

. ek . A * *
ZUGS\H?(dlmH{(HO(l{U,T (1)) — dimy (Tor{ (H(ky, A*(1))*, k))) > 0.
From the definition of Xg(T') it therefore follows that
dimy (Xs(T)) +d1m]k(H0(k (1))
0 HO(k T
— Z i dimy (HO (ko, T (1 +Z sesyTe dimy (H°(k,, T7(1)))
> Z dlm]k O(ky, T ( )+ ZUES\HOO dimy (Tor1 (HO(k,, A* (1)), k)).
The result of (11) is now obtained by substituting this inequality into the formula of (i). O

(8.26) Remark. The condition of quadratic-presentability is automatic in the following cases.

(i) Let A == (Z/p'Z)[G] withi € N and G a finite abelian group. Then any G-cohomologically
trivial finitely generated A-module is quadratically presented.

(ii) If A is a principal ideal ring, then every A-module is quadratically presented. Indeed, as
a local principal ideal ring, A is isomorphic to a quotient of a discrete valuation ring A’
and since the claim is true over A’, base-changing to A gives the desired presentation.

8.3.4. Localisation, Euler factors, and Fitting ideals

We recall (from [23, §3C1]) that a prime ideal p in Spec!(Ax) is said to be ‘regular’ if it does
not contain the order of the torsion subgroup of Gk . For such p, the localisation Axp of Ax
is a discrete valuation ring and there exists a character x = xp: Ax — ®“* and a height-one
prime ideal p, of the ring

A, = O, [Ik]
for which there is an identification Axp = Ay o -

If p is not regular, then it is said to be ‘singular’. If p is any such prime, then p € p, and there
exists a character x: Vg — ®“* together with a height-one prime ideal p, of the ring

(Ax )y = Ay [Ok]

such that Axy = (AKx)y,e,. There is then also the following localisation criterion from [20,
Lem. 6.3] (see also [41, Lem. 5.6]).

(8.27) Lemma. Fiz a character x: Vik — ®“* and a prime ideal p € Spec'(A,[Ok]) with
p € p. If M is any finitely generated torsion A, [Ox]-module for which the Twasawa p-invariant
(as a Ay-module) is 0, then the localisation M, vanishes.

In addition, the following result is useful in the computation of the ideal Fitt%K (Xs(T)).

(8.28) Lemma. For every v € I, \ II2° and p € Spec' (Ak), the following claims are valid.
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(i) Assume v € I} and either v € Syam(TV (1)) or both v is finitely decomposed in ko and

HO(kU,Tg/k(l)) = (0) for all finite extensions E of k in Ks. Then, if p ¢ p, and we

write x for the character x, defined above, one has

Eul, (Frob, Ak, o, if U ¢ Spam (K /k),
Ak, oy if v € Sram (K /k).
(ii) If v is finitely decomposed in koo and p € p, then HO(k,, TV(1)V), = (0).

Fitt}  (H(ky, TV (1))V)p = {

Proof. To prove (i), we assume that p ¢ p. In this case there are isomorphisms
(O (e, TV (1))p = H? (e, Thp = H (ko Ticy, ) = HOCko T3 (1)

and so it suffices to investigate Fitt%K (HO(ky, T}
ment we will therefore assume that K = K,.

To discuss the case v € Spam(K/k), we write I for the inertia subgroup of Gx and regard
the trace element N; (from (4.5)) as an element of Ax in the natural way. By assumption,
X(I) # 1 and so in Ag  one has Ny = x(N7) = 0. On the other hand, N; acts as multiplication
by |I| € A, on HO(k,, TV(1))Y = Sy HY(Koo, TV (1))" and so we conclude that, in this
case, the localisation of H%(k,,7(1))" at p vanishes. This proves the claim if v € Spam(K/k),
and so it remains to consider the case v ¢ Sram (K /k).

Let us first assume that, in addition, v € Syam (7Y (1)) so that the action of Gy, is unramified
on 7V(1). Taking Matlis duals of the exact sequence

\2
©x?

X,oo/k(l))v)' In the remainder of this argu-

0 —— HOk,, TV(1)) —— TV(1) —221 7V(1),
we obtain an identification HO(k,, TV (1))V = coker(7(—1) Froby -1,
obtain the required equality via the computation
Fitt}  (H(kv, TV (1))Y) = Ak - detp, (Frob, — 1| T(=1))
= A - detp, (Frob, ! — 1| 7%(1))
= Ak - Eul,(Frob, ).

T(-1)). As such, we

We finally assume that v is finitely decomposed in koo and that H(k,, T}, / (1)) vanishes for all
finite extensions of E of k contained in K. Setting V =T ®» P, this assumption combines
with the tautological short exact sequence 0 — T%(1) — V*(1) — V*(1)/T*(1) — 0 to imply,
for every such FE, exactness of the sequence

0 —— Ho(kaE*/k(l)/TE/k(l)) — Hl(kvaE/k(l)) — Hl(kv,Vg/k(l)).

These sequences in turn induces natural identifications
HO kv, Ty, (1)) = HO(ko, Vi, (1) /T (1)) = H (Ko, T (1) tor-
Further, if we write I, for the residue field of a place w of E above v and I, C G, for its
inertia subgroup, then the isomorphism H*(k,, Tg/k(l)) =D HY(E,, T*(1)) from Shapiro’s
lemma combines with inflation-restriction sequence (for each w) to give short exact sequences
% w k % G w
0 — @D, H . T (V) or — H' (b, T (Dheor — €D, H' (L T (D)7
In addition, the assumption H°(k,, T}, / +(1)) = (0) also implies that we have the exact sequence

I, Frob,—1

0 —— Tp (1) b (D)1 —— HY(F,, Tp (1)) —— 0 (8.29)

which, by comparing O-ranks, implies that H(F,, T o /k(l)I“) is finite and, in particular, equal

to its O-torsion submodule.
Next we note that since we assume v ¢ Hi and also that v is finitely decomposed in ko, the
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modules
ranges over the subfields of K. It follows that lim, - . @wlle(Iw,T*(l))GEw vanishes

wioH LI, T*(1)) are finitely generated O-modules and, moreover, stabilise as E

(cf. also the argument of [96, App. B, Prop. 3.3]) and so, by passing to the limit over E in the
exact sequence (8.29), we deduce from the previous discussion the existence of isomorphisms

HO(ky, TY(1))) 2 (U H (ky, Ty, (1) or)p = (U HY(Fy, T (1)),
In addition, upon taking O-linear duals of (8.29) and then passing to the limit (over F) of the
resulting exact sequences , we obtain an exact sequence

0 — (710 2=l (e )loyr — lim , ' (Fy, Ty, (1)) — 0.

In particular, since the Agx-module 7*(1)/* is free of finite rank (since v is assumed to be
unramified in K,), this exact sequence implies that

Fitt]  (lim, H' (Fo, Tjs . (1)7)") = Ak - deta (Frob, — 1| (T*(1)™)*)
= Af - dety . (Frob, ' — 1| 7*(1)™)
= Ak - Bul,(Frob; 1),
as required to complete the proof of (i).

As for (ii), upon taking the Matlis dual of the inclusion HO(Koou, TV(1)) C TV(1) for every
place w above v, one obtains a surjective map

Pr(-1) » P H (Koo, TV (1)) = H(ky, TV (1))".

wlv w|v
In particular, if v is finitely decomposed in ko, then the latter module is finitely generated
over O and so Lemma 8.27 implies that it vanishes after localising at any prime in Spec!(Ax)
that contains p. This proves (ii). O

(8.30) Remark. In many arithmetic examples, there is a useful replacement for Lemma 8.28 (i).
To be precise, we assume T = HY (Xje, O)(1) for an odd integer i and a proper smooth variety
X that is defined over k and has potentially good reduction at a given v € Hg. Then, if ke
is the cyclotomic Z,-extension of k, the group H°(k,, Ty /k(l)) is finite by a result of Kubo
and Taguchi [69, Th. 1.1] (if X is an elliptic curve, this is a classical result of Imai [53]). In
addition, if X is an abelian variety, ¢ = 1, and K, is a Lubin—Tate extension, then similar
criteria for finiteness have been obtained by Ozeki in [89]. If T is the representation attached
to a cuspidal newform, then a similar result is also obtained by Kato in [63, (12.5.1)].

8.4. The proof of Theorem 8.18

8.4.1. An initial reduction

We first establish a useful reduction step in the proof of Theorem 8.18.

(8.31) Proposition. Theorem 8.18 is valid if, under its stated hypotheses, the following is
true: for every system c € ESY, g (T, K) and all pairs (K, x) as in the statement of the latter
result, one has an inclusion

Fitth, (Xs)(T)) - (croc)x € Oxpe (Deta (Csn(T)))x- (8.32)

Proof. Throughout this argument, we assume the hypotheses of Theorem 8.18 to be valid.
Then, to prove that the inclusion claimed in Theorem 8.18 (i) is a consequence of (8.32), it is
enough for us to show the latter inclusion implies that

Fitth . (Xe.s(T))p - (]| Eul,(Froby 1)) - (cr. )y

C Os b, (Deta, (Csr) 2 (T)))xp  (8.33)

veS(K)\So(K)
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for every p € Spec! (Ak,y)- To do this, we note first that if p € p, then
Fitt} . (Xs) (T))p = Fitty (X5, (T))p, (8.34)

and so (8.33) follows directly from the p-localisation of (8.32). Indeed, since we assume no place
in S(K) \ II3° splits completely in kS, the decomposition subgroups in G of such places are
infinite and so, for every character ¢: Vix — ®%*, the p-invariant of Ygxng,(T)y as a Ay-
module vanishes. Hence, by Lemma 8.27, the module Yg(x\ g,(7) vanishes upon localisation
at any p containing p so that the natural short exact sequence

0 —— Xgo(T) —— Xgx)(T) —— Ysrpns,(T) —— 0 (8.35)

(from Remark 8.15) implies bijectivity of the map Xg(x)(7)p — Xg(x)(T)p, and therefore
also the claimed equality (8.34).

We next turn to the verification of (8.33) for p € Spec!(Ak ) with p € p. In this case, Ag
identifies with Ag,, o, for some character ¢: Ax — ®“* and prime gy € Specl(AKw) (with
p & py) and we set Ty = T(¢) ®o,, Ay. Then, for v € S(K) \ Sp, Lemma 8.28 (i) implies
Fitt%Kw (HO(ky, Ty (1))Y)g,, is equal to Ak, o, if v € So(Ky) (as v € Sram(Ky/k) in this case)

and is generated by Eul,(Frob, ') if v ¢ So(K). As a consequence, one has
Fitth  (Xs(x)(T))p = Fitt) . (X5, (T))p - Fitt} . (Ysaonse (T))p
= Fitt’"AKw (X0 (Ty)) oy - Fitt?\Kw (Ysrnso(Tw)) oy

= Fitth, (Xso(Te))e, (11 Eul, (Frob, 1)), (8.36)

where the first equality follows as a consequence of the exact sequence (8.35) and the fact that
Ak is a discrete valuation ring so that A ,-Fitting ideals are multiplicative across short exact
sequences. Hence, in this case, the inclusion (8.33) for p follows from the computation

Fitth (Xso (7)) - (I staon sy e (Froby 1)) - (ex )
= Fitth, (Xso(To)ow * (T, gy soae B (Frobs ) - (i i, o (050))x
= Fitth,, (Ko (T - (T, s (1 Bl (Froby ) - (e o )x
= Fitth, (Xs()(T6))oy - (R0 )x
C Ok, w.mbe (Detag, (Csir) s (Te)))xpu

= Oz, (Deta, (Csr),s(T)))xp-

Here the first equality follows from the fact that the trace element Ny /fc,  of O[Ak] is a
unit in Ag, (as p ¢ p), the second from the Euler system distribution relations, the third from
(8.36), and the inclusion from (8.32) with K replaced by K. This completes the proof that
claim (i) of Theorem 8.18 is implied by the inclusion (8.32).

To similarly derive claim (ii) of Theorem 8.18, we observe first that for any subring R of Qg
with Ax C R, subsequent applications of Lemma 2.11 (iii) and (v) imply an inclusion

Fitt,(R @, Yie (T)) = Fitt%, (R @4, ker(Yie (T) — Y))
C Anng, (Qk @ay ker(Yir=(T) = Y))
= Qke€rk, (8.37)

which is an equality if R = Q. Now the Ax-module Xg( K)\IT® (T) is torsion because no finite
place of k splits completely in ko and hence

Qi On Fitth . (Xs(rnmee (T)) = Fitty, (Qx ®a, Xsaonme=(T)) = Fitt], (0) = Qx.
This fact combines with the exact sequence

0 = Xsnme(T) = Xsx)(T) = Yimze(T) = 0

veS(K)\So(K )
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(from Remark 8.15) and (8.37) to imply that

Ok @y Fitth,, (Xs(ie)(T)) = Qucexc. (8.38)
From the (assumed) inclusion (8.32) we therefore obtain

ex (ko )y € Qk - Osp, (Deta, (Csx(T))) = (Qrexer) ®a, ﬂTAK Hy,(Or,s(5), T),

where the equality follows from the explicit definition (8.17) of the map Oy ,. This shows
that the idempotent ex acts as the identity on EK(CKOO)X and so, because the definition of
ex ensures that it annihilates Qx ®p H%(OR’S(K),T), we see that Qx ®a H%(Ok’S(K), T)x
can only be supported on primes p of Q at which ex(ck. )y vanishes upon localisation. In
addition, the first column in the diagram (3.47) gives an exact sequence

0 H}él,z(k’Tv(l))v ’ H%(Ok,S(K%T) E— XS(K)\HZO (T) — 0 (8.39)

that combines with the vanishing of Qx @, Xg(x)\me(7) to imply an equality
Ox @nx HE(Op 51 T) = Ok @y Hpv (K, TV (1)),

In view of this, our argument has therefore shown that claim (ii) of Theorem 8.18 is also a
consequence of the inclusion (8.32).

