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We develop a theory of Euler and Kolyvagin systems relative to the Nekovář–
Selmer complexes of p-adic representations over local complete Gorenstein rings.
This theory is both finer and requires fewer hypotheses than those of Mazur and
Rubin [79, 80] over discrete valuation rings and of Sakamoto et al. [25, 26] over
Gorenstein rings. In particular, given appropriate Euler systems, it allows one
to study Selmer groups defined relative to Greenberg local conditions. As initial
applications, we prove new cases of Kato’s generalised Iwasawa main conjecture for
both Zp(a) and the p-adic Tate modules of rational elliptic curves, new cases of
the Quillen–Lichtenbaum Conjecture, and a strengthening of existing results on the
Birch–Swinnerton-Dyer Conjecture for CM elliptic curves.
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1. Introduction

Background and main results The notion of ‘Euler system’ was introduced by Kolyvagin in [68]
as a means of axiomatising parallel earlier work of his on the Selmer groups of modular elliptic
curves [67] and of Thaine on the class groups of real abelian fields [110]. The general theory
was then further developed by Rubin [96], by Kato [62], by Perrin-Riou [91] and by Mazur and
Rubin [79, 80], and has by now become well-established as an effective method for studying
the Selmer groups of p-adic Galois representations. In particular, it has led to spectacular
advances concerning the Birch and Swinnerton-Dyer conjecture and other important cases of
the ‘Tamagawa number conjecture’ of Bloch and Kato [5] concerning motivic L-functions – for
examples, see [96] and [63] and, more recently, [71], [66], [75], and [101].
In this article, we pay special attention to ‘refined’ special value conjectures for motives with
extra symmetries. Such conjectures range from very concrete examples such as the ‘refined con-
jecture of BSD-type’ of Mazur and Tate [82] for the modular symbols of rational elliptic curves
to the unifying, and highly abstract, ‘generalised Iwasawa main conjecture’ of Kato [60, 61]
(or, equivalently, the commutative-coefficient case of the subsequently formulated ‘equivariant
Tamagawa number conjecture’ [18]) that is stated in terms of the Knudsen–Mumford determ-
inants of complexes arising from the p-adic realisations of motives. We further recall that, even
granting the existence of an appropriate Euler system, evidence for these refined conjectures
remains, in general, both rather limited and also often conditional on difficult-to-verify hypo-
theses such as the vanishing of Iwasawa µ-invariants or order-of-vanishing conditions on p-adic
L-functions.
With these things in mind, one of the main aims of the present article is to render Euler systems
directly applicable to the study of refined special value conjectures by systematically incorpor-
ating complexes into the foundations of the theory. In the course of doing so, we shall also
extend the arguments of Kings–Loeffler–Zerbes in [66, § 12] that allow one to study Greenberg–
Selmer groups if an appropriate Euler system is given. This latter aspect is of interest since
recently discovered families of Euler systems, ranging from those for Rankin–Selberg convolu-
tions of modular forms [71, 66] to those for Asai (twisted tensor) representations of Hilbert
modular forms [72], for GSp4 [75], for GSp4×GL2 [51] and for GU(2, 1) [74] satisfy non-trivial
Greenberg local conditions and can only be used to bound the associated Greenberg–Selmer
groups if there is a theory encompassing this wider class of local conditions. In this way, the
range of examples to which our theory can be applied extends well beyond the classical setting
of Euler systems and Selmer groups relative to relaxed local conditions, and this is a theme
that we aim to explore further elsewhere.
Broadly speaking, the main achievement of this article will therefore be the development of
a working theory of Euler systems that are valued in (exterior power biduals of) cohomology
groups of the Selmer complexes (relative to rather general local conditions) introduced by
Nekovář in [85] rather than in Galois cohomology groups themselves. Unsurprisingly, the idea
of incorporating Selmer complexes into the theory of Euler systems originates with Nekovář
himself, with the explicit question of [85, § 0.19.3] being motivated by the observation that
formulating Iwasawa main conjectures in the setting of Selmer complexes, as pioneered in [60],
can explain the trivial zeros of p-adic L-functions. There are, however, two key obstacles that
need to be overcome in order for this to be properly achieved in the context that we consider.
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Firstly, previous approaches rely heavily on the assumption that the Kolyvagin systems being
considered do not become trivial upon reduction to the residual representation. For represent-
ations over discrete valuation rings, a conjecture of Kolyvagin suggests that this is indeed a
mild restriction for the Kolyvagin systems related (via an Euler system) to L-values (cf. [28]
and the references therein). However, in our more general setting the presence of ‘trivial zeros
mod p’ will often force residual triviality even for Kolyvagin systems arising from L-series, and
so we must overcome the associated technical difficulties. At the same time, this possibility
of residual triviality also means that the ‘core-rank’ of Mazur and Rubin of a given Selmer
structure can be strictly negative, and in any such case one cannot expect the existence of
the ‘core vertices’ that are pivotal to their approach. To resolve this problem, we combine
the Cebotarev density theorem with Artin–Verdier duality to prove the existence of a weaker,
relative, version of core vertex that we refer to as a ‘relative core vertex’.
Secondly, when working over a general Gorenstein ring the relevant Selmer groups may not be
free at a relative core vertex or even, under our weaker hypotheses, at a core vertex (should
one exist) and this notably complicates the necessary analysis. To deal with this problem, we
are therefore forced to keep careful track of certain ‘error terms’ that occur naturally when
one attempts to extend the recent work of Sakamoto et al. [25, 26], or the related work of
Kataoka [58] and of Kataoka and Sano [59], to the setting of Nekovář–Selmer complexes, with
the ultimate aim of providing ‘bounds’ for these error terms in the limit.
Whilst the main advances in the general theory that we obtain therefore appear somewhat
technical in nature (see, for example, Theorems 4.20, 5.29 and 6.38), their advantages over
previous results extend even beyond the aspect of much wider applicability mentioned earlier.
For instance, the results we obtain are significantly finer since their conclusions directly concern
the determinants of Selmer complexes rather than either the Fitting or characteristic ideals of
Selmer groups. This aspect allows us to completely remove any need to assume ‘µ = 0’-type
hypotheses, and also to weaken any hypotheses related to the existence of ‘trivial zeroes mod-
ulo p’, both of which have hitherto been key obstacles to obtaining unconditional results on
the conjectures formulated by Kato in [60, 61]. Moreover, our theory is developed relative to
general local complete Gorenstein rings with finite residue fields of characteristic p, and so is
applicable to the study of Kato’s conjectures in both the ‘Galois-equivariant case’ (instances
of which we discuss below) and also relative to deformation rings, as studied, for example, by
Fouquet and Wan in [45] and by Fouquet in [43, 44].
For all of these reasons, the theory presented here can be combined with known techniques to
obtain, even in classical settings, stronger versions of a range of well-known results.

Selected arithmetic consequences To illustrate the latter point concretely, we shall first apply
our techniques to Kato’s Euler system of zeta elements to prove results such as the following.
This result is a direct consequence of (the more general) Corollary 9.7 and Remark 9.8 and,
before stating it, we recall that Kato’s generalised Iwasawa main conjecture asserts an equality
of lattices and so is equivalent to the validity of two inclusions.

Theorem. Let E be a rational elliptic curve and K a finite abelian extension of Q for which
the Hasse–Weil L-function L(E/K, s) does not vanish at s = 1. Fix a prime p > 3 such that

◦ the action of Gal(Qc/Q) on the p-adic Tate module of E contains SL2(Zp), and

◦ either E has potentially good reduction at p or the field K(
√
−2(A/B)) contains no root of

unity of order p, where y2 = x3+Ax+B is a Weierstraß equation for E with A,B ∈ Q×.

Then the pair (h1(E/K)(1),Zp[Gal(K/Q)]) validates one inclusion in Kato’s generalised Iwas-
awa main conjecture. Further, this case of Kato’s conjecture is fully valid if, in addition, K/Q
is a p-extension and E has good ordinary reduction at p.

We note that this result, in particular, avoids any hypotheses relating to trivial zeros modulo
p (such as p being ‘non-anomalous’ in the terminology of Mazur [77]) that have been used in
previous work in this area (see, for example, the discussion in [26, § 6.4.1]) and also applies in
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many situations where E has additive reduction at p. For this reason, it even leads to concrete
new evidence in support of the precise conjecture of Birch and Swinnerton-Dyer (see Corollary
9.9). In addition, in the companion article [14] of Honnor and the first author, the above result
plays a pivotal role in the verification of a large part of the conjectures of Mazur and Tate [82]
on modular symbols mentioned earlier.
As a further application, we also consider Tate motives over a number field k. In this setting,
our approach leads to evidence for Kato’s conjecture that is conditional only on a conjectural
integrality property of the Rubin–Stark Euler system (see Theorems 10.4 and 10.17). In partic-
ular, if k is an imaginary quadratic field, then the latter system is the (integral) Euler system
of elliptic units and this allows us to prove the following unconditional result (which follows
immediately from Theorem 10.5 and Corollary 10.6).

Theorem. Let K be a finite abelian extension of an imaginary quadratic field k. Then for
every prime p > 3 and integer j ≥ 1, Kato’s generalised Iwasawa main conjecture is valid for
the pair (h0(SpecK)(1− j),Zp[Gal(K/Q)]).

This theorem completes earlier partial results of Bley [3, 4], of Johnston-Leung and Kings
[56], and of Hofer and the first author [13]. It thereby also implies a variety of more explicit
conjectures for abelian extensions of imaginary quadratic fields, ranging from the ‘Rubin–Stark
conjecture’ from [95] to the ‘refined class number formula’ conjecture of Mazur–Rubin [81] and
Sano [103] and several conjectures in classical Galois module theory (see [17] for more details
regarding these connections).
At the same time, the above result allows us to verify the Quillen–Lichtenbaum Conjecture
for a new family of explicit examples (see Remark 10.10) and also answers the open question
recorded by Burungale and Tian in [31, Rem. 2.2] and so can be expected to have interesting
consequences in the Iwasawa theory of CM modular forms (cf. [31, Rem. 2.7]). Indeed, as a
first application in the latter direction, we shall here combine the above result with the general
strategy described by Kato in [61, Ch. I, § 3.3] (see also [11]) to obtain the following refinement
of the main result of Burungale and Flach [30] relating to the Birch and Swinnerton-Dyer
Conjecture for CM elliptic curves (see Corollary 10.15 and Remark 10.16).

Theorem. Let E be an elliptic curve over a number field F that contains an imaginary quad-
ratic field k. Assume that E has complex multiplication by the ring of integers of k and that the
extension F (Etors)/k is abelian, and write B for the Weil restriction of E to k. Then, for every
finite abelian extension K of k with L(B/K, 1) ̸= 0, and every prime p > 3, Kato’s generalised
Iwasawa main conjecture is valid for the pair (h1(B/K)(1), (Endk(B)⊗Z Zp)[Gal(K/k)]).

At this point, it seems worth remarking that, whilst all of the above results relate to classical
rank-one Euler systems, their proofs involve (a refined version of) the higher-rank theory of
Stark systems introduced by Mazur and Rubin [80] and Sano [102] and, as far as we are aware,
there is no approach to these results that can avoid these higher–rank aspects. For example,
the (rank-one) proof strategies used by Rubin [96] and by Mazur–Rubin [79] rely in an essential
way on algebraic results such as the structure theorem for Iwasawa modules that are simply
not available for the more general coefficient rings that we are forced to consider.
Finally we remark that, as mentioned earlier, Euler systems related to special values of L-series
are now known to exist in a variety of other important settings and in each of these cases our
theory can be expected to have applications.

Overview of contents For clarity of exposition, we have divided this article in two parts.
In Part I, we extend previous work of Mazur and Rubin [96, 79, 80] and of Sakamoto et
al. [25, 26] in order to develop a general theory of Euler, Kolyvagin and Stark systems for
Nekovář–Selmer complexes relative to a morphism R→ R of local complete Gorenstein rings.
In Part II (comprising § 8 to § 10), we then illustrate this general theory by presenting some
concrete arithmetic applications, including each of those discussed above. In fact, a reader who
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is mainly interested to know how our techniques apply to arithmetic problems may prefer to
simply read § 4, for a discussion of key concepts and hypotheses and the statement of Theorem
4.20, and then directly pass to Part II.
In a little more detail, then, the main contents of this article are as follows. In § 2 we review
the families of rings that arise in the development of our theory and then establish necessary
technical results concerning Matlis duals, exterior biduals, Fitting ideals, and resolutions and
determinants of complexes. In § 3 we review Selmer structures both in the sense of Nekovář,
which we refer to as Nekovář(–Selmer) structures, and of Mazur and Rubin, which we refer
to as Mazur–Rubin(–Selmer) structures, and establish some useful relations between the co-
homology groups of the Selmer complex of a Nekovář structure and the Selmer groups of an
associated Mazur–Rubin structure and its dual. We also study dual Nekovář structures, de-
scribe relations between Selmer complexes that follow from the Artin–Verdier duality theorem,
and construct a family of perfect Selmer complexes that plays a vital role in our theory. In § 4,
we introduce a notion of Euler systems relative to Nekovář structures, discuss the hypotheses
under which our theory can be developed and then state our main technical result (Theorem
4.20) concerning relations between the values of an Euler system for a given Nekovář structure
and the determinant of its associated Selmer complex. The following two sections then com-
prise the technical heart of our article as we extend previous arguments relating to Kolyvagin
systems for p-adic representations over finite self-injective rings. Firstly, in § 5, as a replace-
ment for the ‘modified Selmer structures’ of Mazur and Rubin that play a key role in previous
approaches we study the Selmer complexes of a natural family of ‘modified Nekovář structures’,
and also prove the existence of a ‘Kolyvagin derivative homomorphism’ in the setting of Euler
and Kolyvagin systems relative to Nekovář structures. Here it is perhaps worth pointing out
again that our contribution is new even in the setting of classical rank-one systems, since the
weaker hypotheses and finer Selmer groups that we consider force us to use Selmer complexes
in the construction of the Kolyvagin derivative (see § 5.3.3). Then, in § 6, we prove the exist-
ence in our setting of relative core vertices and investigate the extent to which they can be
used to control the value at the unit modulus of a Kolyvagin system relative to a Nekovář
structure. In § 7 we combine the main results of § 5 and § 6 with an algebraic construction
of Stark systems and a delicate limit argument in order to prove Theorem 4.20. Partly with
future applications in mind, in an appendix to Part I we also present an axiomatic treatment
of the theory of algebraic Stark systems. Then, as a first step towards arithmetic applications,
in § 8 we explain how to apply Theorem 4.20 for certain ‘modified, relaxed’ Nekovář structures
in order to study the general case of Kato’s generalised Iwasawa main conjecture. Finally, in
§ 9 and § 10 we present some concrete applications of this strategy and, in particular, prove all
of the results stated above by respectively using the Euler systems of Kato’s zeta elements and
of elliptic units.
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encouragement.

6



Part I. The general theory

In this first part of the article we develop a general theory of Euler and Kolyvagin systems for
Nekovář–Selmer complexes over local complete Gorenstein rings. Arithmetic consequences of
this theory will be discussed in the second part of the article (starting in § 8).

2. Algebraic preliminaries

This section establishes some general algebraic results that are essential to the theory developed
in later sections. Throughout, we fix a commutative Noetherian ring R. For each natural
number n, we write Specn(R) and Spec≤n(R) for the sets of prime ideals of R that are of
height n and of height at most n respectively.
We endow the linear dual M∗ := HomR(M,R) of an R-module M with the structure of an
R-module by setting (x · f)(m) := x · f(m).
We frequently use (without explicit comment) that inverse limits over systems indexed by the
natural numbers are exact on the category of finitely generated Zp-modules.
Throughout the article we also use the following convenient notations: we set N0 := N ∪ {0}
and, for n ∈ N, write [n] for the ordered set {i ∈ N : i ≤ n}.

2.1. Hypotheses on rings

2.1.1. Gn-rings

We first introduce the categories of rings for which most of our theory will be developed.

(2.1)Definition. Let R be a commutative Noetherian ring. Then, for each n ∈ N0, one says

◦ R has property (Gn) if Rp is Gorenstein for all p ∈ Spec≤n(R);

◦ R has property (Sn) if depth(Rp) ≥ inf(n, ht(p)) for all p ∈ Spec(R);

◦ R is a ‘Gn-ring’ if it has both of the properties (Gn−1) and (Sn).

(2.2) Remark. (i) Condition (Sn) is often referred to as ‘Serre’s condition’.

(ii) Gn-rings were first studied by Ischebeck [54] and by Reiten and Fossum [93]. G2-rings
are also studied by Vasconcelos [112, 113] who refers to them as ‘quasi-normal rings’.

(iii) A ring is Cohen–Macaulay, respectively Gorenstein, if and only if it satisfies (Sn), re-
spectively (Gn), for all n ∈ N0. Since every Gorenstein ring is Cohen–Macaulay, this also
shows that Gorenstein rings satisfy both (Sn) and (Gn) for all n ∈ N0.

Our first result shows that the class of Gn-rings is closed under a variety of natural operations.
In particular, it implies (equivariant) Iwasawa algebras and group rings of finite abelian groups
with coefficients in Z or Zp are Gn-rings (in fact, Gorenstein rings).

(2.3) Lemma. If R is a Gn-ring for some n ∈ N0, then the following claims are valid:

(i) The polynomial ring R[t] for an indeterminate t is a Gn-ring.

(ii) The ring of formal power series RJtK is a Gn-ring.

(iii) The group ring R[G] for a finite abelian group G is a Gn-ring.

Proof. Claim (i) is proved in [93, Cor. (a) after Prop. 1] and (ii) is [93, Cor. after Prop. 3]. To
prove (iii) we apply [93, Prop. 1 (ii)]: to see that the fibres of R → R[G] are n-Gorenstein it
suffices to note that, for any field F , the ring F [G] is Gorenstein (this follows from [35, Cor. 8]
which shows that injdimF [G](F [G]) = injdimF (F ) = 0).

We recall that an R-module M is said to be ‘pseudo-null’ if Mp vanishes for all p ∈ Spec≤1(R).
The following observations about this notion will be useful.
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(2.4) Lemma (Sakamoto). Fix an S2-ring R and an R-module M .

(i) If M is pseudo-null, then M∗ and Ext1R(M,R) both vanish.

(ii) If R is also a G0-ring, and N1 and N2 are finitely generated submodules of M with
(N1)p ⊆ (N2)p for all p ∈ Spec≤1(R), then the natural map (N1)

∗∗ → (N2)
∗∗ is injective.

Proof. Claim (i) is proved in [99, Lem. B.11] and (ii) follows from the proof of [99, Lem. C.13].
Since (ii) is however slightly more general than the statement given in loc. cit., we reproduce
the argument here. By assumption, the module (N1+N2)/N2 is pseudo-null and so, by (i), the
natural map (N1 +N2)

∗ → N∗
2 is bijective. Hence, by [99, Lem. C.1] (with r = 1), the natural

map (N1)
∗∗ → (N1 +N2)

∗∗ ∼= (N2)
∗∗ is injective, as claimed.

2.1.2. Complete Gorenstein rings

In this section we fix a prime number p and Noetherian ring R that satisfy the following
condition.

R is a local complete Gorenstein ring with finite residue field of characteristic p. (2.5)

We write d for the dimension of R, m for its maximal ideal and k for its residue field R/m. We
also fix a decreasing filtration

a0 := m ⊇ a1 ⊇ a2 ⊇ . . . (2.6)

of ideals of R such that, for every n, the ring Rn := R/an is Gorenstein of dimension zero (or
equivalently, finite and self-injective) and the natural map R→ lim←−n(R/an) is bijective.

(2.7) Remark. The condition (2.5) ensures R is Cohen–Macaulay and so one can fix a regular
sequence {xi}i∈[d] in m with

√
(x1, . . . , xd) = m. One then obtains a filtration (2.6) of the

required sort by setting an := (xn1 , . . . , x
n
d ) for all n ≥ 1. Indeed, {xni }i∈[d] is a regular sequence,√

an = m, the quotient R/an is Gorenstein (cf. [7, Prop. 3.1.19 (b)]) of dimension zero and
the map R → lim←−nR/an is bijective since R is complete, Noetherian, and local. Further, this
filtration is universal in the sense that if {a′n}n∈N is any other filtration as in (2.6), then for
every n there exists m ∈ N with am ⊆ a′n. (This is true since R/a′n being zero-dimensional
implies R/p is zero-dimensional for any associated prime p ⊆ R of R/a′n and so R/p is field; it
follows that m is the only associated prime of R/a′n and so a′n is m-primary, as required.) The
following special instances of the filtration (2.6) will also be of importance to us.

(i) R is finite, local and self-injective: for every n ≥ 1 one can set an = (0) so Rn = R.

(ii) R is a Zp-order that is local and Gorenstein: one can set an = (pn) for n ≥ 1, so
Rn = R/pnR.

(iii) d > 1 and R is the completed group ring ZpJGK of an abelian pro-p compact p-adic Lie
group G of rank d− 1. Fix a base {Un}n≥1 of open neighbourhoods of the identity of G
with Un+1 ⊂ Un for all n. Then, for each n ≥ 1, one can take an to be the kernel of the
canonical (surjective) projection map from R = ZpJGK to Rn := (Zp/p

nZp)[G/Un].

We fix an injective envelope ER(k) of the R-module k (as defined in [7, Def. 3.2.3]) and define
the ‘Matlis dual’ of an R-module M by setting

M∨ := HomR(M,ER(k))

(regarded as an R-module in the obvious way). We recall that ER(k), and hence also M∨ for
any given module M , is unique up to isomorphism. In addition, the injectivity ER(k) implies
that the assignment M 7→ M∨ induces a contravariant exact functor on R-modules and, if M
is either a finitely generated or Artinian R-module, then Matlis duality asserts that the natural
map M →M∨∨ is bijective (cf. [7, Th. 3.2.13]).
Finally, we record a useful description of ER(k) in terms of the filtration (2.6) (this result is
essentially well-known but, for lack of a good reference, we include a proof).
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(2.8) Lemma. The following claims are valid.

(i) For every n one can take ERn(k) = Rn and also fix an isomorphism of Rn-modules
Rn ∼= HomΛ(Rn, ER(k)) ∼= ER(k)[an].

(ii) The isomorphisms in (i) induce an identification T∨
n
∼= T ∗

n and also an injective homo-
morphism Rn ∼= ER(k)[an] ⊆ ER(k)[an+1] ∼= Rn+1 of R-modules. The module ER(k) is
isomorphic to the inductive limit lim−→n∈NRn with respect to the latter morphisms.

(iii) Let M be a finitely generated Rn+1-module. Then any choice of injection Rn ↪→ Rn+1 as
in (ii) induces an isomorphism (M [an])

∗ ∼=M∗/anM
∗.

Proof. At the outset we recall that, for any ring R, an extension N ⊆M of R-modules is called
‘essential’ if U ∩ N ̸= (0) for every non-zero R-submodule U ⊆ M . By [7, Prop. 3.2.2] one
can characterise injective R-modules I as those R-modules that have no essential extensions
I ⊆M with I ̸=M , and ER(N) is then defined to be a maximal essential extension of N .
The first assertion of (i) is proved in [7, Th. 3.2.10] and to prove the rest of (i) it is enough
to construct an isomorphism of R-modules ERn(k)

∼= ER(k)[an]. To prove this, we note
that k ⊆ EΛ(k)[an] is an essential extension of Rn-modules (since k ⊆ ER(k) is an essential
extension of R-modules) and so ER(k)[an] identifies with a submodule of ERn(k). In particular,
ER(k)[an] is finite and hence it is enough to show |ER(k)[an]| ≥ |ERn(k)|. But this is clear
since k ⊆ ERn(k) is an essential extension of R-modules so that ERn(k) identifies with a
submodule of ER(k)[an]. This proves (i).
The first isomorphism in (ii) is obtained as the composite map

T∨
n = HomR(Tn, ER(k)) = HomR(Tn ⊗R Rn, ER(k))

∼= HomRn(Tn,HomR(Rn, ER(k))) ∼= HomRn(Tn, Rn) = T ∗
n ,

where the first isomorphism is induced by Tensor-Hom adjunction and the second by the
isomorphism in (i). The second assertion of (ii) is clear and to prove the final assertion we note
that lim−→n∈NRn is an essential extension of k. Indeed, let x ∈ lim−→n∈NRn, then x ∈ Rn for some

n and since Rn is an essential extension of k, it follows that (Rnx)∩k ̸= 0, as required. Now let
ER(k) be a maximal essential extension of k that contains lim−→n∈NRn. Then any element m of

ER(k) is annihilated by some ideal an: indeed, it is enough to show AnnR(m) is m-primary, and
this follows from the inclusion of sets of associated primes AssR(R/AnnR(m)) ⊆ AssR(ER(k) =
{m}, where the last equality is by [7, Lem. 3.2.7 (a)]. Now, one has ER(k)[an] = Rn by (i) and
so we deduce that m belongs to lim−→n∈NRn. It follows that lim−→n∈NRn is a maximal essential

extension of k, as required to prove (ii).

To prove (iii), we may fix an injective presentation 0 → M → R⊕l
n+1

·A−→ R⊕m
n+1 for suitable

integers l,m ≥ 0 and an (m×l)-matrix A = (aij)ij because Rn+1 is injective as an Rn+1-module.
Since taking an-torsion defines a left-exact functor, dualising leads to an exact sequence

(Rn+1[an])
⊕m (Rn+1[an])

⊕l (M [an])
∗ 0,·At

where At = (aji)ij is the transpose of A. Write σ : Rn ↪→ Rn+1 for the fixed embedding, which
restricts to an isomorphism σ̂ : Rn ∼= Rn+1[an] because Rn and Rn+1[an] ∼= HomRn+1(Rn, Rn+1)
have the same length as Rn+1-modules. The Rn+1-linearity of σ then implies that the diagram

(Rn+1[an])
⊕m (Rn+1[an])

⊕l

R⊕m
n R⊕l

n

·At

(σ̂−1)⊕l ≃
·At

σ⊕m ≃

is commutative. Since the cokernel of R⊕m
n

·At

−−→ R⊕l
n is canonically isomorphic toM∗/anM

∗, we

deduce that the map (σ̂−1)⊕l induces an isomorphism (M [an])
∗ ≃−→M∗/anM

∗, as required.

In connection with Lemma 2.8 the following general observation will be useful.
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(2.9) Lemma. Let R be a Noetherian local ring with maximal ideal M. For every non-zero
element x in an R-module F there is an element r ∈ R such that r · x is both non-zero and
belongs to F [M] := {y ∈ F | a ·m = 0 for all a ∈M}.

Proof. Since R is Artinian, the descending chain of R-modules Rx ⊇M·x ⊇ · · · ⊇ Ml ·x ⊇ . . .
becomes stationary and so there exists i ∈ N0 such that Ml · x =Ml+1 · x. By Nakayama’s
lemma, this impliesMl · x = 0. Let l be the smallest non-negative integer with this property.
Then, since x ̸= 0 (by assumption), l ≥ 1 and, by the minimality of l,Ml−1 ·x is non-zero and
contained in F [M]. We may thus take r to be any element ofMl−1 \Ml.

(2.10) Remark. Fix an element r as in Lemma 2.9 with F = R and x = 1. If R is a
zero-dimensional Gorenstein local ring, the ideal R[M] is a one-dimensional k-vector space by
Lemma 2.8 (i) and so, in particular, principal. The assignment 1 7→ r therefore induces an
isomorphism of R-modules k = R/M∼= R[M].

For a general result on base change over inverse limit rings, see Lemma 2.32 below.

2.2. Fitting ideals

In this section we fix a commutative unital ring R and a finitely-presented R-module M . We
then fix (as we may) a resolution of M of the form

R⊕m φ−→ R⊕n →M → 0

in which m ≥ n. For i ∈ N0, the i-th ‘Fitting ideal’ FittiR(M) of M is then defined to be the
ideal of R that is generated by the set of all (n− i)× (n− i)-minors of any matrix representing
φ (where we use the convention that the determinant of an empty matrix is 1).
It is easily checked that the above definition is independent of the chosen resolution, that
FittiR(M) ⊆ FittjR(M) if i ≤ j and that FittiR(M) = R if i ≥ n (cf. [88, § 3.1, Th. 1, Th. 2]).
In the following result we record several further properties of these ideals, most of which are
well-known, that we shall rely on throughout this article. (A more detailed discussion, and
further properties, of Fitting ideals can be found in [88, § 3.1], [83, App.] and [36, § 20.2].)

(2.11) Lemma. The following claims are valid for all finitely-presented R-modules M and N
and all i and j in N0.

(i) If f : M → N is a surjective map of R-modules, then FittiR(M) ⊆ FittiR(N).

(ii) If 0 → N → M → M/N → 0 is a short exact sequence of R-modules, then one has
FittiR(N) · FittjR(M/N) ⊆ Fitti+jR (M).

(iii) One has FittiR(M ⊕N) =
∑a=i

a=0 Fitt
a
R(M) ·Fitti−aR (N). In particular, if N is a non-zero

free R-module of rank r, then FittiR(M) = Fitti+rR (M ⊕N).

(iv) If f : R → R′ is a morphism of rings, then M ⊗R R′ is a finitely-presented R′-module
and FittiR′(M ⊗R R′) is equal to the ideal of R′ generated by f(FittiR(M)).

(v) (Buchsbaum–Eisenbud) If j < i, then FittjR(M) annihilates
∧i

RM . In particular, M is
itself annihilated by Fitt0R(M).

Proof. We fix a free presentation R⊕m φ−→ R⊕n π−→ M → 0 and note that we have an exact
sequence 0→ kerπ → ker(f ◦ π)→ ker f → 0. We can therefore construct a free presentation

R⊕(m+m′) φ′
−→ R⊕n f◦π−−→ N → 0 in which φ′ restricts to φ on R⊕m. This implies (i) and the

proof of (ii) is similar (see [88, § 3.1, Ex. 2, solution on p. 90] for the details). The first equality
in (iii) is proved in [88, § 3.1, Ex. 3, solution on p. 92] and the second assertion follows as a
consequence upon replacing i by i + r in the first equality and noting that FittjR(N) is equal
to (0) if j < r and to R if j ≥ r. Claim (iv) follows directly from the definitions upon noting
(−)⊗R R′ is a right-exact functor and hence that tensoring a free presentation of M with R′

gives a free presentation of M ⊗R R′.
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The second assertion of (v) is classical and proved in [88, § 3.1, Th. 5]. It is also an immediate
consequence of the first assertion with i = 1 and j = 0. To prove the first assertion of (v),
we note that the general result of [8, Cor. 1.3] proves FittjR(M) annihilates

∧j+1
R M . (Note

the different convention for Fitting ideals: in loc. cit. the authors write Fk(M) for Fittk−1
R (M)

in our notation.) The claimed result then follows from the existence of a surjective map
(
∧j+1

R M)⊗R (
∧i−j−1

R M) ↠
∧i

RM . Since the cited result is perhaps not so well-known, for the

convenience of the reader we include its proof. Fix a free presentation R⊕m φ→ R⊕n →M → 0
of M with n ≥ j + 1. For every s ≥ 0 we define the map

φ(s) :
(∧s

R
R⊕m)⊗R

∧j

R
R⊕n →

∧j+s

R
R⊕n, (x1 ∧ · · · ∧ xs)⊗ y 7→ φ(x1) ∧ · · · ∧ φ(xs) ∧ y.

The starting point is then the exact sequence

R⊕m ⊗R
∧j

R
R⊕n

∧j+1

R
R⊕n

∧i+1

R
M 0,

φ(1)

which reduces us to proving that, for every λ ∈ FittjR(M) and b = b1 ∧ · · · ∧ bs+1 ∈
∧j+1

R R⊕n,
one has λb ∈ im(φ(1)).
Let e1, . . . , en−j−1 ∈ R⊕n be basis vectors such that {b1, . . . , bj+1, e1, . . . , en−(j+1)} is a linearly
independent set. Then, setting e := e1 ∧ · · · ∧ en−j−1, one has e∗(e ∧ b) = b. Now, any choice
of isomorphism

∧n
RR⊕n ∼= R induces an identification

im
((∧n−j

R
R⊕m)⊗R

∧j

R
R⊕n φ(n−j)

−−−−→
∧n

R
R⊕n ∼= R

)
∼= FittjR(M)

and so, in particular, FittjR(M) annihilates coker(φ(n−j)). That is, λ · (e ∧ b) can be written

in the form
∑

l∈[k] φ(xl1) ∧ · · · ∧ φ(xl(n−j)) ∧ yl for suitable xlp ∈ R⊕m and yi ∈
∧j

RR⊕n with
p ∈ [k] (for some k) and l ∈ [n− j]. It follows that

λb = e∗(λ · (e ∧ b)) = e∗
(∑

l∈[k]
φ(xl1) ∧ · · · ∧ φ(xl(n−j)) ∧ y

)
=
∑

l∈[k]

∑
p∈[n−j]

± φ(xlp) ∧ e∗
(
φ(xl1 ∧ · · · ∧ φ̂(xlp) ∧ · · · ∧ φ(xlj) ∧ yl

)
belongs to im(φ(1)), as required.

Finally, we establish a technical result about inverse limits of Fitting ideals that we will need
in later arguments. We note that claim (i) of this result extends the result [48, Th. 2.1] of
Greither and Kurihara and that claim (ii) develops an idea of Popescu and Yin [92].

(2.12) Proposition. Let (Ri, ρi)i∈N be a projective system of rings, and set R := lim←−i∈NRi.
Let (Mi, fi)i∈N be a projective system of Ri-modules with surjective transition maps fi, and
write M for the associated R-module lim←−i∈NMi. Assume that M is finitely presented and that,
in addition, either of the following conditions are satisfied:

(i) Each ring Ri (resp. module Mi) is a compact Hausdorff space and the transition maps
ρi (resp. fi) are continuous, and there exists a natural number s such that, for all i ∈ N,
the kernel of M ⊗R Ri →Mi is generated by s elements over Ri.

(ii) R satisfies condition (2.5), and Ri := R/ai as in § 2.1.2.
Then, for every integer r ≥ 0, one has FittrR(M) = lim←−i∈N FittrRi

(Mi), where the limit is taken

with respect to the maps FittrRi+1
(Mi+1)→ FittrRi

(Mi) induced by the restriction of ρi.

Proof. We first assume that the conditions in (i) are satisfied. Since each map fi : Mi+1 →Mi

induces a surjection Mi+1 ⊗Ri+1 Ri → Mi, applying parts (iv) and (i) of Lemma 2.11 implies
that there is an inclusion

ρi(Fitt
r
Ri+1

(Mi+1)) = FittrRi
(Mi+1 ⊗Ri+1 Ri) ⊆ FittrRi

(Mi).
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In a similar way, since the second assertion of (i) implies that the natural map M ⊗RRi →Mi

is surjective, one has θi(Fitt
r
R(M)) = FittrRi

(M ⊗R Ri) ⊆ FittrRi
(Mi), with θi the nat-

ural projection map R → Ri. By taking the limit over i, we therefore obtain an inclusion
FittrR(M) ⊆ lim←−i∈N FittrRi

(Mi), and so we must prove the reverse inclusion.
To do this, we use the fact M is finitely presented to fix an exact sequence of R-modules

Rt1 Rt2 M 0

for suitable natural numbers t1 and t2. Now, each of the composite maps Rt2 → M → Mi,
where the second arrow is the natural projection, factors through Rt2 → Rt2i . The assumption
that the transition maps fj : Mj+1 → Mj are surjective (j ≥ i) implies that M → Mi is
surjective, hence we obtain a surjective map Rt2i → Mi. Setting Ki := ker(Rt2i → Mi), we
obtain an exact commutative diagram

Rt1i Rt2i M ⊗R Ri

Ki Rt2i Mi.

(2.13)

The Snake Lemma, applied to the above diagram, then combines with condition (iii) to imply
that Ki can be generated by at most t1 + s elements.
Since Mi is Hausdorff, Ki is a closed subspace of a compact Hausdorff space, hence is itself
compact Hausdorff. The associated first derived limit therefore vanishes and so, passing to the
limit of the bottom sequences in (2.13), we obtain the exact sequence

0 K := lim←−i∈NKi Rt2 M 0.

Using this sequence, FittrR(M) can then be computed as follows: For every subset J ⊆ [t2]
of cardinality r, we now write πJ : Rt2 → Rr for the projection (x1, . . . , xt2) 7→ (xj)j∈J .
For each v = (v1, . . . , vr) ∈ Kr, we then write πJ(v) for the (r × r)-matrix with columns
πJ(v1), . . . , πJ(vr). Then FittrR(M) is the ideal of R generated by all det(πJ(v)) with v ran-
ging over Kr and J ranging over all subsets of [t2] of cardinality r.
We now give a similar description of FittRi(Mi) for every i ∈ N. We write πJ,i : Rt2i → Rri
for the projection onto coordinates in J , and, for every v = (v1, . . . , vr) ∈ Kr

i , write πJ,i(v) for
the matrix with columns πJ,i(v1), . . . , πJ,i(vr). By definition, FittrRi

(Mi) is then the ideal of Ri
generated by all determinants of such matrices πJ,i(v).
Since Ki can be generated by t2 + s elements and the determinant is multilinear, any matrix
of the form above can be written as a sum of N := (t2 + s)t2−r determinants with columns
from πJ(Ki). If we set Wi :=

⊕
J(K

r
i )
N , then we therefore have that FittrRi

(Mi) is equal to
the image of the map

Φi : Wi =
⊕

J
(Kr

i )
N → Ri, (vJ,j)J,j 7→

∑
J

∑
j∈[N ]

det(πJ(vJ,j)),

where J runs over all subsets of {1, . . . , t2} of cardinality t2 − r.
We now claim that lim←−i∈N(imΦi) is equal to the image of the map Φ: lim←−i∈NWi → R induced

by (Φi)i∈N. To show this, we suppose to be given an element x = (xi)i∈N of lim←−i∈N(imΦi).

For every i ∈ N, we write Ui := Φ−1
i (xi) for the full preimage of xi under Φi and note that

each of the transition maps ρ̃i,j : Wj → Wi takes Uj to Ui for j ≥ i. Since Wj is finitely
generated over the finite ring Rj , it is again compact Hausdorff. As the preimage of a closed
set under a continuous map, each Uj is then a closed subset of a compact Hausdorff space,
hence itself compact Hausdorff. Now, ρ̃i,j is continuous and so ρ̃i,j(Uj) is a compact subset of
Wi, which implies that it must be closed. In addition, the ascending chain given by the ρ̃i,j(Uj)
has the finite intersection property because each preimage Uj is non-empty. It follows that
the intersection Vi :=

⋂
j≥iρ̃i,j(Uj) is non-empty because Wi is compact. We now inductively

construct a preimage (wi)i∈N ∈ lim←−i∈NWi of x with each wi in Vi. For the induction base, we
take w1 to be any element of V1. Now fix i ≥ 1 and suppose that wi is already constructed.
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We then define U ′
j := Uj ∩ ρ̃−1

i,j (wi) for all j > 1 and note that each U ′
j is non-empty because

wi belongs to Vi. Similar to before, it follows that the descending chain (ρ̃i+1,j(U
′
j))j≥i+1 has

the finite intersection property, and hence that V ′
i+1 :=

⋂
j≥i+1ρ̃i+1,j(U

′
j) is non-empty. Any

element wi+1 of V ′
i+1 will then both belong to Vi and have the property that ρ̃i+1,i(wi+1) = wi,

as required. This concludes the induction step.
We have thereby proved that any element x of lim←−i∈N(imΦi) = lim←−i∈N FittrRi

(Mi) can be lifted

to en element of lim←−i∈NWi = lim←−i∈N(
⊕

J(K
r
i )
N ) =

⊕
J(K

r)N . It follows that x is a finite sum

of determinants of matrices of the form πJ(v) with v ∈ Kr and hence, by the explicit description
given above, belongs to FittrR(M). This proves the claimed equality under condition (i).
In the remainder of the argument, we therefore assume the validity of condition (ii) and we
argue by induction on d = dimR. Since each projection map M →Mn is surjective, each Rn-
module Mn is finite and hence compact Hausdorff. The above argument therefore combines
with Remark 2.16 below to prove the claim if d ≤ 1. In the following we thus assume d > 1.
Following Remark 2.7, we obtain a filtration (2.6) of R by setting bn = (xn1 , . . . , x

n
d ), and we

now first justify that we may assume an = bn. To do this we recall, as noted in Remark 2.7, one
can define f : N→ N such that bf(n) ⊆ an for all n ∈ N. In particular, each Mn is a R/bf(n)-
module and it suffices to prove that lim←−n∈N FittrR/bf(n)(Mn) = lim←−n∈N FittrRn

(Mn). Since the

surjection R/bf(n) ↠ Rn = R/an maps FittrR/bf(n)(Mn) onto FittrRn
(Mn) by Lemma 2.11 (iv),

we have an exact sequence

0 an/bf(n) FittrR/bf(n)(Mn) + (an/bf(n)) FittrRn
(Mn) 0, (2.14)

in which all involved modules are finite. Now, taking the limit of the surjections an ↠
an/bf(n) gives a surjection lim←−n∈Nan ↠ lim←−n∈N(an/bf(n)), and this shows the vanishing of

lim←−n∈N(an/bf(n)) because lim←−n∈Nan =
⋂
n∈N an vanishes by the assumption that the nat-

ural map R → lim←−n∈NR/an is bijective. In a similar fashion, one shows that the nat-

ural map lim←−n∈N FittrR/bf(n)(Mn) → lim←−n∈N(Fitt
r
R/bf(n)(Mn) + (an/bf(n))) is an isomorph-

ism. Passing to the limit over the exact sequences (2.14) now shows that the natural map
lim←−n∈N FittrR/bf(n)(Mn)→ lim←−n∈N FittrRn

(Mn) is bijective, as claimed.

In the remainder of this argument we therefore assume that an = bn = (xn1 , . . . , x
n
d ), and we

also set a′n := (xn1 , . . . , x
n
d−1). Now, one has

FittrR(M) = lim←−n∈N FittrR/(xnd )
(M ⊗R (R/(xnd )))

= lim←−n∈Nlim←−m∈N FittrR/(a′m,xnd )
(Mm ⊗R (R/(xnd ))).

Here the first equality follows from the above argument (under condition (i)) and the second
equality holds by our induction hypothesis. Since Mm

∼= lim←−n∈N(Mm ⊗R (R/(xnd ))) for all
m ∈ N, we may use the induction hypothesis again to deduce that

lim←−n∈Nlim←−m∈N FittrR/(a′m,xnd )
(Mm ⊗R (R/(xnd ))) = lim←−m∈N FittrR/a′m(Mm).

Now, the image of FittrR/a′m(Mm) in Rm is equal to FittrRm
(Mm) by Lemma 2.11 (iv), so we

have an exact sequence

0 am/a
′
m FittrR/a′m(Mm) + (am/a

′
m) FittrRm

(Mm) 0. (2.15)

Moreover, am/a
′
m is generated by xmd and so there exists a surjective map xmd R ↠ am/a

′
m.

Taking the limit over m then gives, because the involved modules are finitely generated R-
modules and hence compact Hausdorff, a surjection lim←−m∈N(x

m
d R) ↠ lim←−m∈N(am/a

′
m). In

addition, the Krull intersection theorem implies that the limit lim←−m∈N(x
m
d R) =

⋂
m∈N(x

m
d R)

vanishes, and so the same is also true for lim←−m∈N(am/a
′
m). A similar argument shows that

lim←−m∈N

(
(FittrR/a′m(Mm) + (am/a

′
m))/Fitt

r
R/a′m(Mm)

)
vanishes. Taking the limit (over m) of

the exact sequence (2.15) (in which all involved modules are compact Hausdorff) shows that

lim←−m∈N FittrRm
(Mm) = lim←−m∈N

(
FittrR/a′m(Mm) + (am/a

′
m)
)
= lim←−m∈N FittrR/a′m(Mm),
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as required to complete the proof.

(2.16) Remark. The second condition in Proposition 2.12 (i) is automatically valid if R is
local Noetherian and AnnR(M) contains an R-regular sequence of length dim(R) − 1. (In
particular, the condition is satisfied if either dimR ≤ 1 or if both dim(R) = 2 and M is
R-torsion.) To justify this, we note that the diagram (2.13) implies it is enough to prove the
minimal number of Ri-generators of Ki is bounded independently of i. If {xi}i∈[d−1] is an

R-regular sequence in AnnR(M), then (x1, . . . , xd−1) · Rt2i ⊆ Ki. It therefore suffices to bound
the minimal number of Ri-generators of Ki/(x1, . . . , xd−1)Rt2i . The latter is now a submodule
of Rt2i /(x1, . . . , xd−1)Rt2i , and hence a subquotient of (R/(x1, . . . , xd−1))

t2 . Since {xi}i∈[d−1] is
an R-regular sequence, R/(x1, . . . , xd−1) is a local Noetherian ring of Krull dimension one and
so the claim follows from the fact that the minimal number of generators of any ideal of such
a ring can be bounded by a constant that only depends on the ring (see, for example, [106]).

2.3. Exterior power biduals

For any r ∈ N0, we write
∧r
RM for the r-fold exterior power of an R-module M . The ‘r-th

exterior power bidual’ of M is then defined by setting⋂r

R
M :=

(∧r

R
M∗
)∗
.

This construction is motivated by the approach of Rubin in [95, § 1.2] and is extensively studied
in the literature (cf. [27, App. A], [99, App. B]). In this section, we establish several properties
of these modules that will be useful in subsequent arguments.

2.3.1. Rank reduction

If s ∈ N0 is such that s ≤ r, and f is an element of
∧s
RM

∗, then the assignment a 7→ [g 7→
a(f ∧ g)] induces a ‘rank reduction’ map

⋂r
RM →

⋂r−s
R M which, by abuse of notation, we

continue to denote by f .

(2.17) Lemma. Let R be a G2-ring and suppose to be given, for some s ∈ N, an exact sequence

0 N M R⊕s(fi)i∈[s]

of finitely generated R-modules. Then the following claims are valid.

(i) For any r ∈ N, there exists an exact sequence

0
⋂r

R
N

⋂r

R
M

⊕
i∈[s]

⋂r−1

R
M.

(fi)i∈[s]
(2.18)

Here the first map is induced by the inclusion N → M , and the second is the diagonal
map induced by the maps fi :

⋂r
RM →

⋂r−1
R M for each i ∈ [s].

(ii) If s ≤ r, then the map ∧i∈[s]fi :
⋂r
RM →

⋂r−s
R M factors through the map

⋂r−s
R N ↪→⋂r−s

R M in (2.18). In particular, there exists an induced map

∧i∈[s]fi :
⋂r

R
M →

⋂r−s

R
N. (2.19)

Proof. Claim (i) requires a slight variation of the proof of [99, Lem. B.12] and so, for cla-
rification, we shall provide full details. Thus, by dualising the tautological exact sequence
0→ N →M →M/N → 0, and setting Y := im{M∗ → N∗}, one obtains an exact sequence

0 (M/N)∗ M∗ Y 0. (2.20)

This in turn implies the existence of an exact sequence

(M/N)∗ ⊗R
∧r−1

R
M∗

∧r

R
M∗

∧r

R
Y 0
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(see [25, Lem. 2.5] for details) and, upon dualising again, this gives an exact sequence

0
(∧r

R
Y
)∗ ⋂r

R
M

(
(M/N)∗ ⊗R

∧r−1

R
M∗)∗. (2.21)

We now first claim that
(∧r

R Y
)∗ ∼= ⋂r

RN . To this end, we set Z := coker(M → R⊕s) and note
that the cokernel of the inclusion Y ⊆ N∗ identifies with a submodule of Ext1R(M/N,R) ∼=
Ext2R(Z,R), and so is pseudo-null since for all p ∈ Spec1(R) the localisation Rp has injective
dimension at most one by condition (G1) on R. It follows that both kernel and cokernel of the
natural map

∧r
R Y →

∧r
RN

∗ are pseudo-null, which, by Lemma 2.4 (i), implies that the dual
map

⋂r
RN →

(∧r
R Y

)∗
is an isomorphism, as claimed.

We now set C := coker
(
(Rs)∗ → (M/N)∗

)
and observe that applying the right-exact functor

(−)⊗R
∧r−1
R M∗ to the exact sequence (Rs)∗ → (M/N)∗ → C → 0 gives an exact sequence

(Rs)∗ ⊗R
∧r−1

R
M∗ (M/N)∗ ⊗R

∧r−1

R
M∗ C ⊗R

∧r−1

R
M∗ 0. (2.22)

To investigate the last term in this sequence, we note that C naturally identifies with a sub-
module of Ext1R(Z,R). It follows from condition (G0) on R that the latter, and hence also C,
is a torsion R-module. By dualising (2.22) we therefore obtain an injection(

(M/N)∗ ⊗R
∧r−1

R
M∗)∗ ↪→ (

(Rs)∗ ⊗R
∧r−1

R
M∗)∗.

Now, (Rs)∗ is a free R-module and so tensoring with (Rs)∗ commutes with taking duals. This
combines with the isomorphism (Rs)∗∗ ∼= R to give an isomorphism(

(Rs)∗ ⊗R
∧r−1

R
M∗)∗ ∼= Rs ⊗R

⋂r−1

R
M.

By composing the last two displayed maps, we may then deduce the exact sequence (2.18)
claimed in (i) from the exact sequence (2.21) upon recalling the isomorphism

(∧r
R Y

)∗ ∼= ⋂r
RN .

By the exactness of (2.18) it suffices to prove, for each i ∈ [s], that the composite homomorphism
fi ◦ (

∧
j∈[s] fj) vanishes in order to verify (ii). For this, it is enough to note that, for each

a ∈
⋂r
RM , the element (fi ◦ (∧j∈[s]fj))(a) =

(
(∧j∈[s]fj) ∧ fi

)
(a) vanishes since fi ∧ fi = 0.

(2.23) Remark. It is known that R is a G1-ring if and only if, for each finitely generated
R-module M , the kernel of the canonical map M → M∗∗ is the R-torsion submodule of M .
Indeed, since (S1) is equivalent to asserting each prime in Spec≥1(R) contains a nonzero divisor,
and hence that R has no embedded primes, the claimed equivalence follows directly from [112,
Th. A.1].

The next result extends [25, Prop. 2.4]. Before stating it, we recall that an R-module M is
called ‘torsion-less’ if the natural map M →M∗∗ is injective (cf. Bass [1, § 3]).

(2.24)Corollary. Let R be a G2-ring and r ≥ 1 an integer. If N is an R-submodule of a
finitely generated R-module M with the property that M/N is torsion-less, then one has⋂r

R
N =

{
a ∈

⋂r

R
M | f(a) ∈ N∗∗ for all f ∈

∧r−1

R
M∗}.

Proof. Choose a surjection R⊕s ↠ (M/N)∗. Since M/N is assumed to be torsion-less, taking
duals gives an injection M/N ↪→ (M/N)∗∗ ↪→ R⊕s. We may therefore apply the argument of
Lemma 2.17 (a) to the exact sequence 0→ N → M → R⊕s to deduce the exact sequence (see
the exact sequence (2.21))

0
⋂r

R
N

⋂r

R
M

(
(M/N)∗ ⊗R

∧r−1

R
M∗)∗. (2.25)

In order to show that an element a of
⋂r
RM belongs to

⋂r
RN it is therefore sufficient to

prove that a(m ∧ f) = 0 for all m ∈ (M/N)∗ and f ∈
∧r−1
R M∗. By definition, f(a) is the
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map x 7→ a(x ∧ f), so a(m ∧ f) = f(a)(m). Now suppose that f(a) belongs to N∗∗, then
the exact sequence (2.25) for r = 1 shows that f(a) belongs to the kernel of the natural map
M∗∗ → (M/N)∗∗ and so f(a)(m) must vanish, as required.

(2.26) Lemma. Let R be a G2-ring, M a finitely generated R-module, and r a non-negative
integer. Then, for every element a of

⋂r
RM , the following claims are valid.

(i) If R is a self-injective ring, then im(a) = AnnR(AnnR(a)).

(ii) If AnnR(m) = (0), then im(m)∗∗ = Fitt0R(Ext
1
R((
⋂r
RM)/(Rm), R))∗∗.

Proof. By definition, we have im(a) = {a(f) | f ∈
∧r
RM

∗}. If R is self-injective, then the map∧r

R
M∗ →

(⋂r

R
M
)∗
, f 7→ {m 7→ m(f)}

is an isomorphism, and so im(a) = {f(a) | f ∈ (
⋂r
RM)∗}. Now, R being self-injective also

implies that any φ ∈ (Ra)∗ can be lifted to an element of (
⋂r
RM)∗, whence im(a) = {f(a) |

f ∈ (Ra)∗}. Since Ra ∼= R/AnnR(a), claim (i) now follows from the isomorphism

HomR(R/AnnR(a), R)
≃−→ AnnR(AnnR(a)), f 7→ f(1).

Turning to claim (ii), Lemma 2.4 (ii) allows us to verify the claimed equality locally at primes of
height at most one. Since R is a G2-ring, we therefore may, and will, assume R is a Gorenstein
ring of dimension at most one. In this case, then, the module Ext1R(

⋂r
RM,R) vanishes since

the exterior bidual
⋂r
RM is reflexive. Upon dualising the tautological exact sequence

0 Ra
⋂r

R
M (

⋂r
RM)/(Ra) 0

we therefore obtain an exact commutative diagram(⋂r

R
M
)∗

(Ra)∗ Ext1R
(
(
⋂r
RM)/(Ra), R

)
0

0 im(a) R R/ im(a) 0.

f 7→f(a) f 7→f(a)

Here the second vertical map is bijective as a is assumed to generate a free module of rank one,
and the first vertical map is surjective since the present hypotheses on R imply the natural map∧r
RM

∗ → (
∧r
RM

∗)∗∗ = (
⋂r
RM)∗ is surjective (cf. [86, Prop. (5.4.9) (iii)]). Upon applying the

Snake Lemma to the diagram, one therefore finds that the dotted vertical map (that is induced
by the commutativity of the diagram) is an isomorphism. This isomorphism leads directly to
the claimed description of im(a).

(2.27) Remark. It is known that a Noetherian ring R is self-injective if and only if, for every
ideal I of R, one has AnnR(AnnR(I)) = I (cf. [70, Th. 15.1]).

2.3.2. Reduced rings

In this subsection we assume to be given a reduced Noetherian ring R. In this case the total
quotient ring Q of R is a finite product of fields and so is a semisimple, semilocal ring. This
fact is used in the following result to interpret exterior power biduals in terms of the lattices
considered by Rubin in [95, § 1.2].

(2.28) Lemma. If M is a finitely generated R-module, then, for any integer r ≥ 0, the map
ξrM induces an isomorphism{

a ∈ Q⊗R
∧r

R
M | f(a) ∈ R for all f ∈

∧r

R
M∗} ≃−→

⋂r

R
M.
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Proof. This argument closely follows that of [27, Prop. A.8] (which deals only with Gorenstein
orders). Firstly, by applying the functor HomR(

∧r
RM

∗,−) to the tautological exact sequence
0→ R→ Q→ Q/R→ 0 one deduces that

⋂r
RM identifies with the kernel of the natural map

HomR
(∧r

RM
∗,Q

)
→ HomR

(∧r
RM

∗,Q/R
)
. In addition, since Q is semi-simple, the finitely

generated Q-module Q⊗RM is projective and so there exists a natural composite isomorphism

Q⊗R
∧r

R
M ∼=

∧r

Q
(Q⊗R M) ∼=

⋂r

Q
(Q⊗R M) ∼= HomR(

∧r

R
M∗,Q),

where the first isomorphism is clear, the second is ξrQ⊗RM
and the third is induced by tensor-

hom adjunction. The claimed equality is therefore true since an element a belongs to the kernel
of the natural map Q⊗R

∧r
RM → HomR

(∧r
RM

∗,Q/R
)
if and only if one has f(a) ∈ R for

every f ∈
∧r

RM
∗.

2.4. Complexes, resolutions, and determinants

In the sequel, for a (commutative) noetherian ring Λ, we write D(Λ) for the derived category of
Λ-modules. We also write D−(Λ) and Dperf(Λ) for the full triangulated subcategories of D(Λ)
comprising complexes that are respectively bounded above and ‘perfect’ (that is, isomorphic
in D(Λ) to a bounded complex of finitely generated projective Λ-modules).
Each object C of Dperf(Λ) has an associated Euler characteristic χΛ(C) in the Grothendieck
group K0(Λ) of finitely generated projective Λ-modules. If Λ is local, then a finitely generated
projective module is free and so the Λ-rank map P 7→ rkΛ(P ) induces an isomorphism of K0(Λ)
with Z. In such cases, we regard χΛ(C) as an integer (so that the class of C in K0(Λ) is equal
to χΛ(C) · [Λ]).
We write Dperf,0(Λ) for the full triangulated subcategory of Dperf(Λ) represented by complexes
C for which χΛ(C) = 0. Let a and b be integers with a ≤ b and let D•(Λ) denote either D(Λ),
Dperf(Λ) or Dperf,0(Λ). Then we write D•

[a,b](Λ), D
•
[a,·](Λ) and D

•
[·,b](Λ) for the subcategories of

D•(Λ) that respectively comprise complexes C for which H i(C) = (0) if either i < a or i > b,
H i(C) = (0) if i < a and H i(C) = (0) if i > b.
In the rest of this section, we fix a ring R ∼= lim←−n∈NRn as in § 2.1.2 (so that, in particular, R

is Noetherian and local) and describe two useful constructions of complexes in Dperf(R).

2.4.1. Limit complexes

The following result is essentially well-known.

(2.29) Lemma. We fix integers a and b with a < b and, for every natural number n, assume
to be given data of the following form

(a) an object Cn of Dperf
[a,b](Rn);

(b) an isomorphism θn : Rn ⊗LRn+1
Cn+1

∼= Cn in D(Rn).

Then there exists a bounded complex lim←−nCn of finitely generated free R-modules that is unique

up to isomorphism in Dperf(R) and has the following properties:

(i) (lim←−nCn)
i = (0) unless a ≤ i ≤ b;

(ii) for every m, there exists an isomorphism Rm ⊗LR (lim←−nCn)
∼= Cm in D(Rm);

(iii) for every i, the induced composite map

H i(lim←−nCn)→ lim←−nH
i(Rn ⊗LR (lim←−mCm))

∼= lim←−nH
i(Cn)

is bijective.

Further, if Rm⊗LΛC belongs to Dperf,0(Rm) for any given m, then lim←−nCn belongs to Dperf,0(R).

Proof. The conditions (a) and (b) imply that the general argument of [50, XV, p. 472 to the
end] applies to realise each Cn by a bounded complex Ĉ•

n of finitely generated Rn-modules with
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Ĉin = (0) if either i < a or i > b, Ĉin free for all i ̸= a and Ĉan of finite projective dimension,
and each isomorphism θn by an isomorphism of complexes θ̂n : Rn ⊗Rn+1 Ĉ

•
n+1
∼= Ĉ•

n in such a

way that the following condition is satsified. If (C̃•
n, θ̃n) is any other family of complexes and

isomorphisms that satisfy the same conditions, then there exists a family (ϕn : Ĉ
•
n → C̃•

n)n of
isomorphisms of complexes of Rn-modules with the property that, for every n, there exists a
commutative diagram of morphisms of complexes of Rn-modules

Ĉ•
n+1

��

ϕn+1
// C̃•
n+1

��

Ĉ•
n

ϕn
// C̃•
n

(2.30)

in which the first and second vertical morphism are respectively induced by θ̂n and θ̃n.
We next claim that each Rn-module Ĉan is projective, and hence free. To see this, we note that
for each p ∈ Spec(Rn), one has depthRn,p(Rn,p) = dim(Rn,p) = 0 (as Rn is Cohen–Macaulay), so

pdRn,p(Ĉ
a
n,p) = 0 (by the Auslander–Buchsbaum formula) and hence Ĉan,p is a free Rn,p-module.

It follows that Ĉan is a locally free Rn-module and hence projective, as claimed.
The limit C := lim←−nĈ

•
n with respect to the morphisms Ĉ•

n+1 → Rn ⊗Rn+1 Ĉ
•
n+1
∼= Ĉ•

n induced

by θ̂n is then a bounded complex of R-modules that is unique up to isomorphism in D(R)
(as a consequence of the diagrams (2.30)) and for which there exists for every n a natural
isomorphism Rn ⊗R C ∼= Ĉ•

n of complexes of Rn-modules.
We now claim that each term Ci = lim←−nĈ

i
n is a finitely generated free R-module, and hence

that C belongs to Dperf(R). To see this, we note each Rn-module Ĉin is finitely generated and
free and that each projection map Ĉin+1 → Rn ⊗Rn+1 Ĉ

i
n+1
∼= Ĉin is surjective and has kernel

(an/an+1)Ĉ
i
n+1. Thus, since an/an+1 is contained in the Jacobson radical of Rn+1, Nakayama’s

Lemma implies that each limit Ci = lim←−nĈ
i
n is finitely generated and free over R = lim←−nRn

with rkR(C
i) = rkRm(Ĉm) for any choice of m.

Next we note that each group H i(Cn) is finite and hence, since inverse systems of finite groups
satisfy the Mittag–Leffler condition, the first derived limit lim←−

(1)
n
H i(Cn) vanishes. From the

exact sequences 0 → lim←−
(1)
n
H i−1(Cn) → H i(C) → lim←−nH

i(Ĉn) → 0 we then deduce that the

natural maps H i(C)→ lim←−nH
i(Ĉn) = lim←−nH

i(Cn) are bijective, as claimed in (c).

It thus only remains to show that χR(C) = 0 if χRm(Rm ⊗LΛ C) = 0 for any given m. But this

is true, since, by the argument above, each R-module Ci is free of rank rkRm(Ĉ
i
m), whilst, as

Rm is Cohen–Macaulay, the Bass Cancellation Theorem [119, Th. I.2.3 (b)] combines with the
vanishing of χRm(Rm ⊗R C) = χRm(Ĉ

•
m) to imply that

∑
i∈Z(−1)irkRm(Ĉim) = 0.

We next record relations between the cohomology modules of complexes Cn as in Lemma 2.29.

(2.31) Lemma. Fix integers a and b with a < b and, for every natural number n, assume the
pair (Cn, θn) satisfies (a) and (b) in Lemma 2.29. Then the following claims are valid.

(i) Any choice of Rn+1-linear injection jn : Rn ↪→ Rn+1 of rings as in Lemma 2.8 induces
an isomorphism Ha(Cn+1)[an+1] ∼= Ha(Cn).

(ii) Each map θn+1 induces an isomorphism Hb(Cn+1)⊗Rn+1 Rn
∼= Hb(Cn).

Proof. We have seen in the proof of Lemma 2.29 that Cn+1 can be represented by a bounded
complex Ĉ•

n+1 of finitely generated free Rn+1-modules Ĉin+1 that are zero if i ̸∈ [a, b] and with

differentials ∂in+1 : Ĉ
i
n+1 → Ĉi+1

n+1. In particular, Ha(Cn+1) identifies with the kernel of ∂an+1
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and so we may construct a commutative diagram of the form

0 Ha(Cn+1)[an+1] Ĉan+1[an+1] Ĉa+1
n+1

0 Ha(Cn+1 ⊗LRn+1
Rn) Can+1 ⊗Rn+1 Rn Ca+1

n+1 ⊗Rn+1 Rn,

∂an+1

∂an+1

≃ ≃

where the first row is exact because (−)[an+1] is a left-exact functor, the two vertical isomorph-
isms are induced by our choice of identification jn : Rn ∼= Rn+1[an+1], and the second square
commutes because jn is Rn+1-linear. Since θn identifies Cn with Ĉ•

n+1 ⊗LRn+1
Rn, the dashed

arrow in the above diagram gives the isomorphism required to establish claim (i).
As for claim (ii), we note that Hb(Cn+1) identifies with the cokernel of ∂bn+1 because Ĉin+1

vanishes for i > b. Now, Cn ∼= Ĉ•
n+1⊗LRn+1

Rn via θn and so H1(Cn) can similarly be identified

with the cokernel of the map Ĉb−1
n+1⊗Rn+1Rn → Ĉbn+1⊗Rn+1Rn induced by ∂bn+1. Given this, (ii)

follows upon noting these two cokernels agree since (−)⊗Rn+1 Rn is a right-exact functor.

We finally prove a useful technical result concerning Tor-groups.

(2.32) Lemma. Let f : R → S be a morphism of rings satisfying (2.5), and assume that f
arises as the limit of commutative diagrams of finite rings of the form

Rn+1 Sn+1

Rn Sn.

fn+1

fn

Let (Mn)n∈N be a projective system of Rn-modules and set M := lim←−n∈NMn.

(i) For every n ∈ N such that Mn+1 is finitely presented as an Rn+1-module, the maps fn
and Mn+1 →Mn induce a natural map

Tor
Rn+1

1 (Mn+1, Sn+1)→ TorRn1 (Mn, Sn),

where we regard each Sn as an Rn-module via fn. Further, if fn+1 and fn are surjective
and the natural map Mn+1 ⊗Rn+1 Rn → Mn is bijective, then the cokernel of the above
map is isomorphic to the cokernel of the natural map

Tor
Rn+1

1 (Mn+1, Rn)→ Tor
Sn+1

1 (Mn+1 ⊗Rn+1 Sn+1, Sn). (2.33)

(ii) If all transition maps Mn+1 → Mn are surjective, and M is finitely presented as an
R-module, then there exists a canonical isomorphism

lim←−n∈NTorRn1 (Mn, Sn) ∼= TorR1 (M,S),

where the limit is defined with respect to the maps in (i).

Proof. At the outset we note that if R → S is a morphism of commutative Noetherian rings
and C is a perfect complex of R-modules, then one has a spectral sequence

Ei,j2 = TorR−i(H
j(C),S)⇒ Ei+j = H i+j(C ⊗LR S).