Finally, we must derive claim (iii) of Theorem 8.18 from (8.32). To do this, we note that, for
every p € Spect (A ), Proposition A.12 (ii) implies an equality

{f(a) | a € im(Oxy,), f € /\ZK Hs (O s(5), T)* }p = Fitth  (H' (Cs(r0ys(T)))p-  (8.40)

We also recall that the lower row of the diagram (3.47) provides us with an exact sequence
0 —— Hyy (k,T"(1)Y — H'(Cs(r0)2(T)) — Xgao)(T) — 0. (3.41)

Now, if p € Spec!(Ak,,) C Spec'(Ak) with p & p, then A, is a discrete valuation ring and
so Agp-Fitting ideals are multiplicative on short exact sequences. Hence, in this case, for
fe Ny Hy (O sr0), T)*, the (assumed) inclusion (8.32) combines with (8.40) and (8.41) to
imply that one has
Fitth  (Xs) (T))p - f(cx)p C Fitth, (H' (Csrys(T)))p
= Fitt} . (Xs)(T))p - Fitt] (H]l-'r\glyz(ka TV (1))Y)p-

Furthermore, the ideal Fitty  (Xg(x)(7)) spans Qker over Qp by (8.38), and so the principal
ideal Fitt) (Xg(x)(T))p is generated by a nonzero divisor in e Afcp. This shows that the Ag p-

module Fitty , (Xg(x)(7))p is invertible in ex Ag . The above inclusion therefore implies, after
cancellation, the required containment

exfci)p € ex Fitt] (H}_-rvelﬁz(k, TV ())Y)y. (8.42)

We next prove the same result for p € Spec! (Ak,) with p € p. For this, we note the as-
sumption that no finite place splits completely in k., combines with Lemma 8.27 to imply,
for each such p, that Xg(s)\me=(7)p = (0). Since the assumption (3.1) ensures that Y (7)
is a projective Ax-module, the vanishing of Xg(x)\mpe (7)p combines with the sequence (8.41)
to imply that H'(Cs(k)x(T)), is isomorphic to the direct sum of (Hjlrrvelz(k’Tv(l))v)p and

Viree (T)p- Recalling (8.37), we then see that the ideal Fitt}, (H'(Cs(x)x(T)))p is contained

in ex Fitt%K Hy (k,TY(1))Y)p. For each such p, the required containment therefore follows
rel,3

directly from (8.32) and the equality (8.40).

At this stage, we have verified (8.42) for every prime p € Spec!(Af ). From Lemma 2.4 (ii), we
can therefore deduce that ex f(ck)y € €x Fitt%K (Hyv (k, TY(1))¥)*™, as required to derive
rel, >

claim (iii) of Theorem 8.18 from (8.32).
This completes the proof that Theorem 8.18 is a consequence of the assumed validity of the
inclusion (8.32). O
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8.4.2. Observations on an application of Theorem 4.20

Proposition 8.31 has reduced the proof of Theorem 8.18 to showing that the inclusion (8.32) is
valid under the hypotheses of the latter result. To do this, we set Ty, = T'(x) ®o Ax and write

Tw}: ESE 5, (T, K) = ES§, (Frax(Ty))

for the map from Proposition 8.20 (ii). We shall then aim to apply Theorem 4.20 to the Euler
system Tw?(c) and so must specify the data for which we can verify all of the hypotheses that
are necessary to apply Theorem 4.20.

In this regard, we note firstly that the field K>? clearly satisfies Hypothesis 4.16 (i). We next
verify Hypothesis 4.16 (ii) in the relevant cases by fixing q € Q1 and a non-negative integer a
and showing that the endomorphism Frobga — 1 is injective on 7,. To do this, we note q is
unramified in ko and write o4 for the image of Frobg in I' := Gal(ko/k). We recall ko contains
a Zy-extension k2, = |J,cn ky of k in which no finite place splits completely. In particular,

the image of aga in I'° == Gal(k%,/k) is a topological generator of (Fo)pm(a) = Gal(kgo/k:fn(a))
for some m(a) > 0 and we set IV = Gal(koo/k° ). Then one has Uga € I'" and so Ty

mia
decomposes, as an OX[[<Frob{|’a>]]—module, as the di(r(;ct sum of a finite number of copies of
Ty = T(x) ®0 O[I"]. It is thus enough for us to prove that Frob{;a — 1 acts injectively on Ty,
Hence, if necessary after replacing k by k,,(4), we can assume in the sequel that a = 0 and the
image of o4 generates I'°. In this case, the projection map I' — I'° induces an isomorphism
between I'° and the subgroup T° of T that is generated (topologically) by o4. Writing k., for
the fixed field of ks under [° and I for Gal(k’,,/k) one therefore has a natural decomposition

I =TI° x Gal(koo/kS) 2 T° x I (8.43)
This splitting in turn induces isomorphisms
A =0 =2 0] ®e O] and T = T /k(x) = The_jk(x) @0 O[]

in such a way that o acts trivially on the factor O[I] in both tensor products. We now write
E for the completion of k£ at q. Then the completion of kS  at a place above q is the unique
unramified Z,-extension E"™" = | J, .y En™ of £ and o4 induces the Frobenius automorphism
in Gal(E"™"/FE). Upon applying Shapiro’s lemma, one therefore obtains an isomorphism

(TP~ = HY(E, T) = HY(E, Trg i (x)) ®0 O[]
= HY(E"™ T (x)) ®0 O[]
= (i, o (R, T(X))) @0 O]

In addition, since T'(x) is a finitely generated O-module and E"™ is an infinite p-extension of
E, the limit Jim HY(EY™ T(x)) vanishes (by [96, App. B, Lem. 3.2]), as required to prove
the validity of Hypothesis 4.16 (ii) for 7.

In the notation of §4.2 we now take R = (Af), so that K = O, /(w). In particular, T, = T(x)
and so the validity of the parts of Hypotheses 4.14 (i) and (iv) that concern 7, follow from
the assumed validity of Hypotheses 8.13 for T'(x). In addition, Hypothesis 4.14 (v) is valid by
Lemma 8.24 and the assumption that Hg (O K,s(k), T') is O-torsion free.

Next we note that the field koo from §4.2 is a subfield of €, and that the fields in (4.10) for
Ty can be taken in €X so that the field k(7)o defined in §4.2 agrees with €Y. Given this,
the validity of Hypotheses 4.14 (vii) in this case is clear (cf. Remark 4.15 (vi)), and that of
Hypotheses 4.14 (ii), (ii*), and (iii) follows from the assumed validity of Hypotheses 8.13 for
the data (T, koo, F, X, T).

It still remains for us to specify the data of a morphism g: R — R of the form required for an
application of Theorem 4.20. Before doing this, however, we observe that the required inclusion
(8.32) will follow if we can prove that

Fitt) , (Xs)(T)) - (ko )x € Iy (Detay (Csry,s(T)))x- (8.44)
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Indeed, to deduce (8.32) from this, one need only recall ¥}y coincides with the map Oy,
(defined in (8.17)) as a consequence of [27, Prop. A.11 (ii)].

In addition, since the A g-module dy (Deta, (Cg(x),5(T)))y is reflexive (as Deta . (Cgr) s (T))y
is invertible and hence reflexive), Lemma 2.4 (ii) implies that it is enough to verify (8.44) after
localising at each prime in Specl((AK)X).

For the remainder of the proof we shall therefore fix p € Spec!((Ak)y). It is then convenient
to separate the discussion into two cases and, in this way, the proof of Theorem 8.18 will be
completed by the arguments given in §8.4.3 for the case p € p and in §8.4.4 and §8.4.5 for the

case p ¢ p.

(8.45) Remark. By assumption, ks contains a Z,-extension kS, of k in which no finite place
of k splits completely. To prove (8.44), one can in fact further reduce to the case that koo = k2.
The reason for this is that im(©y, ) is equal to lim im(Ox 4, , ), where the limit is taken over
all finite extensions E of k in ko, and bg e denotes the O[Gpys ]-basis of Y ®r O[Gggs | that
is induced by be. In particular, if cpre belongs to im(©Osx ) for all such E, then it follows
that cp, = (cgre )r belongs to im(Oxp, ), as required. Since the validity of Hypothesis 8.13
for (T, koo, F, x, ) also implies its validity for (T, k3., EF, x,r), we may therefore assume at the
outset that ko = k5,. However, we prefer to enforce this reduction step only at a later point
in order to clarify that a large part of the argument does not rely on it.

8.4.3. Verifying the p-localisation of (8.44) if pc p

For each i € IN, we write kj for the unique subextension of k3, of degree p' over k and U;
for the subgroup Gal(ks/k;). We can then fix a basis {U; };ew of open neighbourhoods of the
identity of Gy = Ix (where Ik is as in (8.11)) in such a way that U; C U for every i.

As in Remark 2.7 (iii), we now take R = (Ax), and a; := (x®, [(U;))R with I(U;) the kernel
of the natural projection Ax — Z,[Gk.. /U;]. In particular, for each ¢, the ring R; = R/a; is
naturally isomorphic to (O, /(@"))[Ix/U;][Ok]. We write , = O,/(w) for the residue field
of Oy, and then further take R := x, [["’] with I'° := Gyo and R; = kiy[Gre] = Ky [Tk, /U]
The residue field of R is therefore also equal to x,. Furthermore, each R; is a principal local
ring because, as a power series ring over a field, R is a principal ideal domain. In view of
this, Lemma 8.25 implies that, for the relaxed Mazur-Rubin structure F; on 7, ®gr R; =
T(x)/w'T(x), the core-rank x(F;, (7)) of the pair (Fj, (7)) (in the sense of (4.11)) is greater
than or equal to

dimy;, (Y (T(x))) + dimie, (W 0 (T (1) (x 1)) = dime, (g i (T(0)))
+ dimy, (H(k, T(x))) = dimy, (H(k, T ()(xH)) = Y dime, (H(ko, T (1)(x ™))

We now recall (from Remark 8.14) that Hypothesis 8.13 (iii) implies the group HO(k, T (1)(x~"))
vanishes. In addition, since Mz~ ;) (T"(1)(x 1)) is a submodule of H'(€¢X/k, T (1)(x)) (by
Lemma 6.1 (i)), this module also vanishes as a consequence of Hypothesis 8.13 (iii). In a similar
way, Lemma 6.1 (i) identifies Iz . (T(x)) with a submodule of H'(&X/k,T(x)). In partic-
ular, at this point the explicit upper bound on the x,-dimension of H'(&X/k,T(x)) given by
Hypothesis 8.13 (v) can be combined with the above displayed lower bound to deduce that
x (F;, 7(7)) is strictly positive, as required to verify Hypothesis 4.14 (vi) in this case.

We next take p: R — R to be the natural surjective projection map, and write 3 for the
prime ideal ker(p) of R. Then oy is surjective and nonzero, as required by condition (i) in
Theorem 4.20. To verify condition (ii) in Theorem 4.20, we first note that the vanishing of
H°(k,T(x)*(1)) implies Xg(x)(Ty) = Ys(x)(Ty) (cf. Remark 8.15) and hence, via the argument
of Lemma 3.49 (i), that there exists an isomorphism

Xsx)(Ty) @ag O[] = Y0y (Ty) @r O[L°] = Y5y (T'(x) @0 O[T°]).
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Now, the module Ygx)(T(x) ®o O[I'°]) is finitely generated over O, because no finite place
splits completely in kg, so that the above isomorphism implies Xgx)(7y) is finitely generated
over O, [T] (with T" as in (8.43)). As a consequence of Lemma 8.27, the module Xgx)(7y) is
therefore annihilated by an element x € R that does not belong to the ideal (w) = ker(R — R).
It follows that Xg(x)(Tyx) ®r R is an R-torsion module and hence vanishes when localised at
(0) as an R-module (respectively, at 8 as an R-module). This shows, in particular, that
Tor (X s(k)(Ty), R)yp vanishes and hence implies that

Fitt (Torf (Xs k) (Ty), R))p = Fittg, (Torf (Xg(x)(Tx), R)g) = Fittg, ({0}) = Ry,

as required by condition (ii) in Theorem 4.20. In this case, therefore, the latter result can be
applied in order to deduce that, for every Euler system n in ESY, g (7y), the element (ng)yp
belongs to

Uy (Detr(Csx) 5 (Tx)))p = Vv (Deta, (Csx),s(T)))p-

Since p is contained in %P, this in turn implies that (), € Yy (Detr(Cg(k)x(T)))p and hence
verifies the p-localisation of (8.44) when applied to n = Twy (c), as required.

8.4.4. Verifying the p-localisation of (8.44) if p ¢ p: reduction to a key inequality

To deal with the case p ¢ p, we shall adapt an approach used by Mazur and Rubin in [79, § 5.3].
At the outset, we note that, for some character ¢: Og — ®“* and prime ideal p € Specl(Axw),
the localised ring A,y , coincides with A . As a consequence, if we set K, = K ker(x¥) and
K\ .00 = Ky - ks, then one obtains an identification

O30 (Detar (Cs(x),2(T)))p = Ok o Sbye (Deta, (Csx) (T (XY) @0, Ap)))e
in which by e is the basis of Y @5, A,y induced by be and Ty = T'(x¥) ®0,,, Ayy-
On the other hand, in terms of the twisting map Tw},: ESL(T) — ESL(T (xv), K*) from
Proposition 8.20, the result of [96, Ch. II, Lem. 4.3] implies that

Twly (ke = XA: (x¥)(o)o(ck..) € (ﬂAK Hy(Og 5(5): T)),, = (ﬂ/\w H(O 5(5)s Tyw)) -
OCAK

Hence, since the element ) A (x¥)(0)o acts as multiplication by the unit [Af| of Ak, and

Fitty  (Xs(x)(T))p identifies with Fitty (Xs(x)(Typ))p, the claimed result will follow if we

can show that

Fitt)y | (Xsx) (Txw)) - TWiy (ko € Oy oo Sibyye (Deta, (Csiro) s (Tyw))) -

By replacing ¢ by Tw ,(c) and T by T'(x¢), we may thereby reduce to the case K = k and
R = O, [I']. Indeed, since 1) is a character of p-power order, the ring O, is a totally ramified
extension of O, with residue field equal to the residue field &, of O,. In addition, writing
wyy for a uniformiser of O,,, for every o € G}, one has a congruence ¥ (o) = 1 (mod @)
and so the residual representations T(x) and T(x) coincide. This shows that the assumed
validity of Hypotheses 8.13 for (T, koo, F', x, ) implies its validity also for (T'(x¥), koo, F, 1,7).
By replacing O by O, if necessary, we may then also assume that O = O,

Having made these reduction steps, we shall next prove that the claimed inclusion

FittR (Xsx)(T))p * Choo S Okoo 500 (Detr (Cs(re),s(T)))p
is implied by the inclusion

FittR (Xs(x)(T))p - im(ex.,) S FittR (H' (Co(x) 5(T)))p- (8.46)
To justify this, we must show that, for any element z of Fitt (Xg(x)(7)) and R-basis 3 of
Detr (Cs(k),x(T)), the latter inclusion implies z - cx,, € Ry - Ok, 2p,(3). To do this, we can

also assume that the right hand side of (8.46) is nonzero since otherwise this inclusion implies
the module Ry(x - ¢ ) vanishes and so the claimed inclusion is obviously satisfied.
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Now, by Lemma 2.35, the complex Cg K),Z(T) is isomorphic to a complex of the form Py — P;
with finitely-generated free R-modules Py and P; that are placed in degree zero and one, re-
spectively, and such that P; = ker(7)®Y with7: P — HI(C’S(K%E (7)) the natural projection
map. By applying Proposition A.12 (ii) to the complex Py — ker(m) we then obtain an equality

iM(Ok.,5.0s(3))p = Fitt%(Hl(CS(K),E(T)))p- (8.47)
This equality implies, in particular, that the idempotent ey, appearing in the definition (8.17)
of the map Oy x5, must act as the identity on the nonzero ideal Fitty (H'(Cs(x)x(T))).
Since R, is an integral domain, one therefore has erer = 1 and so the definition of O 5,
directly implies that its image spans () Hé((?k s(k), T ) over the fraction field Q(R) of R. We
can therefore deduce the existence of an element ¢ of Q(R) such that ¢, = q- Ok 51, (3). At
this point, the (assumed) inclusion (8.46) can be combined with (8.47) to deduce that

q-x - Fittly (H (Cs(re)s(T)))p = ¢+ 2 - im(Op, 3,5, (3))
=z -im(ck,,)
C Fitti (H' (Csr0),5(T)))p-
Then, since R, is a discrete valuation ring and Fitt (H 1(C’S( K),=(T)))p is a nonzero ideal,
cancellation now proves that ¢ - x € Ry, and hence also the required containment via
T Choy = (0 7) Ok, 5,60 (3) € Rp - Ok 2.6 (3),

We are therefore now reduced to proving the inclusion (8.46). Further, since R, is a discrete
valuation ring, the short exact sequence (8.41) implies that

Fitt (H' (Cs(x0),5(T)))p = FittR (Xs() (T)) 'Fitt%(H}rrgl’E(kaTv(l))v)p,
and so it is actually enough for us to show that, if Fitt (Xg(x)(T))p is nonzero, then
im(cr..) C Fittg (Hrv (kT (1))")p.

If the image of ¢y, in Hy,(Oy, g(k), T)p vanishes, then there is nothing to show and so we may
assume that this image is nonzero. In this case, then, Lemma 2.26 (ii) implies that

im(cy., )p = Fitt (Extr (ﬂ; H(Ok s(5), T)/Reke, R))
= Fitty (( ﬂ; H (O 5(5)s T)/ Rekoe) o)y

where the second equality follows again from the fact that R, is a discrete valuation ring (cf.
the argument of [86, Prop. 5.5.13] for details).

Finally, at this point it is convenient to assume ko = k2, and to complete the proof of Theorem
8.18 in this case. (We recall that, as observed in Remark 8.45, the validity of Theorem 8.18 in
this special case implies its validity in general.)

Having made this reduction, the ring R = O[I'] is then isomorphic to the power series ring
O[X] in a single variable X. We write f for the irreducible Weierstra$l polynomial in O[X] that
generates p when regarded as an element of R via this isomorphism. We also fix generators zge
and z. of chal"R(lLI;_-rvc1 E(k, 7V(1))Y) and charg (Mg Hs,(Ok s(x) T)/(R-Ciy ) )tor), respectively.

At this stage our verification of the p-localisation of (8.44) has therefore been reduced to the
case koo = k2, and to showing that

p

ordf(zc) > Ol"df(ZSel). (848)

8.4.5. Verifying the p-localisation of (8.44) if p ¢ p: the key inequality

Following the above reduction, we assume in the remainder of the argument that ko = £3,. In
this case, in order to verify the required inequality (8.48) we can further assume that f divides
zse1 since otherwise the inequality is true trivially. By enlarging O if necessary (by passing to a
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faithfully flat extension of @), we may moreover assume that f is a linear polynomial in O[X].
Recalling @w denotes a uniformiser of O, we define

fao=f+@"€0]X] and R, =R/fR
for every n € IN. We then also obtain a Galois representation

Here, if v is the topological generator of Gy that induces the fixed isomorphism R = O[X]
(via which we view f,, as an element of R), then 1,, denotes the character

Gk, > O, v—=1—(f(0)+=").

(8.49) Lemma. For all sufficiently large integers n, the following claims are valid.

(i) The map Twy ,, constructed in Proposition 8.20 (i) is injective and the order of its coker-
nel is bounded independently of n.

(i) The component Twy, . (k) of Twy, (c)r at k is nonzero and, in Ry, one has
im(Tw],, (k.)€ Fittly (Hk (5, T (1))").
In particular, the group H}'—rel,E (Or,s(r), T,y (1)) is finite.
(iii) The kernel and cokernel of the natural map
sn: Hpy (K, 7V(1)Y @ Ry = Hpy (k. T(1))

are finite and of order bounded independently of n.

(iv) The polynomial f, does not divide the characteristic polynomial of the R-torsion submod-

ule of H}rel LB, TY ()Y,

Proof. To prove (i), we take FF = k in the spectral sequence (8.22) and observe that it degener-
ates on its second page (since the R-module R,, has projective dimension one) to yield a short
exact sequence

0= (N, 72O T)) @r R = [V H Ok a9, ) = HUC (T)Ifa] = 0,

thereby proving the claimed injectivity of kaﬂ/}n. Moreover, this exact sequence also proves
that the cokernel of Twy , is isomorphic to H LC™(T))[fn]. In particular, if n is chosen large
enough such that the prime ideal R f, is not contained in the support of the R-torsion sub-
module of H*(C"(T)), then H*(C"(T))[fn] is finite of cardinality bounded by the order of the
maximal finite R-submodule of H(C"(T)). This proves (i).

Next we note that, since the element ¢ is (by assumption) nonzero, and a nonzero element
of a unique factorisation domain can only have finitely many irreducible factors, neither of
the principal ideals that are given by im(cg_ )** and the characteristic ideal of the R-torsion
submodule of ]'17]1_.rvc1 § (k,TV(1))Y can be contained in infinitely many of the ideals R f,. In par-

ticular, for any large enough n, the polynomial f,, does not divide the characteristic polynomial
of the R-torsion submodule of Hy, (k,7V(1))" and, in addition, the element Twy, o (Cho)
rel, n

’

is non-zero. The first of these properties immediately implies the property in (iv), whilst the
second property implies that the image Twy, (c) of ¢ inside ES"(T5,, KC*¥P) is non-zero.

We next claim that the representation T, satisfies Hypothesis 4.14 (where, in the notation of
Hypothesis 4.14, we are taking 7 = T = T,,) with the fields k(7}, ;) in (4.10) taken to be the min-
imal extensions of F' such that Gy(r, ;) acts trivially on both T; := T /@'T and Tni =T,/ @'T),
To see this, we observe that the explicit definition of v, shows that ¢, = 1 (mod w), and hence
that T and T, coincide. Given this, and the fact that the field k(7))o that occurs in Hypo-
thesis 4.14 (iii) coincides with €., one finds that the validity of Hypothesis 4.14 (i), (ii), (iii)
and (iv) follows from the assumed validity of Hypothesis 8.13 (i), (ii), (iii) and (iv) for the data
(T, koo, F,1,7). Next we recall the ¥-modified relaxed Nekovai-Selmer structure Fel s2(Th )
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satisfies Hypothesis 3.45 because S(.%) \ II3° is nonempty (as it contains II}) and H°(k,T)
vanishes (as observed in Remark 4.15). This shows that Hypothesis 4.14 (v) is also satisfied for
T,. Finally, since we are in the situation of Remark 8.26 (ii), we may use Lemma 8.25 (ii) to

calculate the core rank x(Fj, j(i)) of the pair (Fj, j(i)) to be at least
ZUGH? dimy (H° (ko, T"(1))) — dimy (111 (7)) — ZUGE(HO(I%,T*(I)))

> ¢ — dim, (HY (¢ /k, T)) — ZvEZ(HO(kv,T*(l))).

Here the inequality follows from the observations that the r-dimensional k-space Y Qg k is

a quotient of Yi= (7)), and that Lemma 6.1 implies 7 (T) identifies with a submodule of
HY(€L/k,T). Given this, the assumed validity of Hypothesis 8.13 (v) implies x(F3,7(i)) > 0,
and hence that Hypothesis 4.14 (vi) is valid. The validity of Hypothesis 4.14 (vii) being clear,
we have therefore verified all parts of Hypothesis 4.14.

Moreover, Proposition 8.20 (ii) (b) combines with Remark 4.21 to imply that we may apply
Theorem 4.20 to the system Twy, (c) without having to assume Hypothesis 4.16 for T}, (since,
as already observed earlier, T satisfies Hypothesis 4.16). The conclusion of Theorem 4.20 then
implies the inclusion claimed in (ii) via Proposition A.12 (ii).

The key observation needed for the proof of (iii) is the existence of the natural exact commut-
ative diagram

XS(K) (T)Ifn] » HJl:rvel,z (k, Tv(l))v Rr Rn - H%(Ok’s([(), T)®r Ry » XS(K) (T) ®r R,

. 1= !

0 By (6, TY(1)Y ——— B3O 5010, Tn) — Xsgaoy(Tn).

In particular, if n is large enough such that f, is not in the support of Xg( K)(’T), then both
of the modules Xgx)(7)[fn] and Xg(x)(T) ®r Rn = Xsx)(T)/ faXs(k)(T) are finite and of
order bounded (as n varies) by the cardinality of the maximal finite submodule of the finitely
generated R-module Xg(g) (7). Given this, (iii) follows by applying the Snake Lemma to the
above diagram. This completes the proof of all claims. O

To prove the required inequality (8.48), it is convenient to first show that, if neither ¢;__ nor the
ideal Fitt (Xg(j)(T)) vanishes, then the quotient R-module (g Hy:(Ok s(x):T))/(R - ¢iyo)
is torsion and hence that the element z. occurring in (8.48) is (by its very definition) such that

Rz = charg () HE(Ok sy, T)) /(R - ex.))- (8.50)

To show this, we fix a natural number n large enough to ensure that all of the claims in

Lemma 8.49 are valid with respect to the polynomial f,,. Then, by Lemma 8.49 (ii), the Fitting

ideal Fitt% (H3 (k,TY(1))V) contains a non-zero element and so the (finitely generated)
n rel,>

Rp-module Hy, (k,T,/(1))Y) is finite. From the result of Lemma 8.49 (iii), it then follows
rel, >
that H }v (k, TV(1))Y ®r R, is finite and hence, as a consequence of the structure theorem
rel, >3
for finitely generated R-modules, that the R-module Hy, (k,7"(1))" is torsion.
rel, X2
Now the assumption Fitty (Xg(x) (7)) is nonzero implies the Q(R)-module Q(R) ®r Xg (k) (T)
is free of rank r. After recalling the exact sequence (8.41), and noting that we have just shown its
first term to be a torsion R-module, we can therefore deduce that Q(R) @z H*(Cg()x(T)) is
also a free Q(R)-module of rank . From the vanishing of the Euler characteristic of C() 5 (7)
we can then finally deduce that Q(R) ®r Hy (O s(x), T) is a free Q(R)-module of rank r. In

addition, since we are assuming c__ is nonzero, it generates a free rank-one Q(R)-module and
so the above observation implies that the module

AR)@r (( ﬂ; Hs (O s5(x), T)) /(R i) = /\;(R)(Q(R) % Hy (O 550, T))/(Q(R) - cr.)
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must vanish, thereby showing the R-module (Vg Hs:(O.s(x)>T))/(R - ¢k, ) to be torsion, as
suffices to prove (8.50).