If C is acyclic outside degrees zero and one, this spectral sequence degenerates on its second
page to give an exact sequence

TorR2 (H
1(C),S) H0(C)⊗R S H0(C ⊗LR S) TorR1 (H

1(C),S) 0. (2.34)

Choose an Rn+1-free presentation P 0
n+1 → P 1

n+1 → Mn+1 → 0 of Mn+1, which we regard as a
perfect complex Pn+1 = [P 0

n+1 → P 1
n+1] in D(Rn+1), where P

0
n+1 is placed in degree zero. We

then obtain a commutative diagram of the form

H0(Pn+1)⊗Rn+1 Sn+1 H0(Pn+1 ⊗LRn+1
Sn+1) Tor

Rn+1

1 (Mn+1, Sn+1)

H0(Pn+1 ⊗LRn+1
Rn)⊗Rn Sn H0(Pn+1 ⊗LRn+1

Sn) TorRn1 (Mn+1 ⊗Rn+1 Rn, Sn).
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Here the first two vertical arrows are the natural maps, the first row is (2.34) applied with C =
Pn+1, R = Rn+1, and S = Sn+1, and the second row is (2.34) applied with C = Pn+1⊗LRn+1

Rn,
R = Rn, and S = Sn. Since the first square commutes, the dashed arrow now exists due
to exactness of the rows, and we define the map in claim (i) to be the composite of this
dashed arrow with the natural map TorRn1 (Mn+1 ⊗Rn+1 Rn, Sn)→ TorRn1 (Mn, Sn) induced by
Mn+1 ⊗Rn+1 Rn →Mn.
To complete the proof of (i), we assume that the maps fn+1 and fn are surjective and the map
Mn+1 ⊗Rn+1 Rn →Mn is bijective. In this case, the above diagram simplifies to give an exact
commutative diagram

H0(Pn+1) H0(Pn+1 ⊗LRn+1
Sn+1) Tor

Rn+1

1 (Mn+1, Sn+1)

H0(Pn+1 ⊗LRn+1
Rn) H0(Pn+1 ⊗LRn+1

Sn) TorRn1 (Mn, Sn)

Tor
Rn+1

1 (Mn+1, Rn) Tor
Sn+1

1 (Mn+1 ⊗Rn+1 Sn+1, Sn).
α

Here the exactness of the first two columns follows from an application of (2.34) with C = Pn+1,
R = Rn+1, and S = Sn, respectively C = Pn+1 ⊗LR Sn+1, R = Sn+1, and S = Sn, and α is the
natural map in (2.33). The final assertion of (i) is therefore obtained by applying the Snake
Lemma to this diagram.
To prove (ii), we fix an R-free presentation P 0 → P 1 → M → 0 and regard it as a complex
P = [P 0 → P 1] in D(R). Taking Pn+1 = P ⊗LR Rn+1 and Mn+1 = M ⊗R Rn+1 in the first
diagram above and passing to the limit over n leads to an exact sequence (because all appearing
modules are assumed to be finite) that forms the first row of the diagram

lim←−n∈NH
0(P ⊗LR Rn) lim←−n∈NH

0(P ⊗LR Sn) lim←−n∈NTorRn1 (Mn, Sn) 0

H0(P ) H0(P ⊗LR S) TorR1 (M,S) 0.

≃ ≃

Here the second row is (2.34) applied with C = P , R = R, and S = S, and the isomorphisms
are by Lemma 2.29. As a consequence, we deduce that the dashed arrow is an isomorphism.
For every n ∈ N, we now write Kn for the kernel of the map M ⊗R Rn → Mn (which is
surjective because the system (Mn)n∈N is assumed to have surjective transition maps). Since
all appearing modules in the exact sequence

TorRn1 (Kn, Sn) TorRn1 (M ⊗R Rn, Sn) TorRn1 (Mn, Sn) Kn ⊗Rn Sn

are finite, passing to the limit over n yields an exact sequence. To prove the isomorphism
claimed in (ii), it is therefore enough to show lim←−n∈NTorRn1 (Kn, Sn) and lim←−n∈N(Kn ⊗Rn Sn)
both vanish. To do this, we note that the limit over the mapsM⊗RRn →Mn is an isomorphism
(because M is finitely presented and each Rn is finite), and hence that lim←−n∈NKn vanishes.
We now fix m ∈ N, write gn for the map Kn → Km for every n ≥ m, and consider the group
of universal norms Um :=

⋂
n≥m gn(Kn) in Km. Since each Kn is finite, Um coincides with the

image of lim←−n∈NKn → Km (cf. [12, Lem. 3.10]), which implies that Um = (0). By finiteness of
Km, we can therefore fix an integer N with N ≥ m for which gN is the zero map. It follows that
also the maps TorRN1 (KN , SN ) → TorRm1 (Km, Sm) and KN ⊗RN SN → Km ⊗Rm Sm induced
by gN are both zero. As m was chosen arbitrarily, this proves the required vanishing of both
lim←−n∈NTorRn1 (Kn, Sn) and lim←−n∈N(Kn ⊗Rn Sn), thereby concluding the proof of (ii).

2.4.2. Quadratic resolutions

The class of complexes considered in the next result plays an important role in later arguments.
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(2.35) Lemma. Let C be an object of Dperf
[m,1](R) for some m ≤ 1 such that, for some m′ ∈ N0

and n′ ∈ N, the complex Rn′⊗LRC belongs to Dperf
[0,m′](Rn′). Then the following claims are valid.

(i) Rn ⊗LR C belongs to Dperf
[0,1](Rn) for all n ∈ N, and the integer a := χRn(Rn ⊗LR C) is

independent of n.

(ii) C is isomorphic in Dperf(R) to a complex of finitely-generated free R-modules P0
ϕ→ P1,

in which P0 occurs in degree 0 and one has χR(C) = rkR(P0)− rkR(P1) = a.

(iii) Let Y be a free R-module quotient of H1(C). Then the composite map

π : P1 → cok(ϕ) ∼= H1(C)→ Y

induced by (ii) induces an isomorphism of R-modules P1
∼= ker(π)⊕Y . In particular, the

R-module ker(π) is free of rank rkR(P1)− rkR(Y ).

Proof. Since C belongs to Dperf(R), it is clear that Cn := C ⊗LR R is in Dperf(Rn) for every
n. The same argument as for Lemma 2.31 (ii) moreover shows (under the given hypotheses)

that Hb(Cn) ∼= Hb(C) ⊗R Rn for b ∈ N, and hence that Cn belongs to Dperf
[mn,1]

(Rn) for some

mn ≤ 0. In addition, the assumption that Cn′ belongs to Dperf
[0,m′](Rn′) combines with the results

of Lemmas 2.31 (i) and 2.9 to imply that, for each a < 0 and every n ∈ N, the module Ha(Cn)

vanishes, as required to prove Cn belongs to Dperf
[0,1](Rn), as claimed in (i). The second assertion

of (i) being clear, we now define a complex

C̃ :=

{
C ⊕R⊕a[−1], if a ≥ 0,

C ⊕R⊕(−a)[0], if a < 0.

This complex belongs to Dperf
[m,1](R) and (i) implies that, for all n, Rn⊗LR C̃ belongs to Dperf

[0,1](Rn).

It is also clear that the validity of (ii) and (iii) for C̃ implies their validity for C. Hence, after
replacing C by C̃ if necessary, in the rest of the argument we will assume a = 0.
We first consider the case that R is finite and self-injective. Then, after fixing a surjective
map of R-modules τ : P → H1(C), with P finitely generated and free, the argument of [27,
Prop. A.11 (i)] proves the existence of a finitely generated R-module P ′ of finite projective

dimension such that C is isomorphic to P ′ ϕ−→ P and the induced map P → cok(ϕ) ∼= H1(C)
coincides with τ . Since the vanishing of χR(C) combines with the Bass cancellation theorem
[119, Th. I.2.3 (b)] to imply P ′ is isomorphic to P (just as in the argument of Lemma 2.29),
the claimed result is therefore true in this case.
To deal now with the general case, we fix a surjective map of R-modules τ : P → H1(C), with P
finitely generated and free and note that, as Y is free, the composite τ ′ of τ with the projection
H1(C)→ Y induces an isomorphism P ∼= ker(τ ′)⊕ Y . For each n, we set Pn := Rn ⊗R P and
Cn := Rn ⊗LR C and note H1(Cn) ∼= Rn ⊗R H1(C) since H i(C) = (0) for all i > 1. With τn
denoting the surjective map Pn → H1(Cn) induced by τ , we can then combine the argument

in the last paragraph with that of Lemma 2.29 to fix a resolution Pn
ϕn−→ Pn of Cn so that

the induced map Pn → cok(ϕn) ∼= H1(Cn) is τn and the isomorphism Rn ⊗LRn+1
Cn+1

∼= Cn in
D(Rn) is induced by the identification Rn ⊗Rn+1 Pn+1 = Rn ⊗R P = Pn. Setting ϕ := lim←−nϕn,

one can then check the complex P
ϕ−→ P is isomorphic in D(R) to C in such a way that the

induced map P → cok(ϕ) ∼= H1(C) coincides with τ = lim←−nτn. Given this, it is easily verified

that the complex P
ϕ−→ P has all of the required properties.

In the next two results, we record some useful consequences of the quadratic resolutions con-
structed in Lemma 2.35 (i). In both of these results, we fix data C and Y as in the last result,
we write X for the kernel of the (given) surjective homomorphism H1(C)→ Y and we set

r = rY,C := rkR(Y ) + χR(C).
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(2.36) Lemma. Fix i ∈ N0 such that i+ r ≥ 0. Then one has

Fitti+rR (H1(RHomR(C,R)[−1])) = FittiR(X)

and hence, if R is self-injective, also Fitti+rR (H0(C)∗) = FittiR(X).

Proof. By using Lemma 2.11 (iii), it is easily checked that the stated claims are valid if and
only if they are valid after replacing C by the complex C̃ used in the proof of Lemma 2.35.
In particular, since χR(C̃) = 0, in the sequel we shall assume χR(C) = 0, and hence that
r = rkR(Y ).
Now, since Y is free, there exists a (non-canonical) isomorphism of R-modules H1(C) ∼= X⊕Y
and so, by using Lemma 2.11 (iii) again, one finds that FittiR(X) = Fitti+rR (H1(C)). It therefore

suffices to prove that FittjR(H
1(RHomR(C,R)[−1])) = FittjR(H

1(C)) for each j ≥ 0.
To do this we note that, since χR(C) = 0, Lemma 2.35 (ii) implies that we can fix a resolution

of C of the form P
ϕ−→ P , with the first term placed in degree 0. We set n := rkR(P ) and

write A for the (n× n)-matrix representing ϕ with respect to a fixed choice of basis B for P .
Then FittjR(H

1(C)) can be computed as the ideal of R that is generated by the collection of
(n−j)×(n−j)-minors of A. We write b∗ : P → R for the ‘dual’ of b ∈ B and define a basis of P ∗

byB∗ := {b∗ | b ∈ B}. With respect to this choice of basis, the dual ϕ∗ : P ∗ → P ∗ is represented

by the transpose At of A. The complex RHomR(C,R)[−1] is represented by P ∗ ϕ∗−→ P ∗ so that
coker(ϕ∗) = H1(RHomR(C,R)[−1]), hence we deduce that FittjR(H

1(RHomR(C,R)[−1])) is
equal to the ideal of R generated by the (n − j) × (n − j)-minors of ι(At). Since the sets of
minors of A and At are in bijective correspondence, this proves FittjR(H

1(RHomR(C,R)[−1]))
is equal to FittjR(H

1(C)), and hence completes the proof of the first claim.
The second claim is then true since if R is self-injective, then HomR(−, R) is an exact functor
and so H1(RHomR(C,R)[−1]) = H0(C)∗.

(2.37) Lemma. Set rY := rkR(Y ). Then, if r > 0, the following claims are valid.

(i) Each choice of ordered basis b• of the (free) R-module Y gives rise to a canonical homo-
morphism of R-modules ϑC,b• : DetR(C)→

⋂r
RH

0(C).

(ii) Let R→ R′ be a surjective homomorphism of rings, with R′ as in § 2.1.2. Then the object
C ′ := R′⊗LRC of Dperf(R′) satisfies the conditions of Lemma 2.35 with R replaced by R′.
In addition, Y ′ := R′ ⊗R Y is a free R′-module quotient of H1(C ′) ∼= R′ ⊗R H1(C) of
rank rY , the image b′• of the basis b• in (i) is an ordered R′-basis of Y ′ and there exists
a canonical commutative diagram of R-module homomorphisms

DetR(C)
⋂r

R
H0(C)

DetR′(C ′)
⋂r

R′
H0(C ′).

ϑC,b•

πC,R′
⋂r
RπC,R′

ϑC′,b′•

Here πC,R′ is the canonical composite DetR(C) → R′ ⊗R DetR(C) ∼= DetR′(C ′) and the
map

⋂r
RπC,R′ is defined in the course of the proof below.

Proof. Set a := χR(C). Then, since r = rY +a > 0, the argument of Lemma 2.35 (ii) implies we

can fix a natural number n ≥ r such that C has a resolution P • of the form R⊕n ϕ−→ R⊕(n−r)⊕Y .
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Then rkR(R
⊕(n−r) ⊕ Y ) = n− a and we consider the composite homomorphism of R-modules

ϑP •,b• : DetR(P
•) =

(∧n

R
R⊕n)⊗R (∧n−a

R
(R⊕(n−r) ⊕ Y )

)∗
≃−→
(∧n

R
R⊕n)⊗R (∧n−r

R
R⊕(n−r))∗ ⊗R (∧rY

R
Y
)∗

≃−→
(∧n

R
R⊕n)⊗R∧n−r

R
(R⊕(n−r))∗

ϑϕ−→
⋂r

R
H0(C).

Here the first isomorphism is clear and the second is induced by the isomorphism
(∧rY

R Y
)∗ →

R that evaluates elements on
∧i=rY
i=1 bi and the canonical isomorphism

(∧n−r
R R⊕(n−r))∗ ∼=∧n−r

R (R⊕(n−r))∗. In addition, the map ϑϕ is defined by the condition that, for all a ∈
∧n
RR

⊕n

and fi ∈ (R⊕(n−r))∗, one has

ϑϕ
(
a⊗R ∧i∈[n−r]fi

)
= (−1)r(n−r) · (∧i∈[n−r](fi ◦ ϕ)

)
(a) ∈

∧r

R
R⊕n.

In particular, writing {b̃i}i∈[n−r] for the standard (ordered) basis of R⊕(n−r), the inclusion
im(ϑϕ) ⊆

⋂r
RH

0(C) follows by applying Lemma 2.17 (b) to the exact sequence

0→ H0(C)→ Rn
(b̃∗i ◦ϕ)i−−−−→

⊕
i∈[n−r]

R.

Here the sequence is induced by the fixed identification H0(C) ∼= ker(ϕ) after noting that im(ϕ)
is contained in the direct summand R⊕(n−r) of R⊕(n−r) ⊕ Y .
To prove that this construction only depends on the pair (C, b•), and hence complete the proof

of (i), we now fix an alternative representative P̃ • for C of the form R⊕n′ ϕ′−→ R⊕(n′−r) ⊕ Y
and use it to construct a map ϑ

P̃ •,b•
just as above. We can then fix a quasi-isomorphism

θ• : P̃ • → P • of complexes of R-modules with the property that H0(θ•) and H1(θ•) induce
the identity maps on H0(C) and H1(C). Then, if necessary after replacing P̃ • by its direct

sum with a complex R⊕m id−→ R⊕m for a suitable natural number m, we can assume that
the maps θ0 and θ1 are both surjective (without changing DetR(P̃

•)). Writing ker(θ•) for

the complex ker(θ0)
ϕ−→ ker(θ1), we thereby obtain a short exact sequence of complexes of R-

modules 0 → ker(θ•) → P̃ • θ•−→ P • → 0. This sequence implies firstly that ker(θ•) is acyclic
and then, by taking determinants, induces an isomorphism of R-modules

ι : DetR(P̃
•) ∼= DetR(ker(θ

•))⊗R DetR(P
•) ∼= DetR(P

•)

that is independent of the choice of θ•. By an easy diagram chase, one then checks that
ϑ
P̃ •,b•

= ϑP •,b• ◦ ι. This equality implies that the above construction gives a well-defined map

DetR(C)→
⋂r
RH

0(C) that only depends on C and the choice of basis b•, as required.
To prove (ii), we note that C ′ is represented by the complex R′⊗RP •. Given this representative,
all assertions of (ii) are clear except for the commutative diagram. To construct this diagram,
we note Lemma 2.17 (a) implies the existence of an exact commutative diagram of R-modules

0
⋂r

R
H0(C)

∧r

R
P P ⊗R

∧r−1

R
P

0
⋂r

R′
H0(C ′)

∧r

R′
P ′ P ′ ⊗R′

∧r−1

R′
P ′.

Here we set P = Rn ∼= Rn−r ⊕ Y and P ′ := R′ ⊗R P and the solid vertical arrows are the
natural projection maps. In particular, since the square in this diagram commutes, there
exists a dashed arrow that makes the entire diagram commutative. It is easily checked that
this dashed arrow is independent of the choice of representative P • of C and we denote it
by
⋂r
RπC,R′ . Given this explicit construction of

⋂r
RπC,R′ , and those of the maps ϑP •,b• and
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ϑR′⊗RP •,b′• in (i), it is then a straightforward exercise to check that the diagram given in (ii)
commutes, as required.

(2.38) Remark. For data C, b• and rY (= |b•|) as in Lemma 2.37, the map ϑC,b• has the
following additional properties.

(i) For any ordered basis b̃• of Y , define a matrix U = Ub̃•,b• in GLrY (R) by the condition b̃• =

U · b•. Then
∧
i∈[rY ]b̃i = det(U) ·

∧
i∈[rY ]bi and hence, by directly comparing the explicit

construction of ϑC,b̃• and ϑC,b• in Lemma 2.37 (i), one verifies that ϑC,b̃• = det(U) ·ϑC,b• .
(ii) If both R is reduced and χR(C) = 0, then an alternative description of the map ϑC,b• is

presented in [27, Prop. A.11].

3. Selmer structures, complexes, and modules

3.1. Galois cohomology

In this preliminary section we recall the definition, and basic properties, of some relevant Galois
cohomology complexes.

3.1.1. Definitions and conventions

Let R be a local complete Gorenstein ring with finite residue field of characteristic p as in
condition (2.5). (The constructions in this section can more generally be made for a ring that
satisfies the weaker condition (∗) in [46, § 1.4] but since it is sufficient for our purposes to work
under assumption (2.5), we shall do so in order to streamline exposition.)
Let (an)n∈N be the descending filtration of finite-index ideals of R from (2.6), which has the
property that the natural map R → lim←−n∈N(R/an) is an isomorphism. The discrete topology

on the finite rings R/an then naturally induces a topology on R. More generally, for any
finitely presented R-module M we have an isomorphism M → lim←−n∈N(M/anM) that allows
us to endow M with the inverse limit topology induced by the discrete topology on the finite
modules M/anM .
Let G be a topological group and let M be an R[G]-module. Following Nekovář [85, Def. 3.3.4]
we call an R[G]-module M ‘ind-admissible’ if it is equal to the union

⋃
N∈S (M)N with S (M)

the set of all R[G]-submodules N ⊆ M which are finitely presented as an R-module and on
which the action of G is continuous. For every ind-admissible R[G]-module M , we then define
the (inhomogenous) continuous cochains of degree i ≥ 0 as

C i(G,M) := lim−→N∈S (M)
Mapscont(G

⊕i, N),

and write C •(G,M) for the associated complex of (inhomogenous) continuous cochains (see,
for example, [86, Ch. I, § 2] for the definition of the differential for this complex). We write
RΓ(G,M) for the object of D(R) defined by the complex C •(G,M).
If F denotes a perfect field with algebraic closure F c and absolute Galois group GF :=
Gal(F c/F ), then we set

RΓ(F,M) := RΓ(GF ,M).

We also fix a number field k and an algebraic closure kc of k. If F is an extension of k in
kc, we write ΠF for the set of all places of F and Π∞

F and ΠℓF for each rational prime ℓ for
the subsets of ΠF comprising places that are respectively archimedean and ℓ-adic. We set
ΠRF := {q ∈ Π∞

F : Fq = R} and ΠCF := {q ∈ Π∞
F : Fq = C} (so Π∞

F = ΠRF ∪ ΠCF ), and will often
work under the following additional assumption on the pair (k, p).

If p = 2, then ΠRk = ∅. (3.1)
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Denote by Sram(M) ⊆ ΠF the subset of all places for which (a choice of) the inertia subgroup
acts non-trivially on the GF -module M , and set

S(M) := Π∞
F ∪ΠpF ∪ Sram(M).

If S ⊆ ΠF is a subset that contains Sram(M), then M is naturally acted upon by GF,S :=
Gal(FS/F ) with FS the maximal extension of F unramified outside SF , and we define

RΓ(OF,S ,M) := RΓ(GF,S ,M).

This notation is motivated by the fact that RΓ(F,M) and RΓ(OF,S ,M) coincide with the étale
cohomology complexes RΓ((SpecF )ét,M) and RΓ((SpecOF,S)ét,M) ifM defines an étale sheaf
on the étale site of SpecF (resp. of SpecOF,S).
In each degree i, we set H i(Λ,M) := H i(RΓ(Λ,M)) if Λ denotes either F or OF,S .
We furthermore define

C •
c (GF,S ,M) := cone

(
C •(GF,S ,M)

ι−→
⊕

v∈S
C •(GFv ,M)

)
[−1],

where ι denotes the natural restriction map, and write RΓc(OF,S ,M) for the corresponding
object of D(R) (which coincides with the complex of compact-support étale cohomology if M
defines an étale sheaf on SpecOF,S). In particular, in D(R) one has an exact triangle

RΓc(OF,S ,M)→ RΓ(OF,S ,M)
ι−→
⊕

qRΓ(Fq,M)→ . (3.2)

In each degree i, we then set

H i
c(OF,S ,M) := H i(RΓ(OF,S ,M)).

For a place q ∈ ΠF \Π∞
F , we write κq for its residue field and define a complex in D(R)

RΓf (Fq,M) := RΓ(κq,M
Gal(F cq /F

nr
q )),

where F nr
q denotes the maximal unramified extension of Fq in F c

q . In each degree i, we set

H i
f (Fq,M) := H i(RΓf (Fq,M)) =


H0(Fq,M), if i = 0,

ker(H1(Fq,M)→ H1(F nr
q ,M)), if i = 1,

(0), if i ∈ {0, 1}.
(3.3)

We also note the existence of a natural composite ‘inflation’ morphism in D(R)

ιM,q : RΓf (Fq,M)→ RΓ(Fq,M
Gal(F c

q /F
nr
q ))→ RΓ(Fq,M).

3.1.2. Some basic properties

The case that A is a projective R-module is of particular interest to us and we make much use
of the following general result.
For a finitely generated projective R-module P we write [P ]R for its class in K0(R). We also fix
an injective hull ER(k) of k and write (−)∨ := HomR(−, ER(k)) for the Matlis dual functor.

(3.4) Lemma. Assume R satisfies condition (2.5), let F be a number field, and let A be a
finite-rank free R-module endowed with a continuous action of GF such that S(A) is finite. If
S ⊆ ΠF is a finite set that contains S(A), then the following claims are valid.

(i) RΓc(OF,S , A) belongs to Dperf,0
[1,3] (R).

(ii) If q ∈ ΠF \ (Π∞
F ∪ΠpF ), then RΓ(Fq, A) belongs to Dperf,0

[0,2] (R).

(iii) If q ∈ ΠpF , then RΓ(Fq, A) belongs to Dperf
[0,2](R) and χR

(
RΓ(Fq, A)

)
= −[Fq : Qp] · [A]R.

(iv) If q ∈ ΠF \ S(A), then RΓf (Fq, A) belongs to Dperf,0
[0,1] (R).

(v) If (3.1) is valid, then RΓ(OF,S , A) belongs to Dperf
[0,2](R) and RΓ(Fq, A) belongs to D

perf
[0,0](R)

for each q ∈ Π∞
F .
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In the remainder of the result, we let Φ denote any one of the functors that sends A to
RΓc(OF,S , A), to RΓ(Fq, A) for q ∈ ΠF \Π∞

F , to RΓf (Fq, A) for q ∈ ΠF \ S(A), or, if (3.1) is
valid, either to RΓ(OF,S , A) or to RΓ(Fq, A) for q ∈ Π∞

F .

(vi) For any morphism R → R′ of rings satisfying (2.5), there exists a natural isomorphism
Φ(A)⊗LR R′ ∼= Φ(A⊗R R′) in D(R′).

(vii) For any morphism R → R′ of finite rings satisfying (2.5), there exists a natural iso-
morphism RHomR(R

′,Φ(A∨)) ∼= Φ(HomR(R
′, A∨)) in D(R′).

(viii) Lemma 2.29 gives rise to a well-defined object lim←−n∈NΦ(A/anA) of D(R) for which there

exists a natural isomorphism Φ(A)→ lim←−n∈NΦ(A/anA) in D(R).

Proof. Claims (i) – (vi) follow directly from the general results established by Flach in [40, § 4
and § 5] and by Fukaya and Kato in [46, Prop. 1.6.5].
We next prove claim (vii). Under the conditions of (vii), the functor Φ satisfies the assumptions
of [40, Prop. 3.1] with the algebra B in loc. cit. taken to be Zp[AutZp(A)]. It follows that there
exists a bounded complex P • of finitely generated projective B-modules such that Φ(A) ∼=
RHomB(P •, A) in D(R). By construction, RHomB(P •, A) is a complex of finitely generated
projective (hence also injective because R is self-injective) R-modules and so by definition
RHomR(R

′,Φ(A)) = RHomR(R
′,RHomB(P •, A)) in D(R′). To prove (vii), it is therefore

enough to construct an isomorphism in D(R′)

RHomR(R
′,RHomB(P •, A))→ RHomB(P •,HomR(R

′, A)). (3.5)

For this, we note that for any finitely generated projective B-module P , there exists a natural
isomorphism of R′-modules

HomR(R
′,HomB(P,A))

≃−→ HomB(P,HomR(R
′, A)), f 7→ (a 7→ (b 7→ f(b)(a))).

The map (3.5) is then induced by these isomorphisms with P taken to be each individual term
of the complex P •.
Finally, to prove (viii), we note that the family of complexes (Φ(A/anA))n satisfies the condi-
tions (a) and (b) of Lemma 2.29. Condition (a) is satisfied as a consequence of the respective
result of (i) – (v) and the existence of the required isomorphisms in (b) follows from (vi)
with (R → R′, A) taken to be the pairs (R/an+1 → R/an, A/an+1A). The construction of
Lemma 2.29 therefore gives a complex lim←−n∈NΦ(A/anA) in D(R). In addition, since Φ(A)

belongs to Dperf(R), we may fix a bounded complex P • of finitely generated projective R-
modules that is isomorphic to Φ(A) in D(R). Then, for each n, the isomorphism in (vi)
applied to R→ R/an implies that (R/an)⊗R P • is isomorphic to Φ(A/anA) in D(R/an). One
therefore obtains a composite isomorphism in D(R)

Φ(A) ∼= P • ∼= lim←−n∈N((R/an)⊗R P
•) ∼= lim←−n∈NΦ(A/anA),

in which the second isomorphism results from the fact each R-module P i is finitely generated
projective and the third is a consequence of the uniqueness assertion in Lemma 2.29.

To recall the relevant duality theorems for Galois cohomology, we write RΓTate(Fq, A) for the
standard complex computing Tate cohomology of A over GFq for q ∈ ΠRF , and then define an

object R̃Γc(OF,S , A) of D(R) by the triangle

R̃Γc(OF,S , A)→ RΓ(OF,S , A)
λS(A)−−−−→

⊕
q∈S

RΓTate(Fq, A)→ ·

with λS(A) the natural localisation morphism.

(3.6) Proposition. If R satisfies (2.5) and A is a finitely generated free R-module, then the
following claims are valid.

(i) For each q ∈ ΠF \Π∞
F , there are canonical isomorphisms in D(R)

RHomR(RΓ(Fq, A
∗(1)), R)[−2] ∼= RΓ(Fq, A) ∼= RHomR(RΓ(Fq, A

∨(1), R)), ER(k))[−2].
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(ii) There exist canonical isomorphisms in D(R)

RHomR(R̃Γc(OF,S , A∗(1)), R)[−3] ∼= RΓ(OF,S , A) ∼= RHomR(R̃Γc(OF,S , A∨(1)), ER(k))[−3].

Proof. Since R is assumed to be Gorenstein, it is its own dualising module (cf. [7, Th. 3.3.7 (a)]).
Given this fact, the isomorphisms in (i) and (ii) are respectively proved in [85, Th. 5.2.6 and
§ 5.7.5] (see also [18, § 5.1, Lem. 12 b)] for the first isomorphism in (ii)).

3.2. Selmer structures of Neková̌r and of Mazur–Rubin

Throughout this section, we fix a ring R satisfying (2.5) and an ind-admissible R[Gk]-module
A for which S(A) is finite.

3.2.1. Neková̌r–Selmer structures

(3.7)Definition. A ‘Nekovář(–Selmer) structure’ F on A comprises

• a finite set S(F ) of places of k that contains S(A), and

• for each q ∈ Πk, a morphism in D(R)

RΓF (kq, A)
θF,q−−−→ RΓ(kq, A),

with (
RΓF (kq, A), θF ,q

)
:=
(
RΓf (kq, A), ιA,q

)
for all q ∈ Πk \ S(F ).

We write RΓ/F (kq, A) for the mapping cone of θF ,q and in each degree i set

H i
F (kq, A) := H i

(
RΓF (kq, A)

)
and H i

/F (kq, A) := H i
(
RΓ/F (kq, A)

)
.

(3.8)Definition. The ‘Selmer complex’ associated to a Nekovář structure F on A is the object
RΓF (k,A) of D(R) that is defined (up to isomorphism) via the existence of an exact triangle

RΓF (k,A)→ RΓ(Ok,S(F ), A)⊕
⊕

q∈S(F )
RΓF (kq, A)

(ιS(F),(θF,q)q)−−−−−−−−−−→
⊕

q∈S(F )
RΓ(kq, A)→ ·

(3.9)
in which ιF is the diagonal localisation map. In each degree i we set

H i
F (k,A) := H i

(
RΓF (k,A)

)
.

We also say that F is ‘perfect’ if RΓF (k,A) belongs to Dperf(R).

(3.10) Remark. The definition of RΓF (k,A) given in Definition 3.8 specifies it only up to
non-unique isomorphism in D(R). However, in all examples that are relevant to this article, the
structure F is given by data on the level of complexes so that the associated Selmer complex
can be explicitly defined via a mapping cone construction.

The Octahedral axiom implies that the exact triangle (3.9) is equivalent to an exact triangle

RΓF (k,A)→ RΓ(Ok,S(F ), A)
ι′
S(F)−−−→

⊕
q∈S(F )

RΓ/F (kq, A)→ · (3.11)

in D(R) in which the morphism ι′S(F ) is induced by ιS(F ). The following notion allows us to
extend this observation.

(3.12)Definition. Let F and F ′ be Nekovář structures on A. Then we say that F ′ ‘is a
refinement of’ (or, more simply, ‘refines’) F , to be written as F ′ ≤ F , if for each q ∈ Πk
there exists a specified morphism

jF ′,F ,q : RΓF ′(kq, A)→ RΓF (kq, A)

in D(R) with the following properties: θF ′,q = θF ,q ◦ jF ′,F ,q and, if q /∈ S(F ′) ∪ S(F ), then
jF ′,F ,q is the identity morphism RΓf (kq, A) → RΓf (kq, A). If F ′ is a refinement of F , then
for each q ∈ Πk we write RΓF/F ′(kq, A) for the mapping cone of jF ′,F ,q.
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(3.13) Lemma. The following claims are valid for any Nekovář structure F on A.

(i) If S is any finite subset of Πk with S(F ) ⊆ S, then there exists an exact triangle in D(R)

RΓF (k,A)→ RΓ(Ok,S , A)⊕
⊕

q∈S
RΓF (kq, A)

(ιS ,(θF,q)q)−−−−−−−→
⊕

q∈S
RΓ(kq, A)→ ·

in which ιS is the diagonal localisation map

(ii) Let F ′ be a refinement of F . Then there exists a canonical exact triangle in D(R)

RΓF ′(k,A)→ RΓF (k,A)→
⊕

q∈S(F ′)∪S(F )
RΓF/F ′(kq, A)→ ·

(iii) If A is a finite-rank free R-module, then F is perfect if and only if, for every q in S(F ),
the complex RΓF (kq, A) belongs to Dperf(R). If this is the case, then in K0(R) one has

χR
(
RΓF (k,A)

)
=
∑

q∈S(F )
χR
(
RΓF (kq, A)

)
.

(iv) If either i < 0 or i > 3, then H i
F (k,A) =

⊕
q∈S(F )H

i
F (kq, A). The same equality is valid

for i = 3 if A is a finitely generated free R-module and there exists a place q0 ∈ S(F )\ΠRk
for which H2(θF ,q0) is bijective.

Proof. For a finite subset Σ of Πk we write CΣ(A), C
f
Σ(A) and C

F
Σ (A) for the respective direct

sums over q ∈ Σ of the complexes RΓ(kq, A),RΓf (kq, A) and RΓF (kq, A). We then recall
that, for any finite subsets S′ and S with S(A) ⊆ S′ ⊆ S, there exists a canonical ‘inflation-
restriction’ exact triangle in D(R)

RΓ(Ok,S′ , A)
ιS′,S(A)−−−−−→ RΓ(Ok,S , A)⊕ CfS\S′(A)

(ι′
S′,S ,(ιq,A)q)−−−−−−−−→ CS\S′(A)→ (3.14)

in which ι′S′,S is the canonical localisation morphism.
To prove (i) we assume S′ = S(F ) and consider the following diagram in D(R)

RΓ(Ok,S′ , A)⊕ CF
S′ (A) //

(ιF ,(θF,q)q)

��

(
RΓ(Ok,S , A)⊕ CfS\S′(A)

)
⊕ CF

S′ (A) //

((ιS ,(ιq,A)q),(θF,q)q)

��

CS\S′(A) // .

CS′(A) // CS(A) // CS\S′(A) // .

Here the upper row is the exact triangle induced by (3.14) and the lower row is the canonical

exact triangle. In addition, because CfS\S′(A) = CF
S\S′(A) (since S′ = S(F )), the central

vertical map agrees with (ιS , (θF ,q))q) where q runs over S, and the diagram commutes. The
Octahedral axiom therefore implies that the mapping fibres of the first and second vertical
morphisms are canonically isomorphic in D(R) and this implies (i).
To prove (ii) we set S := S(F ′) ∪ S(F ) and consider the following diagram in D(R)

RΓF ′(k,A) // RΓ(Ok,S , A)⊕ CF ′
S (A)

(ιS ,(θF′,q)q)
//

(id,(jF′,F,q)q)

��

CS(A) // .

RΓF (k,A) // RΓ(Ok,S , A)⊕ CF
S (A)

(ιS ,(θF,q)q)
// CS(A) // .

Here the two rows are the exact triangles obtained from (i) and the square commutes by choice
of the morphisms jF ′,F ,q. In particular, the Octahedral axiom implies both that the diagram
can be completed to give a morphism of exact triangles and hence that there exists an exact
triangle as stated in (ii).
We note next that the exact triangle (3.2) defining RΓc(Ok,S , A) combines with the exact
triangle in (i) (with S = S(F )) to imply, via the Octahedral axiom, the existence of an exact
triangle in D(R)

RΓc(Ok,S , A)→ RΓF (k,A)→
⊕

q∈S
RΓF (kq, A)→ . (3.15)
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Given this triangle, both (iii) and the first assertion of (iv) follow directly from the result of
Lemma 3.4 (i). To prove the second assertion of (iv) we note that the long exact cohomology
sequence of the last displayed triangle gives an exact sequence⊕

q∈S
H2

F (kq, A)
γ−→ H3

c (Ok,S , A)→ H3
F (k,A)→

⊕
q∈S

H3
F (kq, A)→ H4

c (Ok,S , A) = (0).

It is therefore enough to show that the stated hypothesis implies γ is surjective. This is true,
since the compatibility of local and global duality (as respectively expressed by the second
isomorphisms in Proposition 3.6 (i) and (ii)) identifies the composite map

H2(kq0 , A)
H2(θF,q0

)−1

−−−−−−−−→ H2
F (kq0 , A) ⊆

⊕
q∈S

H2
F (kq, A)

γ−→ H3
c (Ok,S , A)

with the Matlis-dual of the inclusion map H0(Ok,S , A∨(1)) → H0(kq0 , A
∨(1)). In particular,

since the latter map is injective, its Matlis duals is surjective, as claimed.

(3.16) Example. (Greenberg–Nekovář structures) Fix a finite subset S of Πk with S(A) ⊆ S
and assume to be given, for each q ∈ S, an ind-admissible R[Gkq ]-module Aq for which there
exists a morphism jq : Aq → A of R[Gkq ]-modules. Then one obtains a Nekovář structure
F = F ((Aq, jq)q∈S) with S(F ) := S by setting(

RΓF (kq, A), θF ,q
)
:=
(
RΓ(kq, Aq),RΓ(kq, jq)

)
for all q ∈ S.

This approach is discussed more fully in [85, § 7.8], and the following examples will play a key
role in subsequent arguments.

(i) The ‘relaxed’ Nekovář structure Frel = Frel(A,S) for A and S. One has S(Frel) = S
and, for each q ∈ S, sets(

RΓFrel
(kq, A), θFrel,q

)
:=
(
RΓ(kq, A), id

)
.

Hence RΓFrel
(k,A) = RΓ(Ok,S , A) and so Lemma 3.4 (v) implies that Frel is perfect if A

is a free R-module of finite rank and (3.1) is satisfied.

(ii) The ‘canonical’ Nekovář structure Fcan = Fcan(A,S) for A and S refines Frel(A,S).
One has S(Fcan) = S and for q ∈ S sets(

RΓFcan(kq, A), θFcan,q

)
:=

{(
RΓf (kq, A), ιA,q

)
, if q ∈ S \ (Π∞

k ∪Πpk)(
RΓ(kq, A), id

)
, if q ∈ Π∞

k ∪Πpk.

In particular, if A is a free R-module of finite rank, then Lemma 3.13 (iii) combines with
Lemma 3.4 (ii) and (iv) to imply Fcan is perfect if and only if, for each q ∈ Π∞

k , the
Gkq-module A is cohomologically-trivial and the R-module H0(kq, A) is projective and,
for each q ∈ S(A) \ (Π∞

k ∪Πpk), the complex RΓf (kq, A) belongs to D
perf(R).

(iii) The ‘strict’ Nekovář structure Fstr = Fstr(A,S) for A and S refines Fcan(A,S), and
hence also Frel(A,S). One has S(Fstr) = S and for q ∈ S sets(

RΓFstr(kq, A), θFstr,q

)
:=
(
0, 0
)
.

One therefore has RΓFstr(k,A) = RΓc(Ok,S , A) and so Lemma 3.4 (i) implies Fstr is
perfect if A is a free R-module of finite rank.

The approach of Example 3.16 does not encompass all Nekovář structures of arithmetic interest.
For instance, if S is a finite subset of Πk with S(A) ⊆ S, then the specification for each
q ∈ S of a projective R-submodule Xq of H1(kq, A) determines a perfect Nekovář structure
F = F ((Xq)q) with S(F ) = S and, for each q ∈ S, RΓF (kq, A) = Xq[−1] and θF ,q the unique
morphism Xq[−1] → RΓ(kq, A) in D(R) for which H1(θF ,q) is the inclusion Xq ⊆ H1(kq, A).
In particular, this construction incorporates the ‘perfect Selmer structures’ introduced in [24,
§ 2] in order to study refined versions of the Birch and Swinnerton-Dyer Conjecture for abelian
varieties over number fields.
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There are also several natural ways in which a given Nekovář structure F on A gives rise to
further structures. In § 3.3 we will discuss natural notions of ‘dual’ Nekovář structure. To end
this section, we record several other constructions that are also important for our approach.

(3.17) Example. (Σ-modifications) Let Σ be a finite subset of Πk. Then the ‘Σ-modification’
FΣ and ‘Σ-comodification’ FΣ of F are the Nekovář structures on A that are specified as
follows: S(FΣ) = S(FΣ) := S(F ) ∪ Σ; for q ∈ S(F ), one has

(RΓFΣ
(kq, A), θFΣ,q) = (RΓFΣ(kq, A), θFΣ,q) := (RΓF (kq, A), θF ,q);

for q ∈ Σ \ S(F ), one has

(RΓFΣ
(kq, A), θFΣ,q) := (0, 0) and (RΓFΣ(kq, A), θFΣ,q) := (RΓ(kq, A), id).

If Σ = ∅, then FΣ = FΣ = F . In general, FΣ refines F and Lemma 3.13 (ii) gives an exact
triangle in D(R)

RΓFΣ
(k,A)→ RΓF (k,A)→

⊕
q∈Σ\S(F )

RΓf (kq, A)→ · (3.18)

In addition, by comparing the exact triangles in Lemma 3.13 (i) for F and FΣ (and with S
taken to be S(F ) ∪ Σ in both cases), one finds that local Tate duality (Theorem 3.6 (i)) for
each q ∈ Σ \ S(F ) gives rise to an exact triangle in D(R)

RΓF (k,A)→ RΓFΣ(k,A)→
⊕

q∈Σ\S(F )
RΓf (kq, A

∨(1))∨[−2]→ ·

These two displayed exact triangles combine with Lemma 3.4 (ii) to imply that F is perfect
if and only if FΣ and FΣ are both perfect. As a concrete example, if F is the relaxed
structure Frel = Frel(A,S) from Example 3.16 (i), then one has RΓFrel

(k,A) = RΓ(Ok,S , A).
In particular, if Σ∩ S = ∅, then the exact triangle (3.18) implies that RΓFrel,Σ

(k,A) coincides
with the ‘Σ-modified étale cohomology’ complexes RΓΣ(Ok,S , A) used in [25] and [27]. In the
case A = Zp(1) such constructions were first used by Gross [49] and Rubin [95] in the context
of Stark’s conjectures (see also [96, Ch. IX, § 5]).

(3.19) Example. (Induced structures)

(i) If ι : A′ → A is a homomorphism of continuous R[Gk]-modules, then F induces a Nekovář
structure ι∗(F ) on A′ as follows. One has S(ι∗(F )) := S(F ); for q ∈ S(F ) one defines
RΓι∗(F )(kq, A

′) via the exact triangle in D(R)

RΓι∗(F )(kq, A
′)→ RΓ(kq, A

′)⊕ RΓF (kq, A)
(RΓ(kq,ι),θF,q)−−−−−−−−−→ RΓ(kq, A)→,

and takes θι∗(F ),q to be the morphism induced by the first morphism in this triangle.
When the map ι is clear from context, we will write FA′ in place of ι∗(F ).

(ii) If j : A→ A′ is a homomorphism of continuous R[Gk]-modules, then F induces a Nekovář
structure j∗(F ) on A′ as follows. One has S(j∗(F )) := S(F ); for q ∈ S(F ), one defines
RΓj∗(F )(kq, A

′) to be RΓF (kq, A) and θj∗(F ),q to be the composite RΓ(kq, j)◦θF ,q. When
the map ι is clear from context, we will write FA′ in place of j∗(F ).

(iii) Fix a morphism of rings R → R′ satisfying (2.5). Assume A is a finitely generated free
R-module and that condition (3.1) is valid. Then, for every place q ∈ Πk, there exists a
natural isomorphism RΓ(kq, A) ⊗LR R′ ∼= RΓ(kq, A ⊗R R′) in D(R′) (cf. Lemma 3.4 (vi))
and so one can specify a Nekovář structure F ⊗R R′ on A ⊗R R′ as follows. One has
S(F ⊗R R′) := S(F ); for q ∈ S(F ), one sets

RΓF⊗RR′(kq, A⊗R R′) := RΓF (kq, A)⊗LR R′

and takes θF⊗RR′,q to be the following composite morphism in D(R′)

RΓF⊗RR′(kq, A⊗R R′)
θF,q⊗LRR

′

−−−−−−→ RΓ(kq, A)⊗LR R′ ∼= RΓ(kq, A⊗R R′).
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(iv) Assume the same conditions as in (iii) and fix finite subsets S and Σ of Πk with S(A) ⊆ S
and S∩Σ = ∅. Then, for the structures defined in Examples 3.16 and 3.17, Lemma 3.4 (vi)
implies that the corresponding induced structures Frel(A,S)Σ ⊗R R′,Frel(A,S)

Σ ⊗R R′,
Fstr(A,S)Σ ⊗R R′ and Fstr(A,S)

Σ ⊗R R′ respectively identify with Frel(A ⊗R R′, S)Σ,
Frel(A⊗R R′, S)Σ,Fstr(A⊗R R′, S)Σ and Fstr(A⊗R R′, S)Σ.

For the induced structures defined in the last example, one has the following useful ‘control
theorems’ for Selmer complexes.

(3.20) Proposition. Assume condition (3.1) is valid, and let F be a Nekovář structure on a
finitely generated free R-module A. Then the following claims are valid.

(i) For every morphism R → R′ of rings satisfying (2.5) one has a natural isomorphism
RΓF (k,A)⊗LR R′ ∼= RΓF⊗RR′(k,A⊗R R′) in D(R′).

(ii) Let R be a finite ring satisfying (2.5) and I ⊆ R an ideal. Then one has a natural
isomorphism RHomR(R/I,RΓF (k,A)) ∼= RΓFA[I]

(k,A[I]) in D(R/I).

(iii) Assume F is perfect and, for n ∈ N, set An := A ⊗R (R/an) and Fn := F ⊗R (R/an).
Then Lemma 2.29 defines an object lim←−n∈NRΓFn(k,An) of D

perf(R) that is naturally iso-

morphic to RΓF (k,A). Hence, in each degree i, one has H i
F (k,A) = lim←−n∈NH

i
Fn

(k,An).

Proof. The mapping cone of a morphism in D(R′) is unique up to ismorphism. Hence, given
the explicit definition of each complex RΓF⊗RR′(kq, A ⊗R R′) and morphism θFA⊗RR′ ,q, the

isomorphism in (i) results directly by comparing the triangles (3.15) for the structures F and
FA⊗RR′ and taking account of the isomorphisms in Lemma 3.4 (vi).
The isomorphism in (ii) is obtained by a similar application of Lemma 3.4 (vii) with R′ = R/I.
To prove (iii), the fact F is perfect allows us to fix a bounded complex P • of finitely generated
projective R-modules that is isomorphic in D(R) to RΓF (k,A). We then fix integers a and b
with a < b and P i = (0) if either i < a or i > b. Then by applying the isomorphism in (i) to
the morphism R → R/an, respectively R/an+1 → R/an, we deduce RΓFn(k,A/anA) belongs

to Dperf
[a,b](R/an), respectively that there exists an isomorphism in D(R/an)

RΓFn+1(k,An+1)⊗LR/an+1
R/an ∼= RΓFn(k,An).

The hypotheses of Lemma 2.29 are therefore satisfied in this case so that lim←−n∈NRΓFn(k,An)

is well-defined and isomorphic in D(R) to RΓF (k,A) ∼= P • by the uniqueness assertion of the
latter result. This isomorphism then induces an identification H i

F (k,A) = lim←−n∈NH
i
Fn

(k,An)

in each degree i since all modules P j/an and Hj
Fn

(k,An) are finite and inverse limits are exact
on the category of finite abelian groups.

(3.21) Remark. The isomorphisms in Proposition 3.20 (i) and (ii) respectively give rise to
convergent spectral sequences

Ei,j2 = TorR−i(H
j
F (k,A), R′) ⇒ Ei+j = H i+j

FA⊗RR′
(k,A⊗R R′),

Ei,j2 = ExtiR(R/I,H
j
F (k,A)) ⇒ Ei+j = H i+j

FA[I]
(k,A[I]).

In particular, if H0
F (k,A) vanishes, then the latter spectral sequence induces an isomorphism

H1
F (k,A)[I] ∼= H1

FA[I]
(k,A[I]). This observation is the natural analogue for Nekovář structures

of the result of [25, Cor. 3.8].

3.2.2. Mazur–Rubin–Selmer structures

(3.22)Definition. A ‘Mazur–Rubin(–Selmer) structure’ F on A comprises

• a finite set S(F) of places of k that contains S(A), and
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• for each q ∈ Πk, an R-submodule

H1
F (kq, A) ⊆ H1(kq, A)

of H1(kq, A), with

H1
F (kq, A) := H1

f (kq, A) for all q ∈ Πk \ S(F),
where the group H1

f (kq, A) is as defined in (3.3).

A Mazur–Rubin structure F ′ on A ‘refines’ F , written F ′ ≤ F , if S(F) ⊆ S(F ′) and for each
q ∈ Πk one has H1

F ′(kq, A) ⊆ H1
F (kq, A).

The link between these structures and Nekovář structures is as follows.

(3.23) Lemma. The following claims are valid.

(i) A Nekovář structure F on A induces a canonical Mazur–Rubin structure h(F ) on A. If
F ′ is a Nekovář structure that refines F , then h(F ′) refines h(F ).

(ii) Let F be a Mazur–Rubin structure on A. Then there exists a Nekovář structure F on A
for which h(F ) = F , S(F ) = S(F) and RΓF (kq, A) = H1

F (kq, A)[−1] for all q ∈ S(F).
These conditions determine F uniquely if and only if, for every q in S(F), the group
Ext1R(H

1
F (kq, A),H

0(kq, A)) vanishes.

Proof. Fix a Nekovář structure F on A. Then one obtains a well-defined Mazur–Rubin struc-
ture h(F ) by setting

S(h(F )) = S(F ) and H1
h(F )(kq, A) := im(H1(θF ,q)) for all q ∈ Πk.

With this definition, it is also immediately clear that h(F ′) ≤ h(F ) if F ′ ≤ F , as required to
prove (i).
To prove (ii), we use for each q in S(F) the convergent cohomological spectral sequence

Ep,q2 =
∏

t∈Z
ExtpR(H

t(H1
F (kq, A)[−1])),Hq+t(RΓ(kq, A)))

⇒ Hp+q(RHomR(H
1
F (kq, A)[−1],RΓ(kq, A)))

from [115, III, 4.6.10]. Since H1
F (kq, A)[−1] is acyclic outside degree 1, this spectral sequence

converges to give a short exact sequence

0→ Ext1R(H
1
F (kq, A),H

0(kq, A))→ HomD(R)(H
1
F (kq, A)[−1],RΓ(kq, A))

ϕ7→H1(ϕ)−−−−−−→ HomR(H
1
F (kq, A),H

1(kq, A))→ 0.

We may therefore choose a morphism ϕq : H
1
F (kq, A)[−1] → RΓ(kq, A) in D(R) for which

H1(ϕq) is the inclusion H
1
F (kq, A)→ H1(kq, A). In particular, if we define F to be the Nekovář

structure with S(F ) = S(F) and, for each q ∈ S(F), both RΓF (kq, A) = H1
F (kq, A)[−1]

and θF ,q = θq, then it is clear h(F ) = F . It is also clear from the displayed exact se-
quence that, given F , a Nekovář structure with these conditions is unique if and only if
Ext1R(H

1
F (kq, A),H

0(kq, A)) vanishes for all q in S(F).

(3.24) Example. Fix a finite subset S of Πk with S(A) ⊆ S.
(i) The relaxed Selmer structure Frel = Frel(A,S) for A and S defined in [26, Exam. 2.4] is

equal to h(Frel(A,S)). In particular, one has S(Frel) = S and H1
Frel

(kq, A) = H1(kq, A)
for all q ∈ S.

(ii) The canonical Selmer structure Fcan = Fcan(A,S) for A and S defined in [79, Def. 3.2.1]
is equal to h(Fcan(A,S)). In particular, one has S(Fcan) = S and

H1
Fcan

(kq, A) =

{
H1
f (kq, A), if q ∈ S \ (Π∞

k ∪Πpk),

H1(kq, A), if q ∈ Π∞
k ∪Πpk.
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(iii) If R is a Zp-order, then the unramified Selmer structure Fur = Fur(A,S) for A and S is
a refinement of Fcan(A) defined in [81, Def. 5.1]. One has S(Fur) = S and for q ∈ S sets

H1
Fur

(kq, A) :=

{
H1

Fcan
(kq, A), if q ∈ S \Πpk,(⋂

LCorL/kq(H
1(L,A))

)sat
, if q ∈ Πpk,

where in the intersection L runs over all finite unramified extensions of kq, and we write
Xsat for the saturation of a subgroup X of H1(kq, A). In particular, if R is a discrete
valuation ring, then [81, Cor. 5.3] shows that Fur(A) coincides with Fcan(A) if and only
if H0(kq, A

∨(1)) is finite for every q ∈ Πpk.

(iv) Let A′ be a submodule, respectively quotient, of the R[Gk]-module A. Then, by [79,
Exam. 1.3.3 and 2.17], a Mazur–Rubin structure F on A induces the Mazur–Rubin struc-
ture FA′ on A′ with S(FA′) := S(F) and, for each q ∈ S(F),

H1
FA′ (kq, A

′) := ker(H1(kq, A
′)→ H1

/F (kq, A),

respectively

H1
FA′ (kq, A

′) := im(H1
F (kq, A)→ H1(kq, A

′)).

If F is a Nekovář structure on A such that h(F ) = F , then, in the respective notation
of Example 3.19 (i) and (ii), one has in both cases FA′ = h(FA′).

(3.25) Remark. If A′ is a quotient of the R[Gk]-module A then, for the following sorts of
reasons, care is needed in the use of induced structures in the sense of Example 3.24 (iv).

(i) Whilst, in some cases, the induced structure Fcan(A)A′ coincides with Fcan(A
′), it is in

general strictly finer (cf. [96, Lem. 3.5], [79, Prop. 6.2.6]).

(ii) Let R → R′ be a surjective morphism of rings satisfying (2.5), and write A′ for the
corresponding quotient A⊗RR′ of A. Assume A is a free R-module, let F be a Nekovář
structure on A and recall the Nekovář structure F ⊗RR′ on A′ defined (under condition
(3.1)) in Example 3.19 (iii). Then one has h(F )A′ ≤ h(F ⊗R R′) and, in general, this
refinement is strict. For example, in contrast to the situation for Nekovář structures
themselves (cf. Example 3.16 (iv)), the latter refinement is usually strict in the case that
F is a relaxed Nekovář structure.

To each Mazur–Rubin structure one associates a Selmer module as follows.

(3.26)Definition. Let F be a Mazur–Rubin structure on A. For q ∈ Πk, we write H1
/F (kq, A)

for the quotient module H1(kq, A)/H
1
F (kq, A). The Selmer module H1

F (k,A) of F is then defined
to be the kernel of the natural localisation map

H1(Ok,S(F), A)
λ(F)−−−→

⊕
q∈S(F)

H1
/F (kq, A).

If S is any finite subset of Πk with S(F) ⊆ S, then the argument of Lemma 3.13 (i) implies
H1

F (k,A) is also equal to the kernel of the localisation map

λS(F) : H1(Ok,S , A)→
⊕
q∈S

H1
/F (kq, A).

To describe the link between the Selmer complex of a Nekovář structure F on A and the
Selmer module of the Mazur–Rubin structure h(F ), we use, for each finite subset S of Πk, the
canonical diagonal map

λ0S(F ) : H0(k,A)→
⊕
q∈S

H0(kq, A)

im(H0(θF ,q))
. (3.27)

(This is a natural analogue in degree zero of the map λS(h(F )).)
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(3.28) Lemma. For each Nekovář structure F on A the following claims are valid.

(i) There exist canonical short exact sequences of R-modules

0
⊕

q∈S(F )
ker(H0(θF ,q)) H0

F (k,A) ker(λ0S(F )(F )) 0

0 H1
h(F )(k,A)

∨ H1
F (k,A)∨ ker(λ0S(F )(F )∨) 0.

(ii) If S and S′ are finite subsets of Πk with S′ ⊆ S, then there exists a canonical exact
sequence of R-modules

0→ ker(λ0S\S′(F )∨)→ ker(λ0S(F )∨)
α−→
⊕
q∈S′

(
H0(kq, A)

im(H0(θF ,q))

)∨
→ cok(λ0S\S′(F )∨)→ 0.

Proof. To prove (i) we abbreviate S(F ) to S. We then note that F refines the relaxed structure
Frel defined in Example 3.16 (i), and hence that the long exact cohomology sequence of the
exact triangle of Lemma 3.13 (ii) for the pair (F ,Frel) gives an exact commutative diagram

H i−1(Ok,S , A)
⊕

H i−1(Cq) H i
F (k,A) H i(Ok,S , A)

⊕
H i(Cq)

H i−1(Ok,S , A)
⊕ H i−1(kq, A)

im(H i−1(θF ,q))
H i(Ok,S , A)

⊕ H i(kq, A)

im(H i(θF ,q))
λi−1

(βi−1
q )q

λi

(βiq)q

Here all direct sums run over q ∈ S and for such q we set Cq := RΓFrel/F (kq, A) = RΓ/F (kq, A)
and write βiq for the injective map induced by the long exact cohomology sequence of the
tautological exact triangle RΓF (kq, A) → RΓ(kq, A) → Cq → ·. In addition, λi denotes the
natural localisation map so that λ0 = λ0S(F ) and λ1 = λS(h(F )).
Now H−1(Ok,S , A) = (0) and, for each q, also H−1(Cq) = ker(H0(θF ,q)) since H−1(kq, A) =
(0). Given these facts, the exactness of the above diagram with i = 0, respectively i = 1,
directly gives the first exact sequence in (i), respectively a short exact sequence

0→ cok(λ0S(F ))→ H1
F (k,A)→ H1

h(F )(k,A)→ 0. (3.29)

The second exact sequence in (i) is then obtained as the Matlis dual of the latter sequence.
The exact sequence in (ii) is directly obtained by applying the Snake Lemma to the obvious
exact commutative diagram

ker(λ0S\S′(F )∨) �
�

//

� _

��

(⊕
q∈S\S′

H0(kq,A)
im(H0(θF,q))

)∨ λ0
S\S′ (F )∨

// //

� _

��

im(λ0S\S′(F )∨)
� _

��

ker(λ0S(F )∨) �
�

//

(⊕
q∈S

H0(kq,A)
im(H0(θF,q))

)∨ λ0S(F )∨
// //

����

H0(k,A)∨

(⊕
q∈S′

H0(kq,A)
im(H0(θF,q))

)∨
.

Let F be a Mazur–Rubin structure on A and, for each n, write Fn for the induced structure FAn
on An = A⊗R (R/an). Then the explicit definition of induced structure (in Example 3.24 (iv))
implies the existence of a natural projection map H1

Fn+1
(k,An+1)→ H1

Fn(k,An). In a similar

way, there is a natural diagonal projection map from H1
F (k,A) to the corresponding inverse

limit lim←−n∈NH
1
Fn(k,An). The following result is the analogue of Proposition 3.20 in this setting

(and does not require A to be a free R-module).

(3.30) Lemma. Assume A is finitely generated as an R-module. Then, for any Mazur–Rubin
structure F on A, the natural map H1

F (k,A)→ lim←−n∈NH
1
Fn(k,An) is bijective.
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Proof. Consider the exact commutative diagram

0 H1
F (k,A) H1(k,A)

⊕
v∈Πk

H1
/F (kv, A)

0 lim←−nH
1
Fn(k,An) lim←−nH

1(k,An) lim←−n
⊕

v∈Πk
H1
/Fn(kv, An).

≃ α

Here the middle vertical map is bijective by [96, Prop. B.2.3] since each An is finite. It therefore
suffices to prove that α is injective and hence, since α factors as a natural composite⊕

v∈Πk

H1
/F (kv, A)

(βv)v−−−→
⊕
v∈Πk

lim←−nH
1
/Fn(kv, An) ↪→ lim←−n

⊕
v∈Πk

H1
/Fn(kv, An),

it suffices to show that each map βv is bijective. To do this, we consider the natural exact
commutative diagram

0 H1
F (kv, A) H1(kv, A) H1

/F (kv, A) 0

0 lim←−nH
1
Fn(kv, An) lim←−nH

1(kv, An) lim←−nH
1
/Fn(kv, An) 0.

γv ≃ βv

Here the second vertical map is again bijective because each An is finite and the exactness of
the bottom row is obtained by applying the functor lim←−n(−) to the underlying (tautological)
exact sequence of finite groups. The bijectivity of βv will therefore follow as a consequence
of the Snake Lemma provided that γv is surjective. This is in turn true since each map
H1

F (kv, A)→ H1
Fn(kv, An) is surjective (by definition of Fn) and inverse limits are exact on the

category of finite groups.

3.3. Duality results

If A is finitely generated over R, then, for each q ∈ Πk, local Tate duality induces a canonical
isomorphism of R-modules H1(kq, A) ≃ H1(kq, A

∨(1))∨. Following [79, §1.3], for any Mazur–
Rubin structure F on A, one uses these isomorphisms to define a ‘dual’ Mazur–Rubin structure
F∨ on A∨(1) by setting S(F∨) := S(F) and, for each q ∈ Πk,

H1
F∨(kq, A

∨(1)) := ker
(
H1(kq, A

∨(1)) ≃ H1(kq, A)
∨ → H1

F (kq, A)
∨) ∼= H1

/F (kq, A)
∨.

In this section, we discuss the natural analogues of this construction for Nekovář structures.

3.3.1. Dual Neková̌r–Selmer structures

The following terminology will be convenient.

(3.31)Definition. A Nekovář structure F on A is ‘∞-relaxed’, respectively ‘∞-strict’, if for
every q ∈ Π∞

k one has RΓF (kq, A) = RΓ(kq, A) and θF ,q is the identity morphism, respectively
RΓF (kq, A) is the zero complex.

(3.32) Example. The structures Frel(A,S)Σ, Frel(A,S)
Σ, Fcan(A,S)Σ and Fcan(A,S)Σ from

Example 3.16 are ∞-relaxed, whilst Fstr(A,S)Σ and Fstr(A,S)
Σ are ∞-strict.

We now introduce the notions of dual Nekovář structure that are useful in our theory.

(3.33)Definition. For any Nekovář structure F on a finite-rank free R-module A, we specify
‘dual’ ∞-strict Nekovář structures F ∗ on A∗(1) and F∨ on A∨(1) as follows.

(a) S(F ∗) = S(F ); for q ∈ Π∞
k one has RΓF∗(kq, A

∗(1)) := 0; for q ∈ S(F ) \Π∞
k , we set

RΓF∗(kq, A
∗(1)) := RHomR(RΓ/F (kq, A), R[−2])
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and take θF∗,q to be the composite morphism

RΓF∗(kq, A)
ϕ∗q [−2]
−−−−→ RHomR(RΓ(kq, A), R[−2]) ∼= RΓ(kq, A

∗(1))

where ϕq is the natural morphism RΓ(kq, A)→ RΓ/F (kq, A) and the isomorphism is the
first isomorphism in Proposition 3.6 (i).

(b) S(F∨) = S(F ); for q ∈ Π∞
k one has RΓF∗(kq, A

∨(1)) := 0; for q ∈ S(F ) \Π∞
k , we set

RΓF∨(kq, A
∨(1)) := RHomR(RΓ/F (kq, A), ER(k)[−2])

and take θF∨,q to be the composite morphism

RΓF∨(kq, A)
ϕ∨q [−2]
−−−−→ RHomR(RΓ(kq, A), ER(k)[−2]) ∼= RΓ(kq, A

∨(1))

where ϕq is the natural morphism RΓ(kq, A)→ RΓ/F (kq, A) and the isomorphism is the
second isomorphism in Proposition 3.6 (i).

(3.34) Example. For any finite subset Σ of Πk with Σ∩S(F ) = ∅, one has (Frel(A,S)Σ)
∗ =

Fstr(A
∗(1), S)Σ and (Frel(A,S)Σ)

∨ = Fstr(A
∨(1), S)Σ.

The following result establishes some important compatibilities between the notions of dual
and induced Nekovář and Mazur–Rubin structures.

(3.35) Lemma. For every Nekovář structure F on a finite-rank free R-module A the following
claims are valid.

(i) For a morphism R → R′ of rings satisfying (2.5), the isomorphism (A ⊗R R′)∗(1) ∼=
A∗(1)⊗R R′ induces an equality (FA⊗RR′)∗ = (F ∗)A∗(1)⊗RR′ of Nekovář structures.

(ii) For every n ≤ m, the isomorphism A∗
n(1)

∼= A∨
m[an] induces an equality (FAn)

∗ =
(F ∗

Am
)A∨

m[an](1) of Nekovář structures.

(iii) One has an equality h(F∨) = h(F )∨ of Mazur–Rubin structures on A∨(1).

Proof. The proofs of (i) and (ii) proceed along very similar lines and so we restrict ourselves
to the proof of (ii), leaving details for (i) to the attentive reader. For this, we define functors

F1(−) := RHomRn(−⊗LR Rn, Rn) and F2(−) := RHomR(Rn,RHomR(−, ER(k))).
Then it follows from derived Tensor-Hom adjunction [117, Th. 10.8.7] that there is natural
isomorphism of functors F1

∼= F2, hence for every q ∈ Πk we have a commutative diagram

F1(RΓ/F (kq, Am)) F1(RΓ(kq, Am))

F2(RΓ/F (kq, Am)) F2(RΓ(kq, Am))

F1(θF,q)

≃ ≃
F1(θF,q)

In addition, we have an isomorphism (using Lemma 3.4 (vi) for the first and Theorem 3.6 (i)
for the second isomorphism)

t1 : F1(RΓ(kq, Am))
≃−→ RHomRn(RΓ(kq, An), Rn)

≃−→ RΓ(kq, A
∨
n(1))

and also an isomorphism (using Theorem 3.6 (i) for the first and Lemma 3.4 (vii) for the second
isomorphism)

t2 : F2(RΓ(kq, Am))
≃−→ RHomR(Rn,RΓ(kq, A

∨
m(1)))

≃−→ RΓ(kq, A
∨
n(1)).

By definition, one then has θ(FAn )
∗,q = t1 ◦ F1(θF ,q) and θ(F∨)A∨

m[an](1),q
= t2 ◦ F2(θF ,q).