Turning now to the verification of (8.48), we continue to let n be a natural number for which
all the claims of Lemma 8.49 are valid with respect to the fixed choice of f. We then choose a
pseudo-isomorphism of R-modules of the form

g=t'

Hyo (k,TV(1 %@R/ Rf™) EBEBR/ (Ry;) (8.51)

in which ¢ and ¢’ are non-negative integers, each m; a natural number and each g; is a (pos-
sibly reducible) distinguished polynomial that is independent of n and also, since n validates
Lemma 8.49 (iv), coprime to f,. It is now convenient to recall the following general fact.

(8.52) Lemma. Let M be a finitely generated torsion R-module that is pseudo-isomorphic to
j=t'

Ep = @R/ (Rg;?),

where each g; is either w or an zrreduczble dzstmguzshed polynomial and each m; a natural

number. Then, for any irreducible element f of R that does not divide charg (M), one has
ordy, (IM/(fM)]) — ordp(|Man|) < ordy ([Esm/(fEm)|) < ord, (IM/(fM)]),

where Mgy denotes the mazimal finite R-submodule of M.

Proof. This is well-known but, for lack of a better reference, we give an argument. The existence
of a map of R-modules from M to Eq (or in the reverse direction) that has finite kernel and
cokernel combines with a calculation of Herbrand quotients to show that

[EMUI/1Epm/ (FEM)| = IMIFI/IM/(FM)].

The claimed inequalities follow from this equality, the obvious inequality |[M|[f]| < |Magy,| and
the fact that E[f] vanishes as f is coprime to each g;. O

We shall apply this result to the pseudo-isomorphism (8.51). To do this, we note that, for
each index j in (8.51) and every such n, the quotient module R/(Rg; + R fy) is finite and we
claim that its cardinality is bounded independently of n. To show this, we note that, because
fr is an irreducible distinguished polynomial, the Weierstral Preparation Theorem gives an
isomorphism R/(Rg; + Rfn) = Rn/(Rngj(cn)) with oy, == —(w" + f(0)) the root of f,. It is
then enough to note that the R,-valuation of g;(c,) is bounded since, for all large enough n,
the strong triangle inequality implies that ordg,, (g;(cw)) = ordz(g;(f(0))).

This observation implies the existence of constants k1 and k9 that are independent of n and
such that

ordy (|Hzy, (kT (1))']) = ordy (|HEy (K, TY(1))” @ Ral) + r1 (8.53)
2 ord (Hi:t IR/ (RF™ + Rfn)l) + k2
=3 ordy ([Ru/(Ruf(an)™)]) + o
:”'Zzzjmﬁﬂz

= n - ordg(zsel) + Ko,

where the first equality follows from Lemma 8.49 (iii), the inequality from the second inequality
of Lemma 8.52 and the final equality from (8.51) and the choice of element zg.
In a very similar way, after fixing a pseudo-isomorphism of R-modules of the form

1=t ]:tll

= (N H O s00p T /(R e5) = DR/RS & DR/RR),  (854)

i=1 j=1
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in which ¢; and ¢} are non-negative integers, each l; a natural number, and each h; a (possibly
reducible) polynomial that is both independent of n and coprime to f,, one finds that there
exist constants k3 and k4 that are independent of n and such that

ordy (|, H (a0 To) /(R - Ty, (1)) (8.55)
= ord, (‘Qc QR Rnl) + K3

< ordy (3 [R/RS +R)|) + i

1=t1
—n'zizl li + Kq
=n-ords(z.) + Ka.

Here the first equality follows from Lemma 8.49 (i), the inequality from the first inequality of
Lemma 8.52, and the final equality from the pseudo-isomorphism (8.54) and equality (8.50).
Next we note that Lemma 8.49 (ii) combines with Lemma 2.26 (ii) to imply an inclusion

Fitth, (N H' Ok, T)) /(R Ty, (ex.))) € Fittle, (ko (5T (1)),

Since R, is a discrete valuation ring with finite residue field, this inclusion is therefore equivalent
to an inequality

‘(ﬂ;n Hl(ok,S(K)aT(¢n))>/(Rn 'jk,n(nkw))‘ > ’H}rim(k,T(wn)Vu))V .

Upon combining this inequality with those of (8.53) and (8.55), we finally derive an inequality
n-ordf(2z.) + k4 > n - ordf(2gel) + Ka.

By taking n sufficiently large, this inequality implies the required inequality (8.48), and thereby
completes the proof of Theorem 8.18. O

9. Elliptic curves

In this section we let E' be an elliptic curve defined over @ and of conductor N := Ng. We
then consider the integral and rational p-adic Tate modules of E defined as

T,E = @nE]NE[p”] and V,E = Q,®z, T,E.

We fix a Z,-basis of T, E (the precise choice of which does not matter to subsequent arguments)
and thereby identify Autz,(T,E) with GL2(Zjp). In this way, the natural action of Gq on T, E
gives rise to a homomorphism

PEp: GQ — GLQ(ZP).
For any subfield K of Q¢ we write Q(K) for the set of finite abelian extensions of @ in K. For
K in Q(Q°), we set Gk := Gal(K/Q) and Gx = Homyz(Gx, Q%) and consider the motive

Mgk = h'(E/K)(1),

regarded (unless explicitly indicated otherwise) as defined over Q and with coefficients Q[Gx|.

9.1. Kato’s Euler system of zeta elements

We review the Euler system constructed by Kato in [63]. To do this, we fix a minimal Weierstrafl
model of E over Z and write w € H{, (E,Q}, /Q) for the corresponding Néron differential. We

then write coo € {1,2} for the number of connected components of E(R), and define periods
of E by setting

Q+:Qwﬁ+::/ |w|:coo-/w and Q7 = wﬁ_::/ w.
E(R) vt v
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Here v and v~ denote generators of the respective subgroups Hq(E(C), Z)* and H1(E(C),Z)~
of H1(E(C),Z) upon which complex conjugation acts by +1 and —1 that are chosen in such a
way that the real numbers Q1 and (—i)Q2~ are positive.
We recall that, for each K € Q(Q°) and place v € II%., Kato [60, Ch. II, § 1.2.4] has defined a
canonical ‘dual exponential map’

expy, : H'(Ky, V,E) = Fil’ Dy i, (V, E). (9.1)
We fix an embedding ¢: Q° < C and, given K € Q(Q°), write w, := w, i for the place of K
that corresponds to the restriction tx of ¢ to K. We finally set

So = {p,w.q@} and Sy =SU{l|N}
and then, for each K € Q(Q°), also

SO(K) = SOUSram(K/Q) and S(K) = Sl USram(K/Q)'
(9.2) Theorem (Kato). There exists a collection of elements
ZR0 = (250 g € H HY (O s(x), Vo E)
Ke(Q©)
with the following properties.
(i) For all K and L in Q(Q°) with K C L, one has

CoresL/K(ngato) = (ngs(L)\S(K)EUIE(Fmbe_l)) - 2R,

where Coresy, /i denotes the corestriction map HY(L,V,E) - H'(K,V,E).
(i1) For K € Q(Q°) set

Kato .__ —1y\ —1 _Kato
Y10 = (HKES(K)\SQ(K)EuIZ(FrObE )) Z2p M.
Then, if both E[p] is irreducible as an Ip[Ggql-module and E(K)[p| vanishes, the element

cooyilgato, and hence also coozllﬁam, belongs to HI(OK’S(K),TPE). In particular, one has

ZKato ¢ ESL §(T,E) and ylato .— (yllgato)Keﬂ(Qc) € ES; g, (T,E).
(iii) For every K € Q(Q°), there is an identification of spaces
@veHII){FﬂgR,KU(VpE) = Qp @q Hir (B, Qi) = (Qp ©q K) @q Hip (B, U q);
with respect to which one has

% ato LSK(E7X_171)
(eXPKU (Z[IE' ! ))UGH% = (ZXGEE ( S))sgn(x) €X> ®w.

Here the symbol sgn(x) € {—,+} is specified by the equality x(7,) = sgn(x)1, where 7,
denotes the automorphism of Q¢ obtained by restricting complex conjugation through .

Proof. In brief, the elements 252 and yXat° are defined by slightly modifying the corresponding

elements constructed by Kato in [63, (8.1.3)], with the integrality property in (ii) proved by
the argument of [63, §12.6], and the ‘explicit reciprocity law’ in (iii) a consequence of [63, Th.
9.7 and 12.5].

If p is an odd prime of good reduction, then these arguments are worked out in detail by
Kataoka in [57, Th. 6.1]. In addition, upon replacing Kataoka’s application of [120, Prop. 8]
by the representation-theoretic observation made in [26, Rem. 6.9], the argument of loc. cit.
extends directly to include any prime p for which E[p] is irreducible as in [26, §6.3]. O

(9.3) Remark. (a) Regarding Theorem 9.2 (ii), it can be shown that, if SL2(Z,,) C im(pg,),
then E[p] is an irreducible F),[Gq]-module and also E(K)[p] = (0) for every K € Q(Q°).
(b) An analogue of the integrality property in Theorem 9.2 (ii) also holds when E[p] is a
reducible IF),[Gql-representation. However, such an extension of Theorem 9.2 requires a
detailed discussion of Kato’s argument in [63, § 12.6] and so, since it is outside the scope

of the Euler system theory that we develop here, this will be discussed elsewhere.
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9.2. Kato's lwasawa main conjecture

Given a finite abelian extension K of Q, we write Koo = |J, ey Kn for its cyclotomic Z,-
extension. We let Ag = Z,[Gal(K«/Q)] denote the associated Iwasawa algebra, and Qf its
total ring of fractions.

Define the representation 7 := (T, E)®z, Ak and note that H'(Ogq g(k), T) equals the Iwasawa
cohomology group Hllw(OK,S(K)vaE) = @nHl(OKn7S(K),TpE) (with the limit taken with
respect to corestriction maps). The family

Z[Igato — (Z[Igam)nelN

[e') n

therefore defines an element of Hllw(OK, s(k)> TpE)-
We write 7 for the unique element of G with the property that ¢ o 7 is complex conjugation,
and 7 for its projection to Gg. For n € IN, we may then define a Z[1/2][Gk, |-basis element

K, = (14 7r,) @77 + (1 —7x,) ®77)/2
of the (free) module
Hi((E x Spec K,)(C), Z[1/2])" = (Z[Gk,] @z Hi(E"(C), Z[1/2])) "
For each odd prime p, we use the canonical comparison isomorphism
Z, ®7 Hi((E x Spec K,,)(C),Z)" 2 Yk, (T,E)

to regard vk, as a basis of Y, (I, E). By taking the limit over n, we thereby obtain a A g-basis
VKoo = (YK, )n Of Y1 (T). By using this basis, the construction (8.17) gives a map

Ok 5(K) = Os(i) e Detag (Csi)(T)) = Qi ®ay Hiy (O s(r), THE).

Then, under mild technical hypotheses, the following result verifies one inclusion of the natural
Iwasawa-theoretic version of Kato’s Conjecture.

(9.4) Theorem. Ifp > 3, then z%iﬁo € im(Ok_ s(k)) if the following conditions are satisfied:

(1) SLa(Zp) € im(pgp);
(i) E has potentially good reduction at p, or K(\/—2(A/B))* contains no element of order
p for A€ Q* and B € Q* such that y*> = 23 + Az + B is a Weierstraf§ equation for E.

(9.5) Remark. The condition of Theorem 9.4 (i) is satisfied if pg ) is surjective, as proved by
Serre [104] for all but finitely many p if £ does not have CM. In addition, writing jg for the
j-invariant of E, Zywina [121, Conj. 1.1] has conjectured pg, is surjective for all (p, jg) outside
Sexc = ({2,3,5,11,13} x Q)U{ (17, —17*-101%/2), (17, —17 - 3733 /2'7),
(37,—7-11%),(37,—7- 137° - 2083°)}.
The non-surjectivity of pg ), also implies the following further restrictions on p.
o If F is semi-stable, then p < 11 by Mazur [78, Th. 4].

o For general F, one has p < max{37, Ng} by [121, Th. 1.10 and Prop. 1.8]. Further, if
051+ .-0% is the factorisation of the denominator of jg into distinct prime numbers with
e; > 0 and p & Sexc, then each ¢; is congruent to +1 (mod p) and each e; is divisible by
p (cf. [121, Th. 1.10 and Th. 1.5]).