Recall that the isomorphisms of local Tate duality in Theorem 3.6 (i) are induced by cup
products and are therefore functorial. It follows that we have a commutative diagram (cf. [85,
proof of Prop. 5.2.4])

F1(RΓ(kq, Am)) RΓ(kq, A
∨
n(1))

F2(RΓ(kq, Am)) RΓ(kq, A
∨
n(1)),

≃

t1

t2
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which together with the previous discussion proves the claimed equality (FAn)
∗ = (F∨)A∨

m[an](1)

of Nekovář structures.
To prove (iii), we recall that, for q ∈ Πk, the group H

1
h(F )(kq, A

∨(1)) is defined to be the image

of H1(θF∨,q). Now, there is the commutative diagram

RΓF∨(kq, A
∨(1)) RHomR(RΓ/F (kq, A

∗(1)), ER(k))[−2]

RΓ(kq, A
∨(1)) RHomR(RΓ(kq, A), ER(k))[−2].

θF∗,q θ∨F,q

≃

Here the equality in the upper row follows directly from the definition of F∨, and the lower
isomorphism is the second in Proposition 3.6 (i). Then, since ER(k) is self-injective so that
the functor (−)∨ = HomR(−, ER(k)) is exact (and hence commutes with cohomology), upon
taking cohomology one obtains a commutative diagram

H1
F∨(kq, A

∨(1)) H1
/F∨(kq, A

∨(1))∨

H1(kq, A
∨(1)) H1(kq, A)

∨,

H1(θF,q) H1(θF,q)
∨

≃

where the lower isomorphism is induced by local Tate duality. We deduce that

H1
h(F )(kq, A

∨(1)) := im(H1(θF∨,q))

= im
(
H1
/F (kq, A

∨(1))∗
H1(θF,q)

∨

−−−−−−−→ H1(kq, A)
∨ ∼= H1(kq, A

∨(1))
)

∼= ker
(
im(θF ,q)

∨ → H1(kq, A)
∨ ∼= H1(kq, A

∨(1))
)

= ker
(
H1
h(F )(kq, A)

∨ → H1(kq, A)
∨ ∼= H1(kq, A

∨(1))
)

=: H1
h(F )∨(kq, A

∨(1)),

where the isomorphism is obtained by applying the exact functor (−)∨ to the exact sequence

H1
F (kq, A)

H1(θF,q)−−−−−−→ H1(kq, A)→ H1
/F (kq, A).

This proves the claimed equality h(F∨) = h(F )∨ of Mazur–Rubin structures.

(3.36) Remark. Assume A (and hence also A∗(1)) is a finite-rank free R-module and that
F ∗ is perfect. Then, by combining the identifications (F ∗)A∗

n(1)
= (FAn)

∗ in Lemma 3.35 (i)
with the result of Proposition 3.20 (iii) for F ∗, one obtains a natural isomorphism in D(R)

RΓF∗(k,A∗(1)) ∼= lim←−nRΓ(FAn )
∗(k,A∗

n(1))

and, in each degree i, an induced identification H i
F∗(k,A∗(1)) = lim←−n∈NH

i
(FAn )

∗(k,A∗
n(1)).

(3.37) Remark. Let F be a Mazur–Rubin structure on a finitely generated R-module A.
Then, for each n, there exists an equality of Mazur–Rubin structures (FAn)∗ = (F∨)A∨[an](1)

on A∗
n(1)

∼= A∨[an] that is analogous to Lemma 3.35 (ii) (cf. [79, Ex. 1.3.3]). This fact combines
with the fixed identification

A∗
n
∼= A∨

n = A∨
n+1[an] ↪→ A∨

n+1 = A∗
n+1

(cf. Lemma 2.8) to induce both a morphism H1
(FAn )∗

(k,A∗
n(1)) → H1

(FAn+1
)∗(k,A

∗
n+1(1)) and

also a diagonal map H1
F∨(k,A∨(1))→ lim−→n∈NH

1
(FAn )∗

(k,A∗
n(1)), where the limit is taken with

respect to the above morphisms. By a similar argument to that in Lemma 3.30 one can prove
that this diagonal map is bijective.

We will also use the following technical result regarding the an-torsion submodules of dual
Selmer modules.
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(3.38) Lemma. Assume that A is R-free of finite rank and such that Ā∨(1)Gk = (0). Then,
for any Mazur–Rubin structure F on A, and every n ∈ N0, the natural map A∨

n(1) ↪→ A∨(1)

induces an isomorphism H1
(FAn )∨

(k,A∨
n(1))

≃−→ H1
F∨(k,A∨(1))[an].

Proof. This is proved in [25, Cor. 3.8] (see also [79, Lem. 3.5.3]).

3.3.2. Consequences of Artin–Verdier duality

In this section, we discuss relations between the Selmer complexes that are respectively asso-
ciated to a Nekovář structure F and to its duals F ∗ and F∨.
In order to state the first result, for each q ∈ ΠRk we write τq(A) for the canonical morphism
RΓ(kq, A)→ RΓTate(kq, A). We then define an object of D(R) by setting

∆∞(k,A) :=
⊕
q∈ΠCk

A⊕
⊕
q∈ΠRk

Cone(τq(A))[−1].

(3.39) Proposition. Artin–Verdier duality induces canonical morphisms in D(R)

µF ,F∗ : RHomR(∆∞(k,A∗(1)), R)[−3]→
⊕

q∈Π∞
k
RΓ/F (kq, A)

µF ,F∨ : RHomR(∆∞(k,A∨(1)), ER(k))[−3]→
⊕

q∈Π∞
k
RΓ/F (kq, A).

In addition, setting

RΓAV
F ,F∗(k,A) := Cone(µF ,F∗) and RΓAV

F ,F∨(k,A) := Cone(µF ,F∨),

there exist canonical exact triangles in D(R)

RΓF (k,A)
δF,F∗
−−−−→ RHomR(RΓF∗(k,A∗(1)), R)[−3]→ RΓAV

F ,F∗(k,A)→ ·

RΓF (k,A)
δF,F∨
−−−−→ RHomR(RΓF∨(k,A∨(1)), ER(k))[−3]→ RΓAV

F ,F∨(k,A)→ ·.

Proof. To prove the stated results for F ∗, we set B := A∗(1) and consider the following
commutative diagram in D(R)

∆∞(k,B)

��

RΓc(Ok,S , B) //

µ
��

RΓ(Ok,S , B) //
⊕

q∈SRΓ(kq, B) //

(τq(B))q

��

·

R̃Γc(Ok,S , B) // RΓ(Ok,S , B)
λS(B)

//
⊕

q∈SRΓTate(kq, B)

��

// ·

·

(3.40)

Here the upper triangle is the appropriate case of the exact triangle (3.2) and, for each place
q ∈ S \ ΠRk , we set RΓTate(kq, B) := RΓ(kq, B) and write τq(A) for the identity morphism
RΓ(kq, B) → RΓ(kq, B). In addition, λS(B) denotes the natural localisation morphism and

R̃Γc(Ok,S , B) its mapping fibre and the vertical exact triangle is that which follows directly
from the definition of ∆∞(k,B). In particular, from the (obvious) commutativity of the central
square, one deduces the existence of a morphism µ that completes the diagram to give a
morphism of exact triangles, and thereby implies the existence of an exact triangle that forms
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the first column of the following commutative diagram in D(R)

RΓc(Ok,S , B) //

µ

��

RΓF∗(k,B) //

µF∗

��

⊕
q∈S\Π∞

k
RΓF∗(kq, B) // ·

R̃Γc(Ok,S , B) //

��

R̃ΓF∗(k,B) //

µ′
F∗

��

⊕
q∈S\Π∞

k
RΓF∗(kq, B) // ·

∆∞(k,B)

��

∆∞(k,B)

��
· ·

(3.41)

Here the complex R̃ΓF∗(k,B) is defined via the same exact triangle as RΓF∗(k,B) after re-
placing RΓ(kq, B) for each q ∈ Π∞

k by RΓTate(kq, B) and the morphism µF∗ is then induced by
the obvious analogue of (3.40). In addition, the first row is the exact triangle of (3.15) (with
A and F replaced by B and F ∗) and the second row is the natural analogue of this exact
triangle. In particular, since the first square in the diagram commutes there exists a morphism
µF∗ which makes the lower square commute and the second column an exact triangle in D(R).
Now, if we apply the exact functor X 7→ X∗[−3] to the second row of (3.41) and then substitute
the first isomorphism in Proposition 3.6 (ii) and recall the explicit definition of the complexes
RΓF∗(kq, B) for q ∈ S \Π∞

k , we obtain an exact triangle in D(R)

R̃ΓF∗(k,B)∗[−3]→ RΓ(Ok,S , A)
λ−→
⊕

q∈S\Π∞
k

RΓ/F (kq, A)→ ·

in which λ is the natural localisation map. By the argument of Lemma 3.13 (ii), this in turn
induces a canonical exact triangle in D(R) that forms the central row of the following diagram

∆∞(k,B)∗[−3] θ′◦µ′
//

µ′

��

⊕
q∈Π∞

k
RΓ/F (kq, A)

RΓF (k,A)

µ◦θ
��

θ // R̃ΓF∗(k,B)∗[−3]

µ

��

θ′ //
⊕

q∈Π∞
k
RΓ/F (kq, A) // ·

RΓF∗(kq, B)∗[−3] RΓF∗(kq, B)∗[−3]

��.

Here the central column is the exact triangle obtained by applying the functor X 7→ X∗[−3]
to the second column in (3.41) so µ′ = (µ′F∗)∗[−3] and µ = (µF∗)∗[−3]. In particular, if we
respectively define µF ,F∗ and δF ,F∗ to be the morphisms θ′ ◦ (µ′F∗)∗[−3] and (µF∗)∗[−3] ◦ θ,
then the Octahedral axiom combines with the commutativity of the above diagram to imply
that the mapping fibres of µF ,F∗ and δF ,F∗ are isomorphic (in D(R)). This last fact leads
directly to an exact triangle of the required form and so proves all claimed results for F ∗.
In addition, after making obvious changes, the same argument derives the analogous claims
for F∨ from the second isomorphism in Proposition 3.6 (ii). Since this is a routine matter, we
leave details to an interested reader.

(3.42) Remark. If F is∞-relaxed, then RΓAV
F ,F∨(k,A) = RHomR(∆∞(k,A∨(1)), ER(k))[−2]

and, by explicit computation, one checks that this is represented by the complex(⊕
q∈ΠCk

A(−1)[−2]
)
⊕
(⊕
q∈ΠRk

[A(−1) 1−cq−−−→ A(−1) 1+cq−−−→ A(−1) 1−cq−−−→ A(−1) 1+cq−−−→ · · · ]
)
.
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Here, for each q ∈ ΠRk , we write cq for the non-trivial element of Gkq and the first term of the
displayed complex occurs in degree 2. If F is ∞-relaxed and either R is self-injective or A is
a free R-module, then RΓAV

F ,F∗(k,A) also coincides with the above complex.

Let F1 and F2 be Mazur–Rubin structures on A with F1 ≤ F2. Then Mazur and Rubin [79,
Th. 2.3.4] have shown that global duality gives rise to a canonical exact sequence of R-modules

H1
F1
(k,A) ↪→ H1

F2
(k,A)→

⊕
q∈S(F1)

H1
F2
(kq, A)

H1
F1
(kq, A)

→ H1
F∗

1
(k,A∨(1))∨ ↠ H1

F∗
2
(k,A∨(1))∨. (3.43)

We next use Proposition 3.39 to establish an analogue of this result for Nekovář structures.

(3.44)Theorem. Let F1 and F2 be ∞-relaxed Nekovář structures on A with F1 ≤ F2 and
set B := A∨(1). For i ∈ {1, 2} write H̃1

F∨
i
(kq, B)∨ for the kernel of the morphism

H1
F∨
i
(kq, B)∨ → H2

(
RΓAV

Fi
(k,A)

)
induced by the exact triangle in Proposition 3.39. Then the following claims are valid.

(i) There exists a canonical long exact sequence of R-modules⊕
H0
(
RΓF2/F1

(kq, A)
)
→ H1

F1
(k,A)→ H1

F2
(k,A)→

⊕
H1
(
RΓF2/F1

(kq, A)
)

→ H̃1
F∨

1
(kq, B)∨ → H̃1

F∨
2
(k,B)∨ →

⊕
H0
(
RΓF∨

1 /F
∨
2
(kq, B)

)∨
in which all direct sums are taken over q ∈ S(F1).

(ii) Set F1 := h(F1) and F2 := h(F2) and assume the following hypotheses:

(a) the maps H1(θF1,q), H
1(θF2,q) and H

2(jF1,F2,q) are injective for every q ∈ S(F1):

(b) ΠRk = ∅ if p = 2.

Then there exists a canonical exact commutative diagram of R-modules

H1
F1

(k,A) H1
F2

(k,A)
⊕

H1
(
RΓF2/F1

(kq, A)
)

H̃1
F∨

1
(kq, B)∨ H̃1

F∨
2
(k,B)∨

H1
F1
(k,A) H1

F2
(k,A)

⊕ H1
F2
(kq, A)

H1
F1
(kq, A)

H1
F∨

1
(kq, B)∨ H1

F∨
2
(k,B)∨.

α1

β1 β2

α2

β3 β4 β5

Here both direct sums are taken over q ∈ S(F1)∪S(F2) = S(F1)∪S(F2), the first row is
induced by the exact sequence in (i), the second row is the relevant case of (3.43) and all
vertical maps are described in the course of the argument below. In addition, the map α1

is injective (resp. α2 is surjective) if for each q ∈ S(F1) ∪ S(F2) the map H0(jF1,F2,q)
is surjective (resp. H2(jF1,F2,q) is surjective and H3(jF1,F2,q) is injective).

Proof. We set S := S(F1)∪S(F2). We then recall that, since F1 ≤ F2, for each q ∈ S we are
given a morphism jF1,F2,q : RΓF1(kq, A)→ RΓF2(kq, A) in D(R) and RΓF2/F1

(kq, A) denotes
its mapping cone.
Now, since F1 and F2 are both ∞-relaxed, the morphism jF1,F2,q is an isomorphism for each
q ∈ Π∞

k . In addition, if we set B := A∨(1), then for each q ∈ S \Π∞
k , the definition of the dual

condition (RΓF∨(kq, B), θF∨
i ,q

) implies that jF1,F2,q induces a canonical morphism

jF∨
2 ,F

∨
1 ,q

: RΓF∨
2
(kq, B)→ RΓF∨

1
(kq, B)

whose mapping cone is isomorphic to RΓF2/F1
(kq, A)

∨[−2]. In particular, if we use these
morphisms to regard F∨

2 as a refinement of F∨
1 , then we obtain a commutative diagram of
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exact triangles in D(R) of the form

RΓF1(k,A)

��

// RΓF∨
1
(k,A∨(1))∨[−3]

��

// RΓAV
F1,F∨

1
(k,A) // ·

RΓF2(k,A)

��

// RΓF∨
2
(k,A∨(1))∨[−3]

��

// RΓAV
F2,F∨

2
(k,A) // ·

⊕
q∈S RΓF2/F1

(kq, A)
∼=
δ
//

��

⊕
q∈S RΓF∨

1 /F
∨
2
(kq, A)

∨[−2]
��

· ·
Here the first and second rows are the respective exact triangles from Proposition 3.39 and
the equality occurs since F1 and F2 are ∞-relaxed (cf. Remark 3.42). In addition, the first
column is the exact triangle in Lemma 3.13 (ii) with (F ′,F ) = (F1,F2) and the second
is the image under the exact functor X 7→ X∗[−3] of the corresponding exact triangle with
(F ′,F ) = (F∨

2 ,F
∨
1 ). Finally, δ is the direct sum over q of the local duality isomorphisms

described above. The exact sequence in (i) is now obtained by combining the long exact
cohomology sequences of the first two columns.
In regard to (ii), we first note that the assumed injectivity, for each q ∈ S, of bothH1(θF1,q) and
H1(θF2,q) implies thatH1(jF1,F2,q) is injective, and then combines with the assumed injectivity
of H2(jF1,F2,q) to induce an identification H1

(
RΓF2/F1

(kq, A)
) ∼= H1

F2
(kq, A)/H

1
F1
(kq, A). We

take the map β3 in the claimed diagram to be the direct sum over q ∈ S of these identifications.
We next define β1 and β2 to be the Matlis duals of the first map in the second exact sequence
of Lemma 3.28 (i) with F taken to be F1 and F2 respectively. We also note that, for both
i = 1 and i = 2, the same exact sequence in Lemma 3.28 (i) with F taken to be F∨

i induces
an exact sequence

0→ H1
F∨
i
(k,B)∨

γi−→ H1
F∨
i
(k,B)∨ →

⊕
q∈Π∞

k

H0(kq, B)∨ ⊕
⊕

q∈S(Fi)\Π∞
k

(
H0(kq, B)

im(H0(θF∨
i ,q

))

)∨

in which in the direct sum we have also used the fact that F∨
i is ∞-strict so that H0(θF∨

i ,q
) is

the zero map for each q ∈ Π∞
k . In addition, under condition (c), there are natural isomorphisms⊕

q∈Π∞
k

H0(kq, B)∨ ∼=
⊕

q∈ΠCk
B∨ ⊕

⊕
q∈ΠRk

(
(1 + cq)B

)∨
∼=
⊕

q∈ΠCk
A⊕

⊕
q∈ΠRk

(1− cq)A

=H2
(
RΓAV

F (k,A)
)
,

where the equality follows from Remark 3.42. It follows that the map γi factors through the
submodule H̃1

F∨
1
(kq, B)∨ of H1

F∨
1
(kq, B)∨ and so, in the claimed diagram, we can take β4 and

β5 to be the maps that are respectively induced by γ1 and γ2. With these specifications of the
maps βi, it is then a straightforward exercise to check that the claimed diagram commutes, as
required.
Finally, we note that the assumed surjectivity of H0(jF1,F2,q) and injectivity of H1(jF1,F2,q)
for all q ∈ S would combine to imply H0

(
RΓF2/F1

(kq, A)
)
= (0) for such q and hence that α1

is injective as a consequence of the exact sequence in (i). In a similar way, the surjectivity of
H2(jF1,F2,q) and injectivity of H3(jF1,F2,q) for all q ∈ S would imply H2

(
RΓF2/F1

(kq, A)
)
=

(0) for such q and hence that α2 is surjective. This verifies the final assertion of (ii).

3.4. Perfect Selmer complexes

Throughout this subsection, we assume (k, p) satisfies (3.1). We also fix a Nekovář structure
F on a finitely generated free R-module A and assume the following hypothesis to be valid.

41



(3.45) Hypothesis. The following conditions are satisfied:

(a) F is ∞-relaxed;

(b) For every q ∈ S(F ) \Π∞
k , the following conditions are satisfied:

(i) RΓF (kq, A) belongs to D
perf
[0,2](R);

(ii) H0(θF ,q) is injective;

(c) For some q0 ∈ S(F ) \Π∞
k , the map H0(θF ,q0) is 0.

(d) For some q1 ∈ S(F ) \Π∞
k , the map H2(θF ,q1) is bijective.

For each finite subset S of Πk we also use the map λ0S(F
∨) from (3.27) to define an R-module

XS(F ) := ker(λ0S(F
∨)∨).

We then abbreviate XS(F )(F ) to X(F ).
The following result constructs a family of complexes that plays a key role in our theory.

(3.46) Proposition. Assume (k, p) satisfies (3.1), that A is a free R-module of finite rank,
and that F satisfies Hypothesis 3.45. Then the following claims are valid.

(i) The complex

C(F ) := RHomR(RΓF∗(k,A∗(1)), R)[−2]
is a well-defined object of Dperf(R) such that, in K0(R), one has

χR
(
C(F )

)
=
∑

q∈S(F )\Π∞
k

χR
(
RΓF∗(kq, A

∗(1))
)
.

(ii) C(F ) is canonically isomorphic to RHomR(RΓF∨(k,A∨(1)), ER(k))[−2] in D(R). In
particular, in each degree i, one has H i(C(F )) = H2−i

F∨ (k,A∨(1))∨.

(iii) Fix a morphism R→ R′ of rings satisfying (2.5). Then there exists a natural isomorphism
C(F ) ⊗LR R′ ∼= C(F ⊗R R′) in Dperf(R′), where F ⊗R R′ is the Nekovář structure on
A⊗R R′ defined in Example 3.19 (iii).

(iv) Lemma 2.29 defines an object lim←−n∈NC(FAn) of D
perf(R) that is naturally isomorphic to

C(F ). In particular, in each degree i, one has H i(C(F )) = lim←−n∈NH
2−i
(FAn )

∗(k,A
∗
n(1))

∗.

(v) C(F ) is acyclic outside degrees 0 and 1. There exists a canonical identification H0(C(F ))
= H1

F (k,A) and a canonical exact commutative diagram

XS(F )\Π∞
k
(F )

H2
F (k,A) �

�
//

α1

OOOO

H1(C(F )) // //
⊕

q∈Π∞
k
H0(kq, A

∨(1))∨

H1
h(F )∨(k,A

∨(1))∨ �
�

//
?�

α2

OO

H1(C(F )) // // X(F ).

α3

OOOO

(3.47)

(vi) Let Σ be a finite subset of ΠK . Then, for the Σ-comodification FΣ of F defined in
Example 3.17, there exists a canonical exact triangle in Dperf(R)

C(F )→ C(FΣ)
(ρq)q−−−→

⊕
q∈Σ\S(F )

RΓf (kq, A
∗(1))∗[−1]→ · (3.48)

Proof. We set B := A∗(1). Since F ∗ is ∞-strict and S(F ∗) = S(F ), Lemma 3.13 (iii) implies
F ∗ is perfect if and only if, for every q ∈ S(F ) \ Π∞

k , the complex RΓF∗(kq, B) belongs to
Dperf(R). Since the latter condition is satisfied as a consequence of Hypothesis 3.45 (b)(i), it
follows that RΓF∗(k,B), and hence also C(F ), belongs to Dperf(R). For similar reasons, one
also has

χR(C(F )) = χR(RΓF∗(kq, B)) =
∑

q∈S(F )\Π∞
k

χR(RΓF∗(kq, B),
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where the second equality follows from the formula in Lemma 3.13 (iii) with (A,F ) replaced
by (B,F ∗). This proves (i).
To prove (ii), we use the following diagram in D(R)

C(F ) RΓAV
F ,F∗(k,A)[1] RΓF (k,A)[2] ·

RHomR(RΓF∨(k,A∨(1)), ER(k))[−2] RΓAV
F ,F∨(k,A)[1] RΓF (k,A)[2] ·

θ1

θ2

Here the upper and lower rows are equivalent to the respective exact triangles in Proposi-
tion 3.39 (ii) and the left hand equality follows from Remark 3.42. In addition, an analysis of
the construction of these triangles shows that the morphisms θ1 and θ2 coincide as they are
both induced by the morphism

⊕
q∈Π∞

k
RΓ/F (kq, A) → RΓF (k,A)[1] that occurs in the exact

triangle (3.11). The Octahedral axiom therefore implies the existence of a dashed arrow that
makes the above diagram into a morphisms of exact triangles and hence is an isomorphism in
D(R). This proves the first assertion of (ii) and then the second assertion follows immediately
from the fact that Matlis duality is an exact functor.
To prove (iii) we note that the argument of Lemma 3.35 (i) implies an equality F ∗ ⊗R R′ =
(F ⊗R R′)∗ of Nekovář structures on A∗(1) ⊗R R′ = (A ⊗R R′)∗(1). After taking this into
account, the exact triangle (3.15) with F replaced by F ∗ combines with Lemma 3.4 (vi) (with
F (−) taken to be RΓc(Ok,S ,−)) and the explicit definition of the local conditions for F ∗⊗RR′

to imply the existence of a natural isomorphism in D(R′)

RΓF∗(k,A∗(1))⊗LR R′ ∼= RΓ(F⊗RR′)∗(k, (A⊗R R′)∗(1)).

Upon applying the exact functor RHomR′(−, R′)[−2] to this isomorphism one obtains the
claimed isomorphism in (ii).
To prove (iv) we first apply (iii) with R→ R′ taken to be R→ R/an to deduce that for each n
there exists a natural isomorphism C(F )⊗LRR/an ∼= C(FAn) inD

perf(R/an). Given this family
of isomorphisms the first assertion of (iii) is proved by mimicking the argument of Proposition
3.20 after replacing RΓF (k,A) by C(F ). From the ismorphism C(F ) ∼= lim←−n∈NC(FAn) one
then derives, in each degree i, an identification

H i(C(F )) = H i(lim←−n∈NC(FAn)) = lim←−n∈NH
i(C(FAn)) = lim←−n∈NH

2−i
(FAn )

∗(k,A
∗
n(1))

∗.

Here the second equality is valid since inverse limits are exact on the category of finite abelian
groups and the third since Rn is self-injective and so taking duals commutes with taking
cohomology. This proves (iv).
Turning to the proof of (v), we note that, since ΠRk = ∅ if p = 2, Hypothesis 3.45 (a) implies
H i

F (kq, A) = (0) for all i > 2 and all q ∈ Π∞
k . This fact combines with Remark 3.42 to

imply H i(RΓAV
F (k,A)) = (0) for i ̸= 2 and also combines with Hypothesis 3.45 (b) and (d)

and Lemma 3.13 (iv) to imply that H i
F (k,A) = (0) for i < 0 and i > 2. These observations

in turn combine with the long cohomology exact sequence of the exact triangle in Proposition
3.39 to imply H i(C(F )) = (0) for i < −1 and i > 1, to identify H i(C(F )) with H i+1

F (k,A) for
i ∈ {−1, 0} and to give a short exact sequence that forms the central row of (3.47). In addition,
since Hypothesis 3.45 (c) implies injectivity of λ0S(F )(F ), Hypothesis 3.45 (b) (ii) combines with

the first exact sequence in Lemma 3.28 (ii) to imply that H0
F (k,A) = (0). To complete the

proof of (ii), it is therefore enough to construct the diagram (3.47). To do this, we note that
H1(CF (A)) ∼= H1

F∨(k,A∨(1))∨ by (iv) and the fact that taking Matlis duals is exact. Given
this identification, we obtain the exact sequence that forms the lower row of (3.47) by first
taking Matlis duals in the second exact sequence in Lemma 3.28 (i) with (A,F ) taken to be
(A∨(1),F∨), and then recalling that h(F∨) = h(F )∨ by Lemma 3.35 (iii).
We now take the map α3 in (3.47) to be the map α in the exact sequence of Lemma 3.28 (iii)
with (F , S) replaced by (F∨, S(F∨)). Then, with this definition, the commutativity of the
second square in (3.47) is clear and this has two consequences: firstly, the map α3 is surjective
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(as can also be seen directly from Lemma 3.28 (iii) since the conditions 3.45 (b)(iii) and (d)
combine to imply H0(θF∨,q1) is the zero map) and there exists an injective morphism α2 that
makes the first square of (3.47) commute. The existence of a surjective morphism α1 that
makes the first column of (3.47) a short exact sequence now follows by applying the Snake
Lemma to the lower two rows of the diagram and taking account of the exact sequence in
Lemma 3.28 (ii) with (F , S, S′) taken to be (F∨, S(F∨),Π∞

k ). This proves (v).
To prove (vi) we note that (FΣ)∗ coincides with the Nekovář structure (F ∗)Σ on B. Given
this, the claimed exact triangle is directly obtained by applying the exact functor X 7→ X∗[−2]
to the exact triangle (3.18) with (A,F ) replaced by (B,F ∗).

The following result establishes some properties of the modules XS(F ) that will be needed in
later arguments.

(3.49) Lemma. Let F be a Nekovář structure on a finitely generated R-module A and S a
finite subset of Πk. Then the R-module

XS(F ) := ker(λ0S(F
∨)∨)

is finitely generated. Further, if (k, p) satisfies (3.1), A is a free R-module and RΓF (kq, A)

belongs to Dperf
[0,2](R) for all q ∈ S, then the following claims are also valid.

(i) Every morphism R → R′ of rings satisfying condition (2.5) induces a surjective map of
R′-modules XS(F )⊗R R′ ↠ XS(F ⊗R R′).

(ii) The maps from (i) combine to give an isomorphism XS(F ) ∼= lim←−i∈NXS(F ⊗R Ri) of
R-modules in which all of the transition morphisms in the inverse limit are surjective.

Proof. The definition of λ0S(F
∨) directly implies that

XS(F ) ⊆
⊕
q∈S

(
H0(kq, A

∨(1))/ im(H0(θF∨,q))
)∨ ⊆⊕

q∈S
H0(kq, A

∨(1))∨.

In addition, for each q ∈ S, the Matlis dual of the inclusion H0(kq, A
∨(1)) ⊆ A∨(1) is a surject-

ive map A(−1) ↠ H0(kv, A
∨(1))∨. The latter map implies that each R-module H0(kq, A

∨(1))∨

is finitely generated and hence, since S is finite (and R is Noetherian), the displayed inclusions
imply XS(F ) is also finitely generated over R, as claimed.
In the rest of the argument we assume all of the stated hypotheses for (i) and (ii). We then fix
q ∈ S and note that the definition of F∨ combines with local duality to give an isomorphism

(cokerH0(θF∨,q))
∨ ∼= ker

(
H0(kq, A

∨(1))∨
H0(θF∨,q)

∨

−−−−−−−−→ H0
F∨(kq, A

∨(1))∨
)

∼= ker
(
H2(kq, A)→ H2

/F (kq, A)
)

= im
(
H2

F (kq, A)
H2(θF,q)−−−−−−→ H2(kq, A)

)
. (3.50)

This isomorphism combines with the analogous isomorphism for F ′ := F ⊗R R′ to induce an
exact commutative diagram

H1
/F (kq, A)⊗R R′ H2

F (kq, A)⊗R R′ (cokerH0(θF∨,q))
∨ ⊗R R′ 0

H1
/F ′(kq, A⊗R R′) H2

F ′(kq, A⊗R R′) (cokerH0(θ(F ′)∨,q))
∨ 0.

∼=

H2(θF,q)

H2(θF′,q)

Here the bijectivity of the central vertical map follows from (the argument of) Lemma 2.31 (ii)

and the fact RΓF (kq, A) belongs to D
perf
[0,2](R), and so the third vertical map is surjective.

In addition, global duality induces (via Proposition 3.6 (ii)) an isomorphism

H0(k,A∨(1))∨ ∼= H3(R̃Γc(k,A)) (3.51)

and since R̃Γc(k,A) belongs to D
perf
[0,3](R) (by condition (3.1)), we can similarly deduce that the

map H0(k,A∨(1))∨ ⊗R R′ → H0(k, (A⊗R R′)∨(1))∨ is bijective.
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Now, from the respective definitions of the modules XS(F ) and XS(F
′), one obtains an exact

commutative diagram of the form

XS(F )⊗R R′ (⊕
q∈S(cokerH

0(θF∨,q))
∨)⊗R R′ H0(k,A∨(1))∨ ⊗R R′ 0

0 XS(F
′)

⊕
q∈S(cokerH

0(θ(F ′)∨,q))
∨ H0(k, (A⊗R R′)∨(1))∨ 0

in which the second and third vertical maps are as above, and the first vertical map is induced
by commutativity of the second square. In particular, since we have seen that the second and
third vertical maps are respectively surjective and bijective, the Snake Lemma implies that the
first vertical arrow is surjective, as required to prove (i).
As for (ii), by taking R′ = Ri in the above diagram and passing to the limit (over i), we obtain
a diagram of the form

0 XS(F )
⊕
q∈S

(cokerH0(θF∨,q))
∨ H0(k,A∨(1))∨ 0

0 lim←−
i

XS(F ⊗R Ri)
⊕
q∈S

lim←−
i

(cokerH0(θ(F⊗RRi)∨,q))
∨ lim←−

i

H0(k, (A⊗R Ri)∨(1))∨ 0,

in which the upper row is the defining exact sequence for XS(F ). We are therefore reduced
to proving that the second and third vertical maps in this diagram are bijective. As in the
discussion of (i), we are then further reduced (via duality isomorphisms of the form (3.50) and
(3.51) with F and A replaced by each F ⊗RRi and A⊗RRi) to showing that there are natural
isomorphisms

lim←−
i∈N

H2
F⊗RRi(kq, A⊗R Ri) ∼= H2

F (kq, A), lim←−
i∈N

H2(kq, A⊗R Ri) ∼= H2(kq, A)

for each q ∈ S, and also

lim←−
i∈N

H3(R̃Γc(k,A⊗R Ri)) ∼= H3(R̃Γc(k,A)).

These isomorphisms are all in turn derived by applying Lemma 2.29 to the respective complexes
RΓF (kq, A), RΓ(kq, A), and R̃Γc(k,A).

4. Euler systems relative to Neková̌r structures

4.1. The definition of higher-rank Euler systems

We now fix a prime number p and a number field k such that condition (3.1) is satisfied. We
also fix a ring R that satisfies condition (2.5) and a finite-rank free R-module T that carries
an R-linear continuous action of Gk. We assume Sram(T ) is finite, and choose a finite subset
S0 of Πk with

Π∞
k ∪Πpk ⊆ S0.

(In applications one often takes S0 = Π∞
k ∪Πpk ∪ Sram(T ).) For q ∈ Πk \ S0, we fix a choice Iq

of inertia subgroup in Gk of q and set

Eulq(X) := det(1− Frob−1
q X | H0(Iq, T ∗(1))) ∈ R[X].

We also fix an abelian pro-p extension K of k in which all places in Π∞
k split completely, and

denote the collection of finite extensions of k in K by Ω. For each extension K of k in K we
abbreviate Sram(K/k) to Sram(K) and then set

S0(K) := S0 ∪ Sram(K) and GK := Gal(K/k).
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We observe that the ring R[GK ] also satisfies condition (2.5) (with the necessary Gorenstein
property following, for example, from Lemma 2.3). We consider the R[GK ]×RJGkK-module

TK := T ⊗R R[GK ]

upon which GK acts via right multiplication and σ ∈ Gk by σ · (a⊗ x) := (σa)⊗ (xσ−1) where
σ is the image of σ in GK .
In the sequel we assume to be given a family of Nekovář structures that satisfies the following
hypothesis.

(4.1) Hypothesis. F := (FK)K∈Ω is a family of Nekovář structures parametrised by fields in
Ω that has both of the following properties.

(i) Each FK is a Nekovář structure on TK that satisfies Hypothesis 3.45 (with R = R[GK ]).

(ii) For K and L in Ω with K ⊆ L, the Nekovář structure FL ⊗R[GL] R[GK ] induced by FL

on TK is the modification FL
K := F

Sram(L)
K of FK defined in Example 3.17.

For K in Ω, we set H1
F(K, T ) := H1

FK
(k, TK).

(4.2) Example. Fix a finite subset S′ of Πk \ Π∞
k with Πpk ∪ Sram(T ) ⊆ S′ and assume to

be given, for every q ∈ S′, an R[Gkq ]-submodule Tq of T that is free as an R-module. As in
Example 3.16 we define a Greenberg–Nekovář structure FK := F ((Tq,K , jq,K)q∈S(K)) by taking

• S(K) := S′ ∪Π∞
k ∪ Sram(K),

• Tq,K := Tq ⊗R R[GK ] if q ∈ S′ and Tq,K := TK if q ∈ S(K) \ S′,

• jq,K to be the inclusion Tq,K ↪→ TK for all q ∈ S(K).

The associated family F := (FK)K∈Ω then satisfies Hypothesis 3.45 if there exist places q0 and
q1 in S′ with Tq0 = (0) and Tq1 = T .

For each K and L in Ω with K ⊆ L, the long exact cohomology sequence of the exact triangle
(3.48) (with F taken to be FK and Σ to be Sram(L)) combines with the explicit descriptions
of cohomology given in Proposition 3.46 (v) to give an injective map of R[GK ]-modules

H1
F(K, T ) = H1

FK
(k, TK)→ H1

FL
K
(k, TK). (4.3)

These maps have two important consequences. Firstly, since Hypothesis 4.1 (ii) combines with
Proposition 3.46 (iii) and Lemma 2.31 (i) to identify H1

FL
K
(k, T ) with a submodule of H1

F(L, T ),
the map (4.3) induces a canonical injective homomorphism

H1
F(K, T ) ↪→ H1

F(L, T ). (4.4)

We use this homomorphism to identify H1
F(K, T ) with a submodule of H1

F(L, T ).
In addition, Lemma 2.17 (i) implies that, for each a ∈ N0, the map (4.3) induces a canonical
injective map of R[GK ]-modules⋂a

R[GK ]
H1

F(K, T ) ↪→
⋂a

R[GK ]
H1

FL
K
(k, TK),

and, via these maps, we regard
⋂a

R[GK ]H
1
F(K, T ) as a submodule of

⋂r
R[GK ]H

1
FL
K
(k, TK). We

will then also use the isomorphisms that are constructed in the next result. In the proof of this
result, and also often in the sequel, we will use, for any finite group ∆, the trace element

N∆ :=
∑

δ∈∆
δ ∈ Z[∆]. (4.5)

(4.6) Lemma. Fix a family F of Nekovář structures as in Hypothesis 4.1 and fields K and L
in Ω with K ⊆ L. Then, for each a ∈ N, there exists a natural isomorphism of R[GK ]-modules

νaL/K :
⋂a

R[GK ]
H1

FL
K
(k, TK)

≃−→
(⋂a

R[GL]
H1

F(L, T )
)Gal(L/K)

.
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Proof. Hypothesis 4.1 (i) implies that the complex C(FL) constructed in Proposition 3.46
satisfies the assumptions of Lemma 2.35. It follows that C(FL) has a resolution P

• inD(R[GL])
of the form P 0 ϕ−→ P 1, in which P 0 and P 1 are finitely generated free R[GL]-modules and P 0

is placed in degree 0. Set H := Gal(L/K) and P iH := P i ⊗R[GL]R[GK ] for i ∈ {0, 1}. Then, by
taking H-invariants of the exact sequence given by Lemma 2.17 (i), we obtain the upper row
in the following exact commutative diagram

0
(⋂a

R[GL]
H1

F(L, T )
)H (∧a

R[GL]
P 0
)H (

P 1 ⊗R[GL]
∧a−1

R[GL]
P 0
)H

0
⋂a

R[GK ]
H1

FL
K
(k, TK)

∧a

R[GK ]
P 0
H P 1

H ⊗R[GK ]

∧a−1

R[GK ]
P 0
H .

ϕ

≃

ϕ

≃ ≃

To describe the lower row we note that Proposition 3.46 (iii) and Hypothesis 4.1 (ii) combine
to imply C(FL

K) = C(FL ⊗R[GL] R[GK ]) is isomorphic to C(FL) ⊗LR[GL] R[GK ] and hence

to P • ⊗R[GL] R[GK ]. The lower row is therefore obtained by applying Lemma 2.17 (i) to the
exact sequence obtained from the latter resolution. Now, for any finitely generated free R[GL]-
module M , the assignment m 7→ NH(m) induces an isomorphism MH

≃−→ MH . The first and
second solid vertical isomorphisms are then obtained by applying this observation with M
taken to be

∧a
R[GL] P

0 and P 1 ⊗R[GL]
∧a−1

R[GL] P
0 respectively. Since the square involving these

isomorphisms clearly commutes, there exists an induced dashed map as in the diagram and the
Snake Lemma implies this map is bijective. We can therefore take the latter map to be the
required isomorphism νaL/K .

We can now specify an appropriate notion of Euler system for our theory.

(4.7)Definition. Let F be a family of Nekovář structures as in Hypothesis 4.1. Then, for each
a ∈ N, an ‘Euler system’ of rank a for F is an element

c = (cK)K ∈
∏

K∈Ω

⋂a

R[GK ]
H1

F(K, T )

with the property that, for all fields K and L in Ω with K ⊆ L, one has

NGal(L/K)(cL) = νaL/K
(
(
∏

v∈S0(L)\S0(K)
Eulv(Frob

−1
v )) · cK

)
.

The collection of all such elements is naturally a module over RJGKK that we denote by ESaS0
(F).

If S0 = Π∞
k ∪Πpk ∪ Sram(T ), then we abbreviate ESaS0

(F) to ESa(F).

(4.8) Example. Assume R is reduced and Z-torsion free, and write Q for its total quotient
ring. Then, for K ∈ Ω, the ring R[GK ] is also reduced, with total quotient ring Q[GK ], and
we write Frel,K for the relaxed Nekovář structure on the R[GK ]-module TK . Let Frel = Frel(T )
denote the family {Frel,K}K∈Ω and, for K ∈ Ω, set O′

K := OK,S(K). Then for each L ∈ Ω with
K ⊆ L, an explicit computation shows that

H1
Frel

(K, T ) = H1(O′
K , T ) H1

(Frel,K)L(k, TK) = H1(OK,S(L), T ) H1
Frel

(L, T ) = H1(O′
L, T ).

In addition, setting H := Gal(L/K), the observation of [25, Rem. 6.11] implies the existence
for every a ∈ N of a commutative diagram of Q[GL]-modules∧a

Q[GL]
H1(O′

L,Q⊗R T )
∧a

Q[GK ]
H1(OK,S(L),Q⊗R T )

Q⊗R
⋂a

R[GL]
H1(O′

L, T ) Q⊗R
⋂a

R[GK ]
H1(OK,S(L), T )

Q⊗R
(⋂a

R[GL]
H1(O′

L, T )
)H

∧acoresL/K

≃ ≃

·NH νa
L/K

≃
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in which the horizontal map is induced by corestriction H1(O′
L, T ) → H1(OK,S(L), T ) and

both vertical isomorphisms are as in Lemma 2.28. This diagram implies that elements of
ESa(Frel(T )) coincide precisely with the notion of Euler systems of rank a for the pair (T ,Ω),
as defined in [25, Def. 6.1].

4.2. Hypotheses on Galois representations

In this subsection, we assume to be given a pair of local complete Gorenstein rings

R = lim←−i∈NRi and R = lim←−i∈NRi
that arise as the respective inverse limits (as in § 2.1.2) of families of rings Ri and Ri that are
local, Gorenstein and of dimension zero. In particular, all transition morphisms Ri+1 → Ri
and Ri+1 → Ri are assumed to be surjective.
We writeM and M for the maximal ideals of R and R, and assume the residue fields

K := R/M and k := R/M

are both finite and of characteristic p. We also adopt the convention that R0 := K and R0 := k.
Then the maximal idealsMi and Mi of each Ri and Ri are the respective images ofM and M
under the canonical projections R → Ri and R → Ri. In addition, the corresponding residue
fields Ri/Mi and Ri/Mi respectively identify with K and k and so are both independent of i.
We also assume to be given a morphism

ϱ : R → R

of local rings such that, for every natural number i, the diagram

Ri+1
ϱi+1

//

��

Ri+1

��

Ri
ϱi // Ri

(4.9)

commutes. Here ϱi and ϱi+1 denote the maps induced by ϱ, and the vertical arrows are the
given transition maps that occur in the respective inverse limits.
In addition, we assume to be given a finitely generated free R-module T that is endowed with
an R-linear continuous action of Gk that is unramified outside a finite set of places Sram(T ).
We fix a finite set S0 ⊆ Πk containing Π∞

k ∪Πpk, and we set

T := T ⊗R R S := Sram(T ) ∪ S0
and, for every i ∈ N0, also

Ti := T ⊗R Ri Ti := T ⊗R Ri T := T0 = T ⊗R K T := T0 = T ⊗R k.
We write F for the Nekovář structure Fk on T that was fixed in §4.1, and use the associated
structures

Fi := F ⊗R Ri, Fi := h(Fi) and Fi := h(Fi ⊗Ri Ri)

on Ti and Ti. The Mazur–Rubin structures that are induced (via the procedure described in
Remark 3.24 (iv)) by Fi on T and by Fi on T will then be denoted by Fi and Fi, and we
caution the reader that these structures are, in general, respectively finer than F0 and F0.
We fix an ascending chain of number fields

k(T0) ⊆ k(T1) ⊆ · · · ⊆ k(Ti) ⊆ . . . (4.10)

with the property that Gk(Ti) acts trivially on Ti for all i ∈ N0. For i ∈ N0, we set

l(i) := max{|Ri|, |Ri|}, ki := k(µl(i), (O×
k )

1/l(i))k(1) and ki(Ti) := k(Ti)ki
and then define fields

k∞ :=
⋃
i∈N

ki and k(T )∞ :=
⋃
i∈N

ki(Ti).
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Given i ∈ N0 and an element τ ∈ Gk∞ , we define a subset of Πk by setting

Qi = Q(τ, Ti) := {v ∈ Πk \ S : Frobv is conjugate to τ in Gki(Ti)},
and write Ni := N (Qi) for the set of square-free products of primes in Qi. We observe that
there are decreasing filtrations

Q0 ⊇ Q1 ⊇ Q2 ⊇ . . . and N0 ⊇ N1 ⊇ N2 ⊇ . . . ,
and for each modulus n ∈ Ni, we set

V (n) := {q ∈ Qi : q | n} = {q ∈ Q0 : q | n} and ν(n) := |V (n)|.
For each natural number j with j ≥ i, the Tate–Shafarevich group

XFi,j
(k, T ) = XFi

(k, T ,Qj) := ker
(
H1
Fi
(k, T )→

∏
v∈Qj

H1(kv, T )
)

is a submodule of H1
Fi(n)

(k, T ), where the modified Mazur–Rubin structure Fi(n) is as defined

in [79, Exam. 2.1.8] (see also [25, § 3.1.3]). Further, by using global duality sequences of the
form (3.43), one can show that the ‘core-rank’ invariant

χ(Fi, j) := dimk
(
H1
Fi(n)

(k, T )/XFi,j
(k, T )

)
− dimk

(
H1
Fi

∗
(n)

(k, T
∗
(1))/XFi

∗
,j(k, T

∗
(1))

)
(4.11)

is independent of n (for details see § 6.1.3).
Before stating the technical hypotheses that our subsequent arguments require, we make one
further observation. Specifically, we note that the maps in Lemma 3.49 combine with the
general result of Lemma 2.32 to give natural maps

Tor
Rj′
1 (X(Fj′), Rj′)→ Tor

Rj

1 (X(Fj), Rj)

for integers j and j′ with j′ ≥ j, and also a canonical isomorphism of R-modules

TorR1 (X(F ), R) ∼= lim←−j∈NTor
Rj

1 (X(Fj), Rj), (4.12)

where the limit is taken with respect to the above maps for j′ ≥ j. In particular, for each
i ∈ N, this fact gives rise to the following invariants Ji and j(i) of the Nekovář structure F .

(4.13)Definition. For each i ∈ N we set

Ji = Ji(F ) := im
(
TorR1 (X(F ), R)→ TorRi

1 (X(Fi), Ri)
)
,

where the arrow denotes the map induced by (4.12). Then, since the group TorRi
1 (X(Fi), Ri)

is finite, there exists m ∈ N with m ≥ i for which Ji is equal to the image of the natural map
TorRm

1 (X(Fm), Rm)→ TorRi
1 (X(Fi), Ri). We define j(i) to be the least possible value of such

an m subject to the condition that the assignment i 7→ j(i) is an increasing function of i.

We can now finally state the hypotheses on T and Fk that will be used in our arguments.

(4.14) Hypotheses. The following conditions are satisfied.

(i) The k[Gk]-module T and K[Gk]-module T are both irreducible.

(ii) There exists an element τ of Gk∞ such that dimK(T /(τ − 1)T ) = 1.

(ii∗) If p = 2, then dimK(T ) = 1.

(iii) H1(k(T )∞/k, T
∗
(1)) = (0).

(iv) If p ∈ {2, 3}, then the Zp[Gk]-modules T ⊕ T and T
∗
(1) ⊕ T ∗

(1) have no nonzero iso-
morphic subquotients.

(v) For every i ∈ N0, the Nekovář structure Fi satisfies Hypothesis 3.45 (with A = Ti and
R = Ri).

(vi) For every i ∈ N0, one has χ(Fi, j(i)) > 0.

(vii) Gal(k(T )∞/k) is a compact p-adic analytic group.

49



(4.15) Remark. We clarify aspects of Hypotheses 4.14.

(i) It is clear that if T satisfies Hypothesis 4.14 (i) and (ii), respectively (ii)∗, then so does
T ∗(1) (and with respect to the same element τ in (ii)).

(ii) The argument of [26, Lem. 3.8] implies that, under Hypothesis 4.14 (iii), the modules
H1(kj(Tj)/k, T ∗

i (1)) and H
1(kj(Tj)/k, T ∗

i (1)) vanish for every (i, j) ∈ N⊕2 with j ≥ i.
(iii) The Jordan–Hölder Theorem implies that Hypothesis 4.14 (iv) is equivalent to the fol-

lowing condition: if both B1 and B2 denote either T or T , then the Zp[Gk]-modules B1

and B∗
2(1) have no nonzero isomorphic subquotients. For more details, see the proof of

Proposition 6.5 (ii) below.

(iv) Sakamoto [100] has developed a theory of Kolyvagin systems in a case where p = 3 and
Hypothesis 4.14 (iv) fails. It seems reasonable to believe that the approach of Sakamoto
would also allow a corresponding weakening of Hypothesis 4.14 (iv) in our set-up.

(v) Hypothesis 4.14 (vi) is weaker than the ‘cartesian’ condition that originates with Mazur
and Rubin [79] and is assumed by Sakamoto et al. throughout [25]. In particular, sub-
sequent analysis (in § 8.3.3 and § 8.4) will show that, in cases relevant to the study of
Kato’s ‘generalised Iwasawa main conjecture’, Hypothesis 4.14 (vi) is satisfied under a
variety of wide-ranging, and natural, conditions.

(vi) Let T ′ be a continuous ZpJGkK-module that is free of rank t over Zp, with k(T ′) the
fixed field of kc under the kernel of the induced homomorphism Gk → AutZp(T

′). Then
Gal(k(T ′)/k) is isomorphic to a closed subgroup of GLt(Zp) and so is a compact p-adic
analytic group. In particular, if R = ZpJGal(L/k)K for any compact p-adic analytic
extension L/k and T = T ′ ⊗Zp R, then k(T )∞ is the composite of the extensions k(T ′),
L and k∞ of k and so Hypothesis 4.14 (vii) is valid. In addition, Hypothesis 4.14 (vii) can
be omitted in any case in which certain Tate–Shafarevich groups are known to vanish
(see Remark 6.37).

At this point, we fix an abelian extension K of k in kc and write Ω := Ω(K) for the set of finite
extensions of k in K. Then, in the sequel, we will often assume the following hypothesis.

(4.16) Hypotheses. The following conditions are satisfied.

(i) K is a pro-p extension that contains k(q) for every prime q ∈ Q0 and also a Zp-power
extension of k in which no finite place splits completely.

(ii) For all a ∈ N0 and primes q ∈ Q0, the endomorphism Frobp
a

q − 1 is injective on T .

(4.17) Remark. As discussed by Rubin in [96, § 9.1], in many situations there exist alternative
conditions that can replace Hypothesis 4.16 (i). It is also useful to note that Hypothesis 4.16 (ii)
implies T can have no element of finite order.

4.3. Statement of the main result

We fix a family F = (FK)K∈Ω of Nekovář structures satisfying Hypothesis 4.1 and, following
Proposition 3.46 (i), define an integer

χF := χR(C(Fk)) ∈ K0(R)
rkR−−→∼= Z.

We also assume to be given a non-zero free R-module quotient Y of
⊕

q∈Π∞
k
H0(kq, T ∨(1))∨.

Such an R-module is necessarily finitely generated and we set

rY := rkR(Y ) and rF,Y := rY + χF. (4.18)

We fix an R-basis b• of Y and use the surjective map in the central row of diagram (3.47)
to regard Y as a quotient of H1(C(Fk)). We recall (from Proposition 3.46 (i) and (v)) that

C(Fk) belongs to D
perf
[0,1](R) and H

0(C(Fk)) = H1
F(k, T ). Hence, if rF,Y > 0, then the general
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construction of Lemma 2.37 (i) gives a map of R-modules

ϑFk,Y := ϑC(Fk),b• : DetR(C(Fk))→
⋂rF,Y

R
H1

F(k, T ) (4.19)

that depends only on C(Fk) and b•. (Note also that Remark 2.38 (i) implies a change of b• will
not affect the validity of any of the results stated subsequently and so, for clarity of exposition,
we prefer to write ϑFk,Y in place of the more precise ϑFk,b•).
We finally note the R-module X(Fk) is finitely-presented (by Lemma 3.49 and our assumption
R is Noetherian) and so, for each a ∈ N0, the Fitting ideal FittaR(X(Fk)) is well-defined.
We can now state our main result concerning Euler systems for Nekovář structures.

(4.20)Theorem. Let F = (FK)K∈Ω be a family of Nekovář structures satisfying Hypothesis 4.1.
Assume that Hypotheses 4.14 and 4.16 are valid, and that the (non-zero) free R-module Y is
such that rF,Y > 0. Then, for every pair of elements x and y of FittrYR (X(Fk)), there exists
a natural number N that depends only on T and has the following property. For every Euler
system c = (cK)K in ES

rF,Y
S0

(F) and every prime ideal p of R for which both

(i) the map ϱp : Rp → Rp induced by ϱ is nonzero and surjective, and

(ii) Fitt0R(Tor
R
1 (X(Fk), R))p = Rp,

there is a containment

xyN · (ck)p ∈ yN · ϑFk,Y (DetR(C(Fk)))p.

(4.21) Remark. The only role that Hypothesis 4.16 plays in the proof of the above result is
in the construction of an appropriate ‘Kolyvagin derivative homomorphism’ in Theorem 5.29.
In particular, in any situation in which suitable Kolyvagin systems are already known to exist
one can avoid assuming Hypothesis 4.16 in proving the displayed containment in Theorem 4.20
(see also Remark 7.8 for more details in this regard).

(4.22) Remark. The assumed existence of a non-zero free R-module quotient Y of the direct
sum

⊕
q∈Π∞

k
H0(kq, T ∨(1))∨ for which one has rF,Y > 0 constitutes a restriction on the Nekovář

structure Fk. For example, if Fk is a Greenberg–Nekovář structure F ((Tq, jq)q∈S(Fk)) (as
defined in Example 3.16 with A = T ) for which each sub-representation Tq is a free R-module,
then Proposition 3.46 (i) combines with Lemma 3.4 (ii) and (iii) to imply that

χF = −
∑

q∈Πpk
[Kq : Qp] · (rkR(T )− rkR(Tq)).

Hence, in this case, there exists an R-module Y of the required form with rF,Y > 0 if and only
if the subrepresentations Tq for each q ∈ Πpk satisfy the following condition∑

q∈Πpk
[Kq : Qp] · rkR(Tq) > [K : Q] · rkR(T )−

∑
q∈Π∞

k

rkR(H
0(kq, T ∨(1))∨).

(4.23) Remark. Though technical in nature, Theorem 4.20 has several significant advantages
over the main results of the existing theory of Euler, Kolyvagin and Stark systems (in arbitrary
rank), as developed by Mazur and Rubin in [79, 80] and by Sakamoto et al. in [25, 26]. Firstly,
it is finer since its conclusion directly concerns the determinants of Selmer complexes rather
than the Fitting ideals of Selmer groups. Secondly, it is more general both in dealing with
Euler systems relative to a wide class of Nekovář structures (rather than only to the relaxed
Nekovář structure) and also with representations over arbitrary local complete Gorenstein rings
with finite residue fields of characteristic p. Thirdly, it is more widely applicable in arithmetic
settings since several of the assumptions in Hypothesis 4.14 are weaker than the corresponding
conditions that are imposed in both [79, 80] and [25, 26] (see, for example, Remark 4.15 (iv)).

After a lengthy series of preliminary results, some of which are possibly of independent interest,
the proof of Theorem 4.20 will finally be obtained in § 7. However, a reader who is more
interested to understand how Theorem 4.20 can be applied in arithmetic settings rather than
in the details of its proof, may prefer at this point to pass directly to the second part of the
article (that starts in § 8).
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5. Kolyvagin systems I: modified Selmer complexes and derivatives

The theory of Kolyvagin systems was introduced by Mazur and Rubin in [79] and then further
developed by Sakamoto et al in [25], as a means of axiomatising Kolyvagin’s construction of
‘derivative classes’ in [67]. In this, and the following, section we shall develop a version of
this theory relative to the Selmer complexes that arise from a family F of Nekovář structures
satisfying Hypothesis 4.1. These sections constitute the technical heart of our general approach.
In them we fix a natural number i and, for clarity of exposition, we abbreviate the notation
already introduced in § 4.2 in the following way:

F := Fk, Q := Qi, N := Ni,
V

:= Ri, A := Ti, B := A∗(1), F̃ := Fi, F̃ := h(F̃ ),

Λ := Ri, A := Ti, B := A∗(1), F̃ := h(F̃ ⊗V Λ),

A := A⊗V k = A⊗Λ k = T , B := A
∗
(1), F := F̃A

(5.1)

where in the last case F̃A denotes the Mazur–Rubin structure on A induced by F̃ (cf. Ex-
ample 3.24 (iv)). In particular with this notation, we note that

T = A⊗V K and T = A⊗V k = A⊗Λ k.

5.1. Comparison maps

In this subsection, we construct several maps that will play a key role in the sequel.
For q in Q, we write k(q) for the maximal p-extension of k in the ray class field modulo q of k
and note that, by [96, Lem. 4.1.2] (or [10, Lem. 2.1]), the group

Gq := Gal(k(q)/k(1))

is cyclic of order divisible by l(i). Following Rubin [96, Def. 4.4.1], we then specify a generator
σq of Gq as follows. We fix a topological generator ϖ of lim←−n∈Nµpn(Q)

∼= Zp(1) and an

embedding ιq : Q ↪→ kq. This embedding induces an identification of Gq with Gal(k(q)Q/kq),
where Q is the place of k(q) above q specified by ιq. In particular, since the local reciprocity
map recq identifies Gal(k(q)Q/kq) with a quotient of µkq ⊗Z Zp, we specify the generator σq to
be the image of ιq(ϖ) under the composite map

lim←−n∈Nµpn(kq) ↠ µkq ⊗Z Zp
recq
↠ Gal(k(q)Q/kq) ∼= Gq.

Similarly, for any n ∈ N , we set

k(n) :=
∏

q∈V (n)
k(q) and Gn := Gal(k(n)/k(1)) ∼=

⊗
q∈V (n)

Gq. (5.2)

Next we note that, with knrq the maximal unramified extension of kq inside k
c
q, the natural ‘valu-

ation’ map ordq induces an identification knr,×q /(knr,×q )l(i) = Z/l(i)Z. Hence, upon tensoring
the canonical composite isomorphism

H1(knrq , µl(i))
∼= knr,×q /(knr,×q )l(i) = Z/l(i)Z

with A, we obtain an identification of H1(knrq ,A(1)) with A. This combines with the generator
ϖ of Zp(1) = H0(knrq ,Zp(1)) fixed above to give an isomorphism

∂q : H
1(knrq ,A)Gκq

∪ιq(ϖ)∼= H1(knrq ,A(1))Gκq
≃−→ Aτ=1.

The inflation-restriction sequence implies the existence of a canonical short exact sequence

0→ H1
f (kq,A)→ H1(kq,A)

∂q◦resq−−−−→ Aτ=1 → 0, (5.3)

in which resq denotes the (surjective) restriction map H1(kq,A)→ H1(knrq ,A)Gκq . One checks
that ∂q ◦ resq is explicitly given by evaluating a cocycle at σq, and hence agrees with the map
used by Mazur and Rubin in [79, Lem. 1.2.1].
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The next result relies on the validity of Hypothesis 4.14 (ii) and is essentially well-known (cf.
[79, Lem. 1.2.3]). However, since it is important for us, we shall include a proof.

(5.4) Lemma. There exists a canonical isomorphism of Ri-modules A/(τ − 1)→ Aτ=1.

Proof. Each endomorphism f of the (free)
V
-moduleA gives rise to a ‘cofactor map’ cf : A → A

that is uniquely characterised by the commutativity of the diagram

A HomV
(∧rkV(A)−1

V A,
∧rkV(A)
V A

)

A HomV
(∧rkV(A)−1

V A,
∧rkV(A)
V A

)
,

≃

cf h7→h◦(
∧
f)

≃

in which both horizontal arrows send a ∈ A to the map x 7→ a ∧ x. (Thus, if we fix a
V
-basis

of A, then cf is represented by the adjugate of the matrix representing f in this basis.) Then,
as f ◦ cf and cf ◦ f both coincide with multiplication by det(f), there is a well-defined map

A/f(A)
cf−→ ker

(
A/ det(f)A f−→ A/ det(f)A

)
.

We now take f to be multiplication by 1− τ . Then det(f) = 0 (as Hypothesis 4.14 (ii) implies
ker(f) contains a non-zero divisor) and so the above construction gives a map of

V
-modules

cf : A/(τ − 1)A → Aτ=1. It is enough to prove this map is bijective, or equivalently (as A is

finite) surjective. Then, as Hypothesis 4.14 (ii) implies the natural map k ⊗V Aτ=1 → A
τ=1

is bijective, and k ⊗V cf identifies with the cofactor map of the reduction f : A → A of f ,
Nakayama’s lemma reduces us to proving cf is bijective. But Hypothesis 4.14 (ii) implies the

corank of f is one and hence that its adjugate matrix, and so also cf , is nontrivial. Since

Hypothesis 4.14 (ii) also implies the k-dimension of ker(f) = A
τ=1

is one, the obvious inclusion
im(cf ) ⊆ ker(f) must be an equality, as required to prove the claim.

We now fix an isomorphism of Ri-modules A/(τ −1) ∼=
V

as in Hypothesis 4.14 (ii), and define
a composite map of

V
-modules

vq : H
1(k,A)⊗Z Gq

locq−→ H1(kq,A)⊗Z Gq

resq
↠ H1(knrq ,A)Gκq ⊗Z Gq

∂q−→ Aτ=1 ∼= A/(τ − 1) ∼=
V
, (5.5)

in which the penultimate map is the isomorphism from Lemma 5.4.
We next observe that, since the inertia subgroup at q acts trivially on Ti and Frobq acts as τ ,
there exists a well-defined ‘evaluation’ map

H1(kq,A)→ A/(τ − 1), x 7→ x(Frobq) + (τ − 1)Ti. (5.6)

This map is surjective and its kernel coincides with the ‘transverse’ cohomology group

H1
tr(kq,A) := H1(Gq,AGk(q)),

regarded as a submodule of H1(kq,A) via the inflation map (cf. the discussion of [81, § 1.2]).
The ‘finite-singular comparison map’ is then defined to be the composite map of Ri-modules

ψfs
q : H1(k,A) locq−→ H1(kq,A) ↠ A/(τ − 1) ∼=

V
(5.7)

where the final map is the same isomorphism as fixed in (5.5).

5.2. Modified Selmer complexes

In this subsection we refine the ‘modified Selmer structures’ that are used in [79] by defining
a corresponding family of ‘modified Nekovář structures’ and describing relations between their
associated Selmer complexes.
We start by analysing the complex RΓ(kq,A) for each prime q ∈ Q.

53



(5.8) Lemma. For each prime q ∈ Q, the following claims are valid.

(i) H0(kq,A),H1(kq,A) and H2(kq,A) are free
V
-modules of ranks 1, 2 and 1 respectively.

(ii) There exists a canonical isomorphism in Dperf(
V
)

H0(kq,A)[0]⊕H1(kq,A)[−1]⊕H2(kq,A)[−2] ∼= RΓ(kq,A).
(iii) For i ∈ {0, 1, 2} fix a projective

V
-submodule Xi of H

i(kq,A) and write Yi for the quotient
H i(kq,A)/Xi. Then the isomorphism in (ii) induces a canonical morphism in Dperf(

V
)

ϕ(X0,X1,X2) : X0[0]⊕X1[−1]⊕X2[−2]→ RΓ(kq,A).
Further, local Tate duality identifies each module Y ∗

i with a submodule of H2−i(kq,B) and
also gives a canonical isomorphism in Dperf(

V
)

Cone
(
ϕ(X0,X1,X2)

)∗
[−2] ∼= Y ∗

2 [0]⊕ Y ∗
1 [−1]⊕ Y ∗

0 [−2].

Proof. For q ∈ Q, one hasH0(kq,A) = Aτ=1 andH1
f (kq,A) = A/(τ−1) and so both

V
-modules

are free of rank one (see (5.5)). From the inflation-restriction sequence (5.3) it then follows
that the

V
-module H1(kq,A) is free of rank 2. These observations combine with Proposition

3.4 (ii) to imply that the
V
-module H2(kq,A) has finite projective dimension and its class in

K0(
V
) is equal to [H1(kq,A)] − [H0(kq,A)] = [

V
]. Since

V
is both local and self-injective, it

therefore follows that H2(kq,A) is isomorphic to
V
, as required to prove (i).

Fix i ∈ {0, 1, 2}. Then, since H i(kq,A) is a projective
V
-module, there exists a unique morph-

ism θi : H
i(kq,A)[−i]→ RΓ(kq,A) in D(

V
) for which H i(θi) is the identity map on H i(kq,A).

The direct sum morphism

θ0 ⊕ θ1 ⊕ θ2 : H0(kq,A)[0]⊕H1(kq,A)[−1]⊕H2(kq,A)[−2]→ RΓ(kq,A)
is then an isomorphism in D(

V
), thereby proving (ii).

For X0, X1, X2 as in (iii), the isomorphism in (ii) gives rise to an exact triangle in Dperf(
V
)

X0[0]⊕X1[−1]⊕X2[−2]
ϕ(X0,X1,X2)−−−−−−−→ RΓ(kq,A)→ Y0[0]⊕ Y1[−1]⊕ Y2[−2]→ ·.

Claim (iii) follows directly from this triangle.

For any collection a, b, n of pairwise coprime moduli in N for which V (abn) ∩ S(F̃ ) = ∅, we
now define a ‘modified Nekovář structure’ F̃ b

a (n) on A in the following way: we set

S(F̃ b
a (n)) := S(F̃ ) ∪ V (abn)

and then assign the condition at each q ∈ Πk to be

(
RΓF̃b

a (n)
(kq,A), θF̃b

a (n),q

)
:=



(
RΓF̃ (kq,A), θF̃ ,q

)
if q /∈ V (abn),

(H0(kq,A)[0], ϕA.q) if q ∈ V (a),(
RΓ(kq,A), id

)
if q ∈ V (b),

(H0(kq,A)[0]⊕H1
tr(kq,A)[−1], ϕA,q) if q ∈ V (n).