(9.6) Remark. Regarding the condition of Theorem 9.4 (ii), we note that a Weierstrafl equa-
tion for E of the stated form exists if jg ¢ {0, 1728}, and that the associated field Q(/—2(A/B))
then depends only on E (cf. [108, Ch. V, Lem. 5.2 (a)]). Moreover, if E/K has split-multiplicative
reduction at every place in IT5-, then all such places split completely in K (y/—2(A/B)) and so

one has K (\/—2(4/B))*[p] = (0) it K*[p] = (0).
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Theorem 9.4 will be proved in §9.3. First, however, we shall record a consequence towards
Kato’s Conjecture itself. For this, for every integer r» we define an idempotent

€r K = erx € Q[gK]a

where in the sum x runs over all characters in é]\{ with ords—1 L(E, x,s) < r (and ey, is the as-
sociated primitive orthogonal idempotent of Q°[Gr]). The conjecture TNC(Mg) , e,k Zyp|Gk])
can then naturally be interpreted as the ‘analytic-rank-at-most-r component’ of the conjecture
TNC(Mg/k, Zp[GKk]). We note, in particular, that if L(E/K,1) # 0, then egx = 1 and so
TNC(Mg/ K, €0,k Zp|Gxk]) coincides with TNC(Mg/x, Zy|Gk])-

To give an explicit interpretation of these conjectures in terms of Kato’s Euler system, we will
use the map

Ok, s(k) = Ok.5(K)vi : Dtz gx](Csr)(Tk/q)) = H' (Ok s(k), Vo E)
defined in (8.5) for the induced representation Tk q = T, F ®7, Zp[Gx]. We then also recall
that the following equivalences are established in [26, §6.2]:

o TNC(Mg/k, €0,k Zp|Gx]) is valid if and only if eq g Zp[G] - 255 = e,k - Im(Ok 5(x));

o assuming the validity of a natural generalisation of Perrin-Riou’s conjecture concerning
the logarithm of zRato, TNC(Mg/k, e1,kxZp|Gk]) is valid if and only if Z,[G] - ZKato =
im(Ok s(k))-

In particular, since the next result verifies one inclusion in these explicit conjectural equalities,
it provides concrete evidence in support of TNC(Mg) , Zp[GK])-

In the sequel we shall, for brevity, refer to the Birch—Swinnerton-Dyer Conjecture as the ‘BSD
Conjecture’.

(9.7) Corollary. If p satisfies the conditions of Theorem 9.4, then there is an inclusion
Zp[Gi] - 28 Cim(Ok (k).

Furthermore, this inclusion is an equality if the p-part of the BSD Conjecture for E is valid

over every intermediate field F' of K/Q for which [F : Q] is prime-to-p.

Proof. At the outset we note that K, contains a p-th root of unity if and only if K does. Given
this, the displayed inclusion follows directly from Theorem 9.4 and the fact that ©x__ s(x) 1

and z* are the limits (over n) of O, g K)oy, and Zp2t respectively.
To prove the second assertion, we recall that eg g, = erx, where the sum runs over all

characters x: G, — C* with L(E, x,1) # 0. Then, via the argument of [10, Prop. 3.6] (with
the assumed validity of the BSD Conjecture in the stated cases playing the role of the analytic

class number formula in loc. cit.), Nakayama’s Lemma can be used to deduce an equality
€0,i, Zp|Gn] - 2™ = €010, IM(Ok, s(K) i, )-

We now set G, == G, and assume that ag == Ok g, () does not belong to Z,[G] - zKate.
Then, by lifting ag to an element a = (an)new of Deta, (C§)(T)), we may regard ag as the
bottom class of the family a = (an)new = (Ok,, s(K) v, (n))nen. Moreover, the discussion
above shows that, for each n € IN, the idempotent eg g, annihilates the image [a,] of a, in the

quotient module

Zn = (im(Ok, 5(5) i, )/ (LplGn] - 2.
Since a is by definition an element of lim _ im(Ok, s(K)qx, ) it follows that ([a,])nen is an
element of lim - Z,. Now, by Rohrlich [94, Th. 1], the value L(E, x, 1) can vanish for only fi-

nitely many characters x that are unramified outside S(K). In particular, there exists a subfield
F of K that has finite degree over Q and is such that every character x: Gal(K»/Q) — C*
with eyeg k,, = 0 factors through Gp. For every element o of Gal(K« /F'), one therefore has

(0 =1)-[an] = (0 = 1)(1 = eo,x,) - [an] = 0 - [an],
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Gal(Koo /F)

and so [ay] is fixed by o. It follows that ([ay])nen belongs to (Im Zn) and so in

order to deduce the triviality of [ag] it is enough for us to prove that the limit
lim ) Zn = im(O_sx))/(Ax - 25)

has no non-trivial Gal(K /F)-invariant elements. In addition, since Gal(K/F') is an open
subgroup of Gal(K/Q), this will follow (see, for example, [86, Prop. 5.3.19 (i)]) if the Ag-
modules im(O__ s(x)) and Ag - 2™ are both free. To justify this, we note that Ag - 2z
and im(Og,, g K)m(n) are cyclic Ag-modules and claim that their respective annihilators are
contained in Zy,[Gy][eo k,,]. Indeed, in the first case the latter assertion follows directly from
Kato’s explicit reciprocity law in Theorem 9.2 (iii) and in the second case from the definition
of Ok, 5(K)~x, and the fact that ek, - eok, = eok, (cf. [26, Lem. 6.1(iii)]). It therefore
suffices for us to prove that the limit l'&nne]NZp[Qn] [eo,k,,] vanishes. Now, just as above, [94,
Th. 1] implies that each element of hm 7, [Gnlleo, K, is fixed by every element of the open
subgroup Gal(K~/F') of Gk . Hence, since l'&nn@NZP[Qn] [€0,K,,] is a submodule of A, it must
vanish, as required to complete the proof. ]

(9.8) Remark. Due to important work of many authors, there is by now an impressive range
of results regarding the validity of the BSD Conjecture. We restrict ourselves here to recalling
the following recent result of Burungale—Castella—Skinner [29, Cor. 1.3.1]: the p-part of the
BSD Conjecture for E/Q is valid if p > 3 is a prime number at which E has good ordinary
reduction (so p t ap) for which SLy(Z,) C im(pg ;) and, in addition, one has ords—; L(E, s) < 1.

Finally, we note that Corollary 9.7 also has the following concrete consequence concerning the
BSD Conjecture in analytic rank zero.

(9.9) Corollary. If p satisfies the conditions of Theorem 9.4, then one divisibility in the ‘p-
part’ of the BSD Conjecture for E/K is valid. That is, the group W,k [p™] is finite and
L(B/K,1)
(g ) 2 or (™) Tam ).
Here dg is the discriminant of K, Q¢ is the product (QT)1172(Q7)"2 with r1 and ro the number
of real and complex places of K, and

TamE/K = H (’w/wv’v : (E(Kv) : EO(KU)))
veIl \ITR

is the product of Tamagawa numbers of E over K (with w, a Néron differential at v). Fur-
thermore, the above inequality is an equality if the p-part of the BSD Conjecture for E is valid
over every intermediate field F' of K/Q for which [F : Q] is prime-to-p.

Proof. The strategy that we use in this argument is well-known and can be summarised as
follows: The non-vanishing of L(E/K,1) implies eg g = 1 and so Corollary 9.7 verifies one
inclusion of TNC(Mpg/k,Zy[G]). By Remark 8.8, one also knows that TNC(Mg/x, Zy[G])
implies TNC(MEg/, Zy), where in the latter case Mg, is regarded as defined over K and
with coefficients Q. Finally, one uses the fact that TNC(Mp,k, Z;) is equivalent to the p-part
of the BSD Conjecture (as shown in each of [65, 114, 30]).

In more detail, Corollary 9.7 implies that there is a unique element a of Detz g, (Cs(x)(Tx/q))
with O g(x)(a) = 2™° and, moreover, that a is a Z,[Gk]-basis of Detz, i6,1(Csx)(Tk/qQ))
if the BSD Conjecture for E holds for all subfields F' of K with p { [F' : Q]. In addition, the
assumption L(E/K,1) # 0 also implies that H?(Of g(x), VpE) vanishes and hence there exists
a composite isomorphism of Q,[Gx|-modules

o
Jp Qp ®2z, Detz, 6, (Cs(0) (T /q)) — =3 H (O sy, Vo) —=— Doy, H'(Ky, V,E)

(exp}v )v

~ Qy ®q HO(E,QE/K)

wp—1
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From Kato’s explicit reciprocity law in Theorem 9.2 (iii) it then follows that we have

. LS(K)(E7X_1)]-)
]p(a) = eré Q) €x-

Now, if one regards T q as a representation with coefficients Zj, rather than Z, [GKk], then the
same construction as above also gives a canonical isomorphism of Q,-vector spaces

}p: Qp Kz, Deth(CS(K) (TK/Q)) s Qp-

In addition, there exists a canonical "forgetful functor’ homomorphism of Z,-modules

k2 Detz, g, (Csi) (T @) = Detz, (Csi) (Trjq))
(cf. [10, Lem. 3.7 (b)]), and the general result of [6, Ch. III, § 9.6, Prop. 3] (and [10, Lem.
3.7(b)]) implies that
Lsy (B, x™11) Ly (E/K, 1)

Jp(k(a) = Niq,eqr)/q,Up(@) = [] 00 = Qx '
XEGK

The claimed result then follows upon combining this last equality with the fact that
7 - -1/2, 007 . : .
Jp(Detz, (Cs(x) (Tkyq)) = ldx| [II[p™]| - Tamp (HUES(K)\H,;-OEMU(U) Zy,

as shown in [30, Prop. 2.1]. O

9.3. The proof of Theorem 9.4
We begin by establishing a useful technical result.

(9.10) Lemma. The following claims are valid.

(i) The Zy,-module @veﬂi’(m (E(Koow)tor ®z Zy)" is finitely generated. If E has potentially
good reduction at p, then it is moreover finite.

(ii) If @venﬁi{w (E(Koow)tor @z Zyp)Y is infinite, then each summand (E(Koop)tor @7 Zp)"
has Z.,-rank one and the induced character

V: G, = Aut((E(Koow)tor ®7 Zp)it) = z,

is equal to w - Xc_ylc for a character w: Gq, — Z, that factors through Gal(Qy(,/7)/Qp)
withy € Q) specified as follows: if E is defined by a Weierstraf equation y? =23+ Ax+B
with A, B € Q\ {0}, then v := —2(A/B). In particular, the character w is unramified if
E has multiplicative reduction at p.

Proof. To justify the first assertion of (i), we note the obvious injective homomorphism
E(Koow)tor ®z Zp = E(Qp)tor ¥z Zp = (T,E)'(1)

induces a surjective map

@ TPE(il)H) @ (E(Koo,v)tor ®Z Zp)v- (911)

13 P
UEHKOO ’UEHKOO

This shows that the right hand module in (9.11) is a finitely generated Z,-module (because p
is finitely decomposed in K, ). The second assertion of (i) is then a classical result of Imai [53]
(cf. also Remark 8.30).

To prove (ii), we may assume that E does not have potentially good reduction at p. In this
case E has split-multiplicative reduction over Q,(,/¥) (see [108, Ch. V, Th. 5.3]). Moreover,
Qp(/7)/Qp is an unramified extension if E has multiplicative reduction at p (cf. [108, Ch. V,
Ex. 5.11]). Fix a p-adic place v of Ko and set Fio = Qp(itp, /7) Koo, the (local) cyclotomic
Z-extension of the composite F' of Q,(pyp, /) with the completion K, of K at the restriction
of v to K. Then E(Fyx) contains E(Ku ) and so (E(Ksou)tor @z Zp)Y is a quotient of
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(E(Fw)tor ®z Zp)v‘
For each intermediate field M of Q;/Qp, we set Gy = Gal(Qy,/M). We then recall that Tate’s

~Y

uniformisation theorem [108, Ch. V, Cor. 5.4] gives a Gz -equivariant isomorphism E(Q;) =
Q" / q% with g5 € O\ OF denoting the Tate period of E. Hence, upon taking Gr_-invariants,
we obtain an isomorphism

E(Foo)tor @7 Zyp = {Cu + q% | ¢ € ,upoo,ups = ¢g for some s € ]N}GFOO.

Suppose (u represents a G -invariant class in the right hand set. Since Fi, contains gy,
it then follows that (¢ — 1)u = (¢ — 1)(Cu) belongs to g%4. On the other hand, we know that
(0 — 1)u € pp because u is a root of XP* — g for some s € N, and so (¢ — 1)u = 1 as
q% N ppeo = {1}. This shows that u belongs to Fi.

We next prove that there is a natural number a such that gg is not a p®-th power in F for
any s > a. In combination with the discussion above, this then shows that the cokernel of
the map (Qp/Zp)(1) — E(Fx)tor @7z Zy, is finite, from which it follows by taking duals that
the torsion-free quotient of (E(Fso)tor ®7z Zp)" is isomorphic to Zy(—1). This isomorphism is
G'r-equivariant and so v - Xcye must factor through the group Gal(Q,(\/7)/Qp). From this we
deduce that 1 is of the claimed form w - x .