Here we set ϕA,q := ϕ(H0(kq,A),(0),(0)) for each q ∈ V (a) and ϕA,q := ϕ(H0(kq,A),H1
tr(kq,A),(0)) for

each q ∈ V (n).

(5.9) Remark. If any of the moduli a, b and n are equal to the empty product of primes, then,
for convenience, we omit them from the notation F̃ b

a (n). In particular, with this convention, the
structure F̃ b coincides with the modification F̃ V (b) of F̃ defined in Example 3.17. Further, for
all moduli a, b and n as above, an explicit check shows that the induced Mazur–Rubin structure
h(F̃ b

a (n)) agrees with the modification F̃b
a (n) of F̃ = h(F̃ ) that is introduced by Mazur and

Rubin in [79, Exam. 2.1.8] and used extensively in [25].

The following consequence of Proposition 3.46 will play a key role in our approach.
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(5.10) Proposition. Assume (k, p) satisfies (3.1), that A is a finitely generated free
V
-module

and that F̃ satisfies Hypothesis 3.45. Then, as a, b and n range over all pairwise coprime
moduli in N for which V (abn) ∩ S(F̃ ) = ∅, the following claims are valid.

(i) C(F̃ b
a (n)) belongs to Dperf(

V
) and is such that, in K0(

V
), one has

χV
(
C(F̃ b

a (n))
)
=χV

(
C(F̃ )

)
− ν(a) · [

V
]

= − ν(a) · [
V
] +
∑

q∈S(F̃ )\Π∞
k

χV(RΓF̃∗(kq, B)).

(ii) For any morphism
V
→
V′ of rings satisfying (2.5), there exists a natural isomorphism

C(F̃ b
a (n))⊗LV

V′ ∼= C((F̃ ⊗V
V′)ba(n)) in D

perf(
V′).

(iii) C(F̃ b
a (n)) is acyclic outside degrees 0 and 1. In addition, H0(C(F̃ b

a (n))) = H1
F̃b

a (n)
(k,A)

and there exists a canonical short exact sequence of
V
-modules

0→ H1
(F̃∗)ab(n)

(k,B)∗ → H1(C(F̃ b
a (n)))→ X(F̃ )⊕

⊕
q∈V (b)

H0(kq,B)∗ → 0.

(iv) For all divisors n of m there are canonical exact triangles in Dperf(
V
)

C(F̃ n)→ C(F̃m)→
⊕

q∈V (m/n)

(
H1
/f (kq,A)[0]⊕H

2(kq,A)[−1]
)
→ · (5.11)

C(F̃ (m))→ C(F̃m)→
⊕

q∈V (m)

(
H1
/tr(kq,A)[0]⊕H

2(kq,A)[−1]
)
→ · (5.12)

C(F̃n(m/n))→ C(F̃ (m))→
⊕

q∈V (n)
H1

tr(kq,A)[0]→ · (5.13)

C(F̃a(m))→ C(F̃ (m))→
⊕

q∈V (a)
H1
f (kq,A)[0]→ ·. (5.14)

(v) Let Φ denote either the Nekovář structure F̃ or Mazur–Rubin structure F̃ = h(F̃ ) on A.
Then the cohomology sequences of the exact triangles in (iv) combine with the descriptions
of cohomology in (iii) to induce the following exact sequences of

V
-modules

H1
Φn(k,A) ↪→ H1

Φm(k,A)
(v̂q)q∈V (m/n)−−−−−−−−→

Vν(m/n) → H1
(F̃∗)n

(k,B)∗ ↠ H1
(F̃∗)m

(k,B)∗ (5.15)

H1
Φ(m)(k,A) ↪→ H1

Φm(k,A)
(ψ̂fs

q )q∈V (m)−−−−−−−→
Vν(m) → H1

F̃∗(m)
(k,B)∗ ↠ H1

F̃∗
m
(k,B)∗ (5.16)

H1
Φn(m/n)

(k,A) ↪→H1
Φ(m)(k,A)

(v̌q)q∈V (n)−−−−−−→
Vν(n)→H1

(F̃∗)n(m/n)
(k,B)∗↠H1

F̃∗(m)
(k,B)∗

(5.17)

H1
Φa(m)(k,A) ↪→ H1

Φ(m)(k,A)
(ψ̌fs

q )q∈V (a)−−−−−−−→
Vν(a) → H1

(F̃∗)a(m)
(k,B)∗ ↠H1

F̃∗(m)
(k,B)∗.

(5.18)

Here, if Φ = F̃ , then we write v̂q and ψ̂fs
q , respectively v̌q and ψ̌fs

q , for the composites

of vq and ψfs
q with the canonical homomorphisms H1

F̃m
(k,A) → H1

F̃m(k,A), respectively
H1

F̃ (m)
(k,A)→ H1

F̃(m)
(k,A). On the other hand, if Φ = F̃ , then both v̂q and v̌q denote vq

and both ψ̂fs
q and ψ̌fs

q denote ψfs
q .

Proof. We write D for the dual Nekovář structure F̃ b
a (n)

∗ on B. Then S(D) = S(F̃ )∪V (abn)
and Lemma 5.8 (iii) implies that the local condition for D at q ∈ Πk is

(
RΓD(kq,A), θD ,q

)
:=



(
RΓF̃∗(kq,B), θF̃∗,q

)
if q /∈ V (abn),

(H0(kq,B)[0]⊕H1(kq,B)[−1], θD ,q) if q ∈ V (a),(
0, 0
)

if q ∈ V (b),

(H0(kq,B)[0]⊕H1
tr(kq,B)[−1], θD ,q) if q ∈ V (n),

(5.19)

with

θD ,q :=

{
ϕ(H0(kq,B),H1(kq,B),(0)), if q ∈ V (a),

ϕ(H0(kq,B),H0
tr(kq,B),(0)), if q ∈ V (n).
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The fact F̃ satisfies Hypothesis 3.45 implies that the same is true for F̃ b
a (n). In particular,

the result of Proposition 3.46 (i) for F̃ b
a (n) directly implies that C(F̃ b

a (n)) belongs to D
perf(

V
)

and that its Euler characteristic in K0(
V
) is equal to∑

q∈S(F̃b
a (n))\Π∞

k
χR
(
RΓD(kq,B)

)
=
∑

q∈S(F̃ )\Π∞
k
χV
(
RΓF̃∗(kq,B)

)
+
∑

q∈V (a)χ
V
(
H0(kq, B)[0]⊕H1(kq,B)[−1]

)
+
∑

q∈V (n)χ
V
(
H0(kq, B)[0]⊕H1

tr(kq,B)[−1]
)

=
∑

q∈S(F̃ )\Π∞
k
χV(RΓF̃∗(kq,B))−

∑
q∈V (a)[

V
]

= χV
(
C(F̃ )

)
− ν(a) · [

V
].

Here the first equality follows directly from the explicit description (5.19), the second from
Lemma 5.8 (i) and the fact H1

tr(kq,B) is a free
V
-module of rank 1 and the last follows directly

from Proposition 3.46 (i). This proves (i).
To prove (ii) we recall from Proposition 3.4 (vi) that, for each q ∈ V (abn), there exists a natural
isomorphism RΓ(kq,A)⊗V

V′ ∼= RΓ(kq,A⊗V
V′) in D(

V′). In conjunction with Lemma 5.8 (ii),
this isomorphism induces, in each degree i, an isomorphism of

V′-modules H i(kq,A)⊗V
V′ ∼=

H i(kq,A⊗V
V′). Further, for q ∈ V (n), the isomorphism H1(kq,A)⊗V

V′ ∼= H1(kq,A⊗V
V′)

combines with the canonical isomorphisms
(
A/(τ − 1)A)⊗V

V′ ∼= (A⊗V
V′)/(τ − 1) to imply

the image under −⊗V
V′ of the map (5.6) for A is equal to the corresponding map for A⊗V

V′

and hence that there exists a canonical isomorphism H1
tr(kq,A)⊗V

V′ ∼= H1
tr(kq,A⊗V

V′) with
respect to which ϕA,q⊗V

V′ identifies with ϕA⊗V
V′,q. Taken together, these observations imply

the induced structure F̃ b
a (n) ⊗V

V′ identifies with (F̃ ⊗V
V′)ba(n) and so the isomorphism in

(ii) follows from Proposition 3.46 (ii) for F̃ b
a (n).

Regarding (iii), we note Proposition 3.46 (v) for F̃ b
a (n) directly implies that C(F̃ b

a (n)) is acyclic
outside degrees 0 and 1 and H0(C(F̃ b

a (n))) = H1
F̃b

a (n)
(k,A). From Remark 5.9, we also know

that the dual Mazur–Rubin structure h(F̃ b
a (n))

∗ on B is equal to F̃b
a (n)

∗ = (F̃∗)ab(n). In addi-
tion, since F̃ is assumed to validate Hypothesis 3.45 (b) (i) and (d), one hasH0(RΓF∗(kq1 , B)) =
(0) and so the map λ0

S(F̃ )∪V (a)
(D) from (3.27) is injective. From Lemma 3.28 (ii) with F , S

and S′ taken to be D , S(D) = S(F̃ ) ∪ V (abn) and V (bn), one therefore obtains a short exact
sequence of

V
-modules

0→ XS(F̃ )∪V (a)(F̃
b
a (n))→ XS(F̃b

a (n))
(F̃ b

a (n))→
⊕

q∈V (bn)

(
H0(kq, B)

im(H0(θD ,q))

)∗
→ 0.

Further, from (5.19) one checks that H0(θD ,q) is the zero map for q ∈ V (b) and is surjective
for q ∈ V (an), and so this sequence is equivalent to an exact sequence

0→ X(F̃ )→ X(F̃ b
a (n))→

⊕
q∈V (b)

H0(kq,B)∗ → 0.

This sequence splits since, for each q ∈ V (b), the
V
-module H0(kq,B)∗ is free. Given these

observations, the exact sequence in (iii) is now obtained from the lower row of the diagram
(3.47) with F taken to be F̃ b

a (n).
The exact triangles in (iv) are all derived from Lemma 3.13 (iii). In the first case, the de-
scriptions (5.19) imply (F̃m)∗ ≤ (F̃ n)∗ and also, for q ∈ V (m/n), that RΓ(F̃n)∗/(F̃m)∗(kq,B) is
isomorphic to H0(kq,B)[0] ⊕ H1

f (kq,B)[−1]. In this case, therefore, Lemma 3.13 (iii) gives an
exact triangle

RΓ(F̃m)∗(k,B)→ RΓ(F̃n)∗(k,B)→
⊕

q∈V (m/n)

(
H0(kq,B)[0]⊕H1

f (kq,B)[−1]
)
→ ·

and (5.11) is directly derived from the image of this triangle under the exact functor (−)∗[−2].
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In a similar way, (5.19) implies (F̃m)∗ ≤ F̃ (m)∗ and that, for each q ∈ V (m), there exists a
natural isomorphism in Dperf(

V
)

RΓF̃ (m)∗/(F̃m)∗(kq,B)
∗[−2] ∼=

(
H0(kq,B)[0]⊕H1

tr(kq,B)[−1]
)∗
[−2]

∼= H1
/tr(kq,A)[−1]⊕H

2(kq,A)[−2].
Given these facts, the exact triangle (5.12) is directly derived from the image under (−)∗[−2]
of the exact triangle in Lemma 3.13 (iii) with (F ′,F ) taken to be ((F̃m)∗, F̃ (m)∗).
We next use (5.19) to check that F̃ (m)∗ ≤ F̃n(m/n)

∗, with RΓF̃n(m/n)∗/F̃ (m)∗(kq,B) acyclic for

each q /∈ V (n) and naturally isomorphic to H1
/tr(kq,B)[−1] for each q ∈ V (n). Given these facts,

the exact triangle (5.13) is derived from the image under (−)∗[−2] of the triangle in Lemma
3.13 (iii) with (F ′,F ) taken to be (F̃ (m)∗, F̃n(m/n)

∗).
Finally, to complete the proof of (iv), we note that (5.19) implies F̃ (m)∗ ≤ F̃a(m)∗ and that
RΓF̃a(m)∗/F̃ (m)∗(kq,B) is acyclic for each q /∈ V (a) and identifies with H1

/f (kq, B)[−1] for each

q ∈ V (a). These observations imply that the exact triangle (5.14) is directly derived from
the image under (−)∗[−2] of the exact triangle in Lemma 3.13 (iii) with (F ′,F ) taken to be
(F̃ (m)∗, F̃a(m)∗).
Each of the exact sequences in (v) is derived from the long exact cohomology sequence of the
corresponding exact triangle in (iv). For example, the long exact cohomology sequence of (5.11)
combines with the descriptions of cohomology in (iii) to give the following variant of the exact
commutative diagram in Theorem 3.44 (ii)

H1
F̃n

(k,A) �
�
//

����

H1
F̃m

(k,A) //

����

⊕
q∈V (m/n)H

1
/f (kq,A)

∼= (αq)q
��

H1
F̃n(k,A)

� � // H1
F̃m(k,A)

(vq)q
//
Vν(m/n) // H1

(F̃∗)n
(k,B)∗ // // H1

(F̃∗)m
(k,B)∗.

Here the first two vertical maps are the canonical projections from (3.29) and each αq denotes
the isomorphism H1

/f (kq,A) ∼=
V

induced by the composite map

H1(kq,A)
res−−→ H1(knrq ,A)Gκq

∂q−→ Aτ=1 ∼= A/(τ − 1) ∼=
V

(5.20)

that occurs in the definition (5.5) of vq. Taking account of the latter isomorphisms, the lower
row is the exact sequence of (3.43) with (F1,F2) taken to be (F̃n, F̃m) and directly gives the
sequence (5.15) in the case Φ = F̃ . In addition, since the commutativity of the second square
implies that the second map in the upper row is (v̂q)q∈V (m/n), the two rows combine to give the

sequence (5.15) in the case Φ = F̃ .
In a similar way, the long exact cohomology sequence of (5.12) combines with the descriptions
of cohomology in (iii) and the appropriate case of (3.43) to give an exact commutative diagram

H1
F̃ (m)

(k,A) �
�
//

����

H1
F̃m

(k,A) //

����

⊕
q∈V (m)H

1
/tr(kq,A)

∼= (βq)q
��

H1
F̃(m)

(k,A) �
�
// H1

F̃m(k,A)
(ψfs

q )q
//
Vν(m) // H1

F̃∗(m)
(k,B)∗ // // H1

(F̃∗)m
(k,B)∗.

Here, for each q, we write βq for the isomorphism H1
/tr(kq,A) ∼=

V
induced by the composite

map H1(kq,A) → A/(τ − 1) ∼=
V

that occurs in the definition of ψfs
q . It follows that the

second map in the upper row is (ψ̂fs
q )q∈V (m) and so the exact sequence (5.16) with Φ = F̃ ,

respectively Φ = F̃ , follows directly from the lower row of the above diagram, respectively
from a comparison of the upper and lower rows of the diagram.
The derivations of (5.17) and (5.18) from the respective exact triangles (5.13) and (5.14) follow
along precisely similar lines. For brevity, we therefore leave details of these derivations to the
reader except to note that, for each q ∈ V (n), the isomorphism (5.20) induces an isomorphism
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ofH1
tr(kq,A) ∼= H1

/f (kq,A) with
V

and, for each q ∈ V (a), the map ψfs
q relies on the isomorphism

of H1
f (kq,A) = A/(τ − 1) with

V
that was fixed earlier.

The R-module Y fixed at the beginning of § 4.3 gives rise to an
V
-module Ỹ := Y ⊗R

V
that

is non-zero, free and identifies, via (3.47), with a quotient of X(F̃ ). In the next result we shall
use variants of the exact triangles (5.11) and (5.12) that are respectively constructed via the
following diagrams in D(

V
)

(Ỹ ⊕M(n))[−1] // (Ỹ ⊕M(m))[−1] //M(m/n)[−1] // ·

C(F̃ n)

θn

OO

// C(F̃m) //

θm

OO

⊕
q∈V (m/n)Cq

//

θm,n

OO

·

CỸ (F̃
n)

ρ1
//

OO

CỸ (F̃
m)

ρ′1 //

OO

⊕
q∈V (m/n)H

1
/f (kq,A)[0] //

OO

·

(5.21)

Ỹ [−1] // (Ỹ ⊕M(m))[−1] //M(m)[−1] // ·

C(F̃ (m))

θ′m

OO

// C(F̃m) //

θm

OO

⊕
q∈V (m)C

′
q

//

θ′′m

OO

·

CỸ (F̃ (m))
ρ2
//

OO

CỸ (F̃
m)

ρ′2 //

OO

⊕
q∈V (m)H

1
/tr(kq,A)[0] // ·

(5.22)

Here, for each modulus a in N , we writeM(a) for the free
V
-module

⊕
q∈V (a)H

0(kq,B)∗ so that
the upper rows of the respective diagrams are the exact triangles induced by the obvious short
exact sequence 0 → M(n) → M(m) → M(m/n) → 0 and 0 → Ỹ → Ỹ ⊕M(m) → M(m) → 0.
In addition, we set

Cq := H1
/f (kq,A)[0]⊕H

2(kq,A)[−1], respectively C ′
q := H1

/tr(kq,A)[0]⊕H
2(kq,A)[−1],

for q ∈ V (m/n), respectively q ∈ V (m), so that the central rows of the two diagrams are
respectively the exact triangles of (5.11) and (5.12). The morphisms θ′m and θm are the unique
morphisms in D(

V
) for which H1(θ′m) and H1(θm) are the surjective maps induced by the

descriptions of H1(C(F̃ (m))) and H1(C(F̃m)) in Proposition 5.10 (ii) (these morphisms exist
and are unique since C(F̃ (m)) and C(F̃m) are both acyclic in degrees greater than one) and
we write CỸ (F̃ (m)) and CỸ (F̃

m) for their respective mapping fibres. Finally, we write θm,n
and θ′′m for the unique morphisms in D(

V
) for which H1(θm,n) and H

1(θ′′m) are the direct sums
over V (m/n) and V (m) of the local duality isomorphisms H2(kq,A) ∼= H0(kq,B)∗ so that the
respective mapping fibres identify with

⊕
q∈V (m/n)H

1
/f (kq,A)[0] and

⊕
q∈V (m)H

1
/tr(kq,A)[0] and

the right hand columns of the diagrams are the associated exact triangles. At this point, we
note that the upper squares of both diagrams commute and so the Octahedral axiom implies
the existence of the indicated morphisms ρ1, ρ

′
1, ρ2 and ρ′2 that make the respective lower rows

exact triangles and the whole diagrams commutative in D(
V
).

(5.23) Proposition. Recall the integer r = rF,Y defined in (4.18). Then for all moduli m and
n in N with n | m, the following claims are valid.

(i) CỸ (F̃ (m)) and CỸ (F̃
m) belong to Dperf(

V
) and are such that, in K0(

V
), one has

χV(CỸ (F̃ (m))) = r · [
V
] and χV(CỸ (F̃

m)) = (r + ν(m)) · [
V
].

(ii) CỸ (F̃ (m)) and CỸ (F̃
m) are acyclic outside degrees zero and one. There are identifica-

tions H0(CỸ (F̃ (m)) = H1
F̃ (m)

(k,A) and H0(CỸ (F̃
m)) = H1

F̃m
(k,A) and canonical short
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exact sequences

0→ H1
F̃∗(m)

(k,B)∗ →H1(CỸ (F̃ (m)))→ ker(X(F̃ )→ Ỹ )→ 0

0→ H1
(F̃∗)m

(k,B)∗ →H1(CỸ (F̃
m))→ ker(X(F̃ )→ Ỹ )→ 0.

(iii) If r > 0, then there exists a commutative diagram of
V
-modules

DetV(CỸ (F̃
n))

ϑF̃n,Ỹ
//
⋂r+ν(n)
V H1

F̃n
(k,A)

DetV(CỸ (F̃
m))

φ2

��

φ1

OO

ϑF̃m,Ỹ
//
⋂r+ν(m)
V H1

F̃m
(k,A)

∧
q∈V (m/n) v̂q

OO

∧
q∈V (m) ψ̂

fs
q

��

DetV(CỸ (F̃ (m)))
ϑF̃(m),Ỹ

//
⋂rVH1

F̃ (m)
(k,A).

The maps ϑF̃m,Ỹ and ϑF̃ (m),Ỹ are defined in the course of the proof below and have coker-

nels that are respectively annihilated by Fitt0V(H1(CỸ (F̃
m))) and Fitt0V(H1(CỸ (F̃ (m)))).

The maps φ1 and φ2 are isomorphisms and arise as follows: φ1 is induced by the lower
row of (5.21) and the identification DetV(H1

/f (kq,A)[0]) ∼= DetV(
V
[0]) =

V
for each

q ∈ V (m/n) given by the isomorphism H1
/f (kq,A) ∼=

V
induced by (5.20); φ2 is induced

by the lower row of (5.22) and the identification DetV(H1
/tr(kq,A)[0]) ∼= DetV(

V
[0]) =

V

for each q ∈ V (m) given by the isomorphism H1
/tr(kq,A) ∼=

V
induced by (5.6).

Proof. The
V
-module M(m) is free of rank ν(m). Hence, by combining the relevant cases

of Proposition 5.10 (i) with the exact triangles given by the first two columns of (5.22), one
deduces CỸ (F̃ (m)) and CỸ (F̃

m) belong to Dperf(
V
), and also that, in K0(

V
), one has both

χV
(
CỸ (F̃ (m))

)
=χV

(
C(F̃ (m))

)
− χV(Ỹ [−1])

=χV
(
C(F̃ )

)
+ [Ỹ ]

= r · [
V
]

and

χV
(
CỸ (F̃

m)
)
=χV

(
C(F̃m)

)
− χV(M(Ỹ ,m)[−1])

=χV
(
C(F̃ )

)
+ [Ỹ ] + ν(m) · [

V
]

= (r + ν(m)) · [
V
].

This proves (i). In addition, all assertions in (ii) are obtained by combining the relevant cases
of Proposition 5.10 (iii) with an analysis of the long exact cohomology sequences of the first
two columns of (5.22).
We note now that the results of (i) and (ii) combine with the argument of Lemma 2.35 to imply
the hypotheses of Proposition A.12(iv) are satisfied by both of the following sets of data

◦ C•, D•, r and n are respectively taken to be CỸ (F̃
m), CỸ (F̃

n), r+ ν(n) and ν(m/n) and
the exact triangle (A.13) is the lower row of (5.21);

◦ C•, D•, r and n are respectively taken to be CỸ (F̃ (m)), CỸ (F̃
m), r and ν(m) and the

exact triangle (A.13) is the lower row of (5.22).

By applying Lemma 2.35 to the first, respectively second, set of data we obtain the upper,
respectively, lower square in the commutative diagram of (iii), with the assertions concerning
annihilation of cokernels following directly from Proposition A.12 (i). Here we also use the fact
that the argument of Proposition 5.10 (v) explicitly describes the map H0(ρ′1) induced by the
lower row of (5.21) in terms of the maps v̂q for q in V (m/n) and the map H0(ρ′2) induced by

the lower row of (5.22) in terms of the maps ψ̂fs
q for q in V (m).
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5.3. The Kolyvagin derivative homomorphism

In this subsection, we fix a family of Nekovář structures

F = (FK)K∈Ω

that satisfies Hypothesis 4.1 and also natural numbers t and i. We also continue to use the
notation fixed in (5.1) (so that F̃ denotes Fk,i etc.).

We shall first define a notion of Kolyvagin system of rank t for the Nekovář structure F̃ and
then refine arguments from [25] and [62] in order to prove that Euler systems in ESt(F) give
rise to such Kolyvagin systems via a natural ‘derivative homomorphism’ construction.

5.3.1. Kolyvagin systems for Neková̌r structures

Fix a modulus n ∈ N and a prime q ∈ Q \ V (n). Then, by applying Lemma 2.17 (ii) to the
exact sequence (5.17) (with m and n replaced by n and q), one obtains a map of

V
-modules

v̌q :
⋂t
VH

1
F̃ (n)

(k,A)→
⋂t−1
V H1

F̃q(n)
(k,A).

In the same way, by applying Lemma 2.17 (ii) to (5.18) (with a and m replaced by q and n),
one obtains a map of Λ-modules

ψ̌fs
q :
⋂t
VH

1
F̃ (n)

(k,A)→
⋂t−1
V H1

F̃q(n)
(k,A).

We can now give a definition of Kolyvagin system that is appropriate for our theory.

(5.24)Definition. A ‘Kolyvagin system’ of rank t for the Nekovář structure F̃ is a family

(κn)n ∈
∏
n∈N

⋂t
VH

1
F̃ (n)

(k,A)

with the property that, for every n ∈ N and q ∈ Q \ V (n), the ‘finite-singular relation’

v̌q(κnq) = ψ̌fs
q (κn)

is valid in
⋂t−1V H1

F̃q(n)
(k,A). The collection of all such families is naturally a

V
-module that

we denote by KSt(F̃ ).

To prepare for the statement of our main result concerning these systems, we note that, for
each field K ∈ Ω, Hypothesis 4.1 implies the Nekovář structure FK satisfies Hypotheses 3.45
(with R = R[GK ]). It follows that Lemma 2.37 (ii) combines with Proposition 5.10 (iii) and (v)
to imply the existence of a natural ‘projection’ map of R[GK ]-modules

πt
K,F̃

:
⋂t

R[GK ]
H1

F(K, T )→
⋂t
V
[GK ]

H1
F̃
(K,A). (5.25)

For each modulus n ∈ N , we use the group Gn defined in (5.2) and also fix a pre-image Nn

under the (surjective) projection map Z[Gk(n)] → Z[Gk(1)] of the trace element NGk(1) defined
in (4.5). Then, by using the generator σq of Gq for q ∈ Qi fixed at the beginning of § 5, we
define ‘derivative operators’

Dq :=
∑

j∈[|Gq|−1]

jσjq ∈ Z[Gq], Dn :=
∏

q∈V (n)

Dq ∈ Z[Gn] and D′
n := Dn ·Nn ∈ Z[Gk(n)].

The following result is well-known.

(5.26) Lemma. Fix c = (cK)K∈Ω of EStS0
(F). Then, for every modulus n ∈ N , the element

D′
n · πtk(n),F̃ (ck(n)) ∈

⋂t
V
[Gk(n)]

H1
F̃
(k(n),A)

is fixed by Gk(n) and also independent of the choice of lift Nn of NGk(1).
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Proof. Both claims are true if, for all n, one has (σ − 1)Dn(π
t
K,F̃

(ck(n))) = 0 for every σ ∈ Gn.

Hence, since ai annihilates
⋂tV

[Gk(n)]H
1
F̃
(k(n),A), it is enough to show that every element

(σ − 1)Dn(ck(n)) belongs to ai ·
⋂t

R[GK ]H
1
F (k(n), T ). This is proved by the argument of [25,

Lem. 6.12], which we now briefly explain for the convenience of the reader.
We use induction on ν(n) and may assume both that ν(n) > 1 (since there is nothing to prove
if n = 1) and also σ = σq for some q ∈ V (n) (since Gn is generated by the set {σq : q ∈ V (n)}).
Then, since (σq − 1)Dq = |Gq| −NGq , one has

(σq − 1)D′
nck(n) = (|Gq| −NGq)D

′
n/qck(n)

= |Gq|D′
n/qck(n) − ν

t
k(nq)/k(n)(D

′
n/q · Eulq(Frob

−1
q )ck(n/q)),

where the second equality holds by the Euler system norm relations. Now, since q ∈ Q, the
element Eulq(Frob

−1
q ) belongs to the augmentation ideal of

V
[Gn/q] and so the induction hypo-

thesis implies D′
n/q · Eulq(Frob

−1
q )ck(n/q) belongs to ai ·

⋂tV
[Gk(n/q)]H

1
F̃
(k(n/q),A). In addition,

the containment q ∈ Q also implies that |
V
| divides |Gq|. Since |

V
| belongs to ai, this shows

that (σq − 1)D′
nck(n) is contained in ai ·

⋂t
R[GK ]H

1
F (k(n), T ), as required.

For each modulus n ∈ N the Nekovář structure F̃ k(n) agrees with F̃ n (cf. Remark 5.9). As a
consequence, the assumed validity of Hypothesis 4.1 combines with the argument of Lemma 4.6
to imply the existence of a canonical isomorphism of

V
-modules

νt
k(n)/k,F̃

:
⋂t
VH

1
F̃n(k,A)

≃−→
(⋂t

V
[Gk(n)]

H1
F̃
(k(n),A)

)Gk(n) .
For each prime l ∈ Q \ V (n), we may regard Eull(Frob

−1
l ) as an element of R[Gn]. Then,

writing In for the augmentation ideal of Z[Gn], the definition of Q implies that the image
of Eull(Frob

−1
l ) in

V
[Gn] belongs to

V
⊗Z In and so defines an element of

V
⊗Z (In/I

2
n ). In

particular, for every q ̸= l, we may define an element x
(q)
l of

V
by means of the equality

Eull(Frob
−1
l ) = x

(q)
l ⊗ (σq − 1) in

V
⊗Z (Iq/I

2
q ). (5.27)

We also write S(n) for the group Per(V (n)) of permutations of the set V (n).

(5.28)Definition. Fix an element c = (cK)K∈Ω of EStS0
(F). Then, for each modulus n ∈ N ,

Lemma 5.26 allows us to define

κ′(c)n := (νt
k(n)/k,F̃

)−1(πt
k(n),F̃

(D′
n(ck(n)))) ∈

⋂t
VH

1
F̃n(k,A).

We then set

κ(c)n :=
∑

τ∈S(n)
sgn(τ) ·

(∏
q∈V (n/dτ )

x
(q)
τ(q)

)
· κ′(c)dτ ∈

⋂a
VH

1
F̃n(k,A),

where dτ denotes the product over all (prime ideals) q ∈ V (n) with τ(q) = q, and define the
‘Kolyvagin derivative’ of c to be the family

κ(c) := (κ(c)n)n∈N ∈
∏

n∈N

⋂t
VH

1
F̃n(k,A).

We can now finally state the main result of § 5.3.

(5.29)Theorem. Assume the family F = (FK)K∈Ω of Nekovář structures satisfies Hypo-
thesis 4.1 and that K and T satisfy Hypothesis 4.16. Fix an Euler system c in EStS0

(F). Then,
for each modulus n ∈ N and prime q ∈ V (n), one has

κ(c)n ∈
⋂t
VH

1
F̃ (n)

(k,A)
and

v̌q(κ(c)n) = ψ̌fs
q (κ(c)n/q) ∈

⋂t−1

Λ
H1

F̃q(n/q)
(k,A).

In particular, the assignment c 7→ κ(c) defines a well-defined homomorphism of R-modules

EStS0
(F)→ KSt(F̃ ).

After some preliminary steps, the proof of this result will be completed in § 5.3.3.
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5.3.2. The reduction of Theorem 5.29 to rank one

In the special case that F is the family Frel(T ) of relaxed Nekovář structures discussed in
Example 4.8, R is equal to O[GK ] for a finite extension O of Zp and a field K ∈ K and the
filtration (an)n is (pnR)n, then the result of Theorem 5.29 coincides with [25, Th. 6.15]. We
recall that the latter result is proved by first adapting a technique of Rubin [95] and Perrin-Riou
[91] to reduce to the case t = 1, and then deriving this special case from an argument that is
used by Mazur and Rubin to prove [79, Th. 3.2.4]. We shall use the same strategy to prove
Theorem 5.29 for general Nekovář structures, though in the case t = 1 we shall also now rely
on a modified version of arguments of Kato [62, § 2] that are compatible with our use of Selmer
complexes.
As a first step, we must therefore establish a version of the key technical result [25, Lem. 6.22]
that is appropriate for Nekovář structures.

(5.30) Proposition. Fix a modulus n in N . Then, for each element Φ ∈
∧t−1V H1

F̃n
(k,A)∗,

there exists a family of elements

Ψ = (ΨK)K∈Ω ∈
∏

K∈Ω

∧t−1

R[GK ]
H1

F (K, T )∗

with both of the following properties.

(i) For all K and L in Ω with K ⊆ L, and all y ∈
⋂t

R[GK ]H
1
F (K, T ), one has

(ΨL ◦ νtL/K)(y) = (ν1L/K ◦ΨK)(y) ∈ H1
F (L, T ),

where the maps νtL/K and ν1L/K are as defined in Lemma 4.6.

(ii) For each divisor m of n, we use the first map in (5.15) to regard H1
F̃m

(k,A) as a submodule

of H1
F̃n

(k,A). Then, in H1
F̃n

(k,A), one has

Φ((νt
k(m)/k,F̃

)−1(D′
m · πtk(m),F̃

(ck(m)))) = (ν1
k(m)/k,F̃

)−1(D′
m · π1k(m),F̃

(Ψk(m)(ck(m)))).

Proof. For anyK and L in Ω withK ⊆ L, the canonical injective map (4.4) induces a restriction
map

∧t−1
R[GL]H

1
F (L, T )∗ →

∧t−1
R[GK ]H

1
F (K, T )∗. Via these maps, the construction of Ψ is reduced

to the consideration of a cofinal subset of Ω.
We therefore fix a cofinal subset {Fn}n∈N of Ω that is totally ordered with respect to inclusion,
order-isomorphic to N and such that F1 = k(n) and, for each n, we set

Sn := R[GFn ] and Cn := C(FFn).

Then, to construct a family of the required sort, it is enough to inductively construct elements
ΨFn of

∧t−1
Sn H1

F (Fn, T )∗ that have the claimed properties. To do this, we first inductively
construct a family of finitely generated free Sn-modules Pn such that Cn has a resolution

Pn
dn−→ Pn (with the first term placed in degree zero) and a family of elements fn ∈

∧t−1
Sn P ∗

n

with certain compatibility properties.
To construct the required objects for n = 1, we note Lemma 2.31 (i) identifies H1

F̃n
(k,A) with

the Gn-invariants of H
1
F̃
(k(n),A). Hence, upon taking duals over the self-injective ring

V
[Gn],

it follows that the restriction map∧t−1
V
[Gn]

H1
F̃
(k(n),A)∗ →

∧t−1
V
[Gn]

(
H1

F̃
(k(n),A)Gn

)∗ ∼=∧t−1
V H1

F̃n(k,A)∗ (5.31)

is surjective and so we can fix a pre-image Φ̃ of Φ under this map. Now, since FF1 validates

Hypothesis 3.45, Lemma 2.35 implies C1 has a resolution P1
d1−→ P1, where P1 is a finitely

generated free S1-module (and the first term is placed in degree zero). Hence, from Proposition

3.46 (iii), it follows that C(FF1 ⊗R
V
) ∼= C1 ⊗LR

V
is isomorphic to P1,i

d1,i−−→ P1,i with P1,i :=
P1 ⊗R

V
and d1,i := d1 ⊗R 1V. In particular, since the natural composite map∧t−1

S1

P ∗
1 →

(∧t−1

S1

P ∗
1

)
⊗R

V ∼=
∧t−1
V
[Gn]

P ∗
1,i →

∧t−1
V
[Gn]

ker(d1,i)
∗ ∼=

∧t−1
V
[Gn]

H1
F̃
(k(n),A)∗
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is surjective (where the isomorphism follows from the fact P1 is S1-free, and the third map is
surjective since Λ[Gn] is self-injective), we can fix a pre-image f1 of Φ̃ under this map.
Having constructed P1 and f1, we now pass to the inductive step. For this, we assume to be

given a resolution Pn
dn−→ Pn of Cn (in which Pn is a finitely generated free Sn-module) and an

element fn of
∧t−1

Sn P ∗
n and use them to construct similar objects for n+ 1 in place of n.

To do this, we set C̃n := C(FFn+1⊗Sn+1Sn) and write Πn for the set of places of Fn above those
in S(Fn+1) \ S(Fn). Then the relevant cases of Hypothesis 4.1 (ii) and Proposition 3.46 (vi)
combine to imply the existence of a canonical exact triangle in Dperf(Sn)

Cn
αn−−→ C̃n →

⊕
q∈Πn

RΓf (Fn,q, T ∗(1))∗[−1]→ ·. (5.32)

In addition, for q ∈ Πn, the complex RΓf (Fn,q, T ∗(1))∗ has a resolution Q(q) → Q(q), with
Q(q) a finitely generated free Sn-module (and the first term placed in degree zero). Hence,
setting Qn :=

⊕
q∈ΠnQ(q), a standard mapping cone construction combines with the fixed

resolution of Cn to imply C̃n is isomorphic in Dperf(Sn) to a complex Pn ⊕ Qn
d′n−→ Pn ⊕ Qn

(with the first term placed in degree zero) in such a way that αn is induced by a commutative
diagram of Sn-modules

Pn Pn

Pn ⊕Qn Pn ⊕Qn,

dn

α0
n α1

n

d′n

in which α0
n and α1

n are the natural inclusion maps. In particular, since restriction through
α0
n induces a surjective map κ :

∧t−1
Sn (Pn ⊕ Qn)

∗ →
∧t−1

Sn P ∗
n , we can fix an element f̃n of∧t−1

Sn (Pn ⊕Qn)∗ with κ(f̃n) = fn.

Next we note that Proposition 3.46 (iv) induces an isomorphism in Dperf(Sn)
Cn+1 ⊗LSn+1

Sn ∼= C̃n, (5.33)

and hence also an isomorphism of Sn-modules H1(Cn+1)⊗Sn+1 Sn ∼= H1(C̃n).
We now fix a finitely generated free Sn+1-module Pn+1 for which there exists an isomorphism of
Sn-modules from (Pn+1)n := Pn+1⊗Sn+1 Sn to Pn⊕Qn, and write ιn for the induced surjective

map of Sn+1-modules Pn+1 ↠ Pn ⊕Qn. The resolution of C̃n fixed above induces a surjective
map of Sn-modules jn : Pn ⊕ Qn ↠ H1(C̃n). Then, since Pn+1 is a free Sn+1-module, we can
fix a commutative diagram of Sn+1-modules

Pn+1 H1(Cn+1)

Pn ⊕Qn H1(C̃n)

jn+1

ιn
jn

in which the right hand vertical map is induced by (5.33). Note here that Nakayama’s Lemma
implies any map jn+1 in such a diagram is surjective since jn ◦ ιn is surjective and the kernel
of the projection Sn+1 → Sn lies in the Jacobson radical of Sn+1. The argument of Lemma

2.35 (i) now implies that Cn+1 has a resolution Pn+1
dn+1−−−→ Pn+1, in which the first term is

placed in degree zero and the isomorphism cok(ϕn+1) ∼= H1(Cn+1) is induced by jn+1, and the
descent isomorphism (5.33) is induced by a commutative diagram of Sn+1-modules

Pn+1 Pn+1

Pn ⊕Qn Pn ⊕Qn.

dn+1

i′n in
d′n

In particular, since this morphism of complexes induces a quasi-isomorphism between the lower
complex and the image under − ⊗Sn+1 Sn of the upper complex, and the map in ⊗Sn+1 Sn is
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bijective, the map i′n must induce an isomorphism (Pn+1)n ∼= Pn ⊕Qn. The map i′n therefore
induces a surjective map∧t−1

Sn+1

P ∗
n+1 ↠

(∧t−1

Sn+1

P ∗
n+1

)
⊗Sn+1 Sn ∼=

∧t−1

Sn
(Pn ⊕Qn)∗

and we fix a pre-image fn+1 of f̃n under this map. Having inductively constructed modules Pn
and elements fn, we now claim that the properties (i) and (ii) are satisfied by the elements

ΨFn := ρn(fn) ∈
∧t−1

Sn
H1

F (Fn, T )∗.

Here ρn denotes the restriction map
∧t−1

Sn P ∗
n →

∧t−1
Sn ker(dn)

∗ ∼=
∧t−1

Sn H1
F (Fn, T )∗, in which

the last isomorphism is induced by Proposition 3.46 (v).
It is enough to verify (i) with L/K taken to be Fn+1/Fn. The key observation for this case is
that, for each y ∈

∧t−1
Sn+1

Pn+1, the composite map∧t−1

Sn
(Pn+1)n ∼=

∧t−1

Sn
(Pn+1)

Gal(Fn+1/Fn) ∼=
(∧t−1

Sn+1

Pn+1

)Gal(Fn+1/Fn) ↪→
∧t−1

Sn+1

Pn+1

sends Nt−1
Gal(Fn+1/Fn)

y to NGal(Fn+1/Fn)y. It follows that

NGal(Fn+1/Fn) · fn(N
t
Gal(Fn+1/Fn)

y) = fn+1(NGal(Fn+1/Fn)y),

and this implies the equality in (i) since the assignment NtGal(Fn+1/Fn)
y 7→ NGal(Fn+1/Fn)y

restricts to give the map νtFn+1/Fn
on
⋂t

Sn H
1
F (Fn, T ).

To verify (ii) we fix a divisor m of n. We regard H1
F̃
(k(m),A) as a submodule of H1

F̃
(k(n),A)

(just as in (4.4)) and write Φ̃m for the image of Φ̃ under the induced restriction map∧t−1

Λ[Gn]
H1

F̃
(k(n),A)∗ →

∧t−1

Λ[Gm]
H1

F̃
(k(m),A)∗.

Then, since Ψk(m) is the restriction of Ψk(n) = ρn(f1) and Φ̃ is a pre-image of Φ under the
restriction map (5.31), our explicit choice of f1 implies that

D′
mπ

1
k(m),F̃

(Ψk(m)(ck(m))) = D′
mΦ̃m(π

1
k(m),F̃

(ck(m))) = Φ̃m(D
′
mπ

1
k(m),F̃

(ck(m))).

Hence one has

(ν1
k(m),F̃

)−1(D′
mπ

1
k(m),F̃

(Ψk(m)(ck(m))))

= (ν1
k(m),F̃

)−1(Φ̃m(D
′
mπ

1
k(m),F̃

(ck(m))))

= (ν1
k(m),F̃

)−1((Φ̃m ◦ νtk(m),F̃
◦ (νt

k(m),F̃
)−1)(D′

mπ
1
k(m),F̃

(ck(m))))

=Φ((νt
k(m)/k,F̃

)−1(D′
mπ

1
k(m),F̃

(ck(m)))),

where the last equality uses the fact Φ̃m ◦ νtk(m)/k,F̃
= ν1

k(m)/k,F̃
◦ Φ on

⋂t
ΛH

1
F̃m

(k,A). This

verifies the required property (ii).

A collection Ψ = (ΨK)K∈Ω of maps that satisfy the relations in Proposition 5.30 (i) is often
referred to as a ‘Perrin-Riou functional’ (see, for example, [71, Def. 8.1.2]). The key observation,
made independently by Rubin in [95, § 6] and by Perrin-Riou in [91, § 1.2.3], is that any such
collection gives rise to a well-defined map of RJGKK-modules

EStS0
(Frel(T ))→ ES1S0

(Frel(T )), (cK)K∈Ω 7→ (ΨK(cK))K∈Ω

where Frel(T ) is as defined in Example 4.8. By precisely the same argument, one verifies that
this result remains valid after replacing Frel(T ) by any family of Nekovář structures F that
satisfies Hypothesis 4.1. This observation then combines with Proposition 5.30 to prove the
following reduction result for Theorem 5.29.

(5.34) Lemma. To prove Theorem 5.29 it is enough to consider the case t = 1.

64



Proof. We first show that, for each n ∈ N , the element κ(c)n belongs to
⋂tVH1

F̃ (n)
(K,A). For

this, Corollary 2.24 implies it suffices to show that, for every Φ ∈
∧t−1V H1

F̃n
(k,A)∗ one has

Φ(κ(c)n) =
∑

τ∈S(n)

sgn(τ) ·
( ∏
q∈V (n/dτ )

x
(q)
τ(q)

)
· Φ(κ′(c)dτ ) ∈ H1

F̃ (n)
(k,A). (5.35)

However, by Proposition 5.30, there exists an element Ψ ∈ lim←−F
∧t−1

R[GF ]H
1
F (F, T )∗ with the

property that, for every divisor d of n, one has

Φ(κ′(cd)) = κ′(Ψ(c)d).

In particular, since Ψ(c) belongs to ES1S0
(F), the containment (5.35) is valid for all t if it is

valid for t = 1.
We show next that, for every n ∈ N and q ∈ V (n), one has

vq(κ(c)n) = ψfs
q (κ(c)n/q).

For this we note that, since
⋂tVH1

F̃ (n)
(k,A) is defined to be (

∧tVH1
F̃ (n)

(k,A)∗)∗, the element

κ(c)n of
⋂tVH1

F̃ (n)
(k,A) defines a map

∧tVH1
F̃ (n)

(k,A)∗ →
V
. Given this, vq(κ(c)n) is the map∧t−1

V H1
F̃ (n)

(k,A)∗ →
V
, Φ 7→ κ(c)n(vq ∧ Φ).

In particular, if we identify
⋂1VH1

F̃ (n)
(k,A) with H1

F̃ (n)
(k,A), and thereby regard Φ(κ(c)n) as

an element of H1
F̃ (n)

(k,A), then we have

κ(c)n(vq ∧ Φ) = (−1)t−1 · vq(Φ(κ(c)n)).
Similarly, one finds that ψfs

q (κ(c)n/q) ∈
⋂t−1V H1

F̃ (n)
(k,A) identifies with the map∧t−1

V H1
F̃ (n)

(k,A)∗ → Λ, Φ 7→ κ(c)n/q(ψ
fs
q ∧ Φ) = (−1)t−1 · ψfs

q (Φ(κ(c)n/q)).

To verify the claimed equality vq(κ(c)n) = ψfs
q (κ(c)n/q), it is thus enough to show that, for every

Φ ∈
∧t−1V H1

F̃ (n)
(k,A)∗, one has an equality

vq(Φ(κ(c)n)) = ψfs
q (Φ(κ(c)n/q)) (5.36)

Moreover, by using Proposition 5.30, we can choose an element Ψ of lim←−F
∧a−1

R[GF ]H
1
F (F, T )∗

with both Φ(κ(c)n) = κ(Ψ(c))n and Φ(κ(c)n/q) = κ(Ψ(c))n/q. In particular, since Ψ(c) belongs

to ES1S0
(F), the required equality (5.36) will therefore follow if Theorem 5.29 is known to be

valid in the case t = 1. This proves the claimed result.

5.3.3. The proof of Theorem 5.29 in rank one

In this section we shall prove (in Propositions 5.46 and 5.50) the result of Theorem 5.29 in
the special case t = 1. In view of Lemma 5.34, the results presented here will therefore also
complete the proof of Theorem 5.29 for arbitrary t.
In the first result, we adapt an approach of Kato (from [62, § 2]), to show that Euler systems
for Nekovář structures satisfy the ‘congruence condition’ discussed in [96, § 4.8]. For this, for
each q ∈ Q and K ∈ Ω, we write

locK,q : H
1
F(K, T )→

⊕
v∈{q}K H

1(Kv, T ) ∼= H1(kq, T [GK ])

for the natural localisation map. We will also often use the fact that, for every n ∈ N and
q ∈ V (n), the extension k(n)/k(n/q) is totally ramified at all places above q, and hence that
for every i there is a natural isomorphism H i

f (kq, T [Gk(n)]) ∼= H i
f (kq, T [Gk(n/q)]).

(5.37) Proposition. Assume F satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis
4.16. Then, for each n ∈ N , q ∈ V (n), and c ∈ ES1S0

(F), the following claims are valid.
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(i) Eulq(Frob
−1
q )− Eulq(Nq · Frob−1

q ) ∈ [k(q) : k(1)] · R[Gn/q].

(ii) lock(n),q(ck(n)) and lock(n/q),q(ck(n/q)) belong to H1
f (kq, T [Gk(n)]) ∼= H1

f (kq, T [Gk(n/q)]).
(iii) One has an equality

lock(n),q(ck(n)) =

(
Eulq(Frob

−1
q )− Eulq(Nq · Frob−1

q )

[k(q) : k(1)]

)
· lock(n/q),q(ck(n/q)).

Proof. Claim (i) is true since Eulq(Frob
−1
q ) − Eulq(Nq · Frob−1

q ) belongs to (Nq − 1) · R[Gn/q]
and Nq− 1 is divisible by [k(q) : k(1)].
We next note that im(lock(n/q),q) ⊆ H1

f (kq, T [Gk(n/q)]) because q /∈ S(Fk(n/q)). In particular,

since ck(n/q) ∈ H1
F(k(n/q), T ), one has lock(n/q),q(ck(n/q)) ∈ H1

f (kq, T [Gk(n/q)]). To prove (ii) it is

therefore sufficient to prove lock(n),q(ck(n)) belongs to H
1
f (kq, T [Gk(n)]).

To do this, we use the fact that, by the assumed validity of Hypothesis 4.16 (ii), the field
K contains a Zp-extension k∞ of k in which no finite place splits completely. We then set
k(n)∞ := k∞ · k(n) and k(n)n := kn · k(n) for n ∈ N, where kn denotes the n-th layer of kn/k.
We further set S := RJGk(n)∞K and regard the free S-module T ⊗R S as a Gk-module via the
action σ · (a ⊗ b) := (σa) ⊗ (bσ−1) for σ ∈ Gk, where σ denotes the image of σ in Gk∞ . Then
Shapiro’s lemma induces a canonical isomorphism

H1(kq, T ⊗R S) ∼= lim←−n∈NH
1(kq, T [Gk(n)n ]),

where the transition morphisms in the limit are the natural corestriction maps. In particular,
the Euler system distribution relations imply that the family

dn := (lock(n)n,q(ck(n)n))n∈N

defines an element of H1(kq, T ⊗R S). Hence, if we can prove that the natural composite map

lim←−n∈NH
1
f (kq, T [Gk(n)n ]) ∼= H1

f (kq, T ⊗R S)→ H1(kq, T ⊗R S)

is bijective, then one has lock(n),q(ck(n)) ∈ H1
f (kq, T [Gk(n)]), as claimed. Further, if R is finitely

generated over Zp, then the bijectivity of the displayed map is proved by Rubin in [96, Prop.
B.3.4], and so we now adapt the argument of loc. cit. to our more general setting.
For this, we write F for the completion of k(n) at a place above q and Fn for the n-th layer
of the (unique) unramified Zp-extension of F . The inertia subgroup I := IFn ⊆ GFn is then
independent of n because Fn/F is unramified. Since I acts trivially on T , the relevant case of
the inflation-restriction sequence gives an exact sequence

0→ H1
f (Fn, T )→ H1(Fn, T )→ H1(I, T )GFn/I = Homcont(I(p), T )GFn , (5.38)

where I(p) denotes the pro-p completion of I. Local class field theory implies that I(p) is a
finitely generated Zp-module and so X := Homcont(I(p), T ) is a finitely generated R-module.
It follows that X is Noetherian (since R is) and p-torsion free (since T is, by Remark 4.17). In
particular, the ascending chain (Xn)n∈N with Xn := Homcont(I(p), T )GFn becomes stationary
and so, for some m ∈ N, one has Xn = Xm for all n ≥ m. For each n ≥ m, the norm
map Xn+1 → Xn is therefore induced by multiplication by p, and so lim←−n∈NXn = (0). Upon

taking the limit (over n) of the exact sequence (5.38), one therefore obtains an isomorphism
lim←−n∈NH

1
f (Fn, T ) ∼= lim←−n∈NH

1(Fn, T ). Since (by assumption) the set Σq of places k(n)∞
above q is finite, this in turn induces an isomorphism

H1
f (kq, T ⊗R S) ∼= lim←−

n∈N

⊕
v∈Σq

H1
f (k(n)n,v, T )→ lim←−

n∈N

⊕
v∈Σq

H1(k(n)n,v, T ) ∼= H1(kq, T ⊗R S),

as required to complete the proof of (ii).
Before proving (iii), we claim H1

f (kq, T ⊗R S) is torsion free. To see this, for every v ∈ Σq we
set Sv := RJGal(k(n)∞,v/kq)K and note Shapiro’s Lemma gives a direct sum decomposition

H1
f (kq, T ⊗R S) ∼=

⊕
v∈Σq

H1
f (kq, T ⊗R Sv) ∼=

⊕
v∈Σq

H1(Fv, T ),
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in which Fv denotes the residue field of k(n)∞,v. Now, since every finite extension of Fv has
degree coprime to p, Frobv must act trivially on T . It follows that there are isomorphisms

H1(Fv, T ) ∼= T /(1− Frobv) ∼= T
and hence that H1

f (kq, T ⊗R S) is torsion free since T is (by Remark 4.17).

Turning now to (iii), we observe that (ii) implies (iii) is valid if, in H1
f (kq, T ⊗R S), one has

dn =

(
Eulq(Frob

−1
q )− Eulq(Nq · Frob−1

q )

[k(q) : k(1)]

)
· dn/q

where dn and dn/q are as defined above. In addition, since H1
f (kq, T ⊗R S) is torsion free, this

equality will follow if we can prove that

[k(q) : k(1)] · dn =
(
Eulq(Frob

−1
q )− Eulq(Nq · Frob−1

q )
)
· dn/q. (5.39)

To do this, we note first that the trace element NGq acts as multiplication by [k(q) : k(1)] on
H1
f (kq, T [Gk(n)n ]) = H1(Fq, T [Gk(n)n ]), and hence that

[k(q) : k(1)] · lock(n)n,q(ck(n)n) = lock(n)n,q(NGqck(n)n) = Eulq(Frob
−1
q ) · lock(n/q)n,q(ck(n/q)n).

In addition, the exact sequence

0→ T [Gk(n/q)n ]
1−Frobv−−−−−→ T [Gk(n/q)n ]→ H1(Fq, T [Gk(n/q)n ])→ 0

implies that H1(Fq, T [Gk(n/q)n ]) is annihilated by the element

detR[Gk(n/q)n ](1− Frobv | T [Gk(n/q)n ]) = Eulq(Nq · Frob−1
q ) ∈ R[Gk(n/q)n ].

These facts combine to prove the equality (5.39), and hence also (iii).

In order to prove the relevant ‘finite-singular relations’, we recall certain maps introduced by
Kato in [62, § 4]. To do this, we fix n ∈ N and q ∈ Q, and define a composite homomorphism

Ψfs
n,q : H

1
f (kq, T [Gk(n)])→ H1

f (kq,A[Gk(n)])
(5.6)−−−→ (A[Gk(n)])Ik(n),q/(Frobq − 1)

c1−Frobq−−−−−→ H0
f (kq,A[Gk(n)]).

Here the first map is induced by the projection T → A, we write Ik(n),q ⊆ Gk(n) for the inertia
subgroup at q (so Ik(n),q = Gk(q) if q ∈ V (n) and Ik(n),q is trivial otherwise), and the ‘cofactor
map’ c1−Frobq (as defined in the proof of Lemma 5.4) is induced by multiplication by 1−Frobq
on A[Gk(n)/Ik(n),q].
We also have a well-defined ‘evaluation’ map

evσq : H
1(kq,A[Gk(n)])→ H1(knrq ,A[Gk(n)])Gκq →

(
A[Gk(n)]/(σq − 1)

)Gκq , [ξ] 7→ ξ(σq).

If q ̸∈ V (n), we thereby obtain from evσq a map

Vn,q : H
1(kq,A[Gk(n)])

evσq−−−→ H0
f (kq,A[Gk(n)]) ∼= H0

f (kq,A[Gk(nq)]),
where the last isomorphism is a consequence of the k(nq)/k(n) being totally ramified at q.
The above maps Ψfs

n,q and Vn,q are then related to the maps ψ̌fs
q and v̌q that occur in the

definition of Kolyvagin systems relative to Nekovář structures in the following way.

(5.40) Lemma. Fix c ∈ ES1S0
(F), n ∈ N and q ∈ Q and write h for the isomorphism of

R-modules A/(τ − 1) ∼=
V

fixed just before (5.5). Then one has

(Ψfs
n,q ◦ lock(n),q)(D′

nck(n)) = (ιn,q ◦ h−1 ◦ ψ̌fs
q )(κ

′(c)n).

In addition, if q ∈ V (n), and we set

xn,q := (ν1
k(n)/k(n/q),F̃

)−1(π1
k(n),F̃

(D′
nck(n))) ∈ H1

F̃
(k,A[Gk(n/q)]),

then one has

(Vn/q,q ◦ lock(n/q),q)(xn,q) = (ιn,q ◦ c−1
1−τ ◦ h

−1 ◦ v̌q)(κ′(c)n).
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Proof. We recall that the maps v̌q and ψ̌fs
q (as defined in Proposition 5.10 (v)) factor through

the respective maps vq and ψfs from (5.5) and (5.7), and hence that it suffices to compare
the latter maps to Vn/q,q and Ψfs

n,q. Then, since the cofactor map behaves functorially, the
commutative diagrams

H1(kq,A[Gk(n)]) (A[Gk(n)])Ik(n),q/(Frobq − 1) H1(kq,A[Gk(n/q)]) (A[Gk(n/q)])Gκq

H1(kq,A) A/(Frobq − 1) H1(kq,A) AGκq

(5.6) evq

(5.6)

ι∗n,q ιn,q

∂q◦resq

ι∗
n/q,q

ιn/q,q

reduce both claims to an explicit comparison of the definitions of all involved maps (which we
leave to the reader).

In the sequel, for each K ∈ Ω we write

δK,q : H
0(kq,A[GK ])→ H1(kq, ai · T [GK ])

for the connecting homomorphism that arises from the tautological short exact sequence

0→ ai · T [GK ]→ T [GK ]→ A[GK ]→ 0. (5.41)

In particular, for each n ∈ N and q ∈ Q, the following result explicitly computes the images
under the respective composite maps δk(n),q ◦Ψfs

n,q and δk(n),q ◦Vn,q of the elements that arise in
the finite-singular relations.

(5.42) Proposition. For each c ∈ ES1S0
(F), n ∈ N and q ∈ Q, the following claims are valid.

(i) For each element a of the ideal ⟨ai, In⟩ of R[Gn] generated by ai∪In, there exists a unique
element a · (D′

nck(n)) of H
1
f (kq, aiT [Gk(n)]) that satisfies

(a · (D′
nck(n)))(Frobq) = a((D′

nck(n))(Frobq))

in (aiT [Gk(n)])Ik(n),q/(Frobq − 1).

(ii) If q ̸∈ V (n), then Eulq(Nq · Frobq) ∈ ⟨ai, In⟩, and in H1
f (kq, aiT [Gk(n)]) one has

(δk(n),q ◦Ψfs
n,q ◦ lock(n),q)(D′

nck(n))(y) = −Eulq(Nq · Frobq) · (D′
nck(n)),

where the right-hand side is the element defined in (i) with a = −Eulq(Nq · Frobq).
(iii) If q ∈ V (n), then in H1

f (kq, aiT [Gk(n)]) one has

(δk(n),q ◦ Vn,q)(xn,q) = (σq − 1)D′
nck(n),

where the right-hand side is the element defined in (i) with a = σq − 1 ∈ In.
(iv) Assume F satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis 4.16. Then, for

every system c ∈ ES1S0
(F), every modulus n ∈ N , and every prime q ∈ V (n) one has

(δk(n/q),q ◦Ψfs
n/q,q ◦ lock(n/q),q)(D

′
n/qck(n/q)) = (δk(n),q ◦ Vn,q)(xn,q)

in H1
f (kq, ai · T [Gk(n/q)]) ∼= H1

f (kq, ai · T [Gk(n)]).

Proof. To prove (i), we write k(n)∞ := k∞ · k(n) with k∞ the cyclotomic Zp-extension of k.
Then, since k∞ ∩ k(n) ⊆ k(1), there is an injection Gn ↪→ Gk(n)∞ that allows us to view a as an
element of RJGk(n)∞K. Letting K be a finite extension of k(n) contained in k(n)∞, the element
a therefore acts on cK .
Now Proposition 3.46 (iii) gives a canonical isomorphism C

F̃
(A[GK ]) ∼= (R/ai)⊗LRCF (T [GK ]).

Upon tensoring the short exact sequence 0 → ai → R → (R/ai) → 0 with CF (T [GK ]), one
thus obtains a canonical exact triangle

ai ⊗LR CF (T [GK ])→ CF (T [GK ])→ C
F̃
(A[GK ])→

and hence, by Proposition 3.46 (v), an induced exact sequence

0→ H0(ai ⊗LR CF (T [GK ]))→ H1
F (k, T [GK ])

π1

K,F̃−−−→ H1
F̃
(k,A[GK ]). (5.43)
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By the argument of Lemma 5.26, the element π1
K,F̃

(D′
ncK) is fixed byGn and so is annihilated by

a. From the last displayed exact sequence, we can thus deduce aD′
ncK ∈ H0(ai⊗LRCF (T [GK ])).

To proceed, we use the natural composite morphism

ξK : ai ⊗LR CF (T [GK ])→ ai ⊗LR RΓ(kq, T [GK ])→ RΓ(kq, aiT [GK ]),

in which the first morphism is induced by the localisation morphism CF (T [GK ])→ RΓ(kq, T [GK ])
and the second by commutativity of the following diagram of exact triangles

ai ⊗LR RΓ(kq, T [GK ]) RΓ(kq, T [GK ]) (R/ai)⊗LR RΓ(kq, T [GK ])

RΓ(kq, aiT [GK ]) RΓ(kq, T [GK ]) RΓ(kq,A[GK ])

≃

Here the third vertical map is the canonical isomorphism from Lemma 3.4 (vi) and the lower
row the triangle associated to the short exact sequence 0→ aiT [GK ]→ T [GK ]→ A[GK ]→ 0.
In particular, there exists a natural commutative diagram

H0(ai ⊗LR CF (T [GK ])) H1
F (k, T [GK ])

H1(kq, aiT [GK ]) H1(kq, T [GK ]).

H0(ξK) lock(n),q

Hence, if the element

a ·D′
nck(n) := H0(ξk(n))(aD

′
nck(n))

belongs to H1
f (kq, aiT [Gk(n)]), then it satisfies all of the properties specified in (i). On the

other hand, the required containment a · D′
nck(n) ∈ H1

f (kq, aiT [Gk(n)]) is a consequence of the

equality lim←−K H
1
f (kq, aiT [GK ]) = lim←−K H

1(kq, aiT [GK ]), with K ranging over the subfields of a
Zp-extension of k contained in K in which no finite place splits completely (and which exists
by Hypothesis 4.16 (i)), that was shown in the proof of Proposition 5.37 (ii). Indeed, given
this, it is enough to note that, since c is an Euler system and the second arrow in (5.43) is
injective, the family (a ·D′

ncK(n))K belongs to lim←−K H
1(kq, aiT [GK ]) because (cK(n))K is norm

compatible. This proves (i).
We next recall that the definition of Q implies q splits completely in the fields k(1) and k(µ|Ri|),
and also that Frobq restricts to τ on the field k(A). This implies Nq − 1 ∈ |Ri|Z ⊆ ai and
hence, since Frobq − 1 ∈ In, that

Eulq(Nq · Frobq) ≡ Eulq(1) ≡ detRi(1− τ−1 | A∗(1)) ≡ 0 mod ⟨In, ai⟩.
This proves the first assertion of (ii) and, in particular, implies (i) can be applied with a taken
to be −Eulq(Nq · Frobq). To prove the rest of (ii), we now fix y ∈ H1

f (kq, T [Gk(n)]) and note

Ψfs
n,q(y) = c1−Frobq(y(Frobq)),

with y ∈ H1
f (kq,A[Gk(n)]) denoting the reduction of y modulo ai. In addition, one has

(Frobq − 1)c1−Frobq = −(1− Frobq)c1−Frobq

= −detV[Gk(n)](1− Frobq | A[Gk(n)])

= −Eulq(Nq · Frobq) ∈
V
[Gk(n)].

Now, for any α ∈ H0(kq,A[Gk(n)]) the definition of the map δk(n),q implies δk(n),q(α)(g) is equal
to the class of the cocyle Gkq → ai · T [Gk(n)], g 7→ (g − 1)α̃, where α̃ ∈ T [Gk(n)] is a lift of z. In

particular, since c1−Frobq(y(Frobq)) is a lift of c1−Frobq(y(Frobq)) and belongs to (T [Gk(n)])Ik(n),q
as y ∈ H1

f (kq, T [Gk(n)]), one has (δk(n),q ◦Ψfs
n,q)(y)(Frobq) ∈ H1

f (kq, ai · T [Gk(n)]). Moreover, we
may compute that

(δk(n),q ◦Ψfs
n,q)(y)(Frobq) = (Frobq − 1) · cFrobq−1 · y(Frobq)

= −Eulq(Nq · Frobq) · y(Frobq)
= (−Eulq(Nq · Frobq) · y)(Frobq).
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Applying this with y = lock(n),q(D
′
nck(n)) then implies (ii) since an element of H1

f (kq,A[Gk(n)])
is uniquely determined by its value on Frobq.
To prove (iii), we take y ∈ H1

f (kq,A[Gk(n/q)]) and similarly compute that

(δk(n),q ◦ Vn,q)(y)(Frobq) = (Frobq − 1) · ỹ(σq),

where ỹ(σq) ∈ T [Gk(n/q)] is a lift of y(σq). Note (δk(n),q ◦ Vn,q)(y) belongs to H1
f (kq, aiT [Gn]).

Indeed, this is true since we may view (Vn,q)(y) as an element of H0
f (kq,A[Gk(n)/q] and because

δn/q,q maps into H1
f (kq, aiT [Gn/q]) as the representation A[Gn/q] is unramified at q. This shows

that (δk(n),q ◦ Vn,q)(y) is uniquely determined by its value on Frobq.

We now apply this with y = xn,q so that, denoting by σ̃q a lift of σq to Gk, we may take ỹ(σq)
to be (D′

nck(n))(σ̃q). Given the explicit action of Gq on H1(kq, ai · T [Gn]), repeated use of the
cocycle property then implies that

((σq − 1)D′
nck(n))(Frobq) = σ̃q(D

′
nck(n))(σ̃q

−1Frobqσ̃q)− (D′
nck(n))(Frobq)

=
(
(D′

nck(n))(Frobqσ̃q) + σ̃q(D
′
nck(n))(σ̃q

−1)
)
− (D′

nck(n))(Frobq)

=
(
Frobq(D

′
nck(n))(σ̃q) + (D′

nck(n))(Frobq)
)
− (D′

nck(n))(σ̃q)

− (D′
nck(n))(Frobq)

= (Frobq − 1)(D′
nck(n))(σ̃q).