Finally, to prove the existence of a suitable natural number a, we suppose that qp = u?" for
some s € N and u € F... Then u is a root of X?" —qg and so [F(u) : F] < p*. We may therefore
assume that u belongs to F'(j,s). In particular, g belongs to the kernel of the restriction map

FXJ(F*V = H G, pps) = H (G tpe) = Flpps) ) (F(pps) )P
By the inflation-restriction sequence, the kernel of this map identifies with the cohomology
group H*(Gal(F(pups)/F), j1p+) and hence vanishes as p is odd (see, for example, [86, Prop. 9.1.4]).
This shows that gg is a p°-th power in I, and therefore that s is bounded, as required to com-
plete the proof of (ii). O

Turning now to the proof of Theorem 9.4, we first verify that Hypothesis 8.13 is satisfied in
the case that k = Q, T = Tp(E), koo is the cyclotomic Z,-extension of Q, F' is the maximal
p-extension of Q inside K, x is any homomorphism Gg — C* of order prime to p and r = 1.
At the outset, we note that parts (ii*) and (iv) of Hypotheses 8.13 are vacuously satisfied in
this case since we are assuming that p > 3. To proceed, we note that the existence of the
Weil pairing implies that the full preimage of SL2(Z;,) under pg ) is equal to G, ). Since
we are assuming that SLo(Z,) C im(pgyp), it follows that pp (G, )) = SL2(Zp). Now,
SLa(Zp) is a perfect group (because p > 3) and so also pg (G (y,. ) = SLa(Zp). Since the
natural action of SLy(IF,) on ]Fg92 is irreducible, this implies that T is an irreducible x[G K( upoo)]'
representation, and hence also that T(x) is an irreducible x[Ggq]-representation. This verifies
Hypothesis 8.13 (i). In addition, as & is a subfield of K (up~), Hypothesis 8.13 (ii) is satisfied
with the element 7 of G (,,_) taken to be any preimage under pg, of (§1) € SLa(Z,). To
verify Hypothesis 8.13 (iii), we use the inflation-restriction sequence
H (K (ppe) /Q, HO(K (pyee), T(x7H) = HNEF/QT(x 7)) = HY €/ K (o), T(x 7).

In particular, since the group HO(K (pp=), T(x 1)) = H°(SLa(F)), IF;?Q) vanishes, the sequence
implies H!(€Y/Q,T(x™!)) vanishes if the group H (&% /K (), T(x 1)) = HY(SLa(F,), IF;?Q)
vanishes. Since SLy(IF,) is a normal subgroup of GLa(IF)) of prime-to-p index, it is therefore
enough for us to prove that H'(GLy(F)), IF]?Q) vanishes. To do this, we consider the central
subgroup U == {(29) | a € F)}} of GLy(Fp). We then note that H°(U,F$?) vanishes since
p > 2 and that H'(U, ]F;‘?Q) vanishes since the order of U is prime-to-p. From the inflation-
restriction sequence associated to the data (U C GLa(IF)), IF;‘?Q), we can therefore deduce that
H'(GLy(Fp), FP?) vanishes, as required to conclude the verification of Hypothesis 8.13 (iii).

Finally we note that, since H°(Q,T(x)) vanishes and we are taking 3 to be the empty set,
Hypothesis 8.13 (v) is satisfied because r = 1 and, after replacing T((x 1) by T(x), the same
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argument as above shows that H'(€X/Q,T(x)) vanishes.
Having verified all of the necessary hypotheses, we may therefore apply Theorem 8.18 (i) to the
Euler system yX2% from Theorem 9.2. Since

ZKato —

Koo (Heesm)\so(m

Eul, (Frob;1 ) )y]%izo,

we thereby deduce that
Fitt?\K(@UEH’;{m (E(Koo,v)tor Xz Zp)v))** . legioto

= Fitt%K(EBUGH% (E(Koow)tor @2 Zp)) ™ - ([ 1

€ Ok...5(5)(Csr)(T))-

To analyse the Fitting ideal that occurs here we recall from Lemma 9.10 that (E(Keop)tor 7
Z,)" is finite if F has potentially good reduction at p, and we now further claim that this
group is finite if px[p] = (0). To show this, we assume that (E(Ksy)tor ®z Zp)", and hence
also (E(Ky(tip=))tor ®z Zyp)”, is infinite. From Lemma 9.10 we then know that as a Ggq,-
module the divisible subgroup of E(K,(tpe))tor @7 Zyp is isomorphic to (Qp/Z,)(1)(w™!) with
a character w: Gq, — Z, that factors through Gal(Q,(,/7)/Q,). By assumption, K(/7) does
not contain a primitive p-th root of unity in this case, and so the same is true for K, ,(\/7)
for every n. It follows that Gal(K,(upe,/V)/Kuvco(y/7)) is a non-trivial cyclic group with
generator o. In particular, we have (w - xt)(0) # 1. From this we deduce that the maximal
subgroup of (Qp/Z,)(1)(w™!) fixed by o is finite, and hence that also E(Kuop)tor ®z Zyp C
(E(Ky(pp=, /7))tor @z Zp)°=" must be finite, as claimed.

In this case, therefore, the ideal Fitt?m(@vem;{ (E(Koow)tor @7 Zyp)Y))**, which is uniquely

determined by its localisations at height-one primes by Lemma 2.4 (ii), is equal to Ax. Given
this fact, the last displayed inclusion directly implies the containment of Theorem 9.4. O

EES(K)\So(K)EUIE(FrObE ))) YK..

10. Tate motives

For a number field F' and integer a we now consider the motive

Qr(a) == h°(Spec F)(a).
In particular, for a finite abelian extension of number fields K/k, the primary aim of this section
will be to derive consequences of Theorem 8.18 that relate to Qx(a), regarded as defined over
k and with coefficients Q[Gk].

10.1. Main conjectures of higher-rank Ilwasawa theory

With K/E as above, we write V(K) C II}° for the subset of II% comprising places that split
in K. We then fix a subset V' of II}°, set

r=|V|
and write Q" for the collection of finite abelian extensions of k for which V(K) = V.
We fix a labelling II3° := {vy,...,v,} and, for every ¢ € {1,...,n}, an extension wye; of v; to

k¢ and write wg ; for the restriction of wye; to K. Then by = b e = (wk,; : v; € V(K)) is an
ordered basis of the free Z,|Gx|-module Yy (k) (Zp(1) g/1)-

For any finite subset S of IIj, that contains II° UTI} and finite subset 3 of I \ S(K), one can
use the values at 0 of the r-th derivatives of Dirichlet L-series over k to define a ‘Rubin—Stark
element’ (depending on the basis b, )

V ™
€k /ks(k)x € C®z Az[gK] OIX(,S(K)
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(for details see [22, §5.1]). After fixing an isomorphism C = C,, we can regard EY(/I@,S(K),E
as an element of C, ®z, /\%p[gK] HY(Ok s(k) Zp(1)). Then the ‘p-component’ of the Rubin-

Stark Conjecture predicts that if Hi(O K,S(K)> Zp(1)) is Zy-torsion free (or, as is equivalent by
Lemma 8.24, the group H{,(Ok k), (Qp/Zy)(1)) vanishes), then one has

E}/(/k,S(K),E € ﬂzp[gk] HXII(OK,S(K)y Zy(1))

(cf. also Remark 8.7). Assuming this conjecture to be valid, [95, Prop. 6.1] then implies that
one obtains a well-defined Euler system by setting

ek = (xmsx)n) Keav € BSE g(Zy(1)).
We now fix a Zy-extension ko, of k£ in which no finite place splits completely, and set K, :=
K - k. Fix a splitting G, & Ag x Ix with Iy = 7 for some n > 0 and Ak a finite abelian
group, and a direct product decomposition Ag = Vi x O as in (8.12). Setting

L=K0x and F = KW),

we then also have a decomposition K¥ = L - F. Fix a character x: Vi — @X and choose an
unramified extension O of Z, that contains the values of x. We consider the representations

T, =01)(x) and Ty :=Ap(1)(x).
Writing A :== O[Gk. ], we then have the ‘projection map’
Os(k)pe : Detay (Crs(Ty)) — ﬂ Hz Ok,s(k) Tx) (10.1)
from (8.17). Since & belongs to ESY; ¢( p(l)), we obtaln an element

s = (OxER /b 5(K),8) BCK s € lmp - ﬂo[gE} Hy:(Ok s(r0): T)

,
~Y 1
= ﬂAF H5.(Ok s(k)» Tx)-
We can now state the equivariant Iwasawa Main Conjecture for T .

(10.2) Conjecture. There is a Ap-basis 3F S(K),S s of Deta, (Cs(ry s (Ty)) such that

Ens = OS(K) b (31(00,5(1(),2)'

(A10.3) Remark. It is easily seen that the validity of Conjecture 10.2 for every character y in
A is equivalent to the validity of the ‘rank-r component’ of the conjecture [23, Conj. 3.1] of
Kurihara et al.

For every finite subextension E of Ko /k, we write Ap gx) s = Clg sk x ®z%Zp for the
‘p-part’ of the S(K)pg-ray class group modulo X of F, and then set

Ag,s(r),y = MM Ak gr) 3,
B

where the limit is taken with respect to norm maps.

To state our main result concerning Conjecture 10.2, we write wy: Gy — pp—1 C Z,; for the
p-adic Teichmiiller character of k. We remark that in certain situations one can even deduce
the validity of the relevant case of Kato’s Conjecture (Conjecture 8.1) from this result, and we
will discuss two such examples in §10.2 and §10.3.

(10.4) Theorem. Assume that p > 3, that Hy(Ok (k) Zp(1)) is Zy-torsion free, that the
p-component of the rank-r Rubin—Stark Conjecture holds for all finite abelian extensions of k,
and that x & {1,wp}. Then one has

Fitt} , (Ext}\F ((ﬂAF Hé(OK,s(K),7§<))/(AF5>1<<OO,E),AF)> C Fitt} . (A% S(K), 2
and
Fitt%F(Yng(E)) i x C Ok /k,5(K) e (Detar (Csxy =(Ty)))-

135



Proof. We first verify that Hypotheses 8.13 is valid for the data (T, koo, F, x,7). To do this,
we note that the conditions of Hypothesis 8.13 (i) and (ii) are clearly satisfied because T is
one-dimensional (in particular, in (ii) we may take the element 7 to be trivial). Furthermore,
it is proved in [26, Lem. 5.4] that the condition x ¢ {1,w,} implies the vanishing of both of the
groups H(€X/k, Ty (1)) and H'(€X/k, Ty). This shows that condition (iii) in Hypothesis 8.13
is valid, and that condition (v) is always valid if |¥| < 1. Since Conjecture 10.2 is independent
of ¥ (cf. the argument of 22, Prop. 3.4]) and Hy,(Ok (k). Zp(1)) is automatically Z,-torsion
free if 3 # @, we may assume that |X| < 1 in which case the inequality of Hypothesis 8.13 (v)
is clearly valid. Finally, the conditions of Hypothesis 8.13 (ii*) and (iv) are satisfied trivially
since p > 3.

Having thus verified Hypotheses 8.13, we now take S to be Sy so that Sram(Z,(1)) \ So is
empty and so condition (a) of Theorem 8.18 is satisfied vacuously. We then finally note that
the validity of condition (b) of Theorem 8.18 follows from the assumption that the module
Hy (O s(k)s Zp(1)) is Zy-torsion free. The result of Theorem 8.18 can therefore be applied in
this setting.

We now note that the idempotent e from §8.2 (when taking Y = Yy (x(7y)) is equal to

exv = |1 (1—eoe.) I €oicnr

vES\V veV

and hence acts trivially on ex__ . In light of this observation, we then deduce from The-
orem 8.18 (iii) with 7" := Z,(1) an inclusion

Fitt (ExtlAF (( ﬂz HY Ok s0), T)) [ (Arel_ 5, AF))

= (/o) | F N, H Oxs0: T}
C it} (Hh, (kT )"
. 0 kok
= Fitty . (A;((OO,S(K),E) :
(Here the first equality is by [10, Lem. A.10] and the final equality by [96, Prop. 1.6.2].) This

proves the first claim in 10.4, and the second claim follows from Theorem 8.18 (i) upon noting
that FittRK(YHZ,;quO (Ty)) = ex,v Fitt%K(YHZ (Ty)) and e, acts as the identity on ex_ y. O

10.2. Consequences over imaginary quadratic fields

Throughout this subsection, we assume that k is imaginary quadratic and p is odd. We shall
first show that if p > 3, then Theorem 10.4 implies the validity of Kato’s Conjecture for
(Qk(0),Z,[GK]) for every finite abelian extensions K of k. We shall then explain how this
result can be combined with the general approach of §8.3.1 to derive the validity of Kato’s
Conjecture in other cases. In this way, we realise the strategy discussed by Kato [61, Ch. I,
§3.3] (where the case of motives of the form Q(0)r is referred to as ‘the universal case’) and
in a more general context by Huber and Kings [52]. We recall that this sort of approach has
already been used extensively in the literature (for more detailed discussion see, for example,
[11] and the references therein).

10.2.1. Kato’s Conjecture for Tate motives

The following consequence of Theorem 10.4 extends the main result of Bley [4].

(10.5) Theorem. If p > 3, then the conjecture TNC(Qx(0), Zy[GK]) is valid for every finite
abelian extension K of k.

Proof. The conjecture TNC(Qx(0),Z,[Gk]) decomposes into the collection of correspond-
ing conjectures for (h°(Spec(LyF)),O(x)[P]) with y ranging over the characters of A. If
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X € {1,wp}, then the validity of the latter conjecture was proven by Hofer and the first author
in [13, Th. B]. (Note that the vanishing of the classical p-invariant for F', which the result of
[13, Th. B] is conditional on, is known as a consequence of the Ferrero-Washington theorem
and the fact that [F' : k| is a power of p, cf. [13, Prop. 6.7(b)].) In the following we may
therefore assume that x & {1,w,}. We similarly may assume that p does not split in k since
otherwise the result of [13, Th. B| applies again.

In the remaining case, then, the second claim of Theorem 10.4 (b) can be improved to give the
full Conjecture 10.2. To explain this, we first recall that the rank-one Rubin—Stark conjecture
holds for all finite abelian extensions of k since the relevant Rubin—Stark elements admit a
description in terms of elliptic units (cf. [109, Ch. IV, Prop. 3.9]).

Further, taking k., to be the full Zg-extension of k, the module YKoo,Hi becomes pseudo-null
over Ax because, as proved in [107, Ch. II, Prop. 1.9], p is finitely decomposed in ko (cf. [10,
Lem. 6.6 (¢)]). A standard argument via localising at height-one primes of Ag therefore re-
moves the factor Fitt%K (Ynﬁ (Ak(1))) from the second claim in Theorem 10.4 and the resulting
inclusion must be an equality by the analytic class number formula (see [10, Prop. 6.4 (b) (ii)]
for details). Having established the equivariant Iwasawa main conjecture (Conjecture 10.2)
in this way, the validity of (h%(Spec(LyF)), O(x)[P]) then follows from the descent formalism
developed in [23] combined with [13, Th. A] (see the proof of [13, Th. 6.9] for details). O

The following consequence of Theorem 10.5 strengthens the main result of Johnson-Leung in
[55] and itself has a variety of interesting consequences, including the verification of the Quillen—
Lichtenbaum Conjecture in a new family of cases (for details of which, see Remark 10.10 below).

(10.6) Corollary. The conjecture TNC(Qgk (1 — j),Zp|GK]) is valid for every finite abelian
extension K of k and every integer j with j > 1.

Proof. Throughout this argument we fix 5 > 1 and, as a first step, we explicate the conjecture
TNC(Qk (1—j4),Zp|Gk]). To do this, we fix a finite set S C IIj, containing II7°UTI} U Syam (K/ k)
and recall that the ‘Chern class character’ map

chij: K2j-1(Ok) ®z, Zy — H'(Ok,s,Zp(1 — j))

is an isomorphism if p is odd. (This is a consequence of the validity of the Bloch—Kato conjecture
that follows from work of Voevodsky and Rost, and completed by Weibel in [118].) Next we
fix an embedding ¢o: k < C and recall the ‘Beilinson regulator’ map (as defined, for example,
in [16, §10.3])

pBeiK.j: K2j-1(0k) = R®yz (K @ H°((Speck)™(C), Q(—4))).

Fix a Z[G|-basis n of K @) H°((Spec k)*(C),Z(—7))), which amounts to fixing an embedding
t: Q¢ — C that extends ¢, and write d(n) for the image of n under the comparison isomorphism

Zp ® (K @1, H((Speck)(C), Zp(~1)))) = Vi (Zp(1 — 5)) = @weH?HO(Kw, Zp(=J))-

Then, since H*(Og s(r), Zp(1 — j)) is finite (by Soulé [86, Th. 10.3.27]), the construction of
(8.5) specialises to the composite map

Ok,s,;: Detq,gx](Cs(Qp(l — §)r) = H (Ok,5, Qp(1 — 5)) @z, 6] Vi (Zp(1 — j))
i Hl(OK,SaQP(l _j>)7

where the first arrow is the natural ‘passage-to-cohomology’ map and the second arrow is
induced by sending 6(n) +— 1. Now, the assumption j > 1 implies that, for any finite set
¥ C Iy with £ N S(K) = @, one has that dx x(j) = [[,es(1 — Nv'/Frob, ') is a nonzero
divisor in Zp[Gk]. It follows that the map Cgx(Qp(1—7)) = Cs(Qp(1 — 7)) is an isomorphism
in D(Qp[Gxk]) and this allows us to regard Detz g,.](Css(Zp(1 — j))) as a submodule of the
domain of the map O g ;. Moreover, the proof of [22, Prop. 3.4] shows that the statement of
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TNC(Qxr (1 — j),Z,[GK]) is equivalent to asserting the existence of a Z,[Gk|-basis 3 x(j) of
Detz, (6,](Cs.x(Zp(1 — j)k/x)) With both of the following properties

{<chf<,j ° Ok.5,1)rx (7)) € Q @z Ki-2i(Ox);
(PBei e.j © chi; 0 Ok, 5) (3k,5(4)) = 0k () - (X, g Ls(x 1= d)ex) .
To construct such a basis, we denote by m the conductor of K, and write wy, for the number of
roots of unity in k£ that are congruent to 1 mod m (so wy, | 12). Writing {m(j) € K1-2;(Ok)
for the element constructed by Johnson-Leung in [55, Th. 3.3], we then define

ek () = cores g (pnmy/ k(W' @ &n(f)) € Z[1/wn] @z Koj1(Ok)
with n big enough such that K(p"m)/k is ramified at all p | p. Results of Deninger [32], as
adapted by Johnson-Leung in [55, Th. 3.3], then show that

(10.7)

4 (Q.Nm)—(l-‘rj) ' Z
2
with S = II?° U Hi U Sram (K /k) and ppo, K,; the Borel regulator map.
We now write Ko, for the cyclotomic Z,-extension of K and set A = Z,[Gx__]. Using our fixed
choice of embedding ¢: Q¢ — C we can define a basis of Z,(1) = @n,upn as ¢ == (v 1(e2/PM)),,.
Choose a prime ideal a { 6pm and set ¥ := {a}. We then obtain a map

~Ls(x ' 1—j)ey) - (10.8)

PBo,K,j(ck (7)) = (=1) X€Gx

®—7j
Tw;: Hy(Of.s,A(1)) N Hy(Ok,s,A(1)) ®@p Zp(—j) 1 = Hy(Ok5, Zp(1 — j)),

where the isomorphism is induced by Proposition 3.46 (d).

Write ey = (z—:‘bf Ik, 572) FCK., for the family of Rubin-Stark elements with V' = II?°. Then,
since Rubin—Stark elements in this context admit a description in terms of elliptic units (cf.
[13, Ex. 2.3 (c)]), results of Kings [64] show that

(—2))! - 0k,2(4) - chi j(ex (§)) = £2° - Nm~ ) Twj(ex_ 5)

for a suitable integer a (cf. [55, Th. 3.6]). Combining this formula with (10.8) and the equality
PBo,K,j = 2 PBei,i,; proved by Burgos Gil [16], we can then conclude that

(pBei i © ) (Twj(e e o)) = £27 - Sx5() - (erg}L/S(Xfl’ L=3)ex) - (10.9)

for an integer o’ (that depends on j).
Now, by Theorem 10.5, there exists a A-basis 3k 5(0) of Dety(Csx(A(1))) with

OK,51(k2(0) = ex0,2-

In addition, Proposition 8.20 (i) (a) gives a commutative diagram

Det (Csx(A(1))) Hyy(Og,5,A(1))

lTW‘;et lTWj

. OK.5,; .
Dety, 6,1 (Cs,s(Zp(1 = §)k/h) —— 22— HE(Ok,s,Zy(1 — 7))

OK,s,1

and so the equality (10.9) implies that the element 35 x(j) == F2~¢ -nget(gK,E(O)) has both
of the properties in (10.7). Finally we note that, since p is odd, 3x »(j) is also a Z,[G|-basis
of Dety, g,1(Csx(Zy(1 — j) k1)) and so this concludes the proof of the claimed result. O

(10.10) Remark. Corollary 10.6 has a variety of explicit consequences, including the following.

(i) The validity of TNC(Qg (1—j), Zy|Gk]) implies that of TNC(Qx (1—j5), Zp), where in the
latter case Qg (1 — j) is regarded as defined over K and with coefficients Q (cf. Remark
8.8). Hence, upon combining Theorem 10.6 with the interpretation of TNC(Qx (1—j5), Zp)
given by [21, Th. 2.3], one deduces an equality

ord,, (W) = ordy, (’—lfjijm)
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Here (5, (1—j) denotes the leading term at s = 1 —j of the Dedekind ¢-function of K and
Ri (1 — j) the Borel regulator of K at 1 — j (as recalled explicitly in [21, Th. 2.1 (iv)]).
We note, in particular, that this displayed equality extends the known validity of the
Quillen-Lichtenbaum Conjecture (as formulated in [73]) to a new family of cases.

(ii) Corollary 10.6 directly implies that the main result of E1 Boukhari [38] is unconditionally
valid for p > 3. From the results of loc. cit. one can therefore immediately derive several
concrete consequences of Theorem 10.6 (the details of which we leave to the reader).

(10.11) Remark. To extend Corollary 10.6 to include the case p = 2, one must precisely
determine the factor 2¢ in (10.9) and this is a delicate problem. For a treatment of related
questions see [21, §2].

10.2.2. Kato’s Conjecture for elliptic curves with complex multiplication

In this section, we shall combine Theorem 10.5 with the general strategy described by Kato in
[61, Ch. I, §3.3] and the concrete approach used by Burungale and Flach in [30] in order to
prove an equivariant refinement of the main result of loc. cit. (for details see Theorem 10.15
and Remark 10.16 below).
To do this we fix an elliptic curve F that is defined over a number field F' containing k£ and has
complex multiplication by the ring of integers Oy of k. We assume that F'(FEiqs)/k is abelian.
The Weil restriction
B = Resi (E)

of E is then an abelian variety of dimension [F' : k] defined over k for which there is an algebra
isomorphism

A= Endk(B) Rz Q= Ly X -+ X Ly, (10.12)
where each L; is a CM field that contains k and Y'=4[L; : k] = [F : k] (cf. [30, Prop. 3.2]). We
also fix an odd prime p and define rings

Op =72,z O and A, = Endy(B) ®z Z,.

(10.13) Lemma. The ring A, is isomorphic to Op[Gr| and the Gi-module T, B to Indg’; (TLE).
In particular, A, is Gorenstein and T,,B is a free Ap-module of rank one.

Proof. For every o € Gp we denote by E? the o-conjugate of E. Then ¢ induces an isomorphism
of abelian groups E(Q°) — E?(Q°). From the decomposition B(Q°) =[], ¢, £7(Q°) we then
see that T),B = [[,cg, TpE° = Indg’; (TpE), as claimed (cf. also [84, (a) on p. 178]).
Label the elements of G as 71,...,0, and, for every i, fix 0; € G} that restricts to &;. These
choices then define an isomorphism

f: Indg’; (TpE) = TpE ®Zp[[GF]] Zp[[Gk]] — TpE 7z, Zp[gp], a® o;h— (h . a) X 0,
of Z,-modules (here h € Gp). We claim that this isomorphism is compatible with the action
of Z,[Gy] when acting T,,E ®z, Z,[Gr| via the isomorphism Z,[Gy] = Z,[GFr][Gr]. To do
this, we suppose to be given an element of the form g;h’ € G} and compute that

f(o;h -a®aoih) = f(a® ojoi(o; ' W ah)) = (o, ' oh - a) @ 0jo; = (Wh - a) @ 0j0i,
where the last equality uses that o; acts trivially (by conjugation) on Gal(F(Eies)/F') because
F(Fiors)/k is assumed to be abelian.
Write ¢: Gr — Aut(T,E) = Oy for the character induced by the action of G on T,E, then
the action of Z,[GFr][Gr] on T,E ®z, Z,|Gr] factors through the morphism Z,[G] — O,[GF]
induced by .
We recall next that the known validity of the Tate conjecture for abelian varieties over number
fields (by Faltings [39]) implies the existence of a ring isomorphism A, = Endy [g,1(T,B).
Writing R C O, for the Z,-order generated by the image of 1, there are therefore identifications

Endy, [6,](TpB) = Endgg,.|(ToFE ®z, Zy|GF]) = Endo, g, (T, E ®z, Zp|Gr]) = OplGF].
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Here the second equality holds because R is of finite index in Z, ®z Oy, (as the cokernel of 1
is finite) and T}, B is Zy-torsion free, and the last isomorphism holds because T, E ®z, Z,[GF]
is a free O,[Gp]-module (cf. also [105, Rk. on p. 502]). O

We now fix a finite abelian extension K of k and consider the motive

Mpk = h'(Bg)(1),
regarded as defined over k and with coefficients A[Gx|. For the reader’s convenience, we quickly
review the precise formulation of the ‘analytic-rank-zero’ component of TNC(Mp,k, Ay[GKk])-

To do this, we fix (in terms of the decomposition (10.12)) an isogeny B — [['=% B; in which
each B; is a simple abelian variety that is defined over k and such that Q ®z Endg(B;) is
isomorphic to the field L;. Attached to each B; is then an algebraic Hecke character (the
‘Serre-Tate character’ of B;) ¢;: A — L of infinity type (—1,0), which gives rise, for every
embedding 7 € Hom(L;, C), to a Hecke character

oir: AL /K — C*
(see [105, Th. 10] for details). Then, setting
S = I U Sram (K/k) U Sram (B),
the S-truncated (C®q A)[Gxk]-valued L-function of Mg,k has the following explicit description

Ls(Mp/.8) = (> _~Ls(@i-x"" s+ Dex);

x€0K
i=t =t
c@P P Clor]=P(Ceq Li)Gk] = (Caq A)[Gk].
=1 7: L;—C i=1

To describe the corresponding period map, it is convenient to fix an embedding ¢: k — C
and hence an induced identification (D, ,..c HY(B™(C),Q))" = H'(B(C),Q). Using the
Poincaré duality isomorphism H!(E*(C), Q) = Hy(E*(C), Q)*, we may then explicitly describe
the period map of Bg as

perp i K @y H'(B,Qp ) = (R©q K) @ H'(B'(C),Q), wl—>{”yl—>/w}.
v

Next we note that if L(B/K,1) # 0, then the groups B(K) and Illg,k are both finite (cf. [30,
Th. 1.2]), and so the space H?(Of g, V, B) vanishes.