We have therefore proved that

(δk(n),q ◦ Vn,q)(xn,q)(Frobq) = ((σq − 1)D′
nck(n))(Frobq)(Frobq),

and this implies (iii) since (δk(n),q ◦ Vn,q)(xn,q) and (σq− 1)D′
nck(n) belong to H1

f (kq, aiT [Gk(n)]).
To prove (iv), we first use (i) to regard |Gq|D′

nck(n) as an element of H1
f (kq, aiT [Gk(n)]) and

(Eulq(Frob
−1
q ) − Eulq(Nq · Frob−1

q ))D′
n/qck(n/q) as an element of H1

f (kq, aiT [Gk(n/q)]). From

Proposition 5.37 (iii), we then obtain an equality

|Gq|D′
nck(n) = (Eulq(Frob

−1
q )− Eulq(Nq · Frob−1

q ))D′
n/qck(n/q) (5.44)

in H1
f (kq, aiT [Gk(n)]) ∼= H1

f (kq, aiT [Gk(n/q)]).
We also note that the identity (σq − 1)Dq = |Gq| −NGq implies an equality

(σq − 1)D′
nck(n) = (|Gq| −NGq)D

′
n/qck(n) = |Gq|D′

n/qck(n) − Eulq(Frob
−1
q )D′

n/qck(n/q) (5.45)

in H1
F̃
(k, T [Gk(n)]). Since (i) can be applied to both summands on the right, these equalities

also hold in H1
f (kq, aiT [Gk(n)]). We may then compute that

(δk(n),q ◦ Vn,q)(D′
nck(n))

= (σq − 1)D′
nck(n)

= (|Gq| −NGq)D
′
n/qck(n)

= (Eulq(Frob
−1
q )− Eulq(Nq · Frob−1

q ))D′
n/qck(n/q) − Eulq(Frob

−1
q )D′

n/qck(n/q)

= −Eulq(Nq · Frob−1
q )D′

n/qck(n/q)

= (δk(n/q),q ◦Ψfs
n,q)(D

′
n/qck(n/q)),

where the first equality is by (iii), the second by (5.45), the third by (5.44), and the last by
(ii). This proves the equality in (iv).

The above computations can now be combined to prove the ‘finite-singular relations’ that occur
in Theorem 5.29 in the case t = 1.

(5.46) Proposition. Assume F satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis
4.16. Then, for every c ∈ ES1S0

(F), n ∈ N , and q ∈ V (n) one has

v̌q(κ
′(c)n) = ψ̌fs

q (κ
′(c)n/q) ∈

V
.
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Proof. Since the maps h and c1−τ are bijective and ιn,q is injective, the claimed equality is valid
if, in H0

f (kq,A[Gk(n/q)]) ∼= H0
f (kq,A[Gk(n)]), one has

(ιn/q,q ◦ h−1 ◦ ψ̌fs
q )(κ

′(c)n/q) = (ιn,q ◦ c−1
1−τ ◦ h

−1 ◦ v̌q)(κ′(c)n).
Since Hypothesis 4.16 (ii) implies the connecting maps δk(n/q),q and δk(n),q are injective, it thus
suffices to show that, in H1

f (kq, ai · T [Gk(n/q)]) ∼= H1
f (kq, ai · T [Gk(n)]), one has

(δk(n/q),q ◦ ιn/q,q ◦ h−1 ◦ ψ̌fs
q )(κ

′(c)n/q) = (δk(n),q ◦ ιn,q ◦ c−1
1−τ ◦ h

−1 ◦ v̌q)(κ′(c)n).
It is then enough to note that the latter equality can be directly verified by combining Lemma
5.40 with Proposition 5.42 (iv).

At this point, to complete the proof of Theorem 5.29 it only remains to show that the explicit
linear combination of elements κ′(c)dck(d) that occurs in Definition 5.28 belongs to the group
H1

F (n)(k,A), and for this we adapt an argument of Mazur and Rubin in [79, App. A]. This
means that the key technical result we have to prove is the following.

(5.47) Lemma ([79, Th. A.4]). Assume F satisfies Hypothesis 4.1 and that K and T satisfy
Hypothesis 4.16. Then, for every c ∈ ES1S0

(F), n ∈ N , and q ∈ V (n) one has

ψ̌fs
q (κ

′(c)n) = −
∑

τ∈Sq(n)

sgn(τ) ·
( ∏
l∈V (n/dτ )

x
(l)
τ(l)

)
· ψ̌fs

q (κ
′(c)dτ ),

where Sq(n) denotes the subset of S(n) comprising cycles τ for which τ(q) ̸= q and x
(l)
τ(l) are

the elements defined in (5.27).

Proof. Let S1(n) denote the collection of all cycles in Per(V (n)). Then for each τ ∈ S1(n)
one has q /∈ V (dτ ) and so Proposition 5.46 shows that ψ̌fs

q (κ
′(c)dτ ) = v̌q(κ

′(c)qdτ ). Since the

maps h and c1−τ are isomorphisms, it is therefore enough to compute (ιn,q ◦ h−1 ◦ ψ̌fs
q )(κn)

in terms of (ιn,q ◦ c−1
1−τ ◦ h−1 ◦ v̌q)(κdτ ). Since Hypothesis 4.16 (ii) implies that the connecting

homomorphism δk(n),q is injective, we may carry out this computation after applying δk(n),q.
Using Lemma 5.40 and Proposition 5.42 (ii) and (iii) we are therefore reduced to proving that,
in H1

f (kq, aiT [Gk(n)]), one has

Eulq(Frobq) · (D′
nck(n)) =

∑
τ∈Sq(n)

sgn(τ) ·
(∏

l∈V (n/dτ )
x
(l)
τ(l)

)
· (σq − 1) · (D′

qdτ ck(qdτ )). (5.48)

To do this, we fix m ∈ N with m | n, and p ∈ V (m). If u is an element of Im + aiR[Gk(m)], then
u annihilates (σp − 1)(D′

mck(m)). Indeed, this follows from the fact that u annihilates κ′(c)m
(by Lemma 5.26) and Lemma 5.40 and Proposition 5.42 (iii). For every l ∈ V (m) we have

Eull(Frob
−1
l ) ≡

∑
p∈V (m/l) x

(p)
l (σp − 1) mod (Im + aiR[Gk(m)])

by definition of the elements x
(p)
l (cf. (5.27)), and so it follows that

Eull(Frob
−1
l ) · (D′

mck(m)) =
∑

p∈V (m/l) x
(p)
l (σp − 1)D′

mck(m)

= −
∑

p∈V (m/l) x
(p)
l Eulp(Frob

−1
p ) ·D′

m/pck(m/p), (5.49)

where the second equality follows from Proposition 5.42 (ii), (iii) and (iv).
We can now use (5.49) (with m = n and l = q) to express −Eulq(Frobq) · (D′

nck(n)) as a sum

of terms of the form x
(p1)
q Eulp1(Frob

−1
p1 ) · D

′
m/p1

ck(n/p1). If p1 ̸= q, then we can apply (5.49)

(with m = m/p and l = p) to the corresponding summand in order to write it as a sum of

terms of the form x
(p2)
p1 Eulp2(Frob

−1
p2 ) ·D

′
m/(p1p2)

ck(n/(p1p2)). Continuing this process until pn = q

for some n produces a cycle τ := (q pn−1 . . . p1) ∈ Sq(n) such that dτ := n · (
∏n
j=1 pj)

−1 and

sgn(τ) = (−1)n−1, and the resulting summand is

−sgn(τ) ·
(∏

l∈V (n/dτ )
x
(l)
τ(l)

)
· (σq − 1)(D′

dτ ck(dτ )).

This proves (5.48), thereby concluding the proof of the lemma.
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The next result now finally completes the proof of Theorem 5.29.

(5.50) Proposition. Assume F satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis
4.16. Then, for every system c ∈ ES1S0

(F) and modulus n ∈ N , one has κ(c)n ∈ H1
F̃ (n)

(k,A).

Proof. If m divides n, then κ′(c)m belongs to H1
F̃m

(k,A) ⊆ H1
F̃n

(k,A) and so the same is true

for κ(c)n. To prove that κ(c)n belongs to H1
F̃ (n)

(k,A) it is then enough, by the exact sequence

(5.16), to prove that ψ̌fs
q (κ(c)n) = 0 for all q ∈ V (n). To verify this, we write

Uq(n) := {τ ∈ S(n) | τ(q) = q}
for the stabiliser of q in S(n) and note that every τ ∈ S(n) \Uq(n) can be written as τ = σ ◦ ρ
with σ ∈ Uq(n) and ρ ∈ Sq(n/dσ). Given this, we can rearrange the terms in the definition of
κ(c)n as

κ(c)n =
∑

τ∈S(n)
sgn(τ) ·

(∏
q∈V (n/dτ )

x
(q)
τ(q)

)
· κ′(c)dτ

=
(∑

τ∈Uq(n)
sgn(τ) ·

(∏
q∈V (n/dτ )

x
(q)
τ(q)

)
· κ′(c)dτ

)
+
(∑

σ∈Uq(n),ρ∈Sq(n/dσ)
sgn(σ ◦ ρ) ·

(∏
q∈V (n/dσρ)

x
(q)
(σρ)(q)

)
· κ′(c)dσρ

)
=
∑

τ∈Uq(n)
sgn(τ) ·

(∏
q∈V (n/dτ )

x
(q)
τ(q)

)
· λτ

where we set

λτ := κ′(c)dτ +
∑

ρ∈Sq(n)
sgn(ρ) ·

(∏
q∈V (dτ/dρ)

x
(q)
ρ(q)

)
· κ′(c)dρ .

In particular, since Lemma 5.47 implies that ψ̌fs
q (λτ ) = 0 for every τ ∈ Uq(n), this calculation

implies ψfs
q (κ(c)n) = 0, as required.

6. Kolyvagin systems II: controlling values at 1

Throughout this section we fix i ∈ N and continue to use the notation specified in (5.1).

6.1. Tate–Shafarevich modules and relative core vertices

The notion of ‘core vertex’ plays a key role in the theory of Kolyvagin systems developed by
Mazur and Rubin in [79]. In this subsection, we use the Cebotarev density theorem to prove
the existence (under Hypotheses 4.14) of an appropriate analogue of this notion for our theory.

6.1.1. Tate–Shafarevich modules and cohomological invariants

For each j ∈ N with j ≥ i, and each Mazur–Rubin structure F ′ on A, we define
V
-modules

XF ′,j(A) = XF ′(k,A,Qj) := ker
(
H1

F ′(k,A)→
∏
q∈Qj

H1(kq,A)
)

and

XF ′,j(A) := H1
F ′(k,A) ∩H1(Gkj(Tj),A) = ker

(
H1

F ′(k,A)→ H1(kj(Tj),A)
)
.

In a similar way, for each j ∈ N with j ≥ i, and each Nekovář structure F ′ on A, the exact
sequence (3.29) implies the existence of a localisation map H1

F ′(k,A) → H1(kq,A) for each
q ∈ Qj , and so we can define a

V
-module

XF ′,j(A) = XF ′(k,A,Qj) := ker
(
H1

F ′(k,A)→
∏
q∈Qj

H1(kq,A)
)
.

In this way, we obtain increasing filtrations of Tate-Shafarevich modules

XF ′,i(A) ⊆XF ′,i+1(A) ⊆ · · · ⊆ H1
F ′(k,A)
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and

XF ′,i(A) ⊆XF ′,i+1(A) ⊆ · · · ⊆ H1
F ′(k,A).

In the following result concerning these modules we write ⟨τ⟩ for the subgroup of Gal(kj(Tj)/kj)
generated by τ .

(6.1) Lemma. Assume Hypothesis 4.14 (i) and (ii). Then, for each j ∈ N with j ≥ i, the
following claims are valid.

(i) XF̃ ,j(A) ⊆ XF̃ ,j(A), with equality if H1(⟨τ⟩,A) vanishes.
(ii) If x ∈ XF̃ ,j(A) is such that locv(x) = 0 for some v ∈ Qj, then x ∈XF̃ ,j(A).
(iii) There exists a canonical isomorphism of

V
-modules

H1
F̃
(k,A)/XF̃ ,j(A)

≃−→ H1
F̃ (k,A)/XF̃ ,j(A).

(iv) If Hypothesis 4.14 (iii) is also valid, then XF
∗
,j(B) vanishes.

Proof. To prove the inclusion in (i), we need to show that any element ξ of XF̃ ,j(A) is trivial
upon restriction to Gkj(Tj). Since Gkj(Tj) acts trivially on A (since j ≥ i), the restriction
f := res(ξ) of ξ to Gkj(Tj) is a Gkj(Tj)-equivariant homomorphism f : Gkj(Tj) → A. In particular,
the fixed field of the kernel of f is a finite extension K of kj(Tj) that is Galois over k.
Now let σ be an element in Gal(K/kj(Tj)). Then, since τσ agrees with τ when restricted to
kj(Tj), Cebotarev’s density theorem allows us to choose places v1 and v2 in Qj such that the
projections to GK of Frobv1 and Frobv2 are respectively equal to τσ and τ . By assumption, ξ is
trivial when restricted to the decomposition groups of v1 and v2, so there are elements a1 and
a2 of A such that, for n ∈ {1, 2}, one has ξ(ρ) = (ρ− 1) · an if ρ belongs to the decomposition
group of vn. It follows that

ξ(Frob−1
v2 · Frobv1) = Frob−1

v2 · ξ(Frobv1) + ξ(Frob−1
v2 )

= Frob−1
v2 · Frobv1a1 − Frob−1

v2 a1 + Frob−1
v2 a2 − a2

= a1 − τ−1a1 + τ−1a2 − a2
= (τ−1 − 1) · (a2 − a1).

Now, since Frob−1
v2 · Frobv1 ∈ Gkj(Tj), one has

ξ(Frob−1
v2 · Frobv1) = f(Frob−1

v2 · Frobv1) = f(τ−1τσ) = f(σ).

The above calculation therefore implies that im(f) is contained in (τ−1)A. Hypothesis 4.14 (i)
and (ii) then combines with Lemma 6.2 below (applied with L = kj(Tj)) to imply that f is
trivial, as required to prove the inclusion in (i).
Next we note that, if H1(⟨τ⟩,A) vanishes, then the inflation-restriction sequence shows every
element x of XF ,j(A) is the inflation of an element of H1(kj(Tj)⟨τ⟩/k,A). Since (the explicit
definition of Qj ensures) every place v in Qj splits completely in kj(Tj)⟨τ⟩, it follows that
locv(x) must be trivial for every such v. This implies x ∈ XF ,j(A), as required to complete
the proof of (i).
Turning to (ii) we note that each x in XF ,j(A) is trivial when restricted to Gkj(Tj) and so is
unramified at every place that is unramified in kj(Tj)/k. In particular, x is unramified at every
place v in Qj and so locv(x) ∈ H1

f (kv,A). Since, for each such v, there is an isomorphism

H1
f (kv,A)

≃−→ A/(τ − 1)A, [y] 7→ y(Frobv) (mod (τ − 1)A),
it follows that resv(x) vanishes if and only if the element

x(Frobv) = x(ττ−1Frobv) = x(τ) + τ−1x(τ−1 · Frobv) = x(τ)

belongs to (τ − 1)A. Since the latter condition does not depend on v, we see that x belongs to
XF ,j(A) if resv(x) vanishes for any given v ∈ Qj , as claimed in (ii).
To prove (iii), we note that, for q ∈ S(F̃ ), the natural localisation map H1

F̃
(k,A)→ H1(kq,A)
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factors through the map H1
F̃
(k,A) → H1(Ok,S(F̃ ),A) induced by the exact triangle (3.11).

Claim (iii) therefore follows from the fact the exact sequence (3.29) implies that the image of
the latter map is equal to H1

F̃ (k,A).
To prove (iv), we note Hypothesis 4.14 (iii) implies that H1(Gkj(Tj), B), and hence also its sub-

group XF ∗
(1),j(B), vanishes (cf. Remark 4.15 (i) and (ii)). In this case, therefore, the vanishing

of XF
∗
(1),j(B) follows from the same argument that proves the inclusion in (i), after replacing

F̃ and A by F
∗
and B.

(6.2) Lemma. Assume Hypotheses 4.14 (i) and (ii). Then, for any finite Galois extension L
of k containing ki(A), the following natural map is injective

H1(L,A)GL = HomGL(GL,A)→ Hom(GL,A/(τ − 1)A).

Proof. Let x : GL → A be a non-trivial homomorphism in HomGL(GL,A) that belongs to the
kernel of the above map. That is, im(x) is contained in (τ − 1)A. Then, since x is non-trivial,
Lemma 2.9 implies the existence of a non-zero element λ of Λ such that λ·x is a non-zero element
of theMi-torsion submodule of HomGL(GL,A). In particular im(λx) = λ · im(x) is contained
in A[Mi]. In addition, following Remark 2.10, there exists an isomorphism A⊗V K ∼= A[Mi]
and so Hypothesis 4.14 (i) implies A[Mi] has no proper non-trivial Gk-stable submodules. If
λ · im(x) is non-zero, it must therefore span A[Mi] over

V
. Since im(x), and hence λ · im(x),

is contained in the
V
-module (τ − 1)A, it follows that (τ − 1)A contains A[Mi]. We therefore

obtain a surjective map of Λ-modules of the form

θ : A/(A[Mi]) ↠ A/(1− τ)A.
If A = A ⊗V K, then the domain of θ vanishes, whilst its codomain is isomorphic to K and
this is a contradiction. On the other hand, if i ≥ 1, then the codomain of θ is isomorphic to
V
, whilst Lemma 2.9 implies that every element of its domain is annihilated by a non-zero

element of
V
. The surjectivity of θ therefore implies that 1 ∈

V
is annihilated by a non-zero

element of
V

and this is a contradiction. In all cases, therefore, the map x must be trivial, as
required.

For j ∈ N with j ≥ i, and any pairwise coprime moduli a, b and n in Nj , one has

XF ,j(A) ⊆ H
1

F
b
a(n)

(k,A) and XF
∗
,j(B) ⊆ H1

(F
∗
)ab(n)

(k,B).

In particular if, for m ∈ Nj , we set

λF (m, j) := dimk
(
H1
F (m)

(k,A)/XF ,j(A)
)

λ∗
F
(m, j) := dimk

(
H1
F

∗
(m)

(k,B)/XF
∗
,j(B)

)
,

then the integer

χ(F , j) := λF (m, j)− λ
∗
F
(m, j)

provides an appropriate analogue in our theory of the cohomological ‘core-rank’ invariants for
Mazur–Rubin structures that are introduced in [79, §4.1].
The basic properties of these integers are as follows.

(6.3) Lemma. Fix j ∈ N with j ≥ i. Then χ(F , j) is independent of m. Further, for all
pairwise coprime moduli a, b and n in Nj, the following claims are valid.

(i) χ(F
b
a(n), j) = χ(F , j) + ν(b)− ν(a).

(ii) χ(F , j) = χ(F (n), j).

(iii) If Hypothesis 4.14 (i), (ii) and (iii) are satisfied, then λ∗
F
(n, j) = dimk(H

1
F

∗
(n)

(k,B)).
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Proof. Both the independence of χ(F , j) from m and the equality in (i) follow directly from
the argument of [97, Cor. 3.21]. Specifically, since

λ
F

b
a
(n, j) = dimk(H

1

F
b
a(n)

(k,A))− dimk(XF ,j(A))

λ∗
F

b
a

(n, j) = dimk(H
1
(F

∗
)ba(n)

(k,B))− dimk(XF
∗
,j(B)),

one need only compare dimensions by using appropriate cases of the global duality exact
sequences (5.15)–(5.18) with

V
,A and both Φ and F̃ taken to be k, A and F respectively.

Claim (ii) then follows directly from (i) in the case a = b = 1, and (iii) is an immediate
consequence of Lemma 6.1 (iv).

(6.4) Remark. Lemma 6.3 (iii) implies that, if Hypothesis 4.14 is satisfied, then λ∗
F
(n, j) is a

non-negative integer that is independent of j. In such cases, we will usually abbreviate λ∗
F
(n, j)

to λ∗
F
(n).

6.1.2. The Cebotarev density theorem

In the sequel, for j ∈ N with j ≥ i we write Xj(A) for the subset of H1(k,A) comprising all
classes that are locally trivial at every place in Qj and Xj(A) for H1(Gkj(Tj),A), regarded as a

submodule of H1(k,A) via the inflation map.
Then the following consequence of the Cebotarev density theorem constitutes a refined version
of both [79, Prop. 3.6.1] and [25, Lem. 3.9].

(6.5) Proposition. We assume to be given data of one of the following forms:

(i) Hypotheses 4.14 (i), (ii) and (ii∗) are satisfied; Z1 ∈ {A,A, A,A} and D = {c1, c∗1} where,
for some j ∈ N with j ≥ i, one has

c1 ∈ (H1(k, Z1)/Xj(Z1)) \ {0} and c∗1 ∈ (H1(k, Z∗
1 (1))/Xj(Z

∗
1 (1))) \ {0}.

(ii) Hypotheses 4.14 (i), (ii), (ii∗) and (iv) are satisfied; Z1 ∈ {A,A}, Z2 ∈ {A,A, A,A} and
D = {c1, c2, c∗1, c∗2} where, for some j ∈ N with j ≥ i and both s = 1 and s = 2, one has

cs ∈ (H1(k, Zs)/Xj(Zs)) \ {0} and c∗s ∈ (H1(k, Z∗
s (1))/Xj(Z

∗
s (1))) \ {0}.

Then there exists a subset S ⊆ Qj of positive density with ψfs
q (c) ̸= 0 for all c ∈ D and q ∈ S.

Proof. We note, at the outset, we may assume cs /∈ Xj(Zs) for s ∈ {1, 2}. Indeed, if cs ∈
Xj(Zs)/Xj(Zs) is nonzero, then Lemma 6.1 (iii) implies locv(cs) ̸= 0 for all v ∈ Qj and so the
respective claims are trivial for cs. Similarly, we may assume c∗s /∈ Xj(Z

∗
s (1)) for s ∈ {1, 2}.

Next we observe that, for each q ∈ Qj , there exists a unit uq (in
V
, Λ, K or k as appropriate,

and only depending on q) such that

ψfs
q (x) = uq · x(Frobq) ∈ Zs/(Frobq − 1)Zs for all x ∈ H1(k, Zs),

and similarly for Z∗
s (1).

Writing fq ∈ H1(k, Z1)
∗ and f∗q ∈ H1(k, Z∗

1 (1))
∗ for the respective maps x 7→ x(Frobq), to

prove the claim in case (i) it is thus enough show there exists a subset S ⊆ Qj of positive
density with the property that fq(c1) ̸= 0 and f∗q (c

∗
1) ̸= 0 for every q ∈ S. To do this, we set

∆ := Gal(kj(Tj)/k) and consider the composite map

ϕ : H1(k, Z1)
Res−→ H1(kj(Tj), Z1)

∆ = Hom∆(Gkj(Tj), Z1)→ Hom(Gkj(Tj), Z1/(τ − 1)Z1)

where ‘Res’ denotes the natural restriction map and the unlabelled arrow the map induced by
the natural projection Z1 → Z1/(τ − 1)Z1.
Now, by assumption, c1 does not belong to Xj(M), and hence not to the kernel of the first map
in the composite ϕ. Since Lemma 6.2 implies the second map in this composite is injective, it
follows that ϕ(c1) ̸= 0 and so ker(ϕ(c1)) is a proper subgroup of Gkj(Tj). Consider the subset

H1 := ϕ(c1)
−1(−c1(τ)) of Gkj(Tj). Then, if g1, g2 ∈ H1, one has g1g

−1
2 ∈ ker(ϕ(c1)) (since ϕ(c1)
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is a homomorphism) and so H1 is a coset of ker(ϕ(c1)).
In exactly the same way, if we set H∗

1 := ϕ′(c∗1)
−1(−c∗1(τ)), with ϕ′ the composite map

H1(k, Z∗
1 (1))

Res∗−→H1(kj(Tj), Z∗
1 (1))

∆

=Hom∆(Gkj(Tj), Z1)→ Hom∆(Gkj(Tj), Z
∗
1 (1)/(τ − 1)Z∗

1 (1)),

then one can deduce H∗
1 is coset of the proper subgroup ker(ϕ′(c∗1)) of Gkj(Tj).

It now follows from the general result of Lemma 6.7 below that H1 ∪H∗
1 is a proper subset of

Gkj(Tj). (Here we are use the fact that, if τ = id, then H1 = ker(ϕ(c1)) and H
∗
1 = ker(ϕ′(c∗1))

are subgroups of Gkj(Tj)). Fix an element γ ∈ Gkj(Tj) \ (H1 ∪H∗
1 ) and write L := L1L

∗
1 for the

finite extension of kj(Tj) obtaining by composing the fixed fields L1 and L∗
1 of the respective

kernels of Res(c1) and Res∗(c∗1). Let S ⊆ Qj be the subset of primes that are both coprime to
n and such that the restriction of Frobq to L agrees with τγ. Then, by construction, for every
q ∈ S one has τ−1Frobq ∈ Gkj(Tj) and so, since the cocycle relation implies

c1(ττ
−1Frobq) = c1(τ) + τc1(τ

−1Frobq),

we can compute

c1(Frobq) = c1(ττ
−1Frobq) ≡ c1(τ) + ϕ(c1)(τ

−1Frobq) (mod (τ − 1)A) (6.6)

≡ c1(τ) + ϕ(c1)(γ) (mod (τ − 1)A)
̸≡ 0 (mod (τ − 1)A).

Here the second congruence is valid since τ−1Frobq ∈ γ ker(ϕ(c1)) and the final assertion since
γ ̸∈ H1. The non-vanishing of each c1(Frobq) implies that S has all of the required properties,
and hence concludes the proof of the claim in case (i).
In case (ii) it is convenient to argue separately for the cases p > 3 and p ∈ {2, 3}.
If p > 3, then for a ∈ {1, 2} we set Ha := ϕ(ca)

−1(−c2(τ)) and H∗
a := ϕ′(c∗a)

−1(−c∗a(τ)) and
take La and L∗

a to be the fixed fields of the respective kernels of Res(ca) and Res∗(c∗a). Then,
since a simple counting argument (using p > 3) implies X := H1 ∪H2 ∪H∗

1 ∪H∗
2 is not equal

to Gkj(Tj), we can therefore again fix an element γ ∈ Gkj(Tj) \ X and, just as above, take S
to be the subset of primes that are coprime to n and such that the restriction of Frobq to the
compositum L1L2L

∗
1L

∗
2 agrees with τγ.

In the rest of the argument, we thus assume p ∈ {2, 3}. In this case, we can first use Lemma
2.9 to choose elements y1, y2, y

∗
1, y

∗
2 of R such that each y•sRes

•(cs) is a nonzero element of

Hom∆(Gkj(Tj), Z
•
s )[as] = Hom∆(Gkj(Tj), Z

•
s [as])

∼= Hom∆(Gkj(Tj), Z
•
s ).

Here the symbol • can either be omitted or is equal to ∗, as denotesMi, respectively Mi, if Zs
is a module over

V
, respectively Λ, we set Z•

s := Z•
s/asZ

•
s and the isomorphism is induced by

a choice of isomorphism k ∼= Λ[ai], respectively K ∼=
V
.

Given these choices, it is then enough to find a subset S ⊆ Qj of positive density such that,
for every v ∈ S, all of the elements locv(y1c1), locv(y2c2), locv(y

∗
1c

∗
1), locv(y

∗
2c

∗
2) are nonzero.

To do this, we write L1, L2, L
∗
1 and L∗

2 for the finite extensions of kj(Tj) that are the fixed
fields of the respective kernels of y1Res(c1), y2Res(c2), y

∗
1Res

∗(c∗1) and y
∗
2Res

∗(c∗2). We then set
L′ := L1L2 ∩ L∗

1L
∗
2 and claim there is an equality

L′ = kj(Tj).
To verify this, we note that Gal(L′/kj(Tj)) is a quotient of the subgroup Gal(L1L2/kj(Tj)) of
Gal(L1/kj(Tj))×Gal(L2/kj(Tj)), which we can identify with a submodule of A⊕Z2 via the map
(y1Res(c1), y2Res(c2)). This shows that Gal(L′/kj(Tj)) is isomorphic to a Zp[Gk]-subquotient
of T ⊕ Z2. Similarly, (y∗1Res(c

∗
1), y

∗
2Res(c

∗
2)) induces an isomorphism between Gal(L′/kj(Tj))

and a Zp[Gk]-subquotient of the module B ⊕ Z2
∗
(1). In order to deduce Gal(L′/kj(Tj)) is

trivial, and hence that L′ = kj(Tj), it is thus enough to show Hypothesis 4.14 (iv) implies the
Zp[Gk]-modules A⊕Z2 and B⊕Z2

∗
(1) have no non-zero isomorphic subquotients. In addition,

since Zp[Gk] acts on these modules via a finite (and hence Artinian) quotient ring, the modules
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have composition series and so, by the Jordan–Hölder Theorem, it is enough to show that they
have no isomorphic composition factors (as Zp[Gk]-modules). Now every composition factor
of A ⊕ Z2 is isomorphic to a composition factor of either A or Z2 ∈ {A,A} and hence to a
composition factor of A⊕A. Similarly, every composition factor of B⊕Z2

∗
(1) is isomorphic to

a composition factor of B⊕A∗
(1). To prove the claimed equality of fields, it is thus enough to

show that no composition factor of A⊕A is isomorphic to a composition factor of B ⊕A∗
(1)

and this follows directly from Hypothesis 4.14 (iv).
We now set H•

a := ϕ(y•ac
•
a)

−1(−y•ac•a) for a ∈ {1, 2}. We then use the same argument as in case
(i) to choose elements γ, γ∗ ∈ Gkj(Tj) with γ ̸∈ H1 ∪H2 and γ∗ ̸∈ H∗

1 ∪H∗
2 . Since L

′ = kj(Tj),
we can then choose an element γ′ ∈ Gkj(Tj) whose restrictions to L1L2 and L∗

1L
∗
2 are γ and γ∗

respectively. The subset S of Qj comprising all primes q for which Frobq is conjugate to τγ′

in Gal(L1L2L
∗
1L

∗
2/k) is then easily checked to have all of the required properties.

The following general observation was used in the above argument.

(6.7) Lemma. Let G be an infinite group, and U1 and U2 proper normal subgroups of G of
finite index. Let V1 be a coset of U1 in G, and V2 a coset of U2 in G. Then G ̸= V1 ∪V2 unless
U1 = U2 is a subgroup of index 2 and V1 and V2 are the two cosets in G/U1.

Proof. Suppose G = V1 ∪ V2. By assumption U1, U2 ⊊ G, so also must have V1, V2,⊊ G. We
can therefore find elements x, y ∈ G with x ̸∈ V1 and y ̸∈ V2. It follows that x ∈ V2 and y ∈ V1.
If z := xy ∈ V1, then zy−1 = x ∈ U1. Similarly, if z ∈ V2, then x−1z = y ∈ U2.
If (G : U1) > 2 and (G : U2) > 2, then we may choose x ̸∈ U1 ∪ V1 and y ̸∈ U2 ∪ V2, which
contradicts the previous conclusion. Without loss of generality we may therefore assume that
(G : U1) = 2. In particular, we have G = V1 ∪ wU1 with w an element of G with w ̸∈ V1. In
this case we therefore have V ′

1 := wU1 ⊆ V2.
Now let u1 be an element of U1. Then u must belong to V1 or V ′

1 . In the first case V1 ∩U1 ̸= ∅
and so V1 = U1. In the second case V ′

1 ∩ U1 ̸= ∅ and so V ′
1 = U1. Similarly an element u2 of

U2 must belong to V1 or V ′
1 . If it belongs to V

′
1 ⊆ V2, then U2 ∩ V2 ̸= ∅ and so V2 = U2. Since

u2 was arbitrary, this is the case if any element of U2 belongs to V ′
1 . Otherwise we therefore

must have U2 ∩ V ′
1 = ∅, and hence U2 ⊆ V1.

It is thus enough to consider separately the following four cases:

◦ V1 = U1 and V2 = U2. In this case one has G = U1 ∪ U2 and so an elementary argument in
group theory (in fact, the same as at the beginning of this proof) implies G = U1 or G = U2,
which contradicts the hypothesis that U1 and U2 are proper subgroups of G.

◦ V1 = U1 and U2 ⊆ V1. In this case U2 ⊆ V1 = U1 and so the argument in the beginning of
the proof implies U2 has index 2. Since U1 also has index 2, it follows that U1 = U2.

◦ V ′
1 = U1 and V2 = U2. In this case U1 = V ′

1 ⊆ V2 = U2. Since (G : U1) = 2 and U2 ̸= G, it
follows that U1 = U2.

◦ V ′
1 = U1 and U2 ⊆ V1. In this case U1 ∩ U2 ⊆ V ′

1 ∩ V1 = ∅. However, since G is infinite, and
both U1 and U2 have finite index in G, this is impossible.

6.1.3. Relative core vertices

In this subsection, we discuss the following analogue in our theory of the key notion of core
vertex from [79, Def. 4.1.8].

(6.8)Definition. A ‘relative core vertex’ for F̃ on A is a modulus n in N for which the group
H1
F̃ ∗(n)

(k,B) vanishes.

(6.9) Remark. This notion is relative to the given ring homomorphism
V
→ Λ, and is a weak-

ening of the notion of core vertex used by Mazur and Rubin. To justify the latter observation,
we let n is a core vertex for F̃ in the sense of [79, Def. 4.1.8]. Then the group H1

F̃∗(n)
(k,B)
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vanishes and so [25, Cor. 3.8] implies H1
(F̃A)∗(n)

(k,B) also vanishes, where F̃A is the Mazur–

Rubin structure on A induced by F̃ (as in Example 3.24 (iv)). In particular, since F̃A ≤ F̃ (cf.
Remark 3.25 (ii)), and hence F̃ ∗(n) ≤ (F̃A)∗(n), the group H1

F̃ ∗(n)
(k,B) vanishes. It follows

that any core vertex for F̃ in the sense of Mazur and Rubin is a relative core vertex for F̃ in
the above sense, as claimed. However, the converse may not be true. In fact, even though our
next result shows Hypotheses 4.14 guarantees the existence of relative core vertices for F̃ , it is
still possible H1

F̃∗(n)
(k,B) is nonzero for every n ∈ N . Fortunately, however, if n is a relative

core vertex for F̃ , then in all cases one can usefully ‘bound’ the complexity of the
V
-module

H1
F̃∗(n)

(k,B) (see Remark 6.15 below) and this observation will play a key role in our theory.

(6.10) Remark. Lemma 2.9 implies H1
F̃ ∗(n)

(k,B) = (0) ⇐⇒ H1
F̃ ∗(n)

(k,B)[Mi] = (0), and

Lemma 3.38 implies H1
F̃ ∗(n)

(k,B)[Mi] is isomorphic to H1
F

∗
(n)

(k,B). Hence, if Hypothesis

4.14 (i), (ii) and (iii) are satisfied, then Lemma 6.3 (iii) implies n is a relative core vertex for
F̃ if and only if the (non-negative) integer λ∗

F
(n) defined in Remark 6.4 is equal to 0, or

equivalently, for each j ∈ N with j ≥ i the core-rank of the pair (F , j) is equal to

χ(F , j) = dimk(H
1
F (n)

(k,A))− dimk(XF ,j(A)). (6.11)

The next result guarantees the existence of relative core vertices with certain additional prop-
erties that will be essential in our later arguments.

(6.12) Lemma. Assume Hypotheses 4.14. Then for every j ∈ N with j ≥ i, there exists a
relative core vertex n for F̃ that belongs to Nj(⊆ N ) and is such that ν(n) is equal to the
integer λ∗

F
(1) defined in Remark 6.4.

Proof. Set s := λ∗
F
(1) = dimk(H

1
F

∗(k,B)). Then we shall use an induction on s to construct

a modulus n in Nj such that ν(n) = λ∗
F
(1) and H1

F
∗
(n)

(k,B) vanishes. This is enough since,

for any such n, Lemma 3.38 implies H1
F̃ ∗(n)

(k,B)[Mi] = (0) and hence, by Lemma 2.9, that

H1
F̃ ∗(n)

(k,B) = (0) so that n is a relative core vertex for F̃ of the required form.

If, firstly, s = 0, then the claim is clearly satisfied (with n = 1) and so we assume s > 0. In this
case, we shall now inductively construct primes {qa}a∈[s] ⊆ Qj with the property that, for each
b ∈ [s], the ideal nb :=

∏
a∈[b]qa is such that λ∗

F
(nb) = λ∗

F
(1)− b. We thus assume that suitable

primes {qa}a∈[b] have been constructed for some b with 0 ≤ b < s, and we set nb :=
∏
a∈[b]qa.

Then, since Hypothesis 4.14 (vi) implies χ(F , j(i)) ≥ 0, where the integer j(i) is defined in
Definition 4.13, one has

0 < λ∗
F
(1)− b = λ∗

F
(nb) = λ∗

F
(nb, j(i)) ≤ λF (nb, j(i)).

The groups H1
F (nb)

(k,A)/XF ,j(i)(A) and H
1
F

∗
(nb)

(k,B) are therefore both non-trivial. We may

therefore apply Proposition 6.5 (i) in order to fix a prime qb+1 ∈ Qj such that the localisation
maps H1

F (nb)
(k,A)→ H1(kqb+1

, A) and H1
F

∗
(nb)

(k,B)→ H1(kqb+1
, B) are both nonzero. Given

this choice, the result of [25, Prop. 5.7] then implies that

λ∗
F
(nb+1) = λ∗

F
(nb)− 1 = λ∗

F
(1)− (b+ 1),

as required to complete the induction step. This proves the claimed result.

We show next that, for suitable moduli a, b and n, the ideals Ji in Definition 4.13 can be used
to bound the complexity of the groups H1

(F̃∗)ba(n)
(k,B) = H1

(F̃a
b )

∗(n)
(k,B).

(6.13) Lemma. Let a, b and n be pairwise coprime moduli in Nj(i) for which the Selmer group

H1
(F a

b )
∗(n)

(k,B) vanishes. Then one has Fitt0Λ(Ji) ⊆ Λ · ϱi
(
Fitt0V(H1

(F̃a
b )

∗(n)
(k,B)∗)

)
.
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Proof. We compare the exact sequence obtained by applying the functor (−)⊗VΛ to the short
exact sequence in Proposition 5.10 (iii) with the short exact sequence obtained from Proposition
5.10 (iii) after replacing A and F̃ by A and F̃ . In this way, we obtain an exact commutative
diagram of the form

Tor
V

1 (X(F̃ ),Λ) H1
(F̃a

b )
∗(n)

(k,B)∗ ⊗V Λ H1(C(F̃ a
b (n)))⊗V Λ

0 H1
(F̃ a

b )
∗(n)

(k,B)∗ H1(C((F̃ ⊗V Λ)ab(n))),

≃ (6.14)

in which the vertical isomorphism is induced, via Lemma 2.31 (ii), by the isomorphism in
Proposition 5.10 (ii). In addition, the assumed vanishing of H1

(F
a
b)

∗(n)
(k,B) combines with

Lemmas 2.9 and 3.38 to imply that H1
(F̃ a

b )
∗(n)

(k,B) also vanishes. The commutativity of the

above diagram therefore gives rise to an exact sequence

Tor
V

1 (X(F̃ ),Λ)→ H1
(F̃a

b )
∗(n)

(k,B)∗ ⊗V Λ→ 0.

Upon comparing this sequence to that obtained by applying the functor (−) ⊗Rj(i) Λ to the

analogous sequence with
V
, F̃ ,Λ and B replaced by Rj(i),Fj(i), Rj(i) and T ∗

j(i)(1), one then
obtains an exact commutative diagram

Tor
Rj(i)

1 (X(Fj(i)),
V
)⊗Rj(i) Λ H1

((Fj(i))ab)∗(n)
(k, T ∗

j(i)(1))
∗ ⊗Rj(i)

Λ 0

Tor
V

1 (X(F̃ ),Λ) H1
(F̃a

b )
∗(n)

(k,B)∗ ⊗V Λ 0.

α β

Here α is the natural map and, similarly to (6.14), the map β is induced by the map

β′ : H1
((Fj(i))ab)∗(n)

(k, T ∗
j(i)(1))

∗ → H1
(F̃a

b )
∗(n)

(k,B)∗

that arises as the restriction (via the exact sequence in Proposition 5.10 (iii)) of the surjective
map H1(C((Fj(i))

a
b(n)))→ H1(C(F̃ a

b (n))) induced by Proposition 5.10 (ii). In particular, β is
surjective since β′ is dual to the injective map

H1
(F̃a

b )
∗(n)

(k,B) ∼= H1
((Fj(i))ab)∗(n)

(k, T ∗
j(i)(1))[ai] ⊆ H

1
((Fj(i))ab)∗(n)

(k, T ∗
j(i)(1))

induced by Lemma 3.38. Now, by definition of the integer j(i), the image of α in the above
diagram is equal to the submodule Ji and so the commutativity of the diagram combines
with the surjectivity of β to imply the existence of a surjective map of Λ-modules of the form
Ji ↠ H1

(F̃a
b )

∗(n)
(k,B)∗ ⊗V Λ. This surjective map then combines with Lemma 2.11 (ii) and (iv)

to imply an inclusion

Fitt0Λ(Ji) ⊆Fitt0Λ(H
1
(F̃a

b )
∗(n)

(k,B)∗ ⊗V Λ) = Λ · ϱi
(
Fitt0V(H1

(F̃a
b )

∗(n)
(k,B)∗)

)
,

and this proves the claimed result.

(6.15) Remark. Taking a = b = 1 in Lemma 6.13, one obtains the following useful fact: if n
is a relative core vertex for F̃ that belongs to Nj(i), then there is an inclusion

Fitt0Λ(Ji) ⊆ Λ · ϱi
(
Fitt0V(H1

F̃∗(n)
(k,B)∗)

)
.

6.2. Controlling Kolyvagin systems via relative core vertices

The aim of this subsection is to show that if n is a relative core vertex for F̃ that belongs to
Nj(i), and κ is any Kolyvagin system in KSt(F̃ ) that vanishes at n, then the value of κ at the
modulus 1 can be explicitly controlled. This result is stated precisely as Theorem 6.38 and
its proof adapts the graph-theoretical analysis of core vertices that forms a key part of the
approach of Mazur and Rubin in [79, § 4].
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6.2.1. Graphs and paths

We use the following variants of the notion of the graph X 0 of core vertices for Mazur–Rubin
structures that are defined in [79, Def. 4.3.6] (see also [25, Def. 5.14]).

(6.16)Definition. For each j ∈ N with j ≥ i we define a graph X 0
j = X 0

j (i) as follows.

(i) The vertices of X 0
j are the relative core vertices for F̃ that are contained in Nj.

(ii) Vertices n and nq as in (i) are joined by an edge in X 0
j if and only if the localisation map

H1
F (n)

(k,A)→ H1
f (kq, A) is non-zero.

(6.17)Definition. A ‘path’ on X 0
j is a finite ordered set

U = {(n1, q1), . . . , (ns, qs)} ⊂ Nj ×Qj
with the property that, for every a ∈ [s − 1] one has either na+1 = naqa or na+1 = na/qa. We
set |U | := s and refer to this as the ‘length’ of U . We also say that moduli n and n′ in Nj are
connected by U if one has n = n1 and n′ = ns.

We shall need an upper bound on the minimum possible length of paths between certain pairs
of vertices on X 0

j(i). To prove such a result we shall carefully analyse the arguments of [25, Cor.

5.16] in order to determine the length of the paths that are constructed in the latter result.
In fact, though our current hypotheses are weaker than those of loc. cit., this analysis doesn’t
require any essentially new ideas. Nevertheless, since it forms a key part of our argument,
for the convenience of the reader we provide a detailed argument in the remainder of this
subsection.
We therefore start by recalling a result of Sakamoto et al.

(6.18) Lemma ([25, Lem. 5.13]). Fix j ∈ N with j ≥ i, n ∈ Nj and q ∈ Qj \ V (n). Then the
following claims are valid.

(i) If n is a relative core vertex for F̃ and the map H1
F (n)

(k,A) → H1
f (kq, A) is non-zero,

then nq is a relative core vertex for F̃ and n and nq are joined by an edge in X 0
j .

(ii) If nq is a relative core vertex for F̃ and the map H1
F (nq)

(k,A) → H1
tr(kq, A) is non-zero,

then n is a relative core vertex for F̃ and n and nq are joined by an edge in X 0
j .

Our next two results are then minor refinements of [25, Lem. 5.14] and [25, Lem. 5.15] respect-
ively in that we also provide an explicit bound on the length of constructed paths.

(6.19) Lemma. Assume Hypotheses 4.14 and fix n ∈ Nj(i) and q ∈ Qj(i). Then, if n and nq

are both relative core vertices for F̃ , there exists a path from n to nq in X 0
j(i) that is of length

at most three.

Proof. If the localisation map H1
F (n)

(k,A)→ H1
f (kq, A) is nonzero, then Lemma 6.18 (i) implies

that n and nq are joined by a path of length 1. We may therefore assume this localisation map
is zero, and hence that H1

F (n)
(k,A) = H1

F q(n)
(k,A) ⊆ H1

F (nq)
(k,A). The latter inclusion must

therefore be an equality since the fact n and nq are relative core vertices combines with (6.11)
and the first assertion of Lemma 6.3 to imply that

dimk(H
1
F (n)

(k,A)) = χ(F , j(i)) + dimk(XF ,j(i)(A)) = dimk(H
1
F (nq)

(k,A)).

Since χ(F , j(i)) > 0 (by Hypotheses 4.14 (vi)), the first equality here implies that the inclusion
XF ,j(i)(A) ⊆ H1

F (n)
(k,A) is strict. In addition, since H1

F (n)
(k,A) = H1

F (nq)
(k,A), the exact

sequence (5.17) (with the data Φ = F̃ ,A,
V
,m, n taken to be F ,A,k, nq and q respectively)

implies H1
(F

∗
)q(n)

(k,B) is non-trivial. We can therefore apply Proposition 6.5 (i) to deduce the

existence of a prime r in Qj(i) \ V (nq) for which the localisation maps

H1
F (n)

(k,A)→ H1(kr, A) and H1
(F

∗
)q(n)

(k,B)→ H1(kr, B)
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are both nonzero. By using the argument of [25, Lem. 5.14], one then concludes the existence
of a path in X 0

j(i) of the form n→ nr→ nrq← nq.
At this stage, we have proved that, in all cases, n and nq are connected by a path of length at
most three, as required.

(6.20) Lemma. Assume Hypotheses 4.14. Let n1 and n2 be relative core vertices for F̃ in
Nj(i), and fix primes q1 ∈ V (n1) and q2 ∈ V (n2) such that neither n1/q1 and n2/q2 are relative

core vertices for F̃ . Then there exists a prime r in Qj(i) \V (n1n2) with the following properties.

(i) Both n1r/q1 and n2r/q2 are relative core vertices for F̃ .
(ii) For l ∈ {1, 2}, there exists a path in X 0

j(i) between nl and nlr/ql of length at most four.

Proof. Proposition 6.5 (ii) combines with Hypothesis 4.14 (iv) to imply the existence of a prime
r in Qj(i) \ V (n1n2) such that the maps

H1
F (nl)

(k,A)→ H1(kr, A) and H1
F (nl/ql)

(k,A)→ H1(kr, A)

are non-zero for both l ∈ {1, 2}. Lemma 6.18 (i) then implies that the moduli nl and nlr are
directly connected by an edge in X 0

j(i). The proof of [25, Lem. 5.15] moreover shows that nlr/ql

is a relative core vertex for F̃ , and so Lemma 6.19 implies the existence of a path in X 0
j(i)

between nlr and nlr/ql of length at most three. In total, therefore, there exists a path between
nl and nlr/ql in X 0

j(i) that has length at most four.

We can now prove our main observation concerning path lengths.

(6.21) Proposition. Let n1 and n2 be relative core vertices for F̃ in Nj(i) for which ν(n1) =
ν(n2) = λ∗

F
(1). Then, if Hypotheses 4.14 is valid, there exists a path in X 0

j(i) between n1 and

n2 of length at most 8 · (λ∗
F
(1)− ν(gcd(n1, n2))).

Proof. We argue by induction on the non-negative integer

µF (n1, n2) := λ∗
F
(1)− ν(gcd(n1, n2)).

Firstly, if µF (n1, n2) = 0, and hence ν(gcd(n1, n2)) = λ∗
F
(1), then one must have n1 = n2 since,

by assumption, ν(n1) and ν(n2) are also both equal to λ∗
F
(1). This proves the induction base.

We therefore assume that µF (n1, n2) > 0, and hence that n1 ̸= n2, and we then fix primes
q1 ∈ V (n1/gcd(n1, n2)) and q2 ∈ V (n2/gcd(n1, n2)). Now, by [25, Cor. 5.11], one knows that
any relative core vertex m for F̃ satisfies ν(m) ≥ λ∗

F
(1). In particular, since

ν(nl/ql) = ν(nl)− 1 = λ∗
F
(1)− 1

for l ∈ {1, 2}, neither n1/q1 nor n2/q2 can be a relative core vertex for F̃ . Lemma 6.20 therefore
implies the existence of a prime r in Qj(i) \ V (n1n2) such that, for both l ∈ {1, 2}, there exists
a path in X 0

j(i) between nl and nlr/ql of length at most four. In addition, one has

µF (n1r/q1, n2r/q2) =λ∗
F
(1)− ν(gcd(n1r/q1, n2r/q2))

=λ∗
F
(1)− ν(gcd(n1, n2))− 1

=µF (n1, n2)− 1,

and so, by the induction hypothesis, the vertices n1r/q1 and n2r/q2 are connected in X 0
j(i) by a

path of length at most 8 · µF (n1r/q1, n2r/q2).
By concatenating these three paths, we have therefore constructed a path in X 0

j(i) from n1 to

n2 (via n1r/q1 and n2r/q2) that has length at most

4 + 8 · µF (n1r/q1, n2r/q2) + 4 = 8(µF (n1r/q1, n2r/q2) + 1) = 8 · µF (n1, n2),
as required.
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6.2.2. Moving along the graph

Given two values κn and κnq of a system κ in KSt(F̃ ), the defining relation of Kolyvagin systems
(in Definition 5.24) relates their images under the maps ψ̌fs

q and v̌q that are respectively induced

on biduals by ψfs
q and vq. In order to be able to relate the values κn and κnq themselves, it is

therefore crucial for us to control the kernels of ψ̌fs
q and v̌q. This is achieved by the following

result that uses the integer χF fixed at the beginning of § 4.3.

(6.22) Lemma. Fix a non-negative integer t for which one has tF := t + χF > 0. Then, for
each modulus n ∈ Nj(i) and prime q ∈ P \ V (n), the kernels of both of the maps

ψ̌fs
q :
⋂tF
V H

1
F̃ (n)

(k,A) →
⋂tF−1
V H1

F̃q(n)
(k,A)

v̌q :
⋂tF
V H

1
F̃ (nq)

(k,A)→
⋂tF−1
V H1

F̃q(n)
(k,A)

are annihilated by Fitt0V(H1
(F̃∗)q(n)

(k,B)∗) · FitttV(X(F̃ )).

Proof. The exact sequences (5.17) and (5.18) (with Φ = F̃ and n = q,m = nq, respectively
a = q and m = n) imply H1

F̃q(n)
(k,A) coincides with the kernel of both v̌q : H

1
F̃ (nq)

(k,A) →
V

and ψ̌fs
q : H1

F̃ (n)
(k,A)→

V
. Lemma 2.17 (i) therefore implies

⋂tFV H1
F̃q(n)

(k,A) is the kernel of

both of the displayed maps, and so we must show the stated ideal annihilates the latter module.
In addition, by Lemma 2.11 (v), the module

∧tFV H1
F̃q(n)

(k,A)∗, and hence also its
V
-linear dual⋂tFV H1

F̃q(n)
(k,A), is annihilated by Fitt

tF−1
V (H1

F̃q(n)
(k,A)∗) and so we are reduced to proving

Fitt0V(H1
(F̃∗)q(n)

(k,B)∗) · FitttV(X(F̃ )) ⊆ Fitt
tF−1
V (H1

F̃q(n)
(k,A)∗). (6.23)

To do this, we use the complex C(F̃q(n)) from Proposition 5.10. In particular, from Proposition
5.10 (i) and (iii) one has χV(C(F̃q(n))) = χF − 1 and H0(C(F̃q(n))) = H1

F̃q(n)
(k,A). By

applying Lemma 2.36 with C = C(F̃q(n)) and Y = (0), one therefore has

Fitt
tF−1
V (H1

F̃q(n)
(k,A)∗) = FitttV(H1(C(F̃q(n))).

To deduce the required equality (6.23), we then need only note that Lemma 2.11 (ii) applies to
the exact sequence in Proposition 5.10 (iii) (with a and b taken to be q and 1 respectively) to
imply that

Fitt0V(H1
(F̃∗)q(n)

(k,B)∗) · FitttV(X(F̃ )) ⊆ FitttV(H1(C(F̃q(n)))).

Lemma 6.22 has the following concrete consequence concerning the values of Kolyvagin systems
at moduli that are connected by paths on the graph X 0

j(i).

(6.24) Lemma. Fix t ∈ N0 with tF := t+χF > 0. Let κ ∈ KStF(F̃ ) be a Kolyvagin system of
rank tF for F̃ , n a relative core vertex for F̃ in Nj(i) with κn = 0 and U a path in X 0

j(i) that

connects n to n′. Then κn′ is annihilated by every element of the ideal( ∏
(m,q)∈U

Fitt0V(H1
(F̃∗)q(m)

(k,B)∗)
)
· FitttV(X(F̃ ))|U |.

Proof. We will prove the claim by induction on the length s = |U | of U . Let us therefore
assume that the claim has already been proved for all paths of length at most s− 1.
Writing U = ((n1, q1), . . . , (ns, qs)), we then see that n1 and ns−1 are connected by a path of
length s− 1. By the induction hypothesis it therefore follows that(∏

l∈[s−1]
Fitt0V(H1

(F̃∗)ql (nl)
(k,B)∗)

)
· FitttV(X(F̃ ))s−1 · κns−1 = {0}. (6.25)

Now, as n′ = ns and ns−1 are connected by a path of length one, we have either n′ = ns−1qs−1

or n′ = ns−1/qs−1 and we consider these cases separately.
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We first assume n′ = ns−1qs−1. In this case, the defining relation of Kolyvagin systems implies

vqs−1(κn′) = ψfs
qs−1

(κn′/qs−1
) = ψfs

qs−1
(κns−1).

This equality then combines with (6.25) to imply an inclusion(∏
l∈[s−1]

Fitt0V(H1
(F̃∗)ql (nl)

(k,B)∗)
)
· FitttV(X(F̃ ))s−1 · κn′ ⊆ ker(vqs−1).

In particular, since (the second assertion of) Lemma 6.22 implies that the kernel of vqs−1

is annihilated by the product of Fitt0V(H1
(F̃∗)qs−1 (ns−1)

(k,B)∗) and FitttV(X(F̃ )), the claimed

equality is clear in this case.
We now assume n′ = ns−1/qs−1. In this case, the relevant Kolyvagin system relation asserts

ψfs
qs−1

(κn′) = vqs−1(κn′qs−1) = vqs−1(κns−1).

Then, just as above, this equality can be combined with (6.25) and (the first assertion of)
Lemma 6.22 to deduce the validity of the claimed equality.
This therefore concludes the inductive step, thereby proving the claimed result.

6.2.3. Bounding dimensions

In this subsection, we shall provides bounds for the dimensions of K-spaces that arise in sub-
sequent arguments.

(6.26) Lemma. Let n and Q be coprime moduli in Nj(i). Then, if the homomorphism(
H1

F̃ (n)
(k,A)/XF̃ ,j(i)(A)

)
[Mi]

(ψ̌fs
q )q−−−→

⊕
q∈V (Q)

V

is injective, one has H1
F̃Q(n)

(k,A) = XF̃ ,j(i)(A).

Proof. The relevant case of the long exact sequence (5.18) implies that the kernel of the dis-
played map is equal to

(
H1

F̃Q(n)
(k,A)/XF̃ ,j(i)(A)

)
[Mi]. The given assumption therefore im-

plies that this module vanishes and hence, by Lemma 2.9, that H1
F̃Q(n)

(k,A)/XF̃ ,j(i)(A) itself
vanishes, as claimed.

For each modulus n in Nj(i), we set

αi(n) := dimK
((
H1

F̃ (n)
(k,A)/XF̃ ,j(i)(A)

)
[Mi]

)
(6.27)

= dimK
((
H1

F̃(n)
(k,A)/XF̃ ,j(i)(A)

)
[Mi]

)
,

where the equality is a consequence of the isomorphism in Lemma 6.1 (iii). This quantity
constitutes an upper bound for the minimal possible value of ν(Q) for moduli Q in Nj(i) that
are coprime to n and such that the displayed map in Lemma 6.26 is injective. The following
result establishes some crucial properties of these bounds.

(6.28)Theorem. The following claims are valid.

(i) For each modulus n ∈ Nj(i) and prime q ∈ Qj(i) \ V (n), one has |αi(nq)− αi(n)| ≤ 1.

(ii) There exists an increasing function ΦFk
: N0 → N0 such that, for every (i, n) ∈ N×Nj(i),

one has αi(n) ≤ ΦFk
(ν(n)).

Proof. To prove (i), we fix an
V
-submodule W of H1

F̃q(n)
(k,A). Then, for the modulus n′ =

n, respectively n′ = qn, the exact sequence (5.15) with (Φ, n,m) taken to be (F̃ (n), 1, q),
respectively the exact sequence (5.16) with (Φ,m) taken to be (F̃ (n), q), gives an exact sequence
of
V
-modules

0→ H1
F̃ (n′)

(k,A)/W → H1
F̃ q(n)

(k,A)/W →
V
.
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Applying the functor (−)[Mi] to this sequence, one obtains an exact sequence of K-modules

0→
(
H1

F̃ (n′)
(k,A)/W

)
[Mi]→

(
H1

F̃ q(n)
(k,A)/W

)
[Mi]→ K,

from which one deduces that∣∣ dimK((H1
F̃ (nq)

(k,A)/W
)
[Mi]

)
− dimK

((
H1

F̃ (n)
(k,A)/W

)
[Mi]

)∣∣ ≤ 1. (6.29)

Claim (i) now follows upon setting W = XF̃ ,j(i)(A).
To prove (ii), we lighten notation by setting Xs := XFs,j(s)(Ts) for each s ≥ 0. Then, upon
applying the functor HomRs(K,−) to the tautological short exact sequence

0→Xs → H1
Fs(n)

(k, Ts)→ H1
Fs(n)

(k, Ts)/Xs → 0

we obtain an exact sequence of K-modules

H1
Fs(n)

(k, Ts)[Ms]→
(
H1

Fs(n)
(k,Rs)/Xs

)
[Ms]→ Ext1Rs

(K,Xs). (6.30)

To prove (ii), it is therefore suffices to provide suitable bounds on the K-dimensions of the
outer terms in this exact sequence.
For the first module, we note that Proposition 5.10 (i), (ii) and (iii) allow us to apply Lemma
2.31 (i) (with Cn = C(Fn(n)), a = 0 and b = 1) to deduce the existence of a natural isomorph-
ism of (finite) K-modules

H1
Fs(n)

(k, Ts)[Ms] ∼= H1
F0(n)

(k, T ).
We write β(n) for the K-dimension of the latter module. Then, for each modulus m ∈ Nj(s)
and prime q ∈ Qj(s) \V (m), we can take W = (0) in (6.29) (with F̃ = Fi, A andMi replaced

by F0, T and M0 respectively) in order to deduce an inequality |β(mq) − β(m)| ≤ 1. By
combining this inequality with an induction on ν(n), one can then prove that

dimK
(
H1

Fs(n)
(k, Ts)[Ms]

)
= β(n) ≤ ν(n) + β(1) = ν(n) + dimK

(
H1

F0
(k, T )

)
. (6.31)

To bound the K-dimension of Ext1Rs
(K,Xs) we note that the derived Tensor-Hom adjunction

isomorphism in D(K)

RHomRs(K,RHomRs(X
∗
s,Rs))

≃−→ RHomRs(K⊗LRs
X∗

s,Rs)
(cf. [117, Th. 10.8.7]) induces, on cohomology in degree one, an isomorphism of K-modules

Ext1Rs
(K,Xs) ∼= TorRs

1 (K,X∗
s)

∗. (6.32)

To study the latter module, we use the exact commutative diagram of Rs-modules

0 Xs H1
Fs

(k, Ts)
⊕

q∈Qj(s)
H1
f (kq, Ts)

0 Xs+1[as] H1
Fs+1

(k, Ts+1)[as]
⊕

q∈Qj(s+1)

H1
f (kq, Ts+1)[as].

≃

Here the rows follow directly from the respective definitions of Xs and Xs+1 and (in the second
case) the left exactness of the functor (−)[as]. The central vertical map is the isomorphism that
is induced, via Lemma 2.31 (i) (and the result of Proposition 5.10), by the fixed isomorphism
Rs+1[as] ∼= Rs. Finally, the right hand vertical map is the projection induced by the isomorph-
isms H1

f (kq, Ts+1)[as] ∼= H1
f (kq, Ts) for each q ∈ Qj(s+1) ⊆ Qj(s). In particular, the second

square in the diagram commutes and so the indicated dashed map exists in order to make the
whole diagram commutative. From the commutativity of the diagram, it then follows that the
latter map is injective and hence, upon taking the dual of the first square in the diagram and
using Lemma 2.8 (iii), we obtain a commutative diagram of surjective maps of Rs+1-modules

H1
Fs+1

(k, Ts+1)
∗ ⊗Rs+1 Rs

����

∼= // (H1
Fs+1

(k, Ts+1)[as])
∗ ∼= // H1

Fs
(k, Ts)∗

����

X∗
s+1 ⊗Rs+1 Rs

∼= //
(
Xs+1[as]

)∗
// //X∗

s.

(6.33)
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Now, since all modules here are finite, exactness is preserved upon passing to the inverse limit
(over s) and so one obtains a surjective map of R-modules

lim←−s∈NH
1
Fs

(k, Ts)∗ ↠M := lim←−sX
∗
s,

in which the limits are defined with respect to the maps that are induced by the respective
rows of (6.33). In particular, since the upper row of (6.33) is an isomorphism, Nakayama’s
Lemma implies that lim←−s∈NH

1
Fs

(k, Ts)∗, and hence also M , is a finitely generated R-module.
Thus, if we set Ms := M ⊗R Rs for each s ∈ N, then the natural map M → lim←−s∈NMs is an
isomorphism. In addition, since the natural projection map κs : M →X∗

s is surjective, setting
Ns := ker(Rs ⊗R κs) gives a tautological short exact sequence of Rs-modules

0→ Ns →Ms
Rs⊗Rκs−−−−−→X∗

s → 0.

Since each Ns is finite, exactness is preserved when passing to the inverse limit over s and so
lim←−s∈NNs vanishes. Then, as K is finitely-presented as an R-module, one also has

lim←−s∈N(K⊗Rs Ns) = lim←−s∈N(K⊗R Ns) ∼= K⊗R lim←−s∈NNs = (0).

In particular, by applying the functor K⊗Rs (−) to the above short exact sequence and then
taking inverse limits over s, we obtain an exact sequence

lim←−s∈NTorRs
1 (K,Ms) lim←−s∈NTorRs

1 (K,X∗
s) lim←−s∈N(K⊗Rs Ns) = (0),

and hence, upon taking duals, a composite injective map

lim−→s
TorRs

1 (K,X∗
s)

∗ ∼=
(
lim←−sTor

Rs
1 (K,X∗

s)
)∨
↪→
(
lim←−sTor

Rs
1 (K,Ms)

)∨ ∼= TorR1 (K,M)∨,

where the second isomorphism follows from Lemma 2.32 (ii) with R taken to be R and each Sn
to be K. In addition, from Lemma 6.34 below, the K-dimension of the kernel of the direct limit

TorRi
1 (K,X∗

i )
∗ → lim−→s

Tor
Rj

1 (K,X∗
s)

∗ of the homomorphisms induced by Lemma 2.32(i) is at

most rk(k(T )∞/k) · dimK(T ), where rk(k(T )∞/k) is the ‘rank’ of the group Gal(k(T )∞/k) as
specifed below. Taken together, these observations imply that

dimK
(
TorRi

1 (K,X∗
i )

∗) ≤ rk(k(T )∞/k) · dimK(T ) + dimK
(
TorR1 (K,M)∨

)
.

We now define the function ΦFk
: N0 → N0 by setting

ΦFk
(m) := m+ dimK

(
H1

F0
(k, T )

)
+ rk(k(T )∞/k) · dimK(T ) + dimK

(
TorR1 (K,M)∨

)
.

Then this function is clearly increasing and, by combining the last displayed inequality with
the isomorphism (6.32), the inequality (6.31) and the exact sequence (6.30), one checks that
αi(n) ≤ ΦFk

(ν(n)) for every n ∈ Nj(i), as required to prove (ii).

Before stating the next result we recall that, under Hypothesis 4.14 (vii), Gal(k(T )∞/k) is
a compact p-adic analytic group. In particular, [33, Th. 9.38 (ii)] implies that the Sylow p-
subgroups of Gal(k(T )∞/k) have a common finite rank (as pro-p groups) and we denote this
by rk(k(T )∞/k).

(6.34) Lemma. Set Xs := XFs,j(s)(Ts) for each s ∈ N. Then, for each i ∈ N, one has

dimK
(
ker
(
TorRi

1 (K,X∗
i )

∗ Θi−→ lim−→j
Tor

Rj

1 (K,X∗
j )

∗)) ≤ rk(k(T )∞/k) · dimK(T ),

where the map Θi is the direct limit of the homomorphisms induced by Lemma 2.32.