We now fix an Endy(B)-basis element v of H'(B*(C),Z), and write §(v) for the image of v
under the comparison isomorphism

Z, 0z H(B'(C),Z) = H'(B,Z,) = (T,B)"
Then, setting 7 = Indg’;{ (T, B), the construction of (8.5) defines a composite homomorphism
OK.55(v): Qp @z, Det g, g, (Cs(T)) = H'(Ok.s5,VpB) ®(q,e04)0x] (Vo B)"
= H'(Ok,s,V,B),

in which the first arrow denotes the natural ‘passage-to-cohomology’ map and the second is
induced by sending () to 1 € (Q, ®q A)[Gk]. We also use the composite homomorphism

.l 1
Apk,s: H' (Ok.s,V,B) = EBUEH%H (Ky,V,B)
= Dirgyeqr (Vo B)

= (Qp®q K) ©q H°(B, ),

in which the first map is the natural localisation morphism, the second is the dual exponential
map of V,B [60, Ch. II, §1.2.4], and the third is the canonical comparison isomorphism from
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p-adic Hodge theory.
We next fix a finite subset ¥ of II; that is disjoint from S and, for each v € ¥, set

Srcw(X) = det g4, (1 — Frob, ' X | T, B) € A,[X].

Then, since HY(K,, T,B) vanishes for all w € X, the element dx 5 = [Loes 5K7U(Frob;1) is
a nonzero divisor in A,[Gx] and, as a consequence, the argument of [22, Prop. 3.4] shows the
conjecture TNC(Mp/ g, Ap[GKk]) to be equivalent to the existence of an Ay[Gk]-basis element
3B/K,s,x of Det 4 (g,)(Cs=(T)) that has both of the following properties

{O\B,K,s 0Ok s6(v)B/K,55) € K @) HY(B, ng/K); (10.14)
(perp k © AB.K,5 © Ok 55(+))(3B/K,55) = 0Kx,x - Ls(Mp/,0) - 7.

We can now state the main result of this section.

(10.15) Theorem. Fiz data E/F and B as above and let K be a finite abelian extension of k
for which L(B/K,1) # 0. Then the conjecture TNC(Mp/x, Ap[GK]) is valid.

Proof. To deduce this result from Theorem 10.5, we use a special case of the general strategy
described in [11, Th. 3.22]. To do this, we consider the character

p: G — Aut(T) = A, [Gk|*

and set L = (k¢)ker(r) (this is an abelian extension of k that contains both K and a Z,-
extension of k.) We also set A := Z,[GL], take S to be a finite subset of IIj that contains
I12° U Hz U Sram (TpB) U Sram (K /k), and set X := {a} with a a prime ideal of k that does not
belong to S.

To construct the element 35,5, we write

OG./K,5p. Deta(Csx(A(1))) = Hy(Ok,s,A(1))

for the map obtained as the direct sum of the maps in (10.1) over characters x of G that
have finite prime-to-p order. We then note that Theorem 10.5 implies the existence of a A-
basis 3g,, /1,55 of Deta(Csx(A(1))) that is sent by Og,, /k s, to the family of Rubin-Stark
elements

€LY = (Eéiok}zs,z)FQL'
Now, the isomorphism of Gj-representations

A1) @ppt A= T (1) 2T

combines with Proposition 3.46 (iv) to induce an isomorphism Cgx(A(1)) @% A, = Csx(T) in
D(A,). The latter isomorphism in turn induces a morphism of A-modules

Twdet . DetA(C&g(A(l))) — DetA(Csﬁz(A(l))) QA Ap = DetAp(CSQ(T))
that, by Proposition 8.20 (i) (a), lies in a commutative diagram

OCm /K,S,be

Deta (Cs s (A(1)) Hy(Op.s,A(1))
ldeet lTw
OK,5,5(v) 1
Det 4, (Cs=(T)) Hs(Ok.s, VpB).
Here we write Tw for the composite homomorphism
Tw: Hy(Ok,s5,A(1)) & HE(Ors,A(1)) @4 (V,B)* = Hy(Oks, (V,B)* (1)),

in which the first map is induced by sending 1 +— () and the second is the isomorphism
arising from Proposition 3.46 (iv).
Now, by Proposition 8.20 (i) (b), the element

3p/rsy = Tw' Ge,. /15

141



is an Ap-basis of Det 4,(Csx(T)), and so it suffices to verify that this element also has both of
the properties in (10.14). Given the above commutative diagram, we can therefore verify the
latter properties after replacing the element O g 5(-) (3 B/K,s;x) by Tw(erx), and to do this
we use the reciprocity law of Kato—Wiles.

Specifically, after taking account of [30, proof of Prop. 3.3], which compares the spaces V7, ()
and S(y;) introduced in [63, §15.8] with H*(B*,Q) and H°(B, QE/K) respectively, this reci-

procity law [63, Prop. 15.9] asserts that
(As.x.s0Tw)(ery) € K @q H(B,Q )
and is such that

ZUEQKX(U) -perg(o- (Apk,s0Tw)(ery)) = (@ x )(0kx) - (Ls(@, - X, 1))%%7&5 ® 7.

Here T} denotes the subset of Hom(L;, C) comprising embeddings 7 that restrict to give ¢ on
k, so that the element (Lg(%, - x,1))i- belongs to @'=(Li ®q R) = R ®g A. The required
result then follows directly from the fact that

1=t
LS MB/K7 Zz 1ZTETLZXGQ/\ LS <IOTX7 1)6)(*1 € (]R‘ ®Q A)[gK] O

(10.16) Remark. (i) If L(B/K,1) = 0, then the argument of Theorem 10.15 still proves
the ‘analytic-rank-zero’ component of the conjecture TNC(Mp,k, Ap[GK])-

(ii) Lemma 10.13 implies that the representation 7),B is isomorphic to Indg’; (T,E). Upon
combining Theorem 10.15 (with F' = k) with Remark 8.8, we can therefore deduce the
validity under the stated hypotheses of the conjecture TNC(h!(E/F)(1),O,), and hence
also of the p-part of the BSD Conjecture for E/F. The latter result is the main result of
Burungale and Flach in [30].

10.3. Kato’s Conjecture in more general cases

The methods used to prove Theorem 10.5 have consequences well beyond the case of abelian
extensions of imaginary quadratic fields. As a concrete example, the following result is derived
by combining our methods with the general approach developed by Daoud et al. in [10]. In the
sequel, we write hy for the class number of a number field k.

(10.17) Theorem. Let k be a number field and p a prime number that is inert in k and does
not divide 6hy. Fiz a non-empty subset V of 1I3° and assume that the Rubin-Stark Conjecture
is valid for all data of the form (K/k,S*(K),Xk,V) with K a finite abelian extension of k,
S*(K) :==II2° U Sram (K /k) and Xk a finite subset of I\ S*(K'). Then, for every finite abelian
extension K of k with pg[p] = (0), the conjecture TNC(Qx (0), ex,vZ,[Gk]) is valid.

Proof. We write QY for the collection of all finite abelian extensions K of k such that V (K) =V,
and wy: Gy, — Z,; for the p-adic Teichmiiller character of k.

Then the proof of [10, Th. 6.1 (a) (i)] shows that TNC(Qx (0), (1 — ew, )ex,vZp|GK]) is valid for
every finite abelian extension K of k if Conjecture 10.2 is valid for every K € QY and every
character x € Vi \{wp} with ks taken to be the cyclotomic Z,-extension of k. (Note that, since
our formulation of Conjecture 10.2 is explicitly in terms of the determinant functor and perfect
complexes, we do not need to assume condition (ii) of [10, Th. 6.1 (a) (i)].) In particular, in
these cases, the conjecture TNC(Qg (0), ex,vZp|Gk]) is valid for every finite abelian extension
K of k with ux[p] = (0).

To verify the validity of Conjecture 10.2 in the required cases, we then proceed similarly as
in Theorem 10.5. To be precise, we claim first it suffices to prove, for all K € QY and
characters x € Vi \ {wp}, that there exists a finite set ¥x C IIj, \ (S*(K) UII}) such that
HéK (Ok,s(K)» Zp(1)) is Zy-torsion free and that there is an inclusion

Fitt], (Vi (T0)™ - €5 e © O jtos(10)0 (Detip (Cis 0y 55 (T))): (10.18)

142



with 7y == Ap(1)(x)-

To show Conjecture 10.2 is indeed implied by these inclusions, we may work locally at a fixed
prime p in Spec'(Ap). If p € p, then Lemma 8.27 implies Fitt%F(Ynz (Ty))p = AFyp, and so the
above inclusion implies that

€ s € Ok k,S(K) b0 (Dt (Csicy 5 (Tx)))p- (10.19)

To prove the same containment also holds if p &€ p, we note that the argument of Theorem
8.18 (iii) shows that (10.18) implies an inclusion

. ...0
1111(?,)}‘(0012}{),J C FlttAF(A}((oo,S(K),ZK)P’ (10.20)
where Ag_ s(r),s, i the module defined just before the statement of Theorem 10.4.
Next, we note that, since the given assumptions imply \Hi\ = 1, the ‘Gross—Kuz’min Conjec-

ture’ for K is valid by Maksoud [76, Th. 4.3.2(b)]. As a consequence, we may combine the
results of [10, Lem. 6.6 (b) and (d)] with (10.20) to deduce that

im(l g, )p ©Fitt (A% g )e - Fitth, (Ximp (7).
Since this inclusion holds for every K € X that is unramified at all places in X we may then
use the argument of [10, Lem. 6.6 (a)] to derive an inclusion

im(&‘}((oo,zK)P < Fitt?\F (Aﬁoms([(),zK)p 'Fitt(/J\F (Xs(x)5n (Tx))p

and hence also, by [10, Prop. 6.4 (b) (i)], the required containment (10.19).

Having now verified that the latter containment is valid for every prime in Spec!(Ar), the
analytic class number formula allows us to deduce the validity of Conjecture 10.2 (cf. the
argument of [10, Prop. 6.4 (b) (ii)]).

At this stage, it therefore only remains for us to justify the inclusion (10.18). In addition, this
inclusion follows directly from Theorem 9.4 in the case x # 1, and so it is enough for us to
consider the case y = 1. To this end, we first recall the well-known fact that the p-adic Iwasawa
p-invariant of k vanishes since [II}| = 1 and p { hy (see [116, Prop. 13.22]). By a standard
argument (cf. [23, Prop. 3.15]), the proof of (10.18) is therefore reduced to showing that, for

S—

every ¥ € U, there is an inclusion of characteristic ideals

chary, ((ﬂ/\w Hs,, (O, s(5)> Ay (1) (1)) / (Ays - 5%00,2;()) < CharAw(Allﬂ(Oo,S(K),EK)'

If ¢ # 1, then one can use Proposition 5.30 to directly deduce this inclusion from [96, Th. 2.3.3].
On the other hand, the remaining case of ¢y = 1 (which might not validate the hypothesis
Hyp (K /K) in [96] and so has to be considered separately) is trivially satisfied. Indeed, the
assumptions that & is a field with only one p-adic place and such that p t hy implies that the
group Ay s(k) vanishes (cf. [116, Prop. 13.22]). Since the assumption px[p] = (0) moreover
allows us to take Y = &, this is therefore sufficient to prove the required inclusion. ]

(10.21) Remark. Fix a non-empty subset V of II° and a subset X' of QY that satisfies the
‘closure hypothesis’ of [10, Hyp. 4.5]. Let p > 3 be a prime that is unramified in k£ and ko, a
Z,-power extension of k£ in which no finite place splits completely. Then a more careful analysis
of the argument used to prove Theorem 10.17 shows that TNC(Qx (0), ex,vZp[GK]) is valid for
every K in X provided that all of the following conditions are satisfied at every K in X.

(i) The Rubin-Stark Conjecture is valid for the data (K/k,II3° U Siam(K/k), Xk, V), with
Yk a finite subset of II; \ S*(K).

(ii) Conjecture 10.2 is valid for both x = 1 and x = w,.
(ii) im(e_ ) C Fitt], (Xpp (Ax(1)))™.
(iv) The Ag-modules Xy (Ak(1)) and Ak s(k) have disjoint support.

(10.22) Example. Let k be a complex cubic number field and write oo for its unique complex
place. In this setting Bergeron—Charollois—Garcia [2] have recently provided strong evidence in
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support of the Rubin—Stark Conjecture for the data (K/k, S*(K), X, {oco}). Assuming the latter
conjecture to be valid, there is then a positive-density set of primes p for which Theorem 10.17
can be applied. Indeed, since the normal closure k of k has Galois group Gal(%/ k) = Ss, the
Cebotarev density theorem provides us with a positive-density set of primes p such that the
alternating group Ajs is generated by the conjugacy class of Frob, for any prime of k lying
above p. In particular, any prime in this set that does not divide hj is a prime for which all of
the assumptions of Theorem 10.17 are satisfied.
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