Proof. For integers s and t with t ≥ s ≥ i we set

Xs,t := XFs,t(Ts), X̃s,t := XFs,t(Ts) and Xs := XFs,s(Ts)

(so that one has Xs = Xs,j(s)). Then Xs,s ⊆Xs,t and X̃s,s ⊆ X̃s,t and, by the same argument
as in Lemma 6.1 (iii), the canonical surjective map H1

Fs
(k, Ts) → H1

Fs(k, Ts) induces an iso-

morphism Xs,t/Xs,s
∼= X̃s,t/X̃s,s. In addition, Lemma 6.1 (i) implies X̃s,t ⊆ H1(kt(Tt)/k, Ts),
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and Lemma 6.1 (ii) shows that X̃s,t ∩ Xs = X̃s,s. Hence, setting ∆s,t := Gal(kt(Tt)/ks(Ts)),
there exists a composite injective map of Rs-modules

Xs,t/Xs,s
∼= X̃s,t/X̃s,s ↪→ H1(∆s,t, Ts) = Hom(∆s,t, Ts)

and thus, upon taking duals, a surjective map of K-modules

Hom(∆s,t, Ts)∗ ⊗Rs K↠ (Xs,t/Xs)
∗ ⊗Rs K. (6.35)

On the other hand, for each s ≥ i, there exists an exact commutative diagram

0 Xi,j(s) H1
Fi
(k, Ti)

⊕
q∈Qj(s)

H1
f (kq, Ti)

0 Xs[ai] H1
Fs

(k, Ts)[ai]
⊕

q∈Qj(s)
H1
f (kq, Ts)[ai]

≃ ≃

analogous to that following (6.32), and hence an isomorphism Xi,j(s)
∼= Xs[ai] of Ri-modules.

This isomorphism combines with Lemma 2.8 (iii) to induce an isomorphism X∗
s ⊗Rs Ri ∼=

(Xi,j(s))
∗. The latter isomorphism then allows us to apply Lemma 2.32 (i) with each Sn taken

to be K (so that the target module, and hence cokernel, of the associated map (2.33) vanishes)
to conclude that the induced map TorRs

1 (X∗
s,K)→ TorRi

1 ((Xi,j(s))
∗,K) is surjective. This in

turn gives rise to an exact commutative diagram of the form

TorRi
1 (K, (Xi,j(s))

∗)∗
� _

��

// TorRi
1 (K,X∗

i )
∗

��

// K⊗Ri (Xi,j(s)/Xi)
∗

TorRs
1 (K,X∗

s)
∗ id // TorRs

1 (K,X∗
s)

∗.

By applying the Snake Lemma to this diagram and then taking direct limits over s ≥ i, we
obtain a composite injective homomorphism

ker(Θi) ∼= lim−→
s≥i

ker
(
TorRi

1 (K,X∗
i )

∗ → TorRs
1 (K,X∗

s)
∗) ↪→ lim−→

s≥i

(
K⊗Ri (Xi,j(s)/Xi)

∗). (6.36)

In addition, the natural isomorphisms for each s ≥ i
Hom(∆i,j(s), Ti)∗ ⊗Ri K

∼=
(
Hom(∆i,j(s), Ti)[Mi]

)∨ ∼= Hom(∆i,j(s), T )∨

combine to give an isomorphism

lim−→s≥iHom(∆i,j(s), Ti)∗ ⊗Ri K
∼= (lim←−s≥iHom(∆i,j(s), T ))∨ ∼= Homcont(Gal(k∞(T )/ki(Ti)), T )∨

and hence also, in conjunction with (6.35), an induced surjective map

Homcont(Gal(k∞(T )/ki(Ti)), T )∨ ↠ lim−→s≥i

(
K⊗Ri (Xi,j(s)/Xi)

∗).
Recalling the injective map (6.36), we can therefore compute that

dimK
(
ker(Θi)

)
≤ dimK

(
lim−→s≥i

(
K⊗Ri (Xi,j(s)/Xi)

∗))
≤ dimK

(
Homcont(Gal(k∞(T )/ki(Ti)), T )∨

)
= dimFp

(
Homcont(Gal(k(T )∞/ki(Ti)),Fp)

)
· dimK(T )

= dimFp
(
Gal(k(T )∞/ki(Ti))ab ⊗Zp Fp

)
· dimK(T )

=d
(
Gal(k(T )∞/ki(Ti))

)
· dimK(T )

≤ rk(k(T )∞/k) · dimK(T ).
Here we write d

(
Gal(k(T )∞/ki(Ti))

)
for the minimal number of topological generators of the

pro-p group Gal(k(T )∞/ki(Ti)), so that the third equality follows from a standard property of
the Frattini subgroup (cf. [33, Prop. 1.9, Prop. 1.13]). In addition, since Gal(k(T )∞/ki(Ti))
is a closed subgroup of a Sylow p-subgroup of Gal(k(T )∞/k), the final inequality follows from
[33, Prop. 3.11, Def. 3.12].
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(6.37) Remark. The proof of Lemma 6.34 is the only point in the proof of Theorem 4.20 in
which Hypothesis 4.14 (vii) is used. In particular, if the Tate–Shafarevich group XFs,j(s)(Ts)
vanishes for every s ∈ N, then Lemma 6.34 plays no role in the proof of Theorem 6.28 and so
Hypothesis 4.14 (vii) can be omitted from the statement of Theorem 4.20.

6.2.4. Consequences for Kolyvagin systems

We can now finally prove the key technical result concerning Kolyvagin systems that will be
used in the next section to prove Theorem 4.20. In order to state this result, for each i ∈ N
we abbreviate the non-negative integer defined in Remark 6.4 to

λ∗i (1) := λ∗
Fi
(1),

where Fi is the Mazur–Rubin structure on T induced by Fi = h(Fi ⊗Ri Ri). For each i ∈ N
and d ∈ N0 we then define a polynomial Zi(d;X) of degree d in Z[X] by setting

Zi(d;X) := 8λ∗i (1)X
d +

∑j=d−1

j=0
Xj .

(6.38)Theorem. Assume Hypotheses 4.14 and fix t ∈ N0 such that tF := t + χF > 0. Then,
for every i ∈ N, there exists a relative core vertex n0 = n0(i) for Fi that belongs to Nj(i) and
also has the following property. If κ = (κn)n∈Ni is any system in KStF(Fi) for which κn0 = 0,
then there exists an ideal I of Ri that satisfies both of the following conditions.

(i) The annihilator of κ1 in Ri contains I · FitttRi
(X(Fi))

9λ∗i (1).

(ii) The Ri-module Ji in Definition 4.13 is such that

Fitt0Ri(Ji)
Zi(λ

∗
i (1);αi(1)+λ

∗
i (1)) ⊆ Ri · ϱi

(
I
)
.

Proof. Our argument will show that the required properties are satisfied by any relative core
vertex n0 for Fi that is constructed as in Lemma 6.12 with j = j(i). Before verifying this,
however, it is convenient to prove the existence of an ideal I ′1 of Ri that satisfies both

Fitt0Ri(Ji) ⊆ Ri · ϱi(I
′
1) and (I ′1 · FitttRi

(X(Fi))) ·
⋂tF

Ri

XFi,j(i)(Ti) = (0). (6.39)

To do this, we first note Lemma 2.11 (v) directly implies that
⋂tF

Ri
XFi,j(i)(Ti) is annihilated

by Fitt
tF−1
Ri

(XFi,j(i)(Ti)). To study the latter ideal, we use Lemma 6.12 to fix a modulus a in

Nj(i) such that H1
F ∗
i (a)

(k, T ∗
i (1)), and hence also (by Remark 6.10) H1

(Fi)∗(a)
(k, T

∗
(1)), vanishes.

We then use Proposition 6.5 to fix a prime q ∈ Qj(i) \ V (a) such that the localisation map

H1
Fi(a)

(k, T )→ H1
f (kq, T ) is nonzero (and thus surjective). Given this, the global duality exact

sequence (5.18) (with Φ = F̃ = Fi) implies that H1
(Fi,q)∗(a)

(k, T
∗
(1)) = H1

(Fi)∗(a)
(k, T

∗
(1)). It

follows that H1
(Fi,q)∗(a)

(k, T
∗
(1)) vanishes and hence, by Lemma 6.13, that the first property in

(6.39) is satisfied by the ideal

I ′1 := Fitt0Ri
(H1

(Fi,q)∗(a)(k, T
∗
i (1))

∗).

In addition, since XFi,j(i)(Ti) is, by its very definition, a submodule of H1
Fi,q(a)

(k, Ti), there
exists a natural surjective homomorphism H1

Fi,q(a)
(k, Ti)∗ ↠ XFi,j(i)(Ti)∗. Taken together

with Lemma 2.11 (i), this surjective map implies an inclusion

Fitt
tF−1
Ri

(H1
Fi,q(a)

(k, Ti)∗) ⊆ Fitt
tF−1
Ri

(XFi,j(i)(Ti)
∗).

Given this, the fact that the above ideal I ′1 also has the second property in (6.39) is a direct

consequence of the inclusion I ′1 · FitttRi
(X(Fi)) ⊆ Fitt

tF−1
Ri

(H1
Fi,q(a)

(k, Ti)∗) that is proved in

(6.23) (with n replaced by a).
Turning now to the proof of the claimed result, we fix a relative core vertex n0 for Fi that is
constructed as in Lemma 6.12 with j = j(i) (so that n0 ∈ Nj(i) and ν(n0) = λ∗i (1)). We also
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assume to be given a Kolyvagin system κ in KStF(Fi) for which κn0 = 0. It is then enough for
us to prove the following: for any modulus n in Nj(i) that satisfies

λ∗i (n) = λ∗i (1)− ν(n), (6.40)

there exists an ideal In of Ri that satisfies both
Fitt0Ri(Ji)

Zi(λ
∗
i (n)) ⊆ Ri · ϱi(In) and In · FitttRi

(X(Fi))
λ∗i (n)+8λ∗i (1) · κn = {0}, (6.41)

where, for brevity, we have set

Zi(λ
∗
i (n)) := Zi(λ

∗
i (n); αi(1) + λ∗i (1)).

Indeed, since n = 1 satisfies (6.40), if this claim is valid, then we will obtain an ideal I of Ri
with all of the required properties by simply setting I := I1.
Now, to construct ideals In satisfying (6.41), we shall use an induction on the non-negative
integer λ∗i (n). We therefore first assume that λ∗i (n) = 0, so that the exponents Zi(λ

∗
i (n)) and

λ∗i (n)+8λ∗i (1) in (6.41) are both equal to 8λ∗i (1). Then, in this case, Remark 6.10 implies that
n is a relative core vertex for Fi and (6.40) implies ν(n) = λ∗i (1). Upon combining Proposition
6.5 with n = i and j = j(i) with the argument of Proposition 6.21 with n1 and n2 taken to be
n and n0, we can therefore deduce that n is connected to n0 in X 0

j(i)(i) by a path U of length

at most 8λ∗i (1). Given this, and the assumed vanishing of κn0 , the results of Lemmas 6.13 and
6.24 directly imply that (6.41) is validated by the ideal

In :=
∏

(q,m)∈U

Fitt0Ri
(H1

(Fi,q)∗(m)(k, T
∗
i (1))

∗).

For the inductive step we now assume to be given a modulus n in Nj(i) that satisfies (6.40) and
is also such that both λ∗i (n) > 0 and ideals Im with the properties in (6.41) are known to exist
for all moduli m in Nj(i) that satisfy both (6.40) and λ∗i (m) < λ∗i (n).
At this point, we recall the non-negative integer αi(n) defined in (6.27). If αi(n) = 0, then
Lemma 6.26 impliesH1

Fi(n)
(k, Ti) = XFi,j(i)(Ti). Hence, in this case, the ideal In := I ′1 validates

(6.41) as a direct consequence of (6.39) and our assumption that λ∗i (n) > 0. In the remainder
of the argument, we shall therefore assume that αi(n) > 0.
To deal with this case, we note thatH1

Fi
∗
(n)

(k, T
∗
(1)) is non-trivial since λ∗i (n) > 0. Hence, since

χ(Fi, j(i)) ≥ 0 (by Hypothesis 4.14 (vi)), Lemma 6.3 (iii) implies H1
Fi(n)

(k, T ) ̸= XFi,j(i)
(T ). In

particular, Lemma 6.26 can be combined with Proposition 6.5 (ii) to deduce the existence of a
subset {ql : l ∈ [αi(n)]} of Qj(i) for which the localisation map

H1
Fi(n)

(k, Ti)/XFi,j(i)(Ti)→
⊕

l∈[αi(n)]

H1
f (kql , Ti) (6.42)

is injective and, simultaneously, for every l ∈ [αi(n)], the localisation maps

H1
Fi(n)

(k, T )→ H1(kql , T ) and H1
Fi

∗
(n)

(k, T
∗
(1))→ H1(kql , T

∗
(1))

are both nonzero. For every index l ∈ [αi(n)], one then has

λ∗i (nql) = λ∗i (n)− 1 = λ∗i (1)− ν(n)− 1 = λ∗i (1)− ν(nql),
where the first equality follows from [25, Prop. 5.7], the second from (6.40) and the last is
clear. It follows that the modulus nql satisfies both (6.40) and also λ∗i (nql) < λ∗i (n) and so
the inductive hypothesis implies the existence of an ideal Inql of Ri that has the properties in
(6.41) after replacing n by nql.
In particular, since λ∗i (nql) = λ∗i (n)−1, we know that the ideal Inql ·FitttRi

(X(Fi))
(λ∗i (n)+8λ∗i (1))−1

annihilates the element locql(κnql) of
⋂tF−1

Ri
H1

Fi,ql
(n)(k, Ti) ⊆

⋂tF−1
Ri

H1
Fi(n)

(k, Ti). From the

equality ψfs
ql
(κn) = vql(κnql) that follows from the defining relation of Kolyvagin systems, it

therefore follows that ψfs
ql
(κn) is also annihilated by Inql · FitttRi

(X(Fi))
(λ∗i (n)+8λ∗i (1))−1.
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Next we note that injectivity of (6.42) implies XFi,j(i)(Ti) is the kernel of the diagonal map

(ψfs
ql
)l∈[αi(n)] : H

1
Fi(n)

(k, Ti)→ R⊕αi(n).

From Lemma 2.17 (i), it then follows that
⋂tF

Ri
XFi,j(i)(Ti) is the kernel of the map⋂tF

Ri

H1
Fi(n)

(k, Ti)
(ψfs

ql
)l

−−−→
⊕

l∈[αi(n)]

⋂tF−1

Ri

H1
Fi(n)

(k, Ti),

and so the above observations combine to imply an inclusion

(
∏

l∈[αi(n)]
Inql) · Fitt

t
Ri
(X(Fi))

(λ∗i (n)+8λ∗i (1))−1 · κn ⊆
⋂tF

Ri

XFi,j(i)(Ti). (6.43)

In addition, there are also inclusions

Fitt0Ri(Ji)
Zi(λ

∗
i (n)) = Fitt0Ri(Ji) ·

(
Fitt0Ri(Ji)

Zi(λ
∗
i (nql))

)αi(1)+λ∗i (1)
⊆ Fitt0Ri(Ji) ·

∏
l∈[αi(n)]

Fitt0Ri(Ji)
Zi(λ

∗
i (nql))

⊆ Fitt0Ri(Ji) · ϱi
(∏

l∈[αi(n)]
Inql
)
. (6.44)

Here the equality is valid for every l ∈ [αi(n)] and follows from the fact that Zi(d;X) =
1 + Zi(d− 1;X)X for each d > 0. In addition, the first inclusion is valid since

|[αi(n)]| = αi(n) ≤ αi(1) + ν(n) = αi(1) + (λ∗i (1)− λ∗i (n)) < αi(1) + λ∗i (1),

where the first inequality here is obtained via (repeated applications of) Theorem 6.28 (i) and
the equality is an immediate consequence of (6.40). Finally, we note that the second inclusion
in (6.44) follows from the induction hypothesis.
Upon combining the inclusions (6.43) and (6.44) with those of (6.39), it is now easily deduced
that the product ideal In := I ′1 ·

∏
l∈[αi(n)]Inql satisfies both of the conditions in (6.41), thereby

verifying the inductive step. This therefore completes the proof of the claimed result.

(6.45) Remark. We make some observations about the exponents that occur in Theorem 6.38.

We recall first that λ∗i (1) is defined to be dimk
(
H1
Fi

∗(k, T
∨
(1))

)
and hence that

0 ≤ 9λ∗i (1) ≤ N := 9 · dimk
(
H1(Ok,S(Fk), T

∨
(1))

)
. (6.46)

Since this bound is independent of i it implies, in particular, that the set of polynomials
{Zj(λ∗j (1) : X) : j ∈ N} is finite. In addition, the value of any polynomial Zj(λ

∗
j (1) : X) at a

non-negative integer is a natural number and so we can set

Z := max{Zj(λ∗j (1) : m) : j ∈ N, m ∈ N0,m ≤ ΦFk
(N)},

where ΦFk
is the N0-valued function that occurs in Theorem 6.28 (ii). Then the latter result

(with n = 1) combines with (6.46) to imply that, for every i ∈ N, one has

0 < Zi(λ
∗
i (1); αi(1) + λ∗i (1)) ≤ Z. (6.47)

7. Stark systems and the proof of Theorem 4.20

In this section, we fix a family F = (FK)K∈Ω of Nekovář systems as in §4.3 and continue to
write F and Fi for i ∈ N in place of Fk and Fk,i.
We recall that the notion of ‘Stark systems’ was independently introduced by Mazur and Rubin
in [81] and by Sano in [102]. To define a suitable variant for our theory we fix an ordering ≺ on
Πk and use the following sign convention. Given a modulus n ∈ Ni, we label the primes in V (n)
as q1, . . . , qν(n) in such a way that q1 ≺ q2 ≺ · · · ≺ qν(n). For any set of elements {aq : q ∈ V (n)}
indexed by V (n), we then define the exterior product

∧
q∈V (n) aq to be

∧
i∈[ν(n)] aqi . Further, if

a modulus m ∈ Ni is divisible by n, then we define a ‘sign’ sgn(m, n) ∈ {±1} via the equality(
∧q∈V (m/n) q

)
∧
(
∧q∈V (n) q

)
= sgn(m, n) · ∧q∈V (m)q

in the exterior algebra
∧∗
ZZ[Πk].
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(7.1)Definition. Fix t ∈ N0 and i ∈ N. Then the Ri-module of ‘Stark systems’ of rank t for
the Nekovář structure Fi on Ti is the inverse limit

StSt(Fi) := lim←−n∈Ni

⋂t+ν(n)

Ri

H1
Fn
i
(k, Ti).

Here the transition morphisms for n | m are the maps

vm,n := sgn(m, n) · ∧q∈V (m/n)v̂q :
⋂t+ν(m)

Ri

H1
Fm
i
(k, Ti)→

⋂t+ν(n)

Ri

H1
Fn
i
(k, Ti) (7.2)

that are obtained by applying Lemma 2.17 (ii) to the exact sequence (5.15) with Φ = Fi.

The reader will find a detailed axiomatic treatment of Stark systems in the next section. For
the moment, however, we shall only record an algebraic construction of such systems that will
be used the proof of Theorem 4.20. We observe that this construction is modelled on that of
Sano and the second author in [27, Th. 3.4].
To state the result, we use the free R-module Y , of rank rY , that is fixed at the beginning of
§ 4.3 and, for each i ∈ N, define an Ri-module Yi via the push-out diagram⊕

q∈Π∞
k

H0(kq, T ∨(1))∨
⊕

q∈Π∞
k

H0(kq, T ∗
i (1))

∗

Y Yi

where the horizontal map is the canonical surjective morphism that exists since (3.1) is satisfied
(see the argument of Lemma 3.49)). Then Yi is anRi-module quotient of

⊕
q∈Π∞

k
H0(kq, T ∗

i (1))
∗

that is free of rank rY and there exists a natural isomorphism

Y ⊗R Ri
≃−→ Yi. (7.3)

Moreover, via the map α3 in (3.47), we may regard Yi as a quotient of X(Fi). We also note
that, for all moduli n and m in Ni with n | m, the exact triangle in the lower row of (5.21)
(in which Ỹ , F̃ and A correspond to Yi,Fi and Ti) combines with the identification, for each
prime q ∈ V (m/n), of H1

/f (kq, Ti) with Ri that is used in the construction of the upper square

of the diagram in Proposition 5.23 (iii) (and earlier in the derivation of the duality sequence
(5.15)) to induce an isomorphism of Ri-modules

DetRi(CYi(F
m
i ))
∼= DetRi(CYi(F

n
i ))⊗Ri

⊗
q∈V (m/n)

DetRi(H
1
/f (kq, Ti)[0]) ∼= DetRi(CYi(F

n
i )).

We fix an (ordered) R-basis b• of Y and write b•,i for the (ordered) Ri-basis of Yi given by the
image of b• under (7.3). Finally, to ensure compatibility of our constructions under change of
i, we assume that the map ϑFn

i ,Yi
that occurs in Proposition 5.23 (iii) is defined with respect

to the basis b•,i.

(7.4) Lemma. Set r := rY + χR(C(Fk)) and assume that r > 0. Then, for each i ∈ N, the
assignment (an)n∈Ni 7→ (ϑFn

i ,Yi
(an))n∈Ni induces a well-defined homomorphism of Ri-modules

lim←−n∈Ni
DetRi(CYi(F

n
i ))→ StSr(Fi),

in which the inverse limit is defined with respect to the morphisms specified above.

Proof. This follows directly from the commutativity of the upper square in the diagram of
Proposition 5.23 (iii).

In order to prove Theorem 4.20, we now fix an Euler system c in ESrS0
(F). For each i ∈ N,

we write κi = (κi,n)n∈Ni for the Kolyvagin system in KSr(Fi) that is given by the Kolyvagin
derivative of c (cf. Theorem 5.29). We recall, in particular, that

κi,1 = πrk,Fi
(ck), (7.5)
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where πrk,Fi
is the canonical map

⋂r
RH

1
F(k, T )→

⋂r
Ri
H1

Fi
(k, Ti) from (5.25).

Now, by applying Proposition 2.12 (ii) to the isomorphism X(Fk) ∼= lim←−iXS(Fi) constructed

in Lemma 3.49 (ii), we deduce that the ideals (FittrYRi
(X(Fi)))i∈N form a projective system

with respect to the natural maps Ri+1 → Ri and also that their limit is equal to

FittrYR (X(Fk)) = lim←−i∈N FittrYRi
(X(Fi)) ⊆ R.

In particular, if we fix an element x of FittrYR (X(Fk)) as in the statement of Theorem 4.20,
then its image under the projection map R → Ri belongs to FittrYRi

(X(Fi)). As a consequence,
if we write ni for the relative core vertex for Fi = h(Fi) in Nj(i) that is provided by Lemma

6.12 and also fix an element z of the ideal Fitt0Ri
(H1

F∗
i (ni)

(k, T ∗
i (1))

∗), then the exact sequence

in Proposition 5.10 (iii) (with a = b = 1) combines with Lemma 2.11 (iv) to imply that

z · x ∈ Fitt0Ri
(H1

F∗
i (ni)

(k, T ∗
i (1))

∗) · FittrYR (X(Fk)) ⊆ FittrYR (H1(C(Fi(ni)))).

Now the first displayed sequence in Proposition 5.23 (ii) implies that the latter ideal is equal to
Fitt0R(H

1(CYi(Fi(ni)))). Given this equality, the above containment therefore combines with
the assertion in Proposition 5.23 (iii) regarding annihilation of the cokernel of ϑFi(ni),Yi to imply
the existence of an element z′ni of DetRi(CYi(Fi(ni))) for which one has

(z · x) · κi,ni = ϑFi(ni),Yi(z
′
ni).

From the commutativity of the lower square (and surjectivity of the map φ2) in the diagram of
Proposition 5.23 (iii), we can then deduce the existence of an element zni of DetRi(CYi(F

ni
i ))

for which the element ϵ′ni := ϑF
ni
i ,Yi

(zni) of
⋂r+ν(ni)

Ri
H1

F
ni
i

(k, Ti) satisfies

(
∧

q∈V (ni)
ψ̂fs
q )(ϵ

′
ni) = (

∧
q∈V (ni)

ψ̂fs
q )(ϑF

ni
i ,Yi

(zni)) = ϑFi(ni),Yi(z
′
ni) = (z · x) · κi,ni .

Further, since zni belongs to DetRi(CYi(F
ni
i )), Lemma 7.4 implies the existence of a Stark

system ϵi = (ϵi,n)n∈Ni in StSr(Fi) for which one has ϵi,ni = ϵ′ni .
Next we note that a straightforward calculation, as in [25, § 5.2], proves the existence of a
well-defined ‘regulator map’ of Ri-modules

Regr : StSr(Fi)→ KSr(Fi), ϵ = (ϵn)n∈Ni 7→
(
(
∧

q∈V (n)
ψ̂fs
q )(ϵn)

)
n∈Ni

.

Then, by its very construction, the element

Regr(ϵi)− (x · z) · κi ∈ KSr(Fi)

vanishes when evaluated at ni. We now write Ii for the ideal I of Ri that is constructed in
Theorem 6.38 (with t = r). Then, by combining claim (i) of the latter result with the inequality
(6.46) we deduce that, for any element y of FittrYR (X(Fk)) that is fixed as in the statement of
Theorem 4.20, every element in the Ri-ideal yN · Ii annihilates the value

(Regr(ϵi)− (x · z) · κi)1 = ϵi,1 − (x · z) · κi,1
of Regr(ϵi)− (x · z) · κi at 1. For every element a of Ii, one therefore has an equality

ayN (x · z) · κi,1 = ayN · ϵi,1. (7.6)

On the other hand, the construction of Stark systems in Lemma 7.4 implies that

ϵi,1 = ϑFi,Yi(z
′′),

where z′′ is the element of DetRi(CYi(Fi)) that is given by the image of zni under the iso-
morphism φ1 in the diagram of Proposition 5.23 (iii) with (m, n) taken to be (ni, 1). From the
equality (7.6), we can therefore derive a containment

az · xyN · κi,1 = yN · ϑFi,Yi(a · z
′′) ∈ yN · ϑFi,Yi(DetRi(CYi(Fi))).

Now, as the elements a and z vary, they generate the ideal

I ′i := Ii · Fitt0Ri
(H1

F∗
i (ni)

(k, T ∗
i (1))

∗)
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of Ri. From the above containment, we can therefore deduce that the following ideal of Ri
Ai(x, y) :=

{
w ∈ Ri | w · xyN · κi,1 ∈ yN · ϑFi,Yi(DetRi(CYi(Fi)))

}
contains I ′i. In particular, since Remark 6.15 combines with Theorem 6.38 (ii) and the inequality
(6.47) to imply that Ri · ϱi(I ′i) contains Fitt0Ri(Ji)

Z+1, there is an inclusion

Fitt0Ri(Ji)
Z+1 ⊆ Ri · ϱi

(
Ai(x, y)

)
. (7.7)

We next claim that the natural maps Ri+1 → Ri send Ai+1(x, y) to Ai(x, y). To justify this, we
note the isomorphism C(Fi+1) ⊗LRi+1

Ri ∼= C(Fi) in Dperf(Ri) given by Proposition 5.10 (ii)
and the obvious isomorphism ofRi-modules Yi+1⊗Ri+1Ri ∼= Yi combine with the exact triangle
given by the first column in (5.22) (with m = 1) to induce an isomorphism in Dperf(Ri)

τi : CYi+1(Fi+1)⊗LRi+1
Ri ∼= CYi(Fi).

This isomorphism then combines with the explicit construction of the maps ϑFi,Yi in Pro-
position 5.23 (iii) (and our use of the compatible family of bases (b•,i)i) to give a canonical
commutative diagram of Ri+1-modules

DetRi+1(CYi+1(Fi+1))
⋂r

Ri+1

H1
Fi+1

(k, Ti+1)

DetRi(CYi(Fi))
⋂r

Ri

H1
Fi
(k, Ti).

ϑFi+1,Yi+1

DetRi (τi) πr
i+1/i

ϑFi,Yi

Here the map πri+1/i is constructed (via Lemma 2.37 (ii)) in the same way as the projection

map πrk,Fi
in (5.25). In particular, from the equality (7.5) one deduces that

πri+1/i(κi+1,1) = πri+1/i(π
r
k,Fi+1

(ck)) = πrk,Fi
(ck) = κi,1.

Hence, if a belongs to Ai+1(x, y), so that

a · xyN · κi+1,1 ∈ yN · ϑFi+1,Yi+1
(DetRi+1(CYi+1(Fi+1))),

then the commutativity of the above diagram implies that

a · xyN · κi,1 ∈ yN · ϑFi,Yi(DetRi(CYi(Fi))).

It follows that the image of a under the projection Ri+1 → Ri belongs to Ai(x, y), as claimed.
In particular, since the fixed R-basis b• of Y induces an identification

ϑFk,Y (DetR(C(Fk))) = lim←−i∈NϑFi,Yi(DetRi(CYi(Fi))),

one obtains an inclusion

lim←−i∈NAi(x, y) ⊆ A(x, y) :=
{
r ∈ R | r · xyN · ck ∈ yN · ϑFk,Y (DetR(C(Fk)))

}
.

Next we note that the compactness of R implies

ϱ
(
lim←−i∈NAi(x, y)

)
= lim←−i∈Nϱi

(
Ai(x, y)

)
⊆ R.

Now, by (7.7), the second limit in this display contains (lim←−i Fitt
0
Ri
(Ji))

Z+1. In addition,
since the canonical isomorphism (4.12) combines with the definition of the modules Ji to
give an isomorphism TorR1 (X(Fk), R) ∼= lim←−i∈N Ji, the general result of Proposition 2.12 (ii)

implies that Fitt0R(Tor
R
1 (X(Fk), R)) is equal to lim←−i∈N Fitt0Ri(Ji). These observations therefore

combine to prove an inclusion

Fitt0R(Tor
R
1 (X(Fk), R))

Z+1 ⊆ R · ϱ
(
A(x, y)

)
.

At this point, we fix a prime ideal p of R that satisfies the conditions (i) and (ii) in Theorem
4.20. Then condition (ii) combines with the last displayed inclusion to imply that Rp·ϱ(A(x, y))p
contains the element 1 of Rp. In particular, if ϱp : Rp → Rp is surjective, as follows from the
condition (i), then Rp · ϱ(A(x, y))p = ϱp(A(x, y)p) and so the Rp-ideal A(x, y)p must contain a
preimage ξ of 1 under ϱp. In addition, condition (i) also ensures that the map ϱp is non-zero,
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so that ker(ϱp) ⊆ pRp and ϱp(1) = 1. It follows that ξ − 1 belongs to pRp and so Nakayama’s
Lemma implies ξ is a unit in Rp. This in turn implies that A(x, y)p = Rp, as required to
complete the proof of Theorem 4.20.

(7.8) Remark. A close inspection of the above proof shows that the only contribution of the
Kolyvagin derivative construction in Theorem 5.29 is to guarantee the existence of a Kolyvagin
system κi ∈ KSr(Fi) with the property that κi,1 = πrk,Fi

(ck) for every i ∈ N (cf. (7.5)). In
particular, if the existence of such Kolyvagin systems is in some way already known, then one
need not apply Theorem 5.29 in the above argument, and hence can avoid assuming Hypothesis
4.16 in Theorem 4.20 (cf. Remark 4.21).

A. Abstract Stark systems

In this appendix to Part I, we establish several useful general results in the theory of Stark
systems. Whilst some of these results have already been applied in previous sections, with
future applications in mind we have preferred to adopt a more axiomatic approach here.

A.1. Characteristic ideals

We first recall a notion introduced by Greither [47, § 5.2] and Sakamoto [99, Def. C.3]. For
this, we let R be a G2-ring.

(A.1)Definition. Let Z be a finitely generated R-module and fix a surjective homomorphism
of R-modules of the form g : R⊕s ↠ Z with s ∈ N. Then Lemma 2.17 (ii) implies that the
tautological short exact sequence

0→ ker(g)
(fi)i∈[s]−−−−−→ R⊕s g−→ Z → 0

induces a homomorphism of R-modules ∧i∈[s]fi :
⋂s
R ker(g)→

⋂0
R(0) = R. The ‘characteristic

ideal’ charR(Z) of Z is defined to be the image of ∧i∈[s]fi.

(A.2) Remark. Sakamoto has proved the following general results on characteristic ideals.

(i) charR(Z) is independent of the choice of g (see [99, Rem. C.5]).

(ii) Fitt0R(Z) ⊆ charR(Z), with equality if pdR(Z) ≤ 1 (cf. [99, Prop. C.7]).

(iii) charR(Z) = AnnR(Z) if R is Gorenstein of dimension zero (see [98, Prop. 4.5]).

We will also require the following additional properties of characteristic ideals.

(A.3) Lemma. Assume R is a G2-ring, and let M be a finitely generated R-module.

(i) charR(M) ⊆ AnnR(M)∗∗.

(ii) For any natural numbers r ≥ s > 0, any exact sequence of R-modules of the form

0 N M R⊕s Z 0
(fi)i∈[s]

and any a in the image of the map
∧
i∈[s] fi :

⋂r
RM →

⋂r−s
R N in (2.19), one has

im(a) :=
{
φ(a) | φ ∈

∧r−s

R
N∗} ⊆ charR(Z).

Moreover, if M contains a free direct summand F of rank t, then one has

FitttR(M
∗) · im(a) ⊆ Fitt0R(Z)

∗∗.

(iii) For any submodule N of M , one has charR(M) ⊆ charR(N) ∩ charR(M/N).
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Proof. To prove (i), we fix a surjective map of R-modules f : Rn ↠ M . We write {bi}i∈[n]
for the standard basis of Rn and b∗i : R

n → R for each i ∈ [n] for the dual of bi. Setting
N := ker(f), the definition of the characteristic ideal directly implies that every element of
charR(M) can be written as x = (∧i∈[n]b∗i )(a) for some a ∈

⋂r
RN . Now, for each i and l in [n],

we may compute that

b∗l
(
(∧j ̸=ib∗j )(a)

)
= ((∧j ̸=ib∗j ) ∧ b∗l )(a) = (−1)n−i · δil · (∧i∈[n]b∗i )(a) = (−1)n−i · δil · x

with the Kronecker symbol δil. This shows that

(−1)n−i · (∧j ̸=ib∗j )(a) = x · bi ∈ N∗∗,

where the containment is true since ∧i̸=jb∗i defines a map
⋂n
RN → N∗∗.

To proceed, recall that the cokernel of the natural map N → N∗∗ identifies with Ext2R(A,R)
for a specific R-module A (cf. [86, Prop. (5.4.9) (iii)]) and hence, by assumption (G1) on R,
is pseudo-null. It follows that xbi ∈ Np for every prime ideal p ∈ Spec≤1(R). Since the set
{f(bi)}i∈[n] generates Mp, this proves x ∈ AnnRp(Mp) = AnnR(M)p. Noting that reflexive

ideals are uniquely determined by their localisations at prime ideals in Spec≤1(R) (see Lemma
2.4 (ii)), we can therefore deduce that charR(M) ⊆ AnnR(M)∗∗, as claimed.
To prove (ii), we fix b ∈

⋂r
RM and set θ := ∧i∈[s]fi. Then, for φ ∈

∧r−s
R M∗, one has

φ(θ(b)) = (θ ∧ φ)(b) = (−1)rs · (φ ∧ θ)(b) = (−1)rs · θ(φ(b)).
In particular, since θ is the composite

⋂s
RM →

⋂s
R(M/N) →

∧s
R(R

⊕s) ∼= R (where the first
map is induced by the natural projection), and charR(Z) is, by definition, the image of the
second map in this composite, we have shown that{

φ(θ(b)) | φ ∈
∧r−s

R
M∗} ⊆ charR(Z). (A.4)

To proceed, we note charR(Z) is a reflexive ideal of R (cf. [99, Prop. C.10]) and so uniquely
determined by its localisations at p ∈ Spec≤1(R). To prove the first assertion of (ii), it is thus
enough to demonstrate that, for each such p, the localisations of the first set in (A.4) and of
im(θ(b)) coincide. To do this, we use the commutative diagram∧r−s

R
M∗

∧r−s

R
N∗

(⋂r−s

R
M
)∗ (⋂r−s

R
N
)∗
.

Here the upper horizontal map is induced by restriction, the vertical arrows are the respective
canonical maps induced by (2.19) and the lower horizontal map is induced by the inclusion⋂r−s
R N ↪→

⋂r−s
R M . In particular, since im(θ) ⊆

⋂r−s
R N (by Lemma 2.17 (ii)), the above

diagram implies that, for φ ∈
∧r−s
R M∗ and a ∈ im(θ), one can compute φ(a) as the value at a

of the image of φ in
∧r−s
R N∗. Since, for x ∈

⋂r−s
R N = HomR(

∧r−s
R N∗, R) and ψ ∈

∧r−s
R N∗,

the value ψ(x) ∈ R is defined to be x(ψ), the above discussion therefore shows that{
φ(θ(b)) | φ ∈

∧r−s

R
M∗} ⊆ {φ(θ(b)) | φ ∈∧r−s

R
N∗}.

To deduce the first assertion of (ii), it is therefore enough to show that the cokernel of this
inclusion is pseudo-null. Now, for p ∈ Spec≤1(R), the group Ext1R(M/N, R)p = Ext2Rp

(Zp, Rp)
vanishes since, by assumption, R satisfies (G1) and so Rp has injective dimension one. It follows
that coker(M∗ → N∗)p = Ext1R(M/N,R)p vanishes, and hence that the p-localisation of the
cokernel of

∧r−s
R M∗ →

∧r−s
R N∗ also vanishes. Every φ ∈

∧r−s
Rp

N∗
p can therefore be lifted to

an element ψ ∈
∧r−s
Rp

M∗
p , and so the claimed result follows from

{φ(θ(b)) | φ ∈
∧r−s

R
N∗}p = {φ(θ(b)) | φ ∈

∧r−s

Rp

N∗
p }

⊆{φ(θ(b)) | φ ∈
∧r−s

Rp

M∗
p } = {φ(θ(b)) | φ ∈

∧r−s

R
M∗}p.
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We now prove the second assertion of (ii). As Fitt0R(Z)
∗∗ is a reflexive ideal of R, localising at

primes in Spec≤1(R) as in the discussion above shows it is enough to prove Fitt0R(Z) contains
FittrR(M

∗) · {φ(θ(b)) | φ ∈
∧r−s
R M∗}.

By assumption,M has a free direct summand F of rank at least s. Then F ∗ is a free direct sum-
mand of M∗ and the induced decomposition

∧s
RM

∗ ∼=
⊕s

i=0(
∧i
R F

∗)⊗ (
∧s−i
R M∗/F ∗) implies

the kernel of the surjection
∧s
RM

∗ →
∧s
R F

∗ identifies with
⊕s−1

i=0 (
∧i
R F

∗) ⊗
∧s−i
R (M∗/F ∗).

Lemma 2.11 (v) now implies Fitts−i−1
R (M∗/F ∗) annihilates

∧s−i
R (M∗/F ∗) for i ∈ {0, . . . , s−1}.

In particular, since Fitts−i−1
R (M∗/F ∗) contains Fitt0R(M

∗/F ∗) = Fitt
rkR(F )
R (M∗), we deduce

that Fitt
rkR(F )
R (M∗) annihilates the kernel of

∧s
RM

∗ →
∧s
R F

∗. Upon dualising, this implies

Fitt
rkR(F )
R (M∗) annihilates the cokernel of the natural map

∧s
R F =

⋂r
R F →

⋂s
RM .

Now let a = φ(b) for some φ ∈
∧r−s
R M∗. Then, for any x in Fitt

rkR(F )
R (M∗), the element

x · φ(b) of
⋂s
RM belongs to

∧s
R F . It follows that

x · φ(a) = x(φ ◦ θ)(b) = (−1)(r−s)s · θ(φ(xb)) ∈ im(
∧s

R
M

θ−→ R) = Fitt0R(Z),

as required to complete the proof of (ii).
As for (iii), we note Sakamoto [99, Th. C.8] proves charR(M) ⊆ charR(N). However, for the
convenience of the reader, we provide a different argument for this inclusion in the course
of this proof. For this, we fix surjections of the form f : R⊕n → N and g : R⊕m → M/N .
Then, since R⊕m is projective, we can lift g to a map g̃ : R⊕m → M . The resulting map
f ⊕ g̃ : R⊕(n+m) →M is then surjective, and (writing K1, K2, and K3 for the relevant kernels)
we obtain an exact commutative diagram

K1 K3 K2

R⊕n R⊕n ⊕R⊕m R⊕m

N M M/N.

(φi)i∈[n] (φi)i∈[n+m] (φi)i∈[n+m]\[n]

f f⊕g̃ g

From the above diagram we can deduce the exact sequence

0→ K1 → K3

(φi)i∈[n+m]\[n]−−−−−−−−−→ R⊕m →M/N → 0.

Now, if a ∈
⋂n+m
R K3, then Lemma 2.17 (ii) (applied to the above exact sequence) implies that

(∧i∈[n+m]\[n]φi)(a) ∈
⋂n
RK1, and so claim (ii) allows us to conclude that

(∧i∈[n+m]φi)(a) = (−1)nm
(
(∧i∈[n]φi) ◦ (∧i∈[n+m]\[n]φi)

)
(a)
)

∈ im
(
(∧i∈[n+m]\[n]φi)(a)

)
∩ (∧i∈[n]φi)

(⋂n

R
K1

)
⊆ charR(M/N) ∩ (∧i∈[n]φi)

(⋂n

R
K1

)
.

The claimed inclusion is then valid since

charR(M) = im
{⋂n+m

R
K3 →

∧n+m

R
R⊕(n+m) ∼= R

}
= (∧i∈[n+m]φi)

(⋂n+m

R
K3

)
⊆ charR(M/N) ∩ (∧i∈[n]φi)

(⋂n

R
K1

)
= charR(M/N) ∩ charR(N).

A.2. The general formalism

Let (Q,≺) be a totally ordered set, and regard its power set P := P(Q) as partially ordered
with respect to inclusion. If S ∈ P is a finite set, then by ∧v∈Sv we mean v1 ∧ · · · ∧ v|S| using
a labelling S = {v1, . . . , v|S|} with v1 ≺ · · · ≺ v|S|. If S′ ∈ P is a further finite set with S ⊆ S′,
then we define a ‘sign’ sgn(S′, S) ∈ {±1} via the equality(

∧v∈(S′\S) v
)
∧
(
∧v∈S v

)
= sgn(S′, S) · ∧v∈Sv
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in the exterior algebra
∧∗
ZZ[P].

We now suppose to be given a G2-ring R and an inductive system I := (MS , ιS,S′)S∈P of finitely
generated R-modules with the following properties:

(P1) The maps ιS,S′ : MS →MS′ are injective (and so will be suppressed from the notation).

(P2) For any element v of Q, there exists a specified map of R-modules fv : lim−→S
MS → R,

where the limit is over all elements S of P that contain v.

(P3) For all S and S′ in P with S ⊆ S′, there exists a specified exact sequence of R-modules

0 MS MS′
⊕

v∈S′\S
R.

⊕v∈S′\Sfv

(A.5)Definition. For each r ∈ N0, an (abstract) ‘Stark system of rank r’ for the inductive
system I is an element of the inverse limit R-module

StSr(I) := lim←−S∈P
⋂r+|S|

R
MS

in which the transition morphism for each S ⊆ S′ is

sgn(S′, S) · (
∧

v∈S′\S

fv) :
⋂r+|S′|

R
MS′ →

⋂r+|S|

R
MS ,

as induced by the exact sequence in (P3) (and Lemma 2.17 (ii)). Such a system is therefore an

element (cS)S∈P of
∏
S∈P

⋂r+|S|
R MS with sgn(S′, S) · (

∧
v∈S′\Sfv)(cS′) = cS for S ⊆ S′.

We now further assume the existence of an inductive system P = P(I) := (ZS , ρS,S′)S∈P of
(finitely generated) R-modules with the following properties:

(P4) For v ∈ Q and S ∈ P, there exists a specified map of R-modules gS,v : R → ZS with
ρS′,S ◦ gS,v = gS′,v for S ⊆ S′.

(P5) For S and S′ in P with S ⊆ S′ there exists a specified exact sequence of R-modules

0 MS MS′
⊕

v∈S′\S

R ZS ZS′ 0.
⊕v∈S′\Sfv

∑
v∈S′\S gS,v ρS,S′

(A.6)Theorem. Fix a G2-ring R and inductive systems of R-modules I and P as above.
Then, for each r ∈ N0, the following claims are valid.

(i) For every U ∈ P there exist elements S of P containing U for which Fitt
r+|S|
R (M∗

S)
annihilates the kernel of the map

StSr(I)→
⋂r+|S|

R
MS ,

that sends each element (cT )T∈P to cS.

(ii) Fix U ∈ P and denote by ΥU image of the map
∑

v∈Q gU,v from
⊕

v∈QR to ZU . For
every system (cS)S∈P ∈ StSr(I) one has

im(cU ) ⊆ charR(ΥU ).

In addition, if S is a set as in (i) that contains U , i ≥ 0 is an integer with |S \ U | ≥ i,
and MS contains a free direct summand of rank t, then

FitttR(M
∗
S) ·

(∑
V⊆S\U,|V |=i

im(cU∪V )
)
⊆ FittiR(ΥU ).

Proof. Since R is Noetherian, the ascending chain of ideals

0 = ker(ρ∅,∅) ⊆ · · · ⊆ ker(ρ∅,S) ⊆ · · ·
must terminate. There must therefore exist an element S of P such that ker(ρ∅,S) = ker(ρ∅,S′)
for all S′ ∈ P with S ⊆ S′. From the exact sequence in property (P5), it therefore follows
that im(

∑
v∈S g∅,v) = im(

∑
v∈S′ g∅,v) and hence that im(

∑
v∈S g∅,v) is equal to the module
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Υ∅ that occurs in (ii). Note that we can also increase S if necessary to ensure S contains any
given element of P.
We now claim that for any subset U of S one also has that im(

∑
v∈S\U gU,v) = ΥU . To justify

this, we let x be an element of ΥU so that, by definition of ΥU , the element x is contained in
the image of

∑
v∈S′ gU,v for some S′ ∈ P. Let us now consider the diagram⊕

v∈S′∪U
R Z∅

⊕
v∈S′

R ZU ,

∑
v∈S′∪U g∅,v

ρ∅,U∑
v∈S′ gU,v

where the vertical arrow on the left is the natural projection map (yv)v∈S′∪U 7→ (yv)v∈S′ . To
prove that this diagram commutes, we first observe that ρ∅,U ◦g∅,v = 0 for all v ∈ U by property
(P5) so that the commutativity follows from assumption (P4). By the surjectivity of the arrow
on the left, we then conclude that there is an element y ∈ Z∅ in the image of

∑
v∈S′∪U gv such

that ρ∅,U (y) = x. In particular, y is in Υ∅ = im(
∑

v∈S g∅,v) and so y =
∑

v∈S g∅,v(yv) for

suitable (yv)v∈S ∈ R⊕|S|. From ρ∅,U ◦ g∅,v = 0 for all v ∈ U and property (P4) it now follows
that

x = ρ∅,U (y) = ρ∅,U (
∑
v∈S

g∅,v(yv)) =
∑
v∈S\U

gU,v(yv),

as required to prove the desired containment x ∈ im(
∑

v∈S\U gU,v).
From property (P5) we further deduce that ker(ρU,S) = ΥS and that one has an exact sequence

0 MU MS

⊕
v∈S\U

R ΥU 0.
⊕v∈S\Ufv

∑
v∈S\U gU,v

(A.7)

By applying Lemma A.3 (ii) to this sequence and noting cU = sgn(S,U) · (
∧
v∈S\U fv)(cS) it

now follows that im(cU ) ⊆ charR(ΥU ), as claimed in (ii), and, in addition, that

FitttR(M
∗
S) · im(cU ) ⊆ Fitt0R(ΥU ). (A.8)

We next let i ≥ 0 be an integer such that n := |S \ U | ≥ i and aim to prove by induction on i
that one has

FittiR(ΥU ) =
∑

V⊆Q\U,|V |=i
Fitt0R(ΥU∪V ). (A.9)

If i = 0 the claim is clear, and so we may assume that i > 0. Using the free presentation of ΥU

provided by (A.7), we then see that FittiR(ΥU ) is generated by the (n− i)× (n− i)-minors of
⊕u∈S\Ufu. Any such minor is a ((n− 1)− (i− 1)))× ((n− 1)− (i− 1))-minor of ⊕u∈S\(U∪{v}fu
for some v ∈ S \ U . It follows that

FittiR(ΥU ) =
∑

v∈S\U
Fitti−1

R (ΥU∪{v})

=
∑

v∈S\U

∑
V⊆Q\(U∪{v}),|V |=i−1

Fitti−1
R (ΥU∪{v}∪V )

=
∑

V⊆Q\U,|V |=i
Fitt0R(ΥU∪V ),

where the second equality holds by the induction hypothesis. This concludes the inductive
step.
Combining (A.9) with (A.8) we now obtain

FitttR(M
∗
S) ·

(∑
V⊆(S\U),|V |=i

im(cU∪V )
)
⊆ FittiR(ΥU ),

as required to prove claim (ii).
To finish the proof, we show that any set S chosen as above has the property stated in (i). To
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do this, we fix S and a Stark system (cT )T with cS = 0, and need to show, for every T ∈ P,
that cT is annihilated by Fitt

r+|S|
R (M∗

S). Now, after replacing T by T ∪ S, we can assume T
contains S, and hence that Υ := Υ∅ is equal to ker(ρ∅,S) = ker(ρ∅,T ). From the diagram

0 Υ Z∅ ZS 0

0 Υ Z∅ ZT 0

ρ∅,S

ρS,T
ρ∅,T

we thus deduce ρS,T is bijective. In this case, therefore, property (P5) implies the existence of
a split-exact sequence

0 MS MT R|T\S| 0,
⊕v∈T\Sfv

and hence an isomorphism M∗
T
∼=M∗

S ⊕R|T\S|. This in turn induces an isomorphism∧r+|T |

R
M∗
T
∼=
⊕i=|T\S|

i=0
(
∧r+|T |−i

R
M∗
S)⊗R (

∧i

R
R|T\S|)

which, upon dualising, gives an exact sequence

0
⊕r+|T |

i=r+|S|+1

⋂i

R
MS

⋂r+|T |

R
MT

⋂r+|S|

R
MS .

∧v∈T\Sfv

In particular, since cT ∈ ker(∧v∈T\Sfv), one has cT ∈
⊕r+|T |

i=r+|S|+1

⋂i
RMS . Thus, it suffices to

note that, by Lemma 2.11 (v), the ideal Fitt
r+|S|
R (M∗

S) annihilates the R-module
∧i
RM

∗
S for each

i with r + |S| < i ≤ r + |T |, and hence that Fitt
r+|S|
R (M∗

S) annihilates
⊕r+|T |

i=r+|S|+1

⋂i
RMS .

(A.10) Example. Let K/k be a finite abelian group with Galois group G := Gal(K/k). Let
(S, V, T ) be a Rubin datum for K/k, and suppose that the Rubin–Stark Conjecture holds for
all data (S ∪ S′, V ∪ S′, T ) as S′ ranges over P(Q) for a set Q of finite places of k that is
disjoint from T and comprises only places that split completely in K/k. Then the collection
(εV ∪S′

K/k,S∪S′,T )S′∈P of Rubin–Stark elements is a Stark system in the above sense, with R = Z[G],

MS = O×
K,S,T and ZS equal to the (SK , TK)-ray class group ClK,S,T of K. Hence, in this

case, Theorem A.6 (ii) implies im(εVK/k,S,T ) is contained in the Z[G]-characteristic ideal of the

subgroup of ClK,S,T generated by the classes of places w in QK . (For a concrete application of
this observation, see [15, Th. 1.1].)

A.3. The Eagon–Northcott complex

In this section we review a family of complexes introduced by Eagon and Northcott in [34] (see
also [37, App. 2, §A2H]). These complexes generalise the classical construction of a Koszul
complex (see [36, §A2.6] or [88, App. C] for unifying frameworks) and can be used to compute
associated Fitting ideals.
To explain the construction, we fix a morphism ϕ : F0 → F1 of finitely-generated free R-modules
F0 and F1 of ranks d and d − r, respectively. For each i ∈ {0, . . . , r − 1} we write Symr−i

R F1

for the (r − i)-th symmetric power (over R) of F1. Then the dual of the multiplication map
µi : F1 ⊗R (Symr−i−1

R F1) → Symr−i
R F1 is a map µ∗i : (Sym

r−i
R F1)

∗ → F ∗
1 ⊗R (Symr−i−1

R F1)
∗

and we use this to define a composite

∂i : (Sym
r−i
R F1)

∗ ⊗R
∧d−i

R
F0

µ∗i⊗ϕ(d−i)−−−−−−→
(
F ∗
1 ⊗R (Symr−i−1

R F1)
∗)⊗R (F1 ⊗R

∧d−i−1

R
F0

)
−−−−−−→ (Symr−i−1

R F1)
∗ ⊗R

∧d−i−1

R
F0.

Here ϕ(d−i) :
∧d−i
R F0 → F1 ⊗R

∧d−i−1
R F0 is defined by means of

ϕ(d−i)(m1 ∧ · · · ∧md−i) =
∑

j∈[d−i]
(−1)j+1ϕ(mj)⊗m1 ∧ · · · ∧ m̂j ∧ · · · ∧md−i,
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where we write m̂j to mean omission of the element mj , and the second arrow is induced by
the canonical evaluation map F ∗

1 ⊗R F1 → R.
Then it is proved in [36, Th. A2.10 (a)] that the sequence

(Symr
R F1)

∗ ⊗R
∧d

R
F0

∂0−→ (Symr−i−1
R F1)

∗ ⊗R
∧d−i−1

R
F0

∂1−→ . . .

. . . −→ F ∗
1 ⊗R

∧d−r+1

R
F0

∂r−1−−−→
∧d−r

R
F0

∧d−r
R ϕ
−−−−→

∧d−r

R
F1

constitutes a complex C•
EN(ϕ) of (finitely generated, free) R-modules in which the final term∧d−r

R F1 is considered (by convention) as placed in degree zero.
The following well-known property of C•

EN(ϕ) will play a crucial role in later arguments.

(A.11)Proposition. For every morphism ϕ : F0 → F1 of free R-modules as above, and every
integer i, the ideal Fitt0R(coker(ϕ)) annihilates the R-module H i(C•

EN(ϕ)).

Proof. This result is stated without proof in [37, Th. A2.59]. For completeness, we therefore
present a proof. For this, we follow an argument used by Buchsbaum and Rim [9] to prove the
analogous property for the Buchsbaum–Rim complex.
Let S := R[Xij | i ∈ [d − r], j ∈ [d]] be the polynomial ring in d(d − r) commuting variables
and consider the map Φ: S⊕d → S⊕(d−r) that is represented by the matrix (Xij)ij . It then is
a result of Northcott [87] that Fitt0S(coker(Φ)) is an ideal of grade d− (d− r) + 1 = r + 1. It
therefore follows from [36, Th. A2.10 (c)] that C•

EN(Φ) is acylic. (This is what is referred to as
the ‘generic case’ in loc. cit.). In particular, C•

EN(Φ) furnishes a projective resolution of

H0(C•
EN(Φ)) = coker

(∧d−r

S
S⊕d

∧d−r
S Φ
−−−−→

∧d−r

S
S⊕(d−r)) ∼= S/Fitt0S(coker(Φ)).

Let ϕ be represented by a matrix A = (aij)ij and define S to be the quotient of S by the ideal
generated by Xij − aij for 1 ≤ i ≤ d − r and 1 ≤ j ≤ d. Since Eagon–Northcott complexes
behave well under base change, the isomorphism S ∼= R that sends the class of Xij to aij
induces an isomorphism C•

EN(ϕ)
∼= C•

EN(Φ)⊗LS S. It follows that for every i ≥ 0 one has

H i(C•
EN(ϕ)) = TorSi (S/Fitt

0
S(coker(Φ)), S).

This description shows that H i(C•
EN(ϕ)) is annihilated by the image of Fitt0S(coker(Φ)) under

S ∼= R. By Lemma 2.11 (iv), this image is equal to Fitt0R(S ⊗S coker(Φ)) = Fitt0R(coker(ϕ)),
whence the claimed annihilation result follows.

A.4. Determinants and biduals

We next prove a useful technical result that relates the determinant of a perfect complex to an
appropriate bidual of its cohomology.

(A.12)Proposition. Let R be a G2-ring and fix d ∈ N and r ∈ N0 with r ≤ d. Let C• be a

complex of R-modules F0
ϕ→ F1, in which the first term is a free R-module of rank d that is

placed in degree zero and F1 is a free R-module of rank d− r that is placed in degree one. Then
the following claims are valid.

(i) The image of the canonical map

ϑϕ : DetR(C
•) :=

(∧d

R
F0

)
⊗R

(∧d−r

R
F ∗
1

)
→
∧r

R
F0,

a⊗ (∧i∈[d−r]fi) 7→ (−1)r(d−r) · (∧i∈[d−r](fi ◦ ϕ)
)
(a)

is contained in
⋂r
RH

0(C•), and there is also an inclusion of ideals of R

Fitt0R(H
1(C•)) ·AnnR(Ext1R(R/Fitt0R(H1(C•)), R)) ⊆ AnnR

(⋂r

R
H0(C•)/(im(ϑϕ))

)
.
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(ii) We have an inclusion of ideals of R

Fitt0R(H
1(C•)) ⊆

{
f(a) | a ∈ im(ϑϕ), f ∈

∧r

R
H0(C•)∗

}
with pseudo-null cokernel.

(iii) There exists a canonical injective map

ϑ̃ϕ : Fitt0R(H
1(C•))∗ ⊗R DetR(C

•)→
⋂r

R
H0(C•),

that sends each idR⊗ a to ϑϕ(a). The cokernel of ϑ̃ϕ is R-torsion-free and annihilated by

Fitt0R(H
1(C•)). In particular, ϑ̃ϕ is bijective if H1(C•) is R-torsion.

(iv) Suppose D• is a perfect complex of R-modules that fits into an exact triangle of the form

C• D• Rn[0] . (A.13)

Then D• admits a representative Rd+n
ψ→ Rd−r, in which the first term is placed in degree

zero, and there is a commutative diagram

DetR(D
•)

⋂r+n

R
H0(D•)

DetR(C
•)

⋂r

R
H0(C•).

ϑψ

≃ (−1)rn∧i∈[n]fi

ϑϕ

Here the first vertical map is the isomorphism induced by (A.13) and the canonical iden-
tification of R-modules DetR(R

n) ∼= R. In addition, the second vertical map is induced,
via Lemma 2.17 (ii), by the map (fi)i∈[n] : H

0(D•) → Rn in the long exact cohomology
sequence of (A.13).

Proof. It is convenient to first prove (ii) and (iii), before proving (i) and then (iv).
The proof of [27, Prop. A.2 (ii)] shows that{

f(a) | a ∈ im(ϑϕ), f ∈
∧r

R
F ∗
0

}
= Fitt0R(H

1(C•)), (A.14)

and so (ii) follows from an argument that was also used in the proof of Lemma A.3 (ii) (details
can also be found in [12, Lem. 2.7 (c)]).
To prove (iii), we set

A := ker
(∧d−r

R
F0

∧d−r
R ϕ
−−−−→

∧d−r

R
F1

)
and B := coker

(
F ∗
1 ⊗R

∧d−r+1

R
F0

∂r−1−−−→
∧d−r

R
F0

)
.

Then, since the image of
∧d−r
R ϕ is equal to Fitt0R(H

1(C•)) ·
∧d−r
R F1, there exists an exact

commutative diagram

F ∗
1 ⊗R

∧d−r+1

R
F0

∧d−r

R
F0 B

A
∧d−r

R
F0 Fitt0R(H

1(C•))⊗R
∧d−r

R
F1

H−1(C•
EN(ϕ)),

∂r−1

(A.15)

in which C•
EN(ϕ) is the Eagon–Northcott complex from §A.3. By applying the Snake Lemma

to this diagram, one then obtains an exact sequence

0 H−1(C•
EN(ϕ)) B Fitt0R(H

1(C•))⊗R
∧d−r

R
F1 0. (A.16)
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Now, by dualising the upper row of (A.15) and tensoring with
∧d
R F0

∼= R, we obtain the upper
row in the diagram

0 B∗ ⊗R
∧d

R
F0

(∧d−r

R
F0

)∗ ⊗R∧d

R
F0 F1 ⊗R

(∧d−r+1

R
F0

)∗ ⊗R∧d

R
F0

0
⋂r

R
H0(C)

∧r

R
F0 F1 ⊗R

∧r−1

R
F0.

≃ ≃

(A.17)
Here the lower row is exact by Lemma 2.17 (i) and the vertical isomorphisms are the cases i = r
and i = r − 1 of the isomorphism(∧d−i

R
F0

)∗ ⊗R∧d

R
F0

≃−→
∧i

R
F0, θ ⊗ x 7→ θ(x). (A.18)

It follows that the dashed arrow in (A.17) exists and is an isomorphism, which shows that
B∗ ⊗R

∧d
R F0 is isomorphic to

⋂r
RH

0(C•). Upon tensoring the dual of (A.16) with
∧d
R F0

(∼= R), we therefore obtain a canonical exact sequence

Fitt0R(H
1(C•))∗ ⊗R

(∧d−r

R
F1

)∗ ⊗R (∧d

R
F0

)
↪→
⋂r

R
H0(C•)→ H−1(C•

EN(ϕ))
∗ ⊗R

(∧d

R
F0

)
.

(A.19)
In connection with this exact sequence we note that the first map is defined as the composite of
the dual map of

∧d−r
R ϕ and the isomorphism (A.18) for i = r. Hence, if we now define ϑ̃ϕ to be

this first map, then an explicit check shows ϑ̃ϕ(idR⊗a) = ϑϕ(a), as required by (iii). In addition,

the above exact sequence identifies coker(ϑ̃ϕ) with a submodule of H−1(C•
EN(ϕ))

∗⊗R
(∧d

R F0

)
and thereby implies coker(ϑ̃ϕ) is R-torsion free, as claimed. Finally, we note Proposition A.11
implies Fitt0R(H

1(C•)) = Fitt0R(coker(ϕ)) annihilates H
i(C•

EN(ϕ)) in every degree i. In particu-
lar, if H1(C•) is R-torsion, then Fitt0R(H

1(C•)) contains a nonzero divisor and so H−1(C•
EN(ϕ))

is also R-torsion. This completes the proof of (iii).
Returning now to consider (i), we note that its first claim is proved by the argument of
Lemma 2.37. Next we observe that a slight adaptation of (A.16) leads to the exact sequence

0 B/H−1(C•
EN(ϕ))

∧d−r

R
F1

(
R/Fitt0R(H

1(C•))
)
⊗R

∧d−r

R
F1 0.

Upon dualising this sequence and then tensoring with
∧d
R F0 (∼= R) we obtain the top row in

an exact commutative diagram(∧d−r

R
F1

)∗ ⊗R (∧d

R
F0

) (
B/H−1(C•

EN(ϕ))
)∗

Ext1R((R/Fitt
0
R(H

1(C•))), R)

(∧d−r

R
F1

)∗ ⊗R (∧d

R
F0

) ⋂r

R
H0(C•)

H−1(C•
EN(ϕ))

∗

ϑϕ

in which the central column is induced by combining (A.16) with (A.19). Given this diagram,
the displayed inclusion in (i) then follows directly from Proposition A.11.
To prove (iv), we write h = h• for the morphism Rn[0]→ C•[−1] in D(R) that appears in the
exact triangle (A.13). One then has D• = cone(h)[1], and so D• is represented by the complex

P0
ψ→ P1, where P0 := Rn⊕F0 occurs in degree 0, P1 := F1, and ψ : P0 → P1 is the map defined

by sending each (a, b) ∈ Rn ⊕ F0 to h1(a) + ϕ(b). This verifies the first part of (iv).
We next write {ei : i ∈ [n]} for the standard basis of Rn (⊆ P0), and e

∗
i : R

n → R for the dual
of ei for i ∈ [n]. The isomorphism DetR(D

•) ∼= DetR(C
•) induced by the exact triangle (A.13)
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can then be explicitly described as

DetR(D
•) =

(∧d+n

R
(Rn ⊕ F0)

)
⊗R

(∧d−r

R
F ∗
0

)
→
(∧d

R
F0

)
⊗R

(∧d−r

R
F ∗
0

)
= DetR(C

•)

h⊗ g 7→ (−1)n·d · (∧i∈[n]e∗i )(h)⊗ g.
In addition, for each g = ∧i∈[r]gi, one has

(−1)nd · ϑϕ
(
(∧i∈[n]e∗i )(a)⊗ g

)
= (−1)nd ·

(
(∧i∈[d−r](gi ◦ ϕ)) ◦ (∧i∈[n](e∗i ◦ h1)

)
(a)

= (−1)nd ·
(
(∧i∈[n]e∗i ) ∧ (∧i∈[d−r](gi ◦ ϕ))

)
(a)

= (−1)nd+n(d−r) ·
(
(∧i∈[d−r](gi ◦ ϕ)) ∧ (∧i∈[n](e∗i ◦ h1)

)
(a)

= (−1)nr ·
(
(∧i∈[n]e∗i ) ◦ (∧i∈[d−r](gi ◦ ϕ))

)
(a)

= (−1)r(d+n−r) ·
(
(∧i∈[n]fi) ◦ ϑψ

)
(a).

Here the last equality relies on the fact that ϑψ(a) belongs to
⋂r+n
R H0(D•) and hence that

its image under ∧i∈[n]e∗i is equal to its image under ∧i∈[n]fi (since each ei induces the map
fi : H

0(D•)→ Rn on cohomology). This completes the proof of (iv).

A.5. Algebraic Stark systems

Let Q be a set, and regard its power set P := P(Q) as a partially ordered set with respect to
inclusion. Let R be a G2-ring and suppose to be given a family (C•

S)S∈P of perfect complexes
of R-modules that satisfies the following hypotheses.

(A.20) Hypothesis. Assume the following conditions are valid.

(i) C•
∅ admits a representative of the form [F0 → F1] with F0 and F1 finitely generated free

R-modules. (Here the first term is placed in degree zero.)

(ii) The integer r := rkR(F0)− rkR(F1) is non-negative.

(iii) For every pair of sets S, S′ ∈ P with S ⊆ S′ there exists a specified exact triangle

C•
S C•

S′

⊕
v∈S′\S

R[0]
ιS,S′ ⊕v∈S′\SfS′,v

(A.21)

such that fS′,v ◦ ιS,S′ = fS,v. We will therefore simply write fv instead of fS′,v.

(A.22) Remark.

(i) If (C•
S)S∈P satisfies Hypothesis A.20, then we obtain a system (MS , ι

′
S,S′)S∈P as in §A.2

with MS := H0(C•
S) and ι

′
S,S′ the map H0(ιS,S′) : H0(C•

S)→ H0(C•
S′). In particular, we

obtain a module StSr({C•
S , ιS,S′}S∈P) of Stark systems of rank r associated to (C•

S)S∈P .

(ii) Hypothesis A.20 and Proposition A.12 (iv) combine to imply that C•
S has a representative

[P0
ϕS→ P1] in which P0 and P1 are free R-modules of ranks rkR(F0) + |S| and rkR(F1).

We can now state our main result on Stark systems in this setting.

(A.23)Theorem. Let R be a G2-ring and (C•
S)S∈P a family of perfect complexes of R-modules

that satisfies Hypothesis A.20. Write Υ for the image of the map
∑
gv :

⊕
v∈QR → H1(C•

∅),
where each gv : R → H1(C•

∅) is the boundary map in the long exact cohomology sequence
associated with (A.21) for S′ = {v} and S = ∅. Then the following claims are valid.

(i) There exist S ∈ P with im(
∑

v∈S gv) = Υ, and for such S, the ideal Fitt0R(H
1(C•

S)) =
Fitt0R(H

1(C•
∅)/Υ) annihilates the kernel of the ‘projection map’

prS : StS
r({C•

S , ιS,S′}S∈P)→
⋂r+|S|

R
H0(C•

S).
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(ii) There exists a well-defined homomorphism of R-modules

F : lim←−S∈P DetR(C
•
S)→ StSr({C•

S , ιS,S′}S∈P), (aS)S∈P 7→ (ϑϕS (aS))S∈P ,

where the transition maps on the left are the isomorphisms DetR(C
•
S′)

≃→ DetR(C
•
S)

induced by (A.21). The kernel of F is annihilated by AnnR(Fitt
0
R(H

1(C•
∅)/Υ)∗), and its

cokernel is annihilated by the ideal Fitt0R(H
1(C•

∅)/Υ)2 · A with

A := AnnR(Ext
1
R(R/Fitt

0
R(H

1(C•
∅)/Υ), R)).

(iii) For every system c ∈ StSr({C•
S , ιS,S′}S∈P), and with A as in (ii), there are inclusions

im(c∅) ⊆ charR(Υ),

Fitt0R(H
1(C•

∅)/Υ) · A · c∅ ⊆ im(ϑϕ∅),

Fitt0R(H
1(C•

∅)/Υ) · A · im(c∅) ⊆ Fitt0R(H
1(C•

∅))
∗∗.

Proof. Theorem A.6 (i) implies both the existence of S ∈ P with im(
∑

v∈S gv) = Υ and that

ι(Fitt
r+|S|
R (H0(C•)∗)) annihilates ker(prS). To finish the proof of (i), it is thus enough to note

that Fitt0R(H
1(C•

S)) ⊆ ι(Fitt
r+|S|
R (H0(C•)∗)) by Lemma 2.36.

The first part of (ii) follows from Proposition A.12 (iv), and the second part (regarding the
kernel of F ) follows from Proposition A.12 (iii). To prove the final part we fix a set S with
Υ = ker(H1(C•

∅) → H1(C•
S)), and hence H1(C•

S)
∼= H1(C•

∅)/Υ (and note that any S′ that
contains S has the same property). We also fix c = (cX)X∈P ∈ StSr({C•

X , ιX,X′}X∈P) and an
element x ∈ Fitt0(H1(C•

S)) · A. Then Proposition A.12 (i) implies there exists zS ∈ DetR(C
•
S)

with ϑϕS (zS) = xcS . Since all transition maps in the inverse limit lim←−X∈P DetR(C
•
X) are

isomorphisms, we can then lift zS to an element z = (zX)X of this inverse limit. Now, F (z)
is a Stark system with F (z)S = ϑϕS (zS) = xcS , and hence F (z) − xc ∈ ker(prS). By (i) we
therefore have yxz = yF (z) for any y ∈ Fitt0R(H

1(C•
S)). This implies that cok(F ) is annihilated

by Fitt0R(H
1(C•

S))
2 · A, as required to complete the proof of (ii).

Since F (z) and c are Stark systems, we moreover have that

x · c∅ =sgn(S,∅) · (
∧

v∈S
fS,v)(x · cS)

= sgn(S,∅) · (
∧

v∈S
fS,v)(x · F (z)S)

=x · F (z)∅
=x · ϑϕ(z∅),

and this implies x · c∅ ∈ im(ϑϕ), as required to prove the second inclusion in (iii). Finally, the
first inclusion in (iii) is a special case of Theorem A.6 (ii) and the third follows directly upon
applying Proposition A.12 (ii) to the second inclusion.

Part II. Arithmetic applications

In the remainder of the article we shall use the theory developed above to prove significantly
stronger versions of a range of existing results concerning special value conjectures.

8. Relaxed Neková̌r structures and Kato’s Conjecture

In this section we explain how to apply Theorem 4.20 relative to suitably modified relaxed
Nekovář structures in order to study the ‘generalised Iwasawa main conjecture’ formulated by
Kato in [60, 61].
For brevity, in the sequel we shall refer to the latter conjecture as ‘Kato’s Conjecture’.
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8.1. The general strategy

To review Kato’s Conjecture, we fix a smooth projective variety X over k for which the motive
M = hi(X)(j) has coefficients in a semisimple commutative Q-algebra A. Then, for each
prime ℓ, the ℓ-adic realisation Vℓ(M) := H i

ét(Xkc ,Qℓ)(j) is a finitely generated module over the
semisimple Qℓ-algebra Aℓ := A⊗Q Qℓ that is endowed with a continuous commuting action of
Gk. It is conjectured that, for every place q of k outside Π∞

k ∪Πℓk, the characteristic polynomial

Eulq(M,x) := detAℓ(1− Frob−1
q x | Vℓ(M)∗(1)Iq) ∈ Aℓ[x]

belongs to A[x] and is independent of ℓ. Assuming this, for each finite set of places S of k
that contains both Π∞

k and all places at which M has bad reduction, the S-truncated motivic
L-series of M is defined via the (A⊗Q C)-valued infinite product

LS(M, s) :=
∏
q̸∈S

Eulq(M,Frob−1
q ·Nq−s)−1.

This product converges if the real part of s is large-enough and we assume (as is conjectured)
that it has a meromorphic continuation to s = 0. It can then be shown that its leading term
L∗
S(M, 0) belongs to (R⊗QA)×. To study this element one fixes a prime number p together with

a Gorenstein Zp-order Ap in Ap for which there exists a (full) Gk-stable sublattice T := Tp(M)
of Vp(M) that is free as an Ap-module (so that HomZp(T,Zp(1)) is also free as an Ap-module).
We assume S also contains Πpk and use the complex

CS(T ) := C(Frel(T, S)) = RHomAp(RΓc(Ok,S , T ),Ap)[−2]
constructed in Proposition 3.46. Here Frel(T, S) is the relaxed Nekovář structure specified in
Example 3.16 (i) so that the second equality follows from Examples 3.34 and 3.16(iii).
Then, modulo standard conjectures, the theory developed by Bloch and Kato [5], as interpreted
and extended by Kato [60, 61] and Fontaine–Perrin-Riou [42], gives rise to a canonical rank-
one A-module Ξ(M), called the ‘fundamental line’ ofM , as well as canonical ‘period-regulator’
isomorphisms of invertible R⊗Q A-modules, resp. Ap-modules

λM : R⊗Q A
≃−→ R⊗Q Ξ(M), resp. ϑM,S : Qp ⊗Zp DetAp(CS(T ))

≃−→ Qp ⊗Q Ξ(M).

Writing M∗(1) for the Kummer dual of M , we can now recall Kato’s Conjecture for M relative
to Ap. (This conjecture was first formulated in [60] and is shown in [19, § 2] to be equivalent,
in the subsequent terminology of [18], to the ‘equivariant Tamagawa number conjecture’ for
the pair (M,Ap).)

(8.1)Conjecture (TNC(M,Ap)). One has

λM (L∗
S(M

∗(1), 0)) ∈ Ξ(M) and Ap · λM (L∗
S(M

∗(1), 0)) = ϑM,S

(
DetAp(CS(T ))

)
.

For each Galois extension F of k we now consider the free Ap[GF ]-module

TF/k := IndGFGk (T ) = T ⊗Z Z[GF ]
with Gk-action given by σ · (a⊗ b) := (σa)⊗ (xσ−1) for σ ∈ GF the restriction of σ ∈ Gk to F .
For each place v ∈ Π∞

k we also fix an extension of v to kc and write Gv for the corresponding
decomposition subgroup of Gk. Given an abelian extension K of k, we denote the restriction
of τv to K by τK,v and define an Ap[⟨τK,v⟩]-module by setting

YK(T, v) :=

{
T (−1)τv=1 if τK,v = idK ,

T (−1) if τK,v ̸= idK ,

whereM τv=±1 denotes the maximal submodule of a Gk-moduleM on which τv acts as ±1. We
may then define a subset of Π∞

k as

V (K) := {v ∈ Π∞
k | YK(T, v) is a nonzero free Ap[⟨τK,v⟩]-module}

and, for every v ∈ V (K), a natural number

rK(T, v) := rkAp(T (−1)τv=1).
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(8.2) Example. In the following examples we assume Ap is the valuation ring O of a finite
extension of Qp.

(i) If T = O(1), then V (K) is equal to the set of infinite places of k that split in K and
rK(T, v) = 1 for all v ∈ V (K).

(ii) If T is self-dual (that is, T ∼= T ∗(1) as Gk-modules) and p > 2, then V (K) = Π∞
k and

rK(T, v) = (rkO(T ))/2 for all v ∈ V (K). To justify this, we write ρ : Gk → GLrkO(T )(O)
for a realisation of the representation T and note self-duality implies Mρ(τv)M

−1 =
−ρ(τ−1

v )t for some M ∈ GLrkOT (O). Now, τv = τ−1
v since τ2v = id and so we deduce

that ρ(τv) has vanishing trace. This implies that 1 and −1 appear with equal multiplicity
among the eigenvalues of ρ(τv), and hence that V (K) = Π∞

k . Indeed, if v ∈ Π∞
k splits in

K, then v ∈ V (K) if and only if 1 is an eigenvalue of ρ(τv). If v does not split, on the
other hand, then v ∈ V (K) if and only if rkO(T (−1)τv=1) = rkO(T (−1)τv=−1).

Assume the pair (k, p) satisfies (3.1). Then, with Hv denoting the fixed field of τK,v in K, the
Ap[GK ]-module

YK(T ) :=
⊕

v∈V (K)

IndGkGHv
(YK(T, v)) (8.3)

is a quotient of Yk,Π∞
k
(TK/k) :=

⊕
v∈Π∞

k
H0(kv, T

∨
K/k(1))

∨ that is free of rank

rK(T ) :=
∑

v∈V (K)
rK(T, v). (8.4)

We set

eK,S,T :=
∑

e ∈ A[GK ],

where e runs over all primitive idempotents of A[GK ] that annihilate each of H0(OK,S , Vp(M)),
H2(OK,S , Vp(M)) and the kernel of the projection map Yk,Π∞

k
(TK/k) → YK(T ). We also

write QK and QK,S,T for the semisimple Cp-algebras (Cp ⊗Q A)[GK ] and QKeK,S,T . Then the
descriptions in Proposition 3.46 (ii) combine with Proposition 3.46 (i) to imply the following:
The QK,S,T -module

eK,S,T (Cp ·H1(Ok,S(K), TK/k)) = eK,S,T (Cp ·H1(OK,S(K), T ))

is free of rank rK(T ) and any choice of Ap[GK ]-basis bK = {bK,i}i∈[rK(T )] of YK(T ) induces a
composite homomorphism of QK-modules

ΘbK : Cp ·DetAp[GK ](CS(K)(TK/k))
≃−→ DetQK (Cp ·H

1(Ok,S(K), TK/k)))

⊗QK DetQK (Cp ·H
1(CS(K)(TK/k)))

−1

−→ eK,S,T
(
Cp ·

∧rK(T )

Ap[GK ]
H1(OK,S(K), T )

)
. (8.5)

Here the first map is the canonical ‘passage-to-cohomology map’ and the second is obtained
by multiplying by eK,S,T and then evaluating elements of

eK,S,T
(
DetQK (Cp ·H

1(CS(K)(TK/k)))
−1
)
= eK,S,T

(
Cp ·

∧r

Ap[GK ]
YK(T )

)−1

at eK,S,T
∧
i∈[rK(T )]bK,i. We write MK for the motive M ⊗Q h0(Spec(K)), regarded as defined

over k and with coefficients A[GK ]. Then, upon fixing an isomorphism Cp ∼= C, we may define

ηbK := ΘbK

(
(ϑ−1
MK ,S(K) ◦ λMK

)(L∗
S(K)(M

∗
K(1), 0))

)
∈ Cp ·

∧d

Ap[GK ]
H1(OK,S(K), T ).

As in § 4.1, we next fix an abelian pro-p extension K of k in which all places in Π∞
k split

completely, write Ω = Ω(K) for the collection of finite extensions of k inside K and consider
the family of relaxed Nekovář structures

Frel = (Frel(TK/k, S(K)))K∈Ω.

Then, assuming the rank r = rK(T ) defined above to be independent of the choice of field K
in Ω, one can aim to use Theorem 4.20 to study TNC(M,Ap) in the following way.
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(8.6) Strategy.

(i) Identify a compatible choice of bases {bK}K∈Ω such that the family ηT,Ap := (ηbK )K∈Ω
defined above belongs to ESr(Frel).

(ii) Apply Theorem 4.20 to the family ηT,Ap and then derive from the conclusion of this result
consequences related to TNC(M,Ap).

(8.7) Remark. Accomplishing step (i) requires one to show that, for every field K in Ω,
one has ηbK ∈

⋂d
Ap[GK ]H

1(OK,S(K), T ) in Cp ·
∧d

Ap[GK ]H
1(OK,S(K), T ). This restriction on the

element ηbK constitutes an explicit ‘integral’ refinement of the Deligne–Beilinson Conjecture
for MK and has been verified in only a very small number of cases. If H0(K,T/pT ) = 0,
then in the case M = h0(Spec(k)) and Ap = Zp the prediction for ηbK is equivalent to the
‘Rubin–Stark Conjecture’ for K/k from [95] and, in general, one can show that it is implied by
the validity of TNC(MK ,Ap[GK ]).

(8.8) Remark. For each K in Ω, the functoriality arguments of [18, § 3.5, Th. 3.1b) and § 4.4,
Th. 4.1] show that the validity of TNC(MK ,Ap[GK ]) implies that of TNC(M ′

K ,Ap). Here we
write M ′

K for M ⊗ h0(Spec(K)), regarded as defined over K and with coefficients A.

8.2. Statement of the main result

In this subsection we shall explain how, as part of the general Strategy 8.6 (ii), the techniques
developed in Part I of this article allow one to study an Iwasawa-theoretic variant of Conjec-
ture 8.1. In § 9 and § 10 the results obtained here will then be used to complete Strategy 8.6,
and thereby obtain results towards Conjecture 8.1 itself, in several interesting new cases.
Throughout, we fix a finite extension Φ of Qp in Q

c
p, write O for the valuation ring of Φ, ϖ for

a uniformising element of O and κ for the residue field O/(ϖ). We also fix a finitely generated
free O-module T that is endowed with an O-linear continuous action of Gk and assume this
action is unramified outside a finite set Sram(T ) of places of k.
As in § 4.1, we then fix a finite set of places

S0 ⊆ Πk with Π∞
k ∪Πpk ⊆ S0

and, for every finite abelian extension K of k set

S0(K) := S0 ∪ Sram(K/k) and S(K) := S0(K) ∪ Sram(T ).
Given a subset Σ of Πk with

Σ ∩ (S0 ∪ Sram(T )) = ∅,
we write KΣ for the composite of all abelian extensions of k which are unramified at Σ, and
denote by ΩΣ := Ω(KΣ) the set of all finite subextensions of KΣ/k. We abbreviate Ω∅ to Ω.
For K ∈ ΩΣ, we use the Σ-modified Nekovář structure

Frel,Σ(TK/k) := Frel(TK/k, S(K))Σ

(cf. Example 3.17) and, for each i ∈ N0, we set

H i
Σ(OK,S(K), T ) := H1

Frel,Σ(TK/k)
(k, TK/k).

We observe that this construction agrees with previous definitions of Σ-modified cohomology
(as used, for example, in [27, § 2.3]), and is motivated by constructions of Gross [49] and Rubin
[95] in the context of refinements of Stark’s conjectures.

(8.9)Definition. Fix r ∈ N and a finite subset Σ of Πk with Σ ∩ (S0 ∪ Sram(T )) = ∅. Then
we define ESrΣ,S0

(T ) to be the set of all elements

c = (cK)K ∈
∏

K∈ΩΣ

⋂r

O[GK ]
H1

Σ(OK,S(K), T )
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that satisfy the following distribution relation: For all K,L ∈ ΩΣ, with K ⊆ L one has

coresrL/K(cL) =
(∏

v∈S0(L)\S0(K)
Eulv(Frob

−1
v )
)
· cK .

Here the equality takes place in Φ ⊗O
∧r

O[GK ]H
1
Σ(OK,S(L), T ) (by using Lemma 2.28) and we

write coresrL/K for the morphism∧r
coresL/K : Φ⊗O

∧r

O[GL]
H1

Σ(OL,S(L), T )→ Φ⊗O
∧r

O[GK ]
H1

Σ(OK,S(L), T )

that is induced by the natural corestriction map coresL/K : H1
Σ(OL,S(L), T )→ H1

Σ(OK,S(L), T ).

(8.10) Remark. The link between the above notion of Euler system and that defined in § 4.1
will be explained in § 8.3.1.

We now fix a finite abelian extension K of k and a finite-rank Zp-power extension k∞ of k, set

K∞ := K · k∞ and ΛK := OJGK∞K.

We write ∆K for the finite subgroup Gal(K∞/k∞) of GK∞ and fix (as we may) a subgroup ΓK of
GK∞ that is mapped bijectively to Gk∞ by the restriction map GK∞ → Gk∞ . In particular, the
group ΓK is isomorphic to Znp for some n > 0 and there exists a direct product decomposition

GK∞ = ∆K × ΓK (8.11)

as well as a canonical direct product decomposition

∆K = ∇K ×□K (8.12)

in which □K and ∇K are respectively the p-Sylow subgroup of ∆K and the maximal subgroup
of ∆K of order prime to p. We also set

L := K□K and F := K∇K .

Given a character χ ∈ ∇̂K := HomZ(∇K ,Φc,×) for some fixed choice of algebraic closure Φc of
Φ, we write Oχ := O[im(χ)] for the O-algebra generated by the values of χ. We note that Oχ
is an unramified extension of O with residue field κχ := Oχ/(ϖ). Moreover, any O[∇K ]-module
M decomposes as a direct sum

M =
⊕

χ∈∇̂K/∼

Mχ

with Mχ := M ⊗O[∇K ] Oχ and ∼ the equivalence relation on ∇̂K induced by the action of GΦ.
Given an element m ∈ M , we denote by mχ the image of m in Mχ. Lastly, we endow the
tensor product Oχ-module

T (χ) := T ⊗O Oχ,
with the ‘χ-twisted’ Gk-action given by σ · a := χ(σ)−1 · (σa) for all a ∈ T . (Note that some
authors use a different sign convention and denote this representation as T (χ−1).)
We assume k∞ contains a Zp-extension of k in which no finite place splits completely (and
hence that no finite place splits completely in k∞ itself). We also define Galois extensions

E = E(F, k∞/k) := F · k(1) · k∞(µp∞ , (O×
k )

1/p∞) and EχT := (kc)ker(ρT (χ))

of k, where ρT (χ) denotes the canonical homomorphism GE → Aut(T (χ)) (so that E ⊆ EχT ).
Finally, we fix r ∈ N (which is to be specified later on) and consider the following hypothesis.

(8.13) Hypotheses. The above data (T, k∞, F, χ, r) satisfies all of the following conditions.

(i) The κχ[Gk]-module T (χ) := T (χ)⊗Oχ κχ is irreducible.

(ii) There exists an element τ of GE for which dimκχ(T (χ)/(τ − 1)T (χ)) = 1.

(ii∗) If p = 2, then dimκχ(T (χ)) = 1.

(iii) The module H1(EχT /k, (T (χ))
∗(1)) vanishes.
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(iv) If p ∈ {2, 3}, then the Zp[Gk]-modules T (χ) and (T (χ))∗(1) = T
∗
(1)(χ−1) have no

nonzero isomorphic subquotients.

(v) H1(EχT /k, T (χ)) is a finite-dimensional κχ-vector space and

dimκχ

(
H1(EχT /k, T (χ))

)
< r+dimκχ

(
H0(k, T (χ))

)
−
∑

v∈Σ
dimκχ

(
H0(kv, T

∗
(1)(χ−1))

)
.

(8.14) Remark. If the κχ[Gk]-module T (χ) is irreducible, then so is T
∗
(1)(χ−1). In particular,

the validity of Hypotheses 8.13 (i) and (iii) combine to imply that H0(k, T
∗
(1)(χ−1)) = (0).

We consider the induced representation

T := IndGkGK∞
(T ) = T ⊗O ΛK ,

upon which σ ∈ Gk acts via σ · (a⊗ b) := (σa)⊗ (bσ−1) with σ the image of σ in ΛK .
We write Frel,Σ(T ) for the Σ-modified relaxed Nekovář structure Frel(T , S(K)) on T , and
denote by

Frel,Σ(T ) := h(Frel,Σ(T ))
the induced Mazur–Rubin structure.
We will also use the complex

CS(K),Σ(T ) := C(Frel,Σ(T ))
from Proposition 3.46. (If Σ = ∅, then we will drop the subscript Σ.) In particular, we will
assume that each group H1

Σ(OK,S(K), T ) is O-torsion free, and so may apply Lemma 2.35 to
deduce that the complex CS(K),Σ(T ) admits a resolution of the form P → P with P a finitely
generated free ΛK-module and the first term is placed in degree zero. This fact combines with
[99, Lem. B.9] to imply that the natural map⋂r

ΛK
H1

Σ(Ok,S(K), T )→ lim←−K⊆E⊆K∞

⋂r

O[GE ]
H1

Σ(Ok,S(K), T ⊗O O[GE ])
≃−→ lim←−K⊆E⊆K∞

⋂r

O[GE ]
H1

Σ(OE,S(K), T )

is an isomorphism. (Here the second map is the isomorphism from Shapiro’s lemma.) For
every c ∈ ESrΣ,S0

(T ) we therefore obtain a well-defined element

cK∞ := (cE)E ∈
⋂r

ΛK
H1

Σ(Ok,S(K), T ).

Given any finite set U ⊆ Πk, we use the ΛK-module

YU (T ) :=
⊕
v∈U

H0(kv, T ∨(1))∨.

We note in particular that the dual of the diagonal map H0(k, T ∨(1))→
⊕

v∈UH
0(kv, T ∨(1))

induces a map YU (T ) → H0(k, T ∨(1))∨ of ΛK-modules, the kernel of which is equal to the
module

XU (T ) := XU (Frel,Σ(T ))
defined in § 3.4.

(8.15) Remark. The above observation implies that, for any non-empty subset U ′ of U , there

exists a short exact sequence of ΛK-modules 0 → XU ′(T ) ⊆−→ XU (T ) → YU\U ′(T ) → 0, in
which the third arrow denotes the natural projection map. In addition, if Hypothesis 4.14 is
valid, then Remark 8.14 implies that the modules XU (T ) and YU (T ) coincide.

We next fix a non-zero ΛK-free quotient Y of YΠ∞
k
(T ), for example of the form obtained by

passing to the limit over the modules YEK(T ) defined in (8.3). We note that the central exact
sequence in Proposition 3.46 (v) implies that Y is then also a free quotient of H1(CS,Σ(T )). At
this point we also specify the natural number r by setting

r := rkΛK (Y ) ∈ N.
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By using the identification of rings ΛK ∼= O[∆K ]JΓKK induced by (8.11) to regard Φ[∆K ] as
a subring of the total ring of fractions QK := Q(ΛK) of ΛK , we next define idempotents of
Φ[∆K ] by setting

eK :=
∑

ψ∈ΞK
eψ and ϵK :=

∑
ψ∈Ξ′

K

eψ.

Here we write ΞK and Ξ′
K for the sets of characters ψ ∈ ∆̂K for which the primitive idempotent

eψ of Φc[∆K ] annihilates the kernel of the natural projection maps

Qc
K ⊗ΛK H

2
Σ(Ok,S(K), T )→ Qc

K ⊗ΛK Y, respectively Qc
K ⊗ΛK YΠ∞

k
(T )→ Qc

K ⊗ΛK Y,

where we have set Qc
K := Φc ⊗Φ QK .

(8.16) Remark. These idempotents have the following useful properties.

(i) Since no place in Πk \ Π∞
k splits completely in k∞, the idempotent eK does not depend

on Σ (cf. [12, Lem. 4.12]). In addition, if k∞ is the cyclotomic Zp-extension of k, then
the weak Leopoldt conjecture (from [90, § 1.3]) predicts that QK ⊗ΛK H2

Σ(Ok,S(K), T )
vanishes and hence eK = 1.

(ii) The definition of Ξ′
K implies that QK(1−ϵK)⊗ΛK YΠ∞

k
(T ) is precisely equal to the kernel

of the projection map QK ⊗ΛK YΠ∞
k
(T )→ QK ⊗ΛK Y .

We next fix a ΛK-basis b• = {bi}i∈[r] of Y . Then, since QK is a semisimple ring, we can define
a composite morphism of QK-modules

ΘK∞,Σ,b• : QK ⊗ΛK DetΛK (CS(K),Σ(T ))
∼−→ DetQK (QK ⊗ΛK H

0(CS(K),Σ(T )))
⊗QK DetQK (QK ⊗ΛK H

1(CS(K),Σ(T )))−1

−→ eKϵKQK ⊗ΛK

∧r

ΛK
H1

Σ(Ok,S(K), T ) (8.17)

(which we will usually abbreviate to ΘΣ,b•). Here the first map is the canonical ‘passage-to-
cohomology map’ and the second is induced by first multiplying by eKϵK and then applying
the ‘evaluation at eK

∧
i∈[r] bi’ map to elements of

eKϵK
(
DetQK (QK ⊗ΛK H

1(CS(K),Σ(T )))−1
)
= eK

(
QK ⊗ΛK DetΛK (Y )−1

)
.

Our next result concerns the image under ΘΣ,b• of the ΛK-submodule DetΛK (CS(K),Σ(T )) of
QK ⊗ΛK DetΛK (CS(K),Σ(T )).

(8.18)Theorem. Assume that (k, p) verifies condition (3.1) and that K is a finite abelian
extension of k for which the following conditions are both satisfied.

(a) Every place v in Sram(T
∨(1)) \ S0 is finitely decomposed in k∞ and such that the module⊕

w|vH
0(Ew, T

∗(1)) vanishes for every intermediate field E of K∞/k.

(b) H1
Σ(OK,S(K), T ) is O-torsion free.

Set T := T ⊗O ΛK and fix a non-zero free ΛK-module quotient Y of YΠ∞
k
(T ) of rank r. Also

fix a character χ : ∇K → Φc,× for which (T, k∞, F, χ, r) validates Hypotheses 8.13. Then the
following claims are valid for every system c ∈ ESrΣ,S0

(T ).

(i) For each ΛK-basis b• = {bi}i∈[r] of Y one has

FittrΛK (XS0(T ))·
(∏

v∈S(K)\S0(K)
Eulv(Frob

−1
v )
)
·(cK∞)χ ⊆ ΘΣ,b•(DetΛK (CS(K),Σ(T )))χ.

(ii) If p is a prime of QK in the support of QK⊗ΛKH
1
Frel,Σ(T )∨(k, T

∨(1))∨χ, then (ϵKcK∞)p = 0.

(iii) For all f ∈ H1
Σ(Ok,S(K), T )∗ one has

ϵK · f(cK∞)χ ∈ ϵK Fitt0ΛK (H
1
Frel,Σ(T )∨(k, T

∨(1))∨)∗∗χ .

The proof of this result will occupy the remainder of this section and is given in § 8.4 after we
have made a series of preliminary observations in § 8.3.
We will then discuss consequences of Theorem 8.18 concerning Kato’s Conjecture (8.1) in the
settings of both elliptic curves and the multiplicative group in § 9 and § 10, respectively.
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8.3. Preliminary results

We first make several general observations that will be used in § 8.4 to prove Theorem 8.18.

8.3.1. Twisting Euler and Kolyvagin systems

In this section, we assume to be given an O-algebra R that is endowed with a continuous
O-linear action of Gk, and write

ψ : Gk → Aut(R)

for the induced homomorphism. We then write

T (ψ) := T ⊗O R

for the O[[Gk]]-module upon which each σ ∈ Gk acts via the rule σ · (x⊗ y) := (σx)⊗ (σ−1y).
We also define an associated Galois extension of k by setting

kψ := (kc)ker(ψ).

(8.19) Remark. Fix a finite abelian extension K of k in kc and write ψK : Gk → O[GK ]× for
the homomorphism that sends each element of Gk to its image in GK . Then the module T (ψK)
defined above coincides with the induced representation TK/k defined in § 8.1.

(8.20) Proposition. Assume that the algebra R satisfies condition (2.5), and that im(ψ) is
both abelian and either finite or a finitely generated Zp-module. Let Σ be a finite subset of Πk
with Σ ∩ S(kψ) = ∅ and such that CS(kψ),Σ(Tkψ/k) has a representative of the form P → P in
which P is a finite-rank free OJGkψK-module and the first term is placed in degree 0. Then the
following claims are valid.

(i) Fix an abelian pro-p extension E of k in kc such that GE is a finitely generated Zp-module,
and assume that Σ ∩ S(Ekψ) = ∅. Then, for every integer r ≥ 0, there are canonical
(ψ-semilinear) homomorphisms

TwrE,ψ :
⋂r

OJGEkψ K
H1

Σ(OEkψ ,S(Ekψ), T )→
⋂r

RJGEK
H1

Σ(OE,S(Ekψ), T (ψ))

and

Twdet
E,ψ : DetOJGEkψ K(CS(Ekψ)(TEkψ/k))→ DetRJGEK(CS(Ekψ)(TE/k(ψ)))

that have both of the following properties.

(a) Let Y be a free rank r OJGEkψK-module quotient of YΠ∞
k
(TEkψ/k) with basis b•. Write

b′• for the induced basis of the (free) R[GE ]-module quotient Y ′ := Y ⊗OJGEkψ KRJGEK
of YΠ∞

k
(TE/k(ψ)) ∼= YΠ∞

k
(TEkψ/k)⊗OJGEkψ K RJGEK. Then the diagram

DetOJGEkψ K(CS(Ekψ),Σ(TEkψ/k))
⋂r

OJGEkψ K
H1

Σ(OEkψ ,S(Ekψ), T )

DetRJGEK(CS(Ekψ),Σ(TE/k(ψ)))
⋂r

RJGEK
H1

Σ(OE,S(Ekψ), T (ψ))

ϑ

Twdet
E,ψ

TwrE,ψ

ϑ′

commutes. Here we write ϑ and ϑ′ for the maps obtained by applying Lemma 2.37 (i)
to the data (CS(Ekψ),Σ(TEkψ/k), b•) and (CS(Ekψ),Σ(TE/k(ψ)), b

′
•), respectively.

(b) The image under Twdet
E,ψ of an OJGEkψK-basis element of DetOJGEkψ K(CS(Ekψ)(TEkψ/k))

is an RJGEK-basis element of DetRJGEK(CS(Ekψ)(TE/k(ψ))).

(ii) Write KΣ,p for the composite of all p-power degree extensions of k contained in KΣ,
and let Ω(KΣ,p) ⊆ ΩΣ denote the subset of fields contained in KΣ,p. Then the family of
Nekovář structures

Frel,Σ(T (ψ)) := (Frel,Σ(T (ψ)E/k))E∈Ω(KΣ,p)

satisfies Hypothesis 4.1. In addition, the following claims are valid.
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(a) There exists a ψ-semilinear map of OJGkK-modules

Twrψ : ES
r
Σ,S0

(T )→ ESrS0
(Frel,Σ(T (ψ))), c 7→ (TwrE,ψ(cEkψ))E∈Ω(KΣ,p).

(b) Assume that, for every E ∈ ΩΣ, Hypothesis 4.16 (ii) holds for TE/k. Fix a filtration
(ai)i≥0 on R as in (2.6), and set Ti(ψ) := T (ψ)/aiT (ψ). Then, for every Euler
system c ∈ ESrΣ,S0

(T ) and non-negative integer i, there exists a Kolyvagin system
(κn)n ∈ KSr(Frel,Σ(Ti(ψ))) such that, writing πri,T (ψ) for the map from (5.25), one
has

κ1 = πri,T (ψ)(Tw
r
ψ(c)k) in

⋂r

R/ai
H1

Σ(Ok,S(kψ), Ti(ψ)).

Proof. At the outset we claim that, for every abelian pro-p extension E of k such that GE is
finitely generated over Zp, the given assumptions imply the existence of an isomorphism

CS(Ekψ),Σ(TEkψ/k)
∼=
[
PE → PE

]
(8.21)

in D(OJGEkψK), in which PE is a finitely-generated free OJGEkψK-module and the first term
of the second complex is placed in degree zero. To construct such an isomorphism, we will
apply Lemma 2.35 to the complex CS(Ekψ),Σ(TEkψ/k), and so must first verify the assumptions
necessary for an application of the latter result.
At the outset, we note Lemma 3.4 implies Frel,Σ(TEkψ/k) satisfies Hypothesis 3.45 and so Pro-

position 3.46 (v) implies that CS(Ekψ),Σ(TEkψ/k) belongs to the category Dperf,0
[0,1] (OJGEkψK). To

apply Lemma 2.35 in this context, it is thus enough for us to show CS(Ekψ),Σ(TEkψ/k)⊗
L
OJGEkψ Kκ

belongs to Dperf,0
[0,m′](κ) for some m′ ≥ 0. To verify this, we note that Proposition 3.46 (iii) implies

the existence of an isomorphism in D(κ) of the form

CS(Ekψ),Σ(TEkψ/k)⊗
L
OJGEkψ K κ

∼= CS(Ekψ),Σ(Tkψ/k)⊗
L
OJGkψ K κ.

In particular, if we can prove that CS(Ekψ),Σ(Tkψ/k) has a representative of the form P ′ → P ′

with P ′ a finite-rank free OJGkψK-module and the first term placed in degree zero, then the

above isomorphism would induce an isomorphism in Dperf(κ) of the form

CS(Ekψ),Σ(TEkψ/k)⊗
L
OJGEkψ K κ

∼=
[
P ′ ⊗OJGkψ K κ→ P ′ ⊗OJGkψ K κ

]
,

thereby showing that the left hand complex belongs to Dperf,0
[0,1] (κ), as required.

At this point, we note Proposition 3.46 (vi) implies CS(Ekψ),Σ(Tkψ/k) is isomorphic to a mapping
cone of a morphism of the form⊕

v∈S(Ekψ)\S(kψ)
RΓf (kv, T

∨
kψ/k

(1))∨[−2]→ CS(kψ),Σ(Tkψ/k)

and also recall that, for each v ∈ S(Ekψ) \ S(kψ), there exists an isomorphism in D(OJGkψK)

RΓf (kv, T
∨
kψ/k

(1))∨[−2] ∼=
[
Tkψ/k(−1)

Frobv−1−−−−−→ Tkψ/k(−1)
]
,

in which the first term of the second complex is placed in degree 1. In particular, since the given
assumptions imply CS(kψ),Σ(Tkψ/k) is isomorphic to a complex P → P in which P a finitely-
generated free OJGkψK-module and the first term is placed in degree zero, a standard mapping
cone construction can be combined with the above observations to imply that CS(Ekψ),Σ(Tkψ/k)
is isomorphic to a complex of the required form P ′ → P ′.
Having verified all hypotheses of Lemma 2.35, we can now directly deduce from the latter
result the existence of an isomorphism (8.21). By combining this isomorphism with the result
of Proposition 3.46 (iii), we can then deduce the existence of an isomorphism in D(RJGEK)

CS(Ekψ),Σ(T (ψ)E/k)
∼= CS(Ekψ),Σ(TEkψ/k)⊗

L
OJGEkψ K RJGEK

∼=
[
PE ⊗OJGEkψ K RJGEK→ PE ⊗OJGEkψ K RJGEK

]
,

in which the first term of the last complex is placed in degree 0.
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On the other hand, the complexes

Cr(TEkψ/k) :=

[∧r

OJGEkψ K
PE → PE ⊗OJGEkψ K

∧r−1

OJGEkψ K
PE

]
Cr(TE/k(ψn)) := CrS(Ekψ),Σ(TEkψ/k)⊗

L
OJGEkψ K RJGEK

(in which the first term of Cr(TEkψ/k) is placed in degree zero) are both acyclic in degrees less
than zero and, moreover, Lemma 2.17 (i) implies that there are canonical isomorphisms

H0(Cr(TEkψ/k))
∼=
⋂r

OJGEkψ K
H1(OEkψ ,S(Ekψ), T )

H0(Cr(TE/k(ψn))) ∼=
⋂r

RJGEK
H1(OE,S(Ekψ), T (ψ)).

These facts combine with an explicit analysis of the second page of the universal coefficient
spectral sequence of OJGEkψK-modules

Ei,j2 = Tor
OJGEkψ K
−i (Hj(Cr(TEkψ/k)), RJGEK) ⇒ H i+j(Cr(TE/k(ψn))). (8.22)

to imply the existence of a homomorphism TwrE,ψ of the required sort. The claims (a) and (b)
in (i) can then be checked via explicit computations (cf. the argument of [111, Cor. 4.9]).
Turning now to (ii), we first note Lemma 3.4 implies the claimed validity of Hypothesis 4.1 for
F(T (ψ)). Part (a) of (ii) is then proved as in [96, § 2.4 and Ch. 6]. In a little more detail, it is
clear that the maps TwrE,ψ combine to give a ψ-semilinear map

ESrΣ,S0
(T )→

∏
E∈Ω(KΣ,p)

H1
Σ(OE,S(Ekψ), T (ψ))

of RJGKΣ,pK-modules. The key point now is that, for every field E ∈ Ω(KΣ,p) and place
v ∈ Πk \ S(Ekψ), the ψ-semilinearity of the map Tw0

E,ψ : OJGEkψK→ RJGEK implies that

Tw0
E,ψ(Eulv(Frob

−1
v , T )) = Eulv(ψ(Frob

−1
v )Frob−1

v , T ) = Eulv(Frob
−1
v , T (ψ−1)).

As for claim (b), let us write ψi : Gk → Ri for the morphism induced by ψ, and ki := (kc)ker(ψi)

for the kernel field of ψi. We may assume also thatϖi ∈ ai for every i by taking a subfiltration of
(ai)i if necessary, and we set Ti := T/ϖiT . Theorem 5.29 then shows that there is a Kolyvagin
derivative homomorphism

D : ESrΣ,S0
(T )→ ESrS0

(Frel,Σ(Tki/k))→ KSr(Ti,ki/k)

with the property that D(c)1 = πri,T (ck) with the projection map πri,T from (5.25) . Here we take
the field k(Ti,ki/k) in (4.10) that determines the set of Kolyvagin primes Q(τ, Ti,ki/k) appearing
in the definition of KSr(Ti,ki/k) to be the minimal extension of k such that Gk(Ti,ki/k)

acts

trivially on k(Ti,ki/k). Then Gk(Ti,ki/k)
also acts trivially on Ti(ψi) and so we may take k(Ti(ψ))

to be equal to k(Ti,ki/k). In particular, since an element τ ∈ Gk that validates Hypothesis
4.14 (ii) for Ti,ki/k also does so for Ti(ψ), we have an equality of sets of Kolyvagin primes
Q(τ, Ti,ki/k) = Q(τ, Ti(ψi)).
We now denote by F̃ and F̃ ⊗Ri the Σ-modified relaxed Nekovář–Selmer structures on Ti,ki/k
and on Ti,ki/k ⊗O Ri = Ti(ψ), respectively. Then, for each modulus n ∈ N (Q(τ, Ti,ki/k)), the
method used to prove claim (i) applies to the complexes C(F̃ (n)) from Proposition 5.10 to
prove the existence of ‘twisting’ homomorphisms

Twrψ,n :
⋂r

(O/ϖi)[Gki ]
H1

F̃ (n)
(k, Ti,ki/k)→

⋂r

Ri
H1

(F̃⊗Ri)(n)
(k, Ti(ψ))

that are compatible with the finite-singular relations (cf. [79, Rk. 3.1.4]) and therefore combine
to define a map

T̃w
r

ψ : KSr(Ti,ki/k)→ KSr(Ti(ψ)), (κn)n 7→ (Twrψ,n(κn))n.
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We now claim that κ := T̃w
r

ψ(D(c))) has the property that κ1 = πri (Tw
r
ψ(c)k), and hence that

κ is the Kolyvagin system sought after.
To do this, we observe that one has the commutative diagram⋂r

OJGkψ K
H1

Σ(Okψ ,S(kψ), T )
⋂r

R
H1

Σ(Ok,S(kψ), T (ψ))

⋂r

(O/ϖi)[Gki ]
H1

Σ(Oki,S(kψ), Ti)
⋂r

Ri
H1

Σ(Ok,S(kψ), Ti(ψ)).

Twrψ,k

πri,T
πr
i,T (ψ)

Twrψ,1

It follows that one has

κ1 = T̃w
r

ψ(D(c)))1 = Twrψ,1(D(c)1) = Twrψ,1(π
r
i,T (ck)) = πri,T (ψ)(Tw

r
ψ,k(ck)),

as required to complete the proof of claim (ii) (b).

(8.23) Remark. Fix a homomorphism χ : ∆K → Φc,× and write Oχ for the extension of O
generated by the values of χ. We then obtain an induced homomorphism ψ : Gk → Oχ[GF ]× and
the construction of Proposition 8.20 defines a morphism ESrΣ,S0

(T ) → ESrS0
(Frel,Σ(TF/k(χ))).

Via this homomorphism, one obtains a precise link between the notion of Euler system specified
in Definition 8.9 and that used in § 4.1.

8.3.2. Torsion subgroups

The following result clarifies the condition in Theorem 8.18 (b).

(8.24) Lemma. Suppose that Hypotheses 8.13 (i) (ii) and Hypothesis 4.16 (ii) are valid for T
(with R = O). Then, for all finite subsets Σ of Πk with Σ ∩ S(k) = ∅, all fields F ∈ Ω(KΣ,p)
and all finite subsets U of Πk with S(F ) ⊆ U , the following assertions are equivalent.

(i) H0
Σ(Ok,U , T ) ̸= (0),

(ii) H1
Σ(OF,U , T ) is not O-torsion free,

(iii) Σ = ∅, rkO(T ) = 1, and Gk acts trivially on T .

Proof. At the outset we define V := Φ ⊗O T . The long exact sequence in cohomology arising
from the short exact sequence 0 → T → V → V/T → 0 then combines with the vanishing of
TGk (that follows from Hypothesis 4.16 (ii)) to give the exact sequence

0 H0
Σ(OF,U , V/T ) H1

Σ(OF,U , T ) H1
Σ(OF,U , V ).

Since H1
Σ(OF,U , V ) = Φ⊗O H1

Σ(OF,U , T ) by Proposition 3.46 (iii), we deduce an identification
H1

Σ(OF,U , T )tor ∼= H0
Σ(OF,U , V/T ). The latter is non-trivial if and only if H0

Σ(Ok,U , V/T ) ̸= 0
because F is a p-extension of k (cf. [86, Cor. 1.6.13]). Writing ϖ for a uniformiser of O, we
have an isomorphism (V/T )[ϖ] ∼= T , and so H0

Σ(Ok,U , V/T ) ̸= (0) ⇐⇒ H0
Σ(Ok,U , T ) ̸= (0).

This proves the equivalence of conditions (i) and (ii).
We note next that the triangle (3.18) implies H0

Σ(Ok,U , T ) is equal to the kernel of the diagonal
map H0(k, T ) →

⊕
v∈ΣH

0(kv, T ). Since the latter map is injective if Σ ̸= ∅, we conclude
that (i) implies Σ = ∅. In addition, since Hypothesis 8.13 (ii) implies that T is an irreducible
k[Gk]-module, the module H0(Ok,U , T ) either vanishes or is equal to T . In the latter case,

Hypothesis 8.13 (i) then implies that T = T
τ=id

is a one-dimensional k-vector space, and
hence, by Nakayama’s Lemma, that rkO(T ) = 1. This shows (i) implies (iii), and since (iii)
clearly implies (i), this proves the claimed result.

8.3.3. Core ranks

We next clarify Hypothesis 4.14 (vi) in the case of relaxed Nekovář structures. To do this, we
use the notation specified in (5.1). In particular, we now write Λ and A for Ri and T ⊗R Λ, so
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that A⊗Λ k = T .
We fix finite subsets S and Σ of Πk with S(k) ⊆ S and Σ ∩ S = ∅ and recall that, if the pair
(k, p) verifies (3.1), then the Σ-modified relaxed Nekovář structure Frel(A,S)Σ on A coincides
with both of the induced structures Frel(T , S)Σ⊗RΛ and Frel(T ⊗RRi, S)Σ⊗RiΛ (cf. Example
3.19 (iv)).
We also recall that a finitely-generated Λ-module M is said to be ‘quadratically-presented’ if
there exists an exact sequence of Λ-modules of the form

Λ⊕m → Λ⊕m →M → 0,

with m := dimk(M ⊗Λ k).

(8.25) Lemma. Fix finite subsets S and Σ of Πk with S(k) ⊆ S and Σ ∩ S = ∅. Write F̃ for
the Mazur–Rubin structure h(Frel(A,S)Σ) on A and F for the structure that it induces on T .
Then, if the pair (k, p) verifies (3.1), the following claims are valid.

(i) The core-rank χ(F , j) of the pair (F , j) (in the sense of (4.11)) is equal to

dimk
(
H0(k, T )

)
+ dimk

(
XS(T )

)
+ dimk

(
XF

∗
,j(T

∗
(1))

)
− dimk

(
XF ,j(T )

)
+
∑

v∈Σ
dimk

(
H0(kv, T

∗
(1))

)
+
∑

v∈S\Π∞
k

dimk
(
TorΛ1 (H

0(kv, A
∗(1))∗,k)

)
.

(ii) If the Λ-module H2(kv, A) is quadratically presented for every v ∈ S \ Π∞
k , then χ(F , j)

is at least∑
v∈Π∞

k

dimk
(
H0(kv, T

∗
(1))

)
+ dimk

(
XF

∗
,j(T

∗
(1))

)
− dimk

(
XF ,j(T )

)
+ dimk

(
H0(k, T )

)
− dimk

(
H0(k, T

∗
(1))

)
−
∑

v∈Σ
dimk

(
H0(kv, T

∗
(1))

)
.

Proof. We write F0 for the Mazur–Rubin structure h(Frel(A,S)Σ ⊗Λ k) on T . Then, by using
Theorem 3.44 (ii) to compare F0 with F , one finds that

χ(F , j) =χ(F0, j)−
∑

v∈S(F)
dimk

(
H1
/F

(kv, T )
)

=dimk
(
H0(k, T )

)
+ dimk

(
XS(F)(T )

)
−
∑

v∈S(F)
dimk

(
H1
/F

(kv, T )
)

+
∑

v∈Σ
dimk

(
H0(k, T )

)
+ dimk

(
XF

∗
,j(T

∗
(1))

)
− dimk

(
XF ,j(T )

)
.

In this computation we have also used Proposition 3.46 (v) and the equality χk(CS,Σ(T )) = 0
that follows from Proposition 3.46 (i) and Lemma 3.4.
Now, by the definition of induced Mazur–Rubin structure, one has

H1
/F

(kv, T ) := coker
(
H1
F̃
(kv, A) ⊆ H1(kv, A)→ H1(kv, T )

)
.

In addition, for v ∈ Σ, one has H1
F̃
(kv, A) = 0, so H1

/F
(kv, T ) = H1(kv, T ) and hence

dimk
(
H1
/F

(kv, T )
)
= dimk

(
H1(kv, T )

)
= dimk

(
H0(kv, T )

)
+ dimk

(
H2(kv, T )

)
= dimk

(
H0(kv, T )

)
+ dimk

(
H0(kv, T

∗
(1))

)
.

It remains to consider the case v ∈ S. In this case H1
/F

(kv, T ) is defined to be the cokernel

of the natural map ρv : H
1(kv, A) → H1(kv, T ). In addition, the universal coefficient spectral

sequence

Ei,j2 = TorΛ−i(H
j(kv, A),k)⇒ Ei+j = H i+j(kv, T )

induces an the exact sequence

TorΛ2 (H
2(kv, A),k)→ H1(kv, A)⊗Λ k→ H1(kv, T )→ TorΛ1 (H

2(kv, A),k)→ 0

in which the second arrow is induced by ρv. In particular, since we are assuming (k, p) verifies
(3.1), one hasH1

/F
(kv, T ) = (0) for each v ∈ Π∞

k . In addition, for v ∈ S\Π∞
k , the above sequence
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combines with local duality to imply H1
/F

(kv, T ) is isomorphic to TorΛ1 (H
0(kv, A

∗(1))∗,k), as

required to complete the proof of (i).
Before turning to the proof of (ii), we claim that dimk

(
TorΛ1 (M,k)

)
≤ dimk(M ⊗Λk) for every

quadratically presented Λ-module M . To justify this, we fix a presentation

Λ⊕n f−→ Λ⊕n →M → 0

with n := dimk(M ⊗Λ k). Setting I := ker(f), we thereby obtain an induced exact sequence

0 = TorΛ1 (Λ
⊕n,k)→ TorΛ1 (M,k)→ I ⊗Λ k,

from which it follows that dimk(Tor
Λ
1 (M,k)) ≤ dimk(I ⊗Λ k) ≤ n since I is a quotient of Λ⊕n.

This proves the claim.
Then, by applying this observation withM = H2(kv, A) ∼= H0(kv, A

∗(1))∗ for each v ∈ S \Π∞
k ,

and noting H2(kv, A)⊗Λ k identifies with H2(kv, T ) ∼= H0(kv, T
∗
(1))∗, we obtain an inequality∑

v∈S\Π∞
k

(
dimk

(
H0(kv, T

∗
(1))

)
− dimk

(
TorΛ1 (H

0(kv, A
∗(1))∗,k)

))
≥ 0.

From the definition of XS(T ) it therefore follows that

dimk
(
XS(T )

)
+ dimk

(
H0(k, T

∗
(1))

)
=
∑

v∈Π∞
k

dimk
(
H0(kv, T

∗
(1))

)
+
∑

v∈S\Π∞
k

dimk
(
H0(kv, T

∗
(1))

)
≥
∑

v∈Π∞
k

dimk
(
H0(kv, T

∗
(1))

)
+
∑

v∈S\Π∞
k

dimk
(
TorΛ1 (H

0(kv, A
∗(1))∗,k)

)
.

The result of (ii) is now obtained by substituting this inequality into the formula of (i).

(8.26) Remark. The condition of quadratic-presentability is automatic in the following cases.

(i) Let Λ := (Z/piZ)[G] with i ∈ N andG a finite abelian group. Then anyG-cohomologically
trivial finitely generated Λ-module is quadratically presented.

(ii) If Λ is a principal ideal ring, then every Λ-module is quadratically presented. Indeed, as
a local principal ideal ring, Λ is isomorphic to a quotient of a discrete valuation ring Λ′

and since the claim is true over Λ′, base-changing to Λ gives the desired presentation.

8.3.4. Localisation, Euler factors, and Fitting ideals

We recall (from [23, § 3C1]) that a prime ideal p in Spec1(ΛK) is said to be ‘regular’ if it does
not contain the order of the torsion subgroup of GK∞ . For such p, the localisation ΛK,p of ΛK
is a discrete valuation ring and there exists a character χ = χp : ∆K → Φc,× and a height-one
prime ideal ℘χ of the ring

Λχ := OχJΓKK
for which there is an identification ΛK,p = Λχ,℘χ .
If p is not regular, then it is said to be ‘singular’. If p is any such prime, then p ∈ p, and there
exists a character χ : ∇K → Φc,× together with a height-one prime ideal ℘χ of the ring

(ΛK)χ := Λχ[□K ]

such that ΛK,p = (ΛK)χ,℘χ . There is then also the following localisation criterion from [20,
Lem. 6.3] (see also [41, Lem. 5.6]).

(8.27) Lemma. Fix a character χ : ∇K → Φc,× and a prime ideal ℘ ∈ Spec1(Λχ[□K ]) with
p ∈ ℘. If M is any finitely generated torsion Λχ[□K ]-module for which the Iwasawa µ-invariant
(as a Λχ-module) is 0, then the localisation M℘ vanishes.

In addition, the following result is useful in the computation of the ideal Fitt0ΛK (XS(T )).

(8.28) Lemma. For every v ∈ Πk \Π∞
k and p ∈ Spec1(ΛK), the following claims are valid.
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(i) Assume v ̸∈ Πpk and either v ̸∈ Sram(T∨(1)) or both v is finitely decomposed in k∞ and
H0(kv, T

∗
E/k(1)) = (0) for all finite extensions E of k in K∞. Then, if p /∈ p, and we

write χ for the character χp defined above, one has

Fitt0ΛK (H
0(kv, T ∨(1))∨)p =

{
Eulv(Frob

−1
v )ΛKχ,℘χ if v /∈ Sram(Kχ/k),

ΛKχ,℘χ if v ∈ Sram(Kχ/k).

(ii) If v is finitely decomposed in k∞ and p ∈ p, then H0(kv, T ∨(1)∨)p = (0).

Proof. To prove (i), we assume that p /∈ p. In this case there are isomorphisms

(H0(kv, T ∨(1))∨)p ∼= H2(kv, T )p ∼= H2(kv, TKχ,∞/k)℘χ
∼= H0(kv, T

∨
Kχ,∞/k(1))

∨
℘χ ,

and so it suffices to investigate Fitt0ΛKχ (H
0(kv, T

∨
Kχ,∞/k(1))

∨). In the remainder of this argu-

ment we will therefore assume that K = Kχ.
To discuss the case v ∈ Sram(K/k), we write I for the inertia subgroup of GK and regard
the trace element NI (from (4.5)) as an element of ΛK in the natural way. By assumption,
χ(I) ̸= 1 and so in ΛK,p one has NI = χ(NI) = 0. On the other hand, NI acts as multiplication
by |I| ∈ Λ×

K,p on H0(kv, T ∨(1))∨ =
⊕

w|vH
0(K∞,w, T

∨(1))∨ and so we conclude that, in this

case, the localisation of H0(kv, T (1))∨ at p vanishes. This proves the claim if v ∈ Sram(K/k),
and so it remains to consider the case v /∈ Sram(K/k).
Let us first assume that, in addition, v ̸∈ Sram(T∨(1)) so that the action of Gkv is unramified
on T ∨(1). Taking Matlis duals of the exact sequence

0 H0(kv, T ∨(1)) T ∨(1) T ∨(1),
Frobv−1

we obtain an identification H0(kv, T ∨(1))∨ ∼= coker(T (−1) Frobv−1−−−−−→ T (−1)). As such, we
obtain the required equality via the computation

Fitt0ΛK (H
0(kv, T ∨(1))∨) = ΛK · detΛK (Frobv − 1 | T (−1))

= ΛK · detΛK (Frob
−1
v − 1 | T ∗(1))

= ΛK · Eulv(Frob−1
v ).

We finally assume that v is finitely decomposed in k∞ and that H0(kv, T
∗
E/k(1)) vanishes for all

finite extensions of E of k contained in K∞. Setting V := T ⊗O Φ, this assumption combines
with the tautological short exact sequence 0 → T ∗(1) → V ∗(1) → V ∗(1)/T ∗(1) → 0 to imply,
for every such E, exactness of the sequence

0 H0(kv, V
∗
E/k(1)/T

∗
E/k(1)) H1(kv, T

∗
E/k(1)) H1(kv, V

∗
E/k(1)).

These sequences in turn induces natural identifications

H0(kv, T
∨
E/k(1)) = H0(kv, V

∗
E/k(1)/T

∗
E/k(1))

∼= H1(kv, T
∗
E/k(1))tor.

Further, if we write Fw for the residue field of a place w of E above v and Iw ⊆ GEw for its
inertia subgroup, then the isomorphism H1(kv, T

∗
E/k(1))

∼=
⊕

w|vH
1(Ew, T

∗(1)) from Shapiro’s

lemma combines with inflation-restriction sequence (for each w) to give short exact sequences

0
⊕

w|v
H1(Fw, T

∗(1)Iw)tor H1(kv, T
∗
E/k(1))tor

⊕
w|v
H1(Iw, T

∗(1))
GEw
tor .

In addition, the assumption H0(kv, T
∗
E/k(1)) = (0) also implies that we have the exact sequence

0 T ∗
E/k(1)

Iv T ∗
E/k(1)

Iv H1(Fv, T
∗
E/k(1)

Iv) 0
Frobv−1

(8.29)

which, by comparing O-ranks, implies that H1(Fv, T
∗
E/k(1)

Iv) is finite and, in particular, equal
to its O-torsion submodule.
Next we note that since we assume v /∈ Πpk and also that v is finitely decomposed in k∞, the
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modules
⊕

w|vH
1(Iw, T

∗(1)) are finitely generated O-modules and, moreover, stabilise as E

ranges over the subfields of K∞. It follows that lim←−k⊆E⊆K∞

⊕
w|vH

1(Iw, T
∗(1))GEw vanishes

(cf. also the argument of [96, App. B, Prop. 3.3]) and so, by passing to the limit over E in the
exact sequence (8.29), we deduce from the previous discussion the existence of isomorphisms

H0(kv, T ∨(1))∨p
∼= (lim←−EH

1(kv, T
∗
E/k(1))

∨
tor)p

∼= (lim←−EH
1(Fv, T

∗
E/k(1)

Iv)∨)p.

In addition, upon taking O-linear duals of (8.29) and then passing to the limit (over E) of the
resulting exact sequences , we obtain an exact sequence

0 (T ∗(1)Iv)∗ (T ∗(1)Iv)∗ lim←−EH
1(Fv, T

∗
E/k(1)

Iv)∨ 0.
Frobv−1

In particular, since the ΛK-module T ∗(1)Iv is free of finite rank (since v is assumed to be
unramified in K∞), this exact sequence implies that

Fitt0ΛK (lim←−EH
1(Fv, T

∗
E/k(1)

Iv)∨) = ΛK · detΛK (Frobv − 1 | (T ∗(1)Iv)∗)

= ΛK · detΛK (Frob
−1
v − 1 | T ∗(1)Iv)

= ΛK · Eulv(Frob−1
v ),

as required to complete the proof of (i).
As for (ii), upon taking the Matlis dual of the inclusion H0(K∞,w, T

∨(1)) ⊆ T∨(1) for every
place w above v, one obtains a surjective map⊕

w|v

T (−1) ↠
⊕
w|v

H0(K∞,w, T
∨(1))∨ = H0(kv, T ∨(1))∨.

In particular, if v is finitely decomposed in k∞, then the latter module is finitely generated
over O and so Lemma 8.27 implies that it vanishes after localising at any prime in Spec1(ΛK)
that contains p. This proves (ii).

(8.30) Remark. In many arithmetic examples, there is a useful replacement for Lemma 8.28 (i).
To be precise, we assume T = H i

ét(Xkc ,O)(1) for an odd integer i and a proper smooth variety
X that is defined over k and has potentially good reduction at a given v ∈ Πpk. Then, if k∞
is the cyclotomic Zp-extension of k, the group H0(kv, T

∨
K∞/k(1)) is finite by a result of Kubo

and Taguchi [69, Th. 1.1] (if X is an elliptic curve, this is a classical result of Imai [53]). In
addition, if X is an abelian variety, i = 1, and K∞ is a Lubin–Tate extension, then similar
criteria for finiteness have been obtained by Ozeki in [89]. If T is the representation attached
to a cuspidal newform, then a similar result is also obtained by Kato in [63, (12.5.1)].

8.4. The proof of Theorem 8.18

8.4.1. An initial reduction

We first establish a useful reduction step in the proof of Theorem 8.18.

(8.31) Proposition. Theorem 8.18 is valid if, under its stated hypotheses, the following is
true: for every system c ∈ ESrΣ,S0

(T,K) and all pairs (K,χ) as in the statement of the latter
result, one has an inclusion

FittrΛK (XS(K)(T )) · (cK∞)χ ⊆ ΘΣ,b•(DetΛK (CS,Σ(T )))χ. (8.32)

Proof. Throughout this argument, we assume the hypotheses of Theorem 8.18 to be valid.
Then, to prove that the inclusion claimed in Theorem 8.18 (i) is a consequence of (8.32), it is
enough for us to show the latter inclusion implies that

FittrΛK (Xk,S0(T ))p ·
(∏

v∈S(K)\S0(K)
Eulv(Frob

−1
v )
)
· (cK∞)χ

⊆ ΘΣ,b•(DetΛK (CS(K),Σ(T )))χ,p (8.33)
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for every p ∈ Spec1(ΛK,χ). To do this, we note first that if p ∈ p, then

FittrΛK (XS(K)(T ))p = FittrΛK (XS0(T ))p, (8.34)

and so (8.33) follows directly from the p-localisation of (8.32). Indeed, since we assume no place
in S(K) \Π∞

k splits completely in k◦∞, the decomposition subgroups in GK∞ of such places are
infinite and so, for every character ψ : ∇K → Φc,×, the µ-invariant of YS(K)\S0

(T )ψ as a Λψ-
module vanishes. Hence, by Lemma 8.27, the module YS(K)\S0

(T ) vanishes upon localisation
at any p containing p so that the natural short exact sequence

0 XS0(T ) XS(K)(T ) YS(K)\S0
(T ) 0 (8.35)

(from Remark 8.15) implies bijectivity of the map XS0(K)(T )p → XS(K)(T )p, and therefore
also the claimed equality (8.34).
We next turn to the verification of (8.33) for p ∈ Spec1(ΛK,χ) with p ̸∈ p. In this case, ΛK,p
identifies with ΛKψ ,℘ψ for some character ψ : ∆K → Φc,× and prime ℘ψ ∈ Spec1(ΛKψ) (with
p /∈ ℘ψ) and we set Tψ := T (ψ) ⊗Oψ Λψ. Then, for v ∈ S(K) \ S0, Lemma 8.28 (i) implies

Fitt0ΛKψ
(H0(kv, T ∨

ψ (1))∨)℘ψ is equal to ΛKψ ,℘ψ if v ∈ S0(Kψ) (as v ∈ Sram(Kψ/k) in this case)

and is generated by Eulv(Frob
−1
v ) if v /∈ S0(Kψ). As a consequence, one has

FittrΛK (XS(K)(T ))p = FittrΛK (XS0(T ))p · Fitt0ΛK (YS(K)\S0
(T ))p

= FittrΛKψ
(XS0(Tψ))℘ψ · Fitt

0
ΛKψ

(YS(K)\S0
(Tψ))℘ψ

= FittrΛKψ
(XS0(Tψ))℘ψ ·

(∏
v∈S(K)\S0(Kψ)

Eulv(Frob
−1
v )
)
, (8.36)

where the first equality follows as a consequence of the exact sequence (8.35) and the fact that
ΛK,p is a discrete valuation ring so that ΛK,p-Fitting ideals are multiplicative across short exact
sequences. Hence, in this case, the inclusion (8.33) for p follows from the computation

FittrΛK (Xk,S0(T ))p ·
(∏

v∈S(K)\S0(K)
Eulv(Frob

−1
v )
)
· (cK∞)χ

= FittrΛKψ
(XS0(Tψ))℘ψ ·

(∏
v∈S(K)\S0(K)

Eulv(Frob
−1
v )
)
· (NK∞/Kψ,∞(cK∞))χ

= FittrΛKψ
(Xk,S0(Tψ))℘ψ ·

(∏
v∈S0(K)\S0(Kψ)

Eulv(Frob
−1
v )
)
· (cKψ,∞)χ

= FittrΛKψ
(XS(K)(Tψ))℘ψ · (cKψ,∞)χ

⊆ ΘKψ,∞,Σ,b•(DetΛKψ (CS(K),Σ(Tψ)))χ,℘ψ
= ΘΣ,b•(DetΛK (CS(K),Σ(T )))χ,p.

Here the first equality follows from the fact that the trace element NK∞/Kψ,∞ of O[∆K ] is a
unit in ΛK,p (as p /∈ p), the second from the Euler system distribution relations, the third from
(8.36), and the inclusion from (8.32) with K replaced by Kψ. This completes the proof that
claim (i) of Theorem 8.18 is implied by the inclusion (8.32).
To similarly derive claim (ii) of Theorem 8.18, we observe first that for any subring R of QK
with ΛK ⊆ R, subsequent applications of Lemma 2.11 (iii) and (v) imply an inclusion

FittrR(R⊗ΛK YΠ∞
k
(T )) = Fitt0R

(
R⊗ΛK ker(YΠ∞

k
(T )→ Y )

)
⊆ AnnQK

(
QK ⊗ΛK ker(YΠ∞

k
(T )→ Y )

)
= QKϵK , (8.37)

which is an equality if R = QK . Now the ΛK-module XS(K)\Π∞
k
(T ) is torsion because no finite

place of k splits completely in k∞ and hence

QK ⊗ΛK Fitt0ΛK (XS(K)\Π∞
k
(T )) = Fitt0QK (QK ⊗ΛK XS(K)\Π∞

k
(T )) = Fitt0ΛK (0) = QK .

This fact combines with the exact sequence

0→ XS(K)\Π∞
k
(T )→ XS(K)(T )→ Yk,Π∞

k
(T )→ 0

118



(from Remark 8.15) and (8.37) to imply that

QK ⊗ΛK FittrΛK (XS(K)(T )) = QKϵK . (8.38)

From the (assumed) inclusion (8.32) we therefore obtain

ϵK(cK∞)χ ∈ QK ·ΘΣ,b•(DetΛK (CS,Σ(T ))) = (QKeKϵK)⊗ΛK

⋂r

ΛK
H1

Σ(Ok,S(K), T ),

where the equality follows from the explicit definition (8.17) of the map ΘΣ,b• . This shows
that the idempotent eK acts as the identity on ϵK(cK∞)χ and so, because the definition of
eK ensures that it annihilates QK ⊗ΛK H

2
Σ(Ok,S(K), T ), we see that QK ⊗ΛK H

2
Σ(Ok,S(K), T )χ

can only be supported on primes p of QK at which ϵK(cK∞)χ vanishes upon localisation. In
addition, the first column in the diagram (3.47) gives an exact sequence

0 H1
F∨

rel,Σ
(k, T ∨(1))∨ H2

Σ(Ok,S(K), T ) XS(K)\Π∞
k
(T ) 0 (8.39)

that combines with the vanishing of QK ⊗ΛK XS(K)\Π∞
k
(T ) to imply an equality

QK ⊗ΛK H
2
Σ(Ok,S(K), T ) = QK ⊗ΛK H

1
F∨

rel,Σ
(k, T ∨(1))∨.

In view of this, our argument has therefore shown that claim (ii) of Theorem 8.18 is also a
consequence of the inclusion (8.32).
Finally, we must derive claim (iii) of Theorem 8.18 from (8.32). To do this, we note that, for
every p ∈ Spec1(ΛK), Proposition A.12 (ii) implies an equality

{f(a) | a ∈ im(ΘΣ,b•), f ∈
∧r

ΛK
H1

Σ(Ok,S(K), T )∗}p = FittrΛK (H
1(CS(K),Σ(T )))p. (8.40)

We also recall that the lower row of the diagram (3.47) provides us with an exact sequence

0 H1
F∨

rel,Σ
(k, T ∨(1))∨ H1(CS(K),Σ(T )) XS(K)(T ) 0. (8.41)

Now, if p ∈ Spec1(ΛK,χ) ⊆ Spec1(ΛK) with p /∈ p, then ΛK,p is a discrete valuation ring and
so ΛK,p-Fitting ideals are multiplicative on short exact sequences. Hence, in this case, for
f ∈

∧r
ΛK

H1
Σ(Ok,S(K), T )∗, the (assumed) inclusion (8.32) combines with (8.40) and (8.41) to

imply that one has

FittrΛK (XS(K)(T ))p · f(cK)p ⊆ FittrΛK (H
1(CS(K),Σ(T )))p

= FittrΛK (XS(K)(T ))p · Fitt0ΛK (H
1
F∨

rel,Σ
(k, T ∨(1))∨)p.

Furthermore, the ideal FittrΛK (XS(K)(T )) spans QKϵK over QK by (8.38), and so the principal
ideal FittrΛK (XS(K)(T ))p is generated by a nonzero divisor in ϵKΛK,p. This shows that the ΛK,p-
module FittrΛK (XS(K)(T ))p is invertible in ϵKΛK,p. The above inclusion therefore implies, after
cancellation, the required containment

ϵKf(cK)p ∈ ϵK Fitt0ΛK (H
1
F∨

rel,Σ
(k, T ∨(1))∨)p. (8.42)

We next prove the same result for p ∈ Spec1(ΛK,χ) with p ∈ p. For this, we note the as-
sumption that no finite place splits completely in k∞ combines with Lemma 8.27 to imply,
for each such p, that XS(K)\Π∞

k
(T )p = (0). Since the assumption (3.1) ensures that YΠ∞

k
(T )

is a projective ΛK-module, the vanishing of XS(K)\Π∞
k
(T )p combines with the sequence (8.41)

to imply that H1(CS(K),Σ(T ))p is isomorphic to the direct sum of (H1
F∨

rel,Σ
(k, T ∨(1))∨)p and

YΠ∞
k
(T )p. Recalling (8.37), we then see that the ideal FittrΛK (H

1(CS(K),Σ(T )))p is contained

in ϵK Fitt0ΛK H
1
F∨

rel,Σ
(k, T ∨(1))∨)p. For each such p, the required containment therefore follows

directly from (8.32) and the equality (8.40).
At this stage, we have verified (8.42) for every prime p ∈ Spec1(ΛK,χ). From Lemma 2.4 (ii), we
can therefore deduce that ϵKf(cK)χ ∈ ϵK Fitt0ΛK (H

1
F∨

rel,Σ
(k, T ∨(1))∨)∗∗, as required to derive

claim (iii) of Theorem 8.18 from (8.32).
This completes the proof that Theorem 8.18 is a consequence of the assumed validity of the
inclusion (8.32).
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8.4.2. Observations on an application of Theorem 4.20

Proposition 8.31 has reduced the proof of Theorem 8.18 to showing that the inclusion (8.32) is
valid under the hypotheses of the latter result. To do this, we set Tχ := T (χ)⊗O ΛK and write

Twrχ : ES
r
Σ,S0

(T,K)→ ESrS0
(Frel,Σ(Tχ))

for the map from Proposition 8.20 (ii). We shall then aim to apply Theorem 4.20 to the Euler
system Twrχ(c) and so must specify the data for which we can verify all of the hypotheses that
are necessary to apply Theorem 4.20.
In this regard, we note firstly that the field KΣ,p clearly satisfies Hypothesis 4.16 (i). We next
verify Hypothesis 4.16 (ii) in the relevant cases by fixing q ∈ Q1 and a non-negative integer a
and showing that the endomorphism Frobp

a

q − 1 is injective on Tχ. To do this, we note q is
unramified in k∞ and write σq for the image of Frobq in Γ := Gal(k∞/k). We recall k∞ contains
a Zp-extension k◦∞ =

⋃
n∈N k

◦
n of k in which no finite place splits completely. In particular,

the image of σp
a

q in Γ◦ := Gal(k◦∞/k) is a topological generator of (Γ◦)p
m(a)

= Gal(k◦∞/k
◦
m(a))

for some m(a) ≥ 0 and we set Γ′ := Gal(k∞/k
◦
m(a)). Then one has σp

a

q ∈ Γ′ and so Tχ
decomposes, as an Oχ[[⟨Frobp

a

q ⟩]]-module, as the direct sum of a finite number of copies of

T ′
χ := T (χ)⊗O O[[Γ′]]. It is thus enough for us to prove that Frobp

a

q − 1 acts injectively on T ′
χ.

Hence, if necessary after replacing k by km(a), we can assume in the sequel that a = 0 and the
image of σq generates Γ◦. In this case, the projection map Γ → Γ◦ induces an isomorphism

between Γ◦ and the subgroup Γ̃◦ of Γ that is generated (topologically) by σq. Writing k′∞ for

the fixed field of k∞ under Γ̃◦ and Γ′ for Gal(k′∞/k) one therefore has a natural decomposition

Γ = Γ̃◦ ×Gal(k∞/k
◦
∞) ∼= Γ◦ × Γ′. (8.43)

This splitting in turn induces isomorphisms

Λk = OJΓK ∼= OJΓ◦K⊗O OJΓ′K and Tχ = Tk∞/k(χ) ∼= Tk◦∞/k(χ)⊗O OJΓ′K

in such a way that σq acts trivially on the factor OJΓ′K in both tensor products. We now write
E for the completion of k at q. Then the completion of k◦∞ at a place above q is the unique
unramified Zp-extension E

unr =
⋃
n∈NE

unr
n of E and σq induces the Frobenius automorphism

in Gal(Eunr/E). Upon applying Shapiro’s lemma, one therefore obtains an isomorphism

(Tχ)Frobq=1 = H0
f (E, Tχ) = H0

f (E, Tk◦∞/k(χ))⊗O OJΓ′K

= H0(Eunr, T (χ))⊗O OJΓ′K
∼=
(
lim←−n∈NH

0(Eunr
n , T (χ))

)
⊗O OJΓ′K.

In addition, since T (χ) is a finitely generated O-module and Eunr is an infinite p-extension of
E, the limit lim←−n∈NH

0(Eunr
n , T (χ)) vanishes (by [96, App. B, Lem. 3.2]), as required to prove

the validity of Hypothesis 4.16 (ii) for Tχ.
In the notation of § 4.2 we now take R = (ΛK)χ so that K = Oχ/(ϖ). In particular, Tχ = T (χ)
and so the validity of the parts of Hypotheses 4.14 (i) and (iv) that concern Tχ follow from
the assumed validity of Hypotheses 8.13 for T (χ). In addition, Hypothesis 4.14 (v) is valid by
Lemma 8.24 and the assumption that H1

Σ(OK,S(K), T ) is O-torsion free.
Next we note that the field k∞ from § 4.2 is a subfield of E, and that the fields in (4.10) for
Tχ can be taken in EχT so that the field k(Tχ)∞ defined in § 4.2 agrees with EχT . Given this,
the validity of Hypotheses 4.14 (vii) in this case is clear (cf. Remark 4.15 (vi)), and that of
Hypotheses 4.14 (ii), (ii∗), and (iii) follows from the assumed validity of Hypotheses 8.13 for
the data (T, k∞, F, χ, r).
It still remains for us to specify the data of a morphism ϱ : R→ R of the form required for an
application of Theorem 4.20. Before doing this, however, we observe that the required inclusion
(8.32) will follow if we can prove that

FittrΛK (XS(K)(T )) · (cK∞)χ ⊆ ϑY (DetΛK (CS(K),Σ(T )))χ. (8.44)
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Indeed, to deduce (8.32) from this, one need only recall ϑY coincides with the map ΘΣ,b•

(defined in (8.17)) as a consequence of [27, Prop. A.11 (ii)].
In addition, since the ΛK-module ϑY (DetΛK (CS(K),Σ(T )))χ is reflexive (as DetΛK (CS(K),Σ(T ))χ
is invertible and hence reflexive), Lemma 2.4 (ii) implies that it is enough to verify (8.44) after
localising at each prime in Spec1((ΛK)χ).
For the remainder of the proof we shall therefore fix p ∈ Spec1((ΛK)χ). It is then convenient
to separate the discussion into two cases and, in this way, the proof of Theorem 8.18 will be
completed by the arguments given in § 8.4.3 for the case p ∈ p and in § 8.4.4 and § 8.4.5 for the
case p /∈ p.

(8.45) Remark. By assumption, k∞ contains a Zp-extension k
◦
∞ of k in which no finite place

of k splits completely. To prove (8.44), one can in fact further reduce to the case that k∞ = k◦∞.
The reason for this is that im(ΘΣ,b•) is equal to lim←−E im(ΘΣ,bE,•), where the limit is taken over
all finite extensions E of k in k∞, and bE,• denotes the OJGEk◦∞K-basis of Y ⊗R OJGEk◦∞K that
is induced by b•. In particular, if cEk◦∞ belongs to im(ΘΣ,bE,•) for all such E, then it follows
that ck∞ = (cEk◦∞)F belongs to im(ΘΣ,b•), as required. Since the validity of Hypothesis 8.13
for (T, k∞, F, χ, r) also implies its validity for (T, k◦∞, EF, χ, r), we may therefore assume at the
outset that k∞ = k◦∞. However, we prefer to enforce this reduction step only at a later point
in order to clarify that a large part of the argument does not rely on it.

8.4.3. Verifying the p-localisation of (8.44) if p ∈ p

For each i ∈ N, we write k◦i for the unique subextension of k◦∞ of degree pi over k and U◦
i

for the subgroup Gal(k∞/k
◦
i ). We can then fix a basis {Ui}i∈N of open neighbourhoods of the

identity of Gk∞ ∼= ΓK (where ΓK is as in (8.11)) in such a way that Ui ⊆ U◦
i for every i.

As in Remark 2.7 (iii), we now take R := (ΛK)χ and ai := (ϖi, I(Ui))R with I(Ui) the kernel
of the natural projection ΛK → Zp[GK∞/Ui]. In particular, for each i, the ring Ri := R/ai is
naturally isomorphic to (Oχ/(ϖi))[ΓK/Ui][□K ]. We write κχ := Oχ/(ϖ) for the residue field
of Oχ, and then further take R := κχJΓ◦K with Γ◦ := Gk◦∞ and Ri := κχ[Gk◦i ] = κχ[Gk∞/U◦

i ].
The residue field of R is therefore also equal to κχ. Furthermore, each Ri is a principal local
ring because, as a power series ring over a field, R is a principal ideal domain. In view of
this, Lemma 8.25 implies that, for the relaxed Mazur–Rubin structure Fi on Tχ ⊗R Ri =
T (χ)/ωiT (χ), the core-rank χ(Fi, j(i)) of the pair (Fi, j(i)) (in the sense of (4.11)) is greater
than or equal to

dimκχ(YΠ∞
k
(T (χ))) + dimκχ(XFi

∗
,j(i)(T

∗
(1)(χ−1)))− dimκχ(XFi,j(i)

(T (χ)))

+ dimκχ

(
H0(k, T (χ))

)
− dimκχ

(
H0(k, T

∗
(1)(χ−1))

)
−
∑

v∈Σ
dimκχ(H

0(kv, T
∗
(1)(χ−1))).

We now recall (from Remark 8.14) that Hypothesis 8.13 (iii) implies the groupH0(k, T
∗
(1)(χ−1))

vanishes. In addition, since XFi
∗
,j(i)(T

∗
(1)(χ−1)) is a submodule of H1(EχT /k, T

∗
(1)(χ−1)) (by

Lemma 6.1 (i)), this module also vanishes as a consequence of Hypothesis 8.13 (iii). In a similar
way, Lemma 6.1 (i) identifies XFi,j(i)

(T (χ)) with a submodule of H1(EχT /k, T (χ)). In partic-

ular, at this point the explicit upper bound on the κχ-dimension of H1(EχT /k, T (χ)) given by
Hypothesis 8.13 (v) can be combined with the above displayed lower bound to deduce that
χ(Fi, j(i)) is strictly positive, as required to verify Hypothesis 4.14 (vi) in this case.
We next take ϱ : R → R to be the natural surjective projection map, and write P for the
prime ideal ker(ϱ) of R. Then ϱP is surjective and nonzero, as required by condition (i) in
Theorem 4.20. To verify condition (ii) in Theorem 4.20, we first note that the vanishing of
H0(k, T (χ)∗(1)) implies XS(K)(Tχ) = YS(K)(Tχ) (cf. Remark 8.15) and hence, via the argument
of Lemma 3.49 (i), that there exists an isomorphism

XS(K)(Tχ)⊗ΛK OJΓ◦K = YS(K)(Tχ)⊗R OJΓ◦K ∼= YS(K)(T (χ)⊗O OJΓ◦K).
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Now, the module YS(K)(T (χ) ⊗O OJΓ◦K) is finitely generated over Oχ because no finite place
splits completely in k◦∞ so that the above isomorphism implies XS(K)(Tχ) is finitely generated
over OχJΓ′K (with Γ′ as in (8.43)). As a consequence of Lemma 8.27, the module XS(K)(Tχ) is
therefore annihilated by an element x ∈ R that does not belong to the ideal (ϖ) = ker(R → R).
It follows that XS(K)(Tχ) ⊗R R is an R-torsion module and hence vanishes when localised at
(0) as an R-module (respectively, at P as an R-module). This shows, in particular, that
TorR1 (XS(K)(Tχ), R)P vanishes and hence implies that

Fitt0R(Tor
R
1 (XS(K)(Tχ), R))P = Fitt0RP

(TorR1 (XS(K)(Tχ), R)P) = Fitt0RP
({0}) = RP,

as required by condition (ii) in Theorem 4.20. In this case, therefore, the latter result can be
applied in order to deduce that, for every Euler system η in ESrΣ,S0

(Tχ), the element (ηk)P
belongs to

ϑY (DetR(CS(K),Σ(Tχ)))P = ϑY (DetΛK (CS(K),Σ(T )))P.
Since p is contained in P, this in turn implies that (ηk)p ∈ ϑY (DetR(CS(K),Σ(T )))p and hence
verifies the p-localisation of (8.44) when applied to η = Twrχ(c), as required.

8.4.4. Verifying the p-localisation of (8.44) if p /∈ p : reduction to a key inequality

To deal with the case p ̸∈ p, we shall adapt an approach used by Mazur and Rubin in [79, § 5.3].
At the outset, we note that, for some character ψ : □K → Φc,× and prime ideal ℘ ∈ Spec1(Λχψ),
the localised ring Λχψ,℘ coincides with ΛK,p. As a consequence, if we set Kχψ := Kker(χψ) and
Kχψ,∞ := Kχψ · k∞, then one obtains an identification

ΘΣ,b•(DetΛK (CS(K),Σ(T )))p = ΘKχψ,∞,Σ,bχψ,•(DetΛχψ(CS(K),Σ(T (χψ)⊗Oψ Λψ)))℘

in which bχψ,• is the basis of Y ⊗ΛK Λχψ induced by b• and Tχψ := T (χψ)⊗Oχψ Λχψ.

On the other hand, in terms of the twisting map Twrχψ : ES
r
Σ(T ) → ESrΣ(T (χψ),KΣ) from

Proposition 8.20, the result of [96, Ch. II, Lem. 4.3] implies that

Twrχψ(c)k∞ =
∑
σ∈∆K

(χψ)(σ)σ(cK∞) ∈
(⋂r

ΛK
H1

Σ(Ok,S(K), T )
)
p
=
(⋂r

Λψ
H1

Σ(Ok,S(K), Tχψ)
)
℘
.

Hence, since the element
∑

σ∈∆K (χψ)(σ)σ acts as multiplication by the unit |∆K | of ΛK,p, and
FittrΛK (XS(K)(T ))p identifies with FittrΛχψ(XS(K)(Tχψ))℘, the claimed result will follow if we
can show that

FittrΛχψ(XS(K)(Tχψ)) · Twrχψ(c)k∞ ∈ ΘKχψ,∞,Σ,bχψ,•(DetΛχψ(CS(K),Σ(Tχψ)))℘.
By replacing c by Twrχψ(c) and T by T (χψ), we may thereby reduce to the case K = k and
R = OχψJΓK. Indeed, since ψ is a character of p-power order, the ring Oχψ is a totally ramified
extension of Oχ with residue field equal to the residue field κχ of Oχ. In addition, writing
ϖψχ for a uniformiser of Oχψ, for every σ ∈ Gk one has a congruence ψ(σ) ≡ 1 (mod ϖχψ)

and so the residual representations T (χ) and T (χψ) coincide. This shows that the assumed
validity of Hypotheses 8.13 for (T, k∞, F, χ, r) implies its validity also for (T (χψ), k∞, F,1, r).
By replacing O by Oχψ if necessary, we may then also assume that O = Oχψ.
Having made these reduction steps, we shall next prove that the claimed inclusion

FittrR(XS(K)(T ))p · ck∞ ⊆ Θk∞,Σ,b•(DetR(CS(K),Σ(T )))p
is implied by the inclusion

FittrR(XS(K)(T ))p · im(ck∞) ⊆ FittrR(H
1(CS(K),Σ(T )))p. (8.46)

To justify this, we must show that, for any element x of FittrR(XS(K)(T )) and R-basis z of
DetR(CS(K),Σ(T )), the latter inclusion implies x · ck∞ ∈ Rp · Θk∞,Σ,b•(z). To do this, we can
also assume that the right hand side of (8.46) is nonzero since otherwise this inclusion implies
the module Rp(x · ck∞) vanishes and so the claimed inclusion is obviously satisfied.
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Now, by Lemma 2.35, the complex CS(K),Σ(T ) is isomorphic to a complex of the form P0 → P1

with finitely-generated free R-modules P0 and P1 that are placed in degree zero and one, re-
spectively, and such that P1

∼= ker(π)⊕Y with π : P1 → H1(CS(K),Σ(T )) the natural projection
map. By applying Proposition A.12 (ii) to the complex P0 → ker(π) we then obtain an equality

im(Θk∞,Σ,b•(z))p = FittrR(H
1(CS(K),Σ(T )))p. (8.47)

This equality implies, in particular, that the idempotent ekεk appearing in the definition (8.17)
of the map Θk∞,Σ,b• must act as the identity on the nonzero ideal FittrR(H

1(CS(K),Σ(T ))).
Since Rp is an integral domain, one therefore has ekεk = 1 and so the definition of Θk∞,Σ,b•

directly implies that its image spans
⋂r

RH
1
Σ(Ok,S(K), T ) over the fraction field Q(R) of R. We

can therefore deduce the existence of an element q of Q(R) such that ck∞ = q ·Θk∞,Σ,b•(z). At
this point, the (assumed) inclusion (8.46) can be combined with (8.47) to deduce that

q · x · FittrR(H1(CS(K),Σ(T )))p = q · x · im(Θk∞,Σ,b•(z))

= x · im(ck∞)

⊆ FittrR(H
1(CS(K),Σ(T )))p.

Then, since Rp is a discrete valuation ring and FittrR(H
1(CS(K),Σ(T )))p is a nonzero ideal,

cancellation now proves that q · x ∈ Rp, and hence also the required containment via

x · ck∞ = (q · x) ·Θk∞,Σ,b•(z) ∈ Rp ·Θk∞,Σ,b•(z),

We are therefore now reduced to proving the inclusion (8.46). Further, since Rp is a discrete
valuation ring, the short exact sequence (8.41) implies that

FittrR(H
1(CS(K),Σ(T )))p = FittrR(XS(K)(T ))p · Fitt0R(H1

F∨
rel,Σ

(k, T ∨(1))∨)p,

and so it is actually enough for us to show that, if FittrR(XS(K)(T ))p is nonzero, then

im(ck∞) ⊆ Fitt0R(H
1
F∨

rel,Σ
(k, T ∨(1))∨)p.

If the image of ck∞ in H1
Σ(Ok,S(K), T )p vanishes, then there is nothing to show and so we may

assume that this image is nonzero. In this case, then, Lemma 2.26 (ii) implies that

im(ck∞)p = Fitt0R
(
Ext1R

(⋂r

R
H1

Σ(Ok,S(K), T )/Rck∞ ,R
))

p

= Fitt0R
((⋂r

R
H1

Σ(Ok,S(K), T )/Rck∞
)
tor

)
p
,

where the second equality follows again from the fact that Rp is a discrete valuation ring (cf.
the argument of [86, Prop. 5.5.13] for details).
Finally, at this point it is convenient to assume k∞ = k◦∞ and to complete the proof of Theorem
8.18 in this case. (We recall that, as observed in Remark 8.45, the validity of Theorem 8.18 in
this special case implies its validity in general.)
Having made this reduction, the ring R = OJΓK is then isomorphic to the power series ring
OJXK in a single variable X. We write f for the irreducible Weierstraß polynomial in O[X] that
generates p when regarded as an element of R via this isomorphism. We also fix generators zSel
and zc of charR(H

1
F∨

rel,Σ
(k, T ∨(1))∨) and charR((

⋂r
RH

1
Σ(Ok,S(K), T )/(R·ck∞))tor), respectively.

At this stage our verification of the p-localisation of (8.44) has therefore been reduced to the
case k∞ = k◦∞ and to showing that

ordf (zc) ≥ ordf (zSel). (8.48)

8.4.5. Verifying the p-localisation of (8.44) if p /∈ p: the key inequality

Following the above reduction, we assume in the remainder of the argument that k∞ = k◦∞. In
this case, in order to verify the required inequality (8.48) we can further assume that f divides
zSel since otherwise the inequality is true trivially. By enlarging O if necessary (by passing to a

123



faithfully flat extension of O), we may moreover assume that f is a linear polynomial in O[X].
Recalling ϖ denotes a uniformiser of O, we define

fn := f +ϖn ∈ O[X] and Rn := R/fnR
for every n ∈ N. We then also obtain a Galois representation

Tn := T ⊗R Rn ∼= T (ψn).

Here, if γ is the topological generator of Gk∞ that induces the fixed isomorphism R ∼= OJXK
(via which we view fn as an element of R), then ψn denotes the character

Gk∞ → O×, γ 7→ 1− (f(0) +ϖn).

(8.49) Lemma. For all sufficiently large integers n, the following claims are valid.

(i) The map Twrk,ψn constructed in Proposition 8.20 (i) is injective and the order of its coker-
nel is bounded independently of n.

(ii) The component Twrk,ψn(ck∞) of Twrψn(c)k at k is nonzero and, in Rn, one has

im(Twrk,ψn(ck∞)) ⊆ Fitt0Rn
(H1

Frel,Σ
(k, T∨

n (1))
∨).

In particular, the group H1
Frel,Σ

(Ok,S(K), T
∨
n (1))

∨ is finite.

(iii) The kernel and cokernel of the natural map

sn : H
1
F∨

rel,Σ
(k, T ∨(1))∨ ⊗R Rn → H1

F∨
rel,Σ

(k, T∨
n (1))

∨

are finite and of order bounded independently of n.

(iv) The polynomial fn does not divide the characteristic polynomial of the R-torsion submod-
ule of H1

Frel,Σ
(k, T ∨(1))∨.

Proof. To prove (i), we take E = k in the spectral sequence (8.22) and observe that it degener-
ates on its second page (since the R-module Rn has projective dimension one) to yield a short
exact sequence

0→
(⋂r

R
H1

Σ(Ok,S(k), T )
)
⊗R Rn →

⋂r

Rn

H1(Ok,S(k), Tn)→ H1(Cr(T ))[fn]→ 0,

thereby proving the claimed injectivity of Twrk,ψn . Moreover, this exact sequence also proves

that the cokernel of Twrk,ψn is isomorphic to H1(Cr(T ))[fn]. In particular, if n is chosen large
enough such that the prime ideal Rfn is not contained in the support of the R-torsion sub-
module of H1(Cr(T )), then H1(Cr(T ))[fn] is finite of cardinality bounded by the order of the
maximal finite R-submodule of H1(Cr(T )). This proves (i).
Next we note that, since the element ck∞ is (by assumption) nonzero, and a nonzero element
of a unique factorisation domain can only have finitely many irreducible factors, neither of
the principal ideals that are given by im(ck∞)∗∗ and the characteristic ideal of the R-torsion
submodule of H1

F∨
rel,Σ

(k, T ∨(1))∨ can be contained in infinitely many of the ideals Rfn. In par-

ticular, for any large enough n, the polynomial fn does not divide the characteristic polynomial
of the R-torsion submodule of H1

F∨
rel,Σ

(k, T ∨(1))∨ and, in addition, the element Twrk,ψn(ck∞)

is non-zero. The first of these properties immediately implies the property in (iv), whilst the
second property implies that the image Twrψn(c) of c inside ESr(Tn,KΣ,p) is non-zero.
We next claim that the representation Tn satisfies Hypothesis 4.14 (where, in the notation of
Hypothesis 4.14, we are taking T = T = Tn) with the fields k(Tn,i) in (4.10) taken to be the min-
imal extensions of F such that Gk(Tn,i) acts trivially on both Ti := T/ϖiT and Tn,i := Tn/ϖ

iTn.
To see this, we observe that the explicit definition of ψn shows that ψn ≡ 1 (modϖ), and hence
that T and Tn coincide. Given this, and the fact that the field k(Tn)∞ that occurs in Hypo-
thesis 4.14 (iii) coincides with E1

T , one finds that the validity of Hypothesis 4.14 (i), (ii), (iii)
and (iv) follows from the assumed validity of Hypothesis 8.13 (i), (ii), (iii) and (iv) for the data
(T, k∞, F,1, r). Next we recall the Σ-modified relaxed Nekovář–Selmer structure Frel,Σ(Tn,i)
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satisfies Hypothesis 3.45 because S(F ) \ Π∞
k is nonempty (as it contains Πpk) and H0(k, T )

vanishes (as observed in Remark 4.15). This shows that Hypothesis 4.14 (v) is also satisfied for
Tn. Finally, since we are in the situation of Remark 8.26 (ii), we may use Lemma 8.25 (ii) to
calculate the core rank χ(Fi, j(i)) of the pair (Fi, j(i)) to be at least∑

v∈Π∞
k

dimκ(H
0(kv, T

∗
(1)))− dimκ(XF ,j(T ))−

∑
v∈Σ

(H0(kv, T
∗
(1)))

≥ r − dimκ(H
1(E1

T /k, T ))−
∑

v∈Σ
(H0(kv, T

∗
(1))).

Here the inequality follows from the observations that the r-dimensional κ-space Y ⊗R κ is
a quotient of YΠ∞

k
(T ), and that Lemma 6.1 implies XF ,j(T ) identifies with a submodule of

H1(E1
T /k, T ). Given this, the assumed validity of Hypothesis 8.13 (v) implies χ(Fi, j(i)) > 0,

and hence that Hypothesis 4.14 (vi) is valid. The validity of Hypothesis 4.14 (vii) being clear,
we have therefore verified all parts of Hypothesis 4.14.
Moreover, Proposition 8.20 (ii) (b) combines with Remark 4.21 to imply that we may apply
Theorem 4.20 to the system Twrψn(c) without having to assume Hypothesis 4.16 for Tn (since,
as already observed earlier, T satisfies Hypothesis 4.16). The conclusion of Theorem 4.20 then
implies the inclusion claimed in (ii) via Proposition A.12 (ii).
The key observation needed for the proof of (iii) is the existence of the natural exact commut-
ative diagram

XS(K)(T )[fn] H1
F∨

rel,Σ
(k, T ∨(1))∨ ⊗R Rn H2

Σ(Ok,S(K), T )⊗R Rn XS(K)(T )⊗R Rn

0 H1
F∨

rel,Σ
(k, T∨

n (1))
∨ H2

Σ(Ok,S(K), Tn) XS(K)(Tn).

≃

In particular, if n is large enough such that fn is not in the support of XS(K)(T ), then both
of the modules XS(K)(T )[fn] and XS(K)(T )⊗RRn ∼= XS(K)(T )/fnXS(K)(T ) are finite and of
order bounded (as n varies) by the cardinality of the maximal finite submodule of the finitely
generated R-module XS(K)(T ). Given this, (iii) follows by applying the Snake Lemma to the
above diagram. This completes the proof of all claims.

To prove the required inequality (8.48), it is convenient to first show that, if neither ck∞ nor the
ideal FittrR(XS(K)(T )) vanishes, then the quotient R-module

(⋂r
RH

1
Σ(Ok,S(K), T )

)
/(R · ck∞)

is torsion and hence that the element zc occurring in (8.48) is (by its very definition) such that

R · zc = charR
((⋂r

R
H1

Σ(Ok,S(K), T )
)
/(R · ck∞)

)
. (8.50)

To show this, we fix a natural number n large enough to ensure that all of the claims in
Lemma 8.49 are valid with respect to the polynomial fn. Then, by Lemma 8.49 (ii), the Fitting
ideal Fitt0Rn

(H1
F∨

rel,Σ
(k, T∨

n (1))
∨) contains a non-zero element and so the (finitely generated)

Rn-module H1
F∨

rel,Σ
(k, T∨

n (1))
∨) is finite. From the result of Lemma 8.49 (iii), it then follows

that H1
F∨

rel,Σ
(k, T ∨(1))∨ ⊗R Rn is finite and hence, as a consequence of the structure theorem

for finitely generated R-modules, that the R-module H1
F∨

rel,Σ
(k, T ∨(1))∨ is torsion.

Now the assumption FittrR(XS(K)(T )) is nonzero implies the Q(R)-module Q(R)⊗RXS(K)(T )
is free of rank r. After recalling the exact sequence (8.41), and noting that we have just shown its
first term to be a torsion R-module, we can therefore deduce that Q(R)⊗RH

1(CS(K),Σ(T )) is
also a free Q(R)-module of rank r. From the vanishing of the Euler characteristic of CS(K),Σ(T )
we can then finally deduce that Q(R)⊗R H1

Σ(Ok,S(K), T ) is a free Q(R)-module of rank r. In
addition, since we are assuming ck∞ is nonzero, it generates a free rank-one Q(R)-module and
so the above observation implies that the module

Q(R)⊗R
((⋂r

R
H1

Σ(Ok,S(K), T )
)
/(R·ck∞)

) ∼=∧r

Q(R)
(Q(R)⊗RH

1
Σ(Ok,S(K), T ))/(Q(R) ·ck∞)
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must vanish, thereby showing the R-module (
⋂r

RH
1
Σ(Ok,S(K), T ))/(R · ck∞) to be torsion, as

suffices to prove (8.50).
Turning now to the verification of (8.48), we continue to let n be a natural number for which
all the claims of Lemma 8.49 are valid with respect to the fixed choice of f . We then choose a
pseudo-isomorphism of R-modules of the form

H1
F∨

rel,Σ
(k, T ∨(1))∨ →

i=t⊕
i=1

R/(Rfmi)⊕
j=t′⊕
j=1

R/(Rgj) (8.51)

in which t and t′ are non-negative integers, each mi a natural number and each gj is a (pos-
sibly reducible) distinguished polynomial that is independent of n and also, since n validates
Lemma 8.49 (iv), coprime to fn. It is now convenient to recall the following general fact.

(8.52) Lemma. LetM be a finitely generated torsion R-module that is pseudo-isomorphic to

EM :=

j=t′⊕
j=1

R/(Rgmjj ),

where each gj is either ϖ or an irreducible distinguished polynomial and each mj a natural
number. Then, for any irreducible element f of R that does not divide charR(M), one has

ordp (|M/(fM)|)− ordp(|Mfin|) ≤ ordp (|EM/(fEM)|) ≤ ordp (|M/(fM)|) ,
whereMfin denotes the maximal finite R-submodule ofM.

Proof. This is well-known but, for lack of a better reference, we give an argument. The existence
of a map of R-modules fromM to EM (or in the reverse direction) that has finite kernel and
cokernel combines with a calculation of Herbrand quotients to show that

|EM[f ]|/|EM/(fEM)| = |M[f ]|/|M/(fM)|.
The claimed inequalities follow from this equality, the obvious inequality |M[f ]| ≤ |Mfin| and
the fact that EM[f ] vanishes as f is coprime to each gj .

We shall apply this result to the pseudo-isomorphism (8.51). To do this, we note that, for
each index j in (8.51) and every such n, the quotient module R/(Rgj +Rfn) is finite and we
claim that its cardinality is bounded independently of n. To show this, we note that, because
fn is an irreducible distinguished polynomial, the Weierstraß Preparation Theorem gives an
isomorphism R/(Rgj +Rfn) ∼= Rn/(Rngj(αn)) with αn := −(ϖn + f(0)) the root of fn. It is
then enough to note that the Rn-valuation of gj(αn) is bounded since, for all large enough n,
the strong triangle inequality implies that ordRn(gj(αn)) = ordR(gj(f(0))).
This observation implies the existence of constants κ1 and κ2 that are independent of n and
such that

ordp
(∣∣H1

F∨
rel,Σ

(k, T∨
n (1))

∨∣∣) = ordp
(∣∣H1

F∨
rel,Σ

(k, T ∨(1))∨ ⊗R Rn
∣∣)+ κ1 (8.53)

≥ ordp
(∏i=t

i=1
|R/(Rfmi +Rfn)|

)
+ κ2

=
∑i=t

i=1
ordp

(
|Rn/(Rnf(αn)mi)|

)
+ κ2

= n ·
∑i=t

i=1
mi + κ2

= n · ordf (zSel) + κ2,

where the first equality follows from Lemma 8.49 (iii), the inequality from the second inequality
of Lemma 8.52 and the final equality from (8.51) and the choice of element zSel.
In a very similar way, after fixing a pseudo-isomorphism of R-modules of the form

Qc :=
(⋂r

R
H1(Ok,S(K), T )

)
/(R · ck∞)→

i=t1⊕
i=1

R/(Rf li)⊕
j=t′1⊕
j=1

R/(Rhj), (8.54)
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in which t1 and t′1 are non-negative integers, each li a natural number, and each hj a (possibly
reducible) polynomial that is both independent of n and coprime to fn, one finds that there
exist constants κ3 and κ4 that are independent of n and such that

ordp

(∣∣(⋂r

Rn

H1(Ok,S(K), Tn)
)
/(Rn · Twrk,ψn(ck∞))

∣∣) (8.55)

= ordp
(∣∣Qc ⊗R Rn

∣∣)+ κ3

≤ ordp
(∑i=t1

i=1

∣∣R/(Rf li +Rfn)∣∣)+ κ4

= n ·
∑i=t1

i=1
li + κ4

= n · ordf (zc) + κ4.

Here the first equality follows from Lemma 8.49 (i), the inequality from the first inequality of
Lemma 8.52, and the final equality from the pseudo-isomorphism (8.54) and equality (8.50).
Next we note that Lemma 8.49 (ii) combines with Lemma 2.26 (ii) to imply an inclusion

Fitt0Rn

((⋂r

Rn

H1(Ok,S(K), Tn)
)
/(Rn · Twrk,ψn(ck∞))

)
⊆ Fitt0Rn

(H1
F∨

rel,Σ
(k, T∨

n (1))
∨).

SinceRn is a discrete valuation ring with finite residue field, this inclusion is therefore equivalent
to an inequality∣∣∣(⋂a

Rn

H1(Ok,S(K), T (ψn))
)
/
(
Rn · jk,n(ηk∞)

)∣∣∣ ≥ ∣∣∣H1
F∨

rel,Σ
(k, T (ψn)∨(1))∨

∣∣∣ .
Upon combining this inequality with those of (8.53) and (8.55), we finally derive an inequality

n · ordf (zc) + κ4 ≥ n · ordf (zSel) + κ2.

By taking n sufficiently large, this inequality implies the required inequality (8.48), and thereby
completes the proof of Theorem 8.18.

9. Elliptic curves

In this section we let E be an elliptic curve defined over Q and of conductor N := NE . We
then consider the integral and rational p-adic Tate modules of E defined as

TpE := lim←−n∈NE[pn] and VpE := Qp ⊗Zp TpE.

We fix a Zp-basis of TpE (the precise choice of which does not matter to subsequent arguments)
and thereby identify AutZp(TpE) with GL2(Zp). In this way, the natural action of GQ on TpE
gives rise to a homomorphism

ρE,p : GQ → GL2(Zp).

For any subfield K of Qc we write Ω(K) for the set of finite abelian extensions of Q in K. For
K in Ω(Qc), we set GK := Gal(K/Q) and ĜK := HomZ(GK ,Qc,×) and consider the motive

ME/K := h1(E/K)(1),

regarded (unless explicitly indicated otherwise) as defined over Q and with coefficients Q[GK ].

9.1. Kato’s Euler system of zeta elements

We review the Euler system constructed by Kato in [63]. To do this, we fix a minimal Weierstraß
model of E over Z and write ω ∈ H0

dR(E,Ω
1
E/Q) for the corresponding Néron differential. We

then write c∞ ∈ {1, 2} for the number of connected components of E(R), and define periods
of E by setting

Ω+ = Ωω,γ+ :=

∫
E(R)

| ω |= c∞ ·
∫
γ+
ω and Ω− = Ωω,γ− :=

∫
γ−
ω.

127



Here γ+ and γ− denote generators of the respective subgroupsH1(E(C),Z)+ andH1(E(C),Z)−

of H1(E(C),Z) upon which complex conjugation acts by +1 and −1 that are chosen in such a
way that the real numbers Ω+ and (−i)Ω− are positive.
We recall that, for each K ∈ Ω(Qc) and place v ∈ ΠpK , Kato [60, Ch. II, § 1.2.4] has defined a
canonical ‘dual exponential map’

exp∗Kv : H
1(Kv, VpE)→ Fil0DdR,Kv(VpE). (9.1)

We fix an embedding ι : Qc ↪→ C and, given K ∈ Ω(Qc), write wι := wι,K for the place of K
that corresponds to the restriction ιK of ι to K. We finally set

S0 := {p, wι,Q} and S1 := S ∪ {ℓ | N}
and then, for each K ∈ Ω(Qc), also

S0(K) := S0 ∪ Sram(K/Q) and S(K) := S1 ∪ Sram(K/Q).

(9.2) Theorem (Kato). There exists a collection of elements

zKato := (zKato
K )K ∈

∏
K∈Ω(Qc)

H1(OK,S(K), VpE)

with the following properties.

(i) For all K and L in Ω(Qc) with K ⊆ L, one has

CoresL/K(zKato
L ) =

(∏
ℓ∈S(L)\S(K)

Eulℓ(Frob
−1
ℓ )
)
· zKato
K ,

where CoresL/K denotes the corestriction map H1(L, VpE)→ H1(K,VpE).

(ii) For K ∈ Ω(Qc) set

yKato
K :=

(∏
ℓ∈S(K)\S0(K)

Eulℓ(Frob
−1
ℓ )
)−1

zKato
K .

Then, if both E[p] is irreducible as an Fp[GQ]-module and E(K)[p] vanishes, the element
c∞y

Kato
K , and hence also c∞z

Kato
K , belongs to H1(OK,S(K), TpE). In particular, one has

zKato ∈ ES1∅,S(TpE) and yKato := (yKato
K )K∈Ω(Qc) ∈ ES1∅,S1

(TpE).

(iii) For every K ∈ Ω(Qc), there is an identification of spaces⊕
v∈ΠpK

Fil0dR,Kv(VpE) ∼= Qp ⊗Q H0
dR(E,Ω

1
E/K) = (Qp ⊗Q K)⊗Q H0

dR(E,Ω
1
E/Q),

with respect to which one has(
exp∗Kv(z

Kato
K )

)
v∈ΠpK

=
(∑

χ∈ĜK

LS(K)(E,χ
−1, 1)

Ωsgn(χ)
eχ
)
⊗ ω.

Here the symbol sgn(χ) ∈ {−,+} is specified by the equality χ(τι) = sgn(χ)1, where τι
denotes the automorphism of Qc obtained by restricting complex conjugation through ι.

Proof. In brief, the elements zKato
K and yKato

K are defined by slightly modifying the corresponding
elements constructed by Kato in [63, (8.1.3)], with the integrality property in (ii) proved by
the argument of [63, § 12.6], and the ‘explicit reciprocity law’ in (iii) a consequence of [63, Th.
9.7 and 12.5].
If p is an odd prime of good reduction, then these arguments are worked out in detail by
Kataoka in [57, Th. 6.1]. In addition, upon replacing Kataoka’s application of [120, Prop. 8]
by the representation-theoretic observation made in [26, Rem. 6.9], the argument of loc. cit.
extends directly to include any prime p for which E[p] is irreducible as in [26, § 6.3].

(9.3) Remark. (a) Regarding Theorem 9.2 (ii), it can be shown that, if SL2(Zp) ⊆ im(ρE,p),
then E[p] is an irreducible Fp[GQ]-module and also E(K)[p] = (0) for every K ∈ Ω(Qc).

(b) An analogue of the integrality property in Theorem 9.2 (ii) also holds when E[p] is a
reducible Fp[GQ]-representation. However, such an extension of Theorem 9.2 requires a
detailed discussion of Kato’s argument in [63, § 12.6] and so, since it is outside the scope
of the Euler system theory that we develop here, this will be discussed elsewhere.
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9.2. Kato’s Iwasawa main conjecture

Given a finite abelian extension K of Q, we write K∞ :=
⋃
n∈NKn for its cyclotomic Zp-

extension. We let ΛK := ZpJGal(K∞/Q)K denote the associated Iwasawa algebra, and QK its
total ring of fractions.
Define the representation T := (TpE)⊗ZpΛK and note that H1(OQ,S(K), T ) equals the Iwasawa
cohomology group H1

Iw(OK,S(K), TpE) := lim←−nH
1(OKn,S(K), TpE) (with the limit taken with

respect to corestriction maps). The family

zKato
K∞ := (zKato

Kn )n∈N

therefore defines an element of H1
Iw(OK,S(K), TpE).

We write τ for the unique element of GQ with the property that ι ◦ τ is complex conjugation,
and τK for its projection to GK . For n ∈ N, we may then define a Z[1/2][GKn ]-basis element

γKn :=
(
(1 + τKn)⊗ γ+ + (1− τKn)⊗ γ−)/2

of the (free) module

H1((E × SpecKn)(C),Z[1/2])
+ ∼=

(
Z[GKn ]⊗Z H1(E

ι(C),Z[1/2])
)+
.

For each odd prime p, we use the canonical comparison isomorphism

Zp ⊗Z H1((E × SpecKn)(C),Z)
+ ∼= YKn(TpE)

to regard γKn as a basis of YKn(TpE). By taking the limit over n, we thereby obtain a ΛK-basis
γK∞ = (γKn)n of YΠ∞

k
(T ). By using this basis, the construction (8.17) gives a map

ΘK∞,S(K) := ΘS(K),γK∞
: DetΛK (CS(K)(T ))→ QK ⊗ΛK H

1
Iw(OK,S(K), TpE).

Then, under mild technical hypotheses, the following result verifies one inclusion of the natural
Iwasawa-theoretic version of Kato’s Conjecture.

(9.4) Theorem. If p > 3, then zKato
K∞

∈ im(ΘK∞,S(K)) if the following conditions are satisfied:

(i) SL2(Zp) ⊆ im(ρE,p);

(ii) E has potentially good reduction at p, or K(
√
−2(A/B))× contains no element of order

p for A ∈ Q× and B ∈ Q× such that y2 = x3 +Ax+B is a Weierstraß equation for E.

(9.5) Remark. The condition of Theorem 9.4 (i) is satisfied if ρE,p is surjective, as proved by
Serre [104] for all but finitely many p if E does not have CM. In addition, writing jE for the
j-invariant of E, Zywina [121, Conj. 1.1] has conjectured ρE,p is surjective for all (p, jE) outside

Sexc := ({2, 3, 5, 11, 13} ×Q)∪
{
(17,−172 · 1013/2), (17,−17 · 3733/217),

(37,−7 · 113), (37,−7 · 1373 · 20833)
}
.

The non-surjectivity of ρE,p also implies the following further restrictions on p.

◦ If E is semi-stable, then p < 11 by Mazur [78, Th. 4].

◦ For general E, one has p ≤ max{37, NE} by [121, Th. 1.10 and Prop. 1.8]. Further, if
ℓe11 · . . . · ℓess is the factorisation of the denominator of jE into distinct prime numbers with
ei > 0 and p ̸∈ Sexc, then each ℓi is congruent to ±1 (mod p) and each ei is divisible by
p (cf. [121, Th. 1.10 and Th. 1.5]).

(9.6) Remark. Regarding the condition of Theorem 9.4 (ii), we note that a Weierstraß equa-
tion for E of the stated form exists if jE ̸∈ {0, 1728}, and that the associated fieldQ(

√
−2(A/B))

then depends only on E (cf. [108, Ch. V, Lem. 5.2 (a)]). Moreover, if E/K has split-multiplicative
reduction at every place in ΠpK , then all such places split completely in K(

√
−2(A/B)) and so

one has K(
√
−2(A/B))×[p] = (0) if K×[p] = (0).
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Theorem 9.4 will be proved in § 9.3. First, however, we shall record a consequence towards
Kato’s Conjecture itself. For this, for every integer r we define an idempotent

er,K :=
∑

χ
eχ ∈ Q[GK ],

where in the sum χ runs over all characters in ĜK with ords=1 L(E,χ, s) ≤ r (and eχ is the as-
sociated primitive orthogonal idempotent of Qc[GK ]). The conjecture TNC(ME/K , er,KZp[GK ])
can then naturally be interpreted as the ‘analytic-rank-at-most-r component’ of the conjecture
TNC(ME/K ,Zp[GK ]). We note, in particular, that if L(E/K, 1) ̸= 0, then e0,K = 1 and so
TNC(ME/K , e0,KZp[GK ]) coincides with TNC(ME/K ,Zp[GK ]).
To give an explicit interpretation of these conjectures in terms of Kato’s Euler system, we will
use the map

ΘK,S(K) := ΘK,S(K),γK : DetZp[GK ](CS(K)(TK/Q))→ H1(OK,S(K), VpE)

defined in (8.5) for the induced representation TK/Q := TpE ⊗Zp Zp[GK ]. We then also recall
that the following equivalences are established in [26, § 6.2]:
◦ TNC(ME/K , e0,KZp[GK ]) is valid if and only if e0,KZp[G] · zKato

K = e0,K · im(ΘK,S(K));

◦ assuming the validity of a natural generalisation of Perrin-Riou’s conjecture concerning
the logarithm of zKato

K , TNC(ME/K , e1,KZp[GK ]) is valid if and only if Zp[G] · zKato
K =

im(ΘK,S(K)).

In particular, since the next result verifies one inclusion in these explicit conjectural equalities,
it provides concrete evidence in support of TNC(ME/K ,Zp[GK ]).
In the sequel we shall, for brevity, refer to the Birch–Swinnerton-Dyer Conjecture as the ‘BSD
Conjecture’.

(9.7)Corollary. If p satisfies the conditions of Theorem 9.4, then there is an inclusion

Zp[GK ] · zKato
K ⊆ im(ΘK,S(K)).

Furthermore, this inclusion is an equality if the p-part of the BSD Conjecture for E is valid
over every intermediate field F of K/Q for which [F : Q] is prime-to-p.

Proof. At the outset we note that Kn contains a p-th root of unity if and only if K does. Given
this, the displayed inclusion follows directly from Theorem 9.4 and the fact that ΘK∞,S(K),ΓK

and zKato
K∞

are the limits (over n) of ΘKn,S(K),γKn
and zKato

Kn
, respectively.

To prove the second assertion, we recall that e0,Kn :=
∑

χeχ, where the sum runs over all

characters χ : Gn → C× with L(E,χ, 1) ̸= 0. Then, via the argument of [10, Prop. 3.6] (with
the assumed validity of the BSD Conjecture in the stated cases playing the role of the analytic
class number formula in loc. cit.), Nakayama’s Lemma can be used to deduce an equality
e0,KnZp[Gn] · zKato

Kn
= e0,Kn im(ΘKn,S(K),γKn

).

We now set Gn := GKn and assume that a0 := ΘK,S,γK (α0) does not belong to Zp[G] · zKato
K .

Then, by lifting α0 to an element α = (αn)n∈N of DetΛK (C
•
S(K)(T )), we may regard a0 as the

bottom class of the family a := (an)n∈N = (ΘKn,S(K),γKn
(αn))n∈N. Moreover, the discussion

above shows that, for each n ∈ N, the idempotent e0,Kn annihilates the image [an] of an in the
quotient module

Zn := (im(ΘKn,S(K),γKn
))/(Zp[Gn] · zKato

Kn ).

Since a is by definition an element of lim←−n∈N im(ΘKn,S(K),γKn
), it follows that ([an])n∈N is an

element of lim←−n∈N Zn. Now, by Rohrlich [94, Th. 1], the value L(E,χ, 1) can vanish for only fi-

nitely many characters χ that are unramified outside S(K). In particular, there exists a subfield
F of K∞ that has finite degree over Q and is such that every character χ : Gal(K∞/Q)→ C×

with eχe0,Kn = 0 factors through GF . For every element σ of Gal(K∞/F ), one therefore has

(σ − 1) · [an] = (σ − 1)(1− e0,Kn) · [an] = 0 · [an],
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and so [an] is fixed by σ. It follows that ([an])n∈N belongs to (lim←−n∈NZn)
Gal(K∞/F ) and so in

order to deduce the triviality of [a0] it is enough for us to prove that the limit

lim←−n∈NZn = im(ΘK∞,S(K))/(ΛK · zKato
K∞ )

has no non-trivial Gal(K∞/F )-invariant elements. In addition, since Gal(K∞/F ) is an open
subgroup of Gal(K∞/Q), this will follow (see, for example, [86, Prop. 5.3.19 (i)]) if the ΛK-
modules im(ΘK∞,S(K)) and ΛK · zKato

K∞
are both free. To justify this, we note that ΛK · zKato

Kn
and im(ΘKn,S(K),γKn

) are cyclic ΛK-modules and claim that their respective annihilators are
contained in Zp[Gn][e0,Kn ]. Indeed, in the first case the latter assertion follows directly from
Kato’s explicit reciprocity law in Theorem 9.2 (iii) and in the second case from the definition
of ΘKn,S(K),γKn

and the fact that eKn · e0,Kn = e0,Kn (cf. [26, Lem. 6.1 (iii)]). It therefore
suffices for us to prove that the limit lim←−n∈NZp[Gn][e0,Kn ] vanishes. Now, just as above, [94,

Th. 1] implies that each element of lim←−n∈NZp[Gn][e0,Kn ] is fixed by every element of the open

subgroup Gal(K∞/F ) of GK∞ . Hence, since lim←−n∈NZp[Gn][e0,Kn ] is a submodule of ΛK , it must
vanish, as required to complete the proof.

(9.8) Remark. Due to important work of many authors, there is by now an impressive range
of results regarding the validity of the BSD Conjecture. We restrict ourselves here to recalling
the following recent result of Burungale–Castella–Skinner [29, Cor. 1.3.1]: the p-part of the
BSD Conjecture for E/Q is valid if p > 3 is a prime number at which E has good ordinary
reduction (so p ∤ ap) for which SL2(Zp) ⊆ im(ρE,p) and, in addition, one has ords=1 L(E, s) ≤ 1.

Finally, we note that Corollary 9.7 also has the following concrete consequence concerning the
BSD Conjecture in analytic rank zero.

(9.9)Corollary. If p satisfies the conditions of Theorem 9.4, then one divisibility in the ‘p-
part’ of the BSD Conjecture for E/K is valid. That is, the group XE/K [p∞] is finite and

ordp

( L(E/K, 1)

|dK |−1/2 · ΩK

)
≥ ordp

(
|XE/K [p∞]| · TamE/K

)
.

Here dK is the discriminant of K, ΩK is the product (Ω+)r1+r2(Ω−)r2 with r1 and r2 the number
of real and complex places of K, and

TamE/K :=
∏

v∈ΠK\Π∞
K

(|ω/ωv|v · (E(Kv) : E0(Kv)))

is the product of Tamagawa numbers of E over K (with ωv a Néron differential at v). Fur-
thermore, the above inequality is an equality if the p-part of the BSD Conjecture for E is valid
over every intermediate field F of K/Q for which [F : Q] is prime-to-p.

Proof. The strategy that we use in this argument is well-known and can be summarised as
follows: The non-vanishing of L(E/K, 1) implies e0,K = 1 and so Corollary 9.7 verifies one
inclusion of TNC(ME/K ,Zp[G]). By Remark 8.8, one also knows that TNC(ME/K ,Zp[G])
implies TNC(ME/K ,Zp), where in the latter case ME/K is regarded as defined over K and
with coefficients Q. Finally, one uses the fact that TNC(ME/K ,Zp) is equivalent to the p-part
of the BSD Conjecture (as shown in each of [65, 114, 30]).
In more detail, Corollary 9.7 implies that there is a unique element a of DetZp[GK ](CS(K)(TK/Q))

with ΘK,S(K)(a) = zKato
K and, moreover, that a is a Zp[GK ]-basis of DetZp[GK ](CS(K)(TK/Q))

if the BSD Conjecture for E holds for all subfields F of K with p ∤ [F : Q]. In addition, the
assumption L(E/K, 1) ̸= 0 also implies that H2(OK,S(K), VpE) vanishes and hence there exists
a composite isomorphism of Qp[GK ]-modules

jp : Qp ⊗Zp DetZp[GK ](CS(K)(TK/Q)) H1(OK,S(K), VpE)
⊕

v∈ΠpK
H1(Kv, VpE)

Qp ⊗Q H0(E,Ω1
E/K) Qp ⊗Q K.

≃
ΘK,S(K)

≃

≃
(exp∗Kv )v ωE 7→1
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From Kato’s explicit reciprocity law in Theorem 9.2 (iii) it then follows that we have

jp(a) =
∑

χ∈Ĝ

LS(K)(E,χ
−1, 1)

Ωϵ(χ)
eχ.

Now, if one regards TK/Q as a representation with coefficients Zp rather than Zp[GK ], then the
same construction as above also gives a canonical isomorphism of Qp-vector spaces

j̃p : Qp ⊗Zp DetZp(CS(K)(TK/Q))
≃−→ Qp.

In addition, there exists a canonical ’forgetful functor’ homomorphism of Zp-modules

κ : DetZp[GK ](CS(K)(TK/Q))→ DetZp(CS(K)(TK/Q))

(cf. [10, Lem. 3.7 (b)]), and the general result of [6, Ch. III, § 9.6, Prop. 3] (and [10, Lem.
3.7 (b)]) implies that

j̃p(κ(a)) = N(Qp⊗QK)/Qp(jp(a)) =
∏
χ∈ĜK

LS(K)(E,χ
−1, 1)

Ωϵ(χ)
=
LS(K)(E/K, 1)

ΩK
.

The claimed result then follows upon combining this last equality with the fact that

j̃p(DetZp(CS(K)(TK/Q)) = |dK |−1/2 · |X[p∞]| · TamE/K ·
(∏

v∈S(K)\Π∞
k

Eulv(1)
)
·Zp,

as shown in [30, Prop. 2.1].

9.3. The proof of Theorem 9.4

We begin by establishing a useful technical result.

(9.10) Lemma. The following claims are valid.

(i) The Zp-module
⊕

v∈ΠpK∞
(E(K∞,v)tor ⊗Z Zp)∨ is finitely generated. If E has potentially

good reduction at p, then it is moreover finite.

(ii) If
⊕

v∈ΠpK∞
(E(K∞,v)tor ⊗Z Zp)∨ is infinite, then each summand (E(K∞,v)tor ⊗Z Zp)∨

has Zp-rank one and the induced character

ψ : GQp → Aut((E(K∞,v)tor ⊗Z Zp)∨tf) ∼= Z×
p

is equal to ω · χ−1
cyc for a character ω : GQp → Z×

p that factors through Gal(Qp(
√
γ)/Qp)

with γ ∈ Q×
p specified as follows: if E is defined by a Weierstraß equation y2 = x3+Ax+B

with A,B ∈ Q \ {0}, then γ := −2(A/B). In particular, the character ω is unramified if
E has multiplicative reduction at p.

Proof. To justify the first assertion of (i), we note the obvious injective homomorphism

E(K∞,v)tor ⊗Z Zp ↪→ E(Qc
p)tor ⊗Z Zp ∼= (TpE)∨(1)

induces a surjective map⊕
v∈ΠpK∞

TpE(−1) ↠
⊕

v∈ΠpK∞

(E(K∞,v)tor ⊗Z Zp)∨. (9.11)

This shows that the right hand module in (9.11) is a finitely generated Zp-module (because p
is finitely decomposed in K∞). The second assertion of (i) is then a classical result of Imai [53]
(cf. also Remark 8.30).
To prove (ii), we may assume that E does not have potentially good reduction at p. In this
case E has split-multiplicative reduction over Qp(

√
γ) (see [108, Ch. V, Th. 5.3]). Moreover,

Qp(
√
γ)/Qp is an unramified extension if E has multiplicative reduction at p (cf. [108, Ch. V,

Ex. 5.11]). Fix a p-adic place v of K∞ and set F∞ := Qp(µp,
√
γ)K∞,v, the (local) cyclotomic

Zp-extension of the composite F of Qp(µp,
√
γ) with the completion Kv of K at the restriction

of v to K. Then E(F∞) contains E(K∞,v) and so (E(K∞,v)tor ⊗Z Zp)∨ is a quotient of
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(E(F∞)tor ⊗Z Zp)∨.
For each intermediate field M of Qcp/Qp, we set GM := Gal(Qc

p/M). We then recall that Tate’s
uniformisation theorem [108, Ch. V, Cor. 5.4] gives a GL-equivariant isomorphism E(Qc

p)
∼=

Q
c,×
p /qZE with qE ∈ OL\O×

L denoting the Tate period of E. Hence, upon taking GF∞-invariants,
we obtain an isomorphism

E(F∞)tor ⊗Z Zp ∼= {ζu+ qZE | ζ ∈ µp∞ , up
s
= qE for some s ∈ N}GF∞ .

Suppose ζu represents a GF∞-invariant class in the right hand set. Since F∞ contains µp∞ ,
it then follows that (σ − 1)u = (σ − 1)(ζu) belongs to qZE . On the other hand, we know that
(σ − 1)u ∈ µp∞ because u is a root of Xps − qE for some s ∈ N, and so (σ − 1)u = 1 as
qZE ∩ µp∞ = {1}. This shows that u belongs to F∞.
We next prove that there is a natural number a such that qE is not a ps-th power in F×

∞ for
any s > a. In combination with the discussion above, this then shows that the cokernel of
the map (Qp/Zp)(1) ↪→ E(F∞)tor ⊗Z Zp is finite, from which it follows by taking duals that
the torsion-free quotient of (E(F∞)tor ⊗Z Zp)∨ is isomorphic to Zp(−1). This isomorphism is
GL-equivariant and so ψ · χcyc must factor through the group Gal(Qp(

√
γ)/Qp). From this we

deduce that ψ is of the claimed form ω · χ−1
cyc.

Finally, to prove the existence of a suitable natural number a, we suppose that qE = up
s
for

some s ∈ N and u ∈ F∞. Then u is a root of Xps−qE and so [F (u) : F ] ≤ ps. We may therefore
assume that u belongs to F (µps). In particular, qE belongs to the kernel of the restriction map

F×/(F×)p
s
= H1(GF , µps)→ H1(GF (µps ), µps) = F (µps)

×/(F (µps)
×)p

s
.

By the inflation-restriction sequence, the kernel of this map identifies with the cohomology
groupH1(Gal(F (µps)/F ), µps) and hence vanishes as p is odd (see, for example, [86, Prop. 9.1.4]).
This shows that qE is a ps-th power in F , and therefore that s is bounded, as required to com-
plete the proof of (ii).

Turning now to the proof of Theorem 9.4, we first verify that Hypothesis 8.13 is satisfied in
the case that k = Q, T = Tp(E), k∞ is the cyclotomic Zp-extension of Q, F is the maximal
p-extension of Q inside K, χ is any homomorphism GQ → C× of order prime to p and r = 1.
At the outset, we note that parts (ii∗) and (iv) of Hypotheses 8.13 are vacuously satisfied in
this case since we are assuming that p > 3. To proceed, we note that the existence of the
Weil pairing implies that the full preimage of SL2(Zp) under ρE,p is equal to GQ(µp∞ ). Since
we are assuming that SL2(Zp) ⊆ im(ρE,p), it follows that ρE,p(GQ(µp∞ )) = SL2(Zp). Now,
SL2(Zp) is a perfect group (because p > 3) and so also ρE,p(GK(µp∞ )) = SL2(Zp). Since the

natural action of SL2(Fp) on F
⊕2
p is irreducible, this implies that T is an irreducible κ[GK(µp∞ )]-

representation, and hence also that T (χ) is an irreducible κ[GQ]-representation. This verifies
Hypothesis 8.13 (i). In addition, as E is a subfield of K(µp∞), Hypothesis 8.13 (ii) is satisfied
with the element τ of GK(µp∞ ) taken to be any preimage under ρE,p of ( 1 1

0 1 ) ∈ SL2(Zp). To
verify Hypothesis 8.13 (iii), we use the inflation-restriction sequence

H1(K(µp∞)/Q, H0(K(µp∞), T (χ−1)))→ H1(EχT /Q, T (χ
−1))→ H1(EχT /K(µp∞), T (χ−1)).

In particular, since the group H0(K(µp∞), T (χ−1)) = H0(SL2(Fp),F
⊕2
p ) vanishes, the sequence

implies H1(EχT /Q, T (χ
−1)) vanishes if the group H1(EχT /K(µp∞), T (χ−1)) = H1(SL2(Fp),F

⊕2
p )

vanishes. Since SL2(Fp) is a normal subgroup of GL2(Fp) of prime-to-p index, it is therefore
enough for us to prove that H1(GL2(Fp),F

⊕2
p ) vanishes. To do this, we consider the central

subgroup U := {( a 0
0 a ) | a ∈ F×

p } of GL2(Fp). We then note that H0(U,F⊕2
p ) vanishes since

p > 2 and that H1(U,F⊕2
p ) vanishes since the order of U is prime-to-p. From the inflation-

restriction sequence associated to the data (U ⊂ GL2(Fp),F
⊕2
p ), we can therefore deduce that

H1(GL2(Fp),F
⊕2
p ) vanishes, as required to conclude the verification of Hypothesis 8.13 (iii).

Finally we note that, since H0(Q, T (χ)) vanishes and we are taking Σ to be the empty set,
Hypothesis 8.13 (v) is satisfied because r = 1 and, after replacing T (χ−1) by T (χ), the same
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argument as above shows that H1(EχT /Q, T (χ)) vanishes.
Having verified all of the necessary hypotheses, we may therefore apply Theorem 8.18 (i) to the
Euler system yKato from Theorem 9.2. Since

zKato
K∞ = (

∏
ℓ∈S(K)\S0(K)

Eulℓ(Frob
−1
ℓ ))yKato

K∞ ,

we thereby deduce that

Fitt0ΛK (
⊕

v∈ΠpK∞

(E(K∞,v)tor ⊗Z Zp)∨))∗∗ · zKato
K∞

= Fitt0ΛK (
⊕

v∈ΠpK∞

(E(K∞,v)tor ⊗Z Zp)∨))∗∗ ·
(∏

ℓ∈S(K)\S0(K)
Eulℓ(Frob

−1
ℓ ))

)
· yK∞

∈ ΘK∞,S(K)(CS(K)(T )).
To analyse the Fitting ideal that occurs here we recall from Lemma 9.10 that (E(K∞,v)tor ⊗Z
Zp)

∨ is finite if E has potentially good reduction at p, and we now further claim that this
group is finite if µK [p] = (0). To show this, we assume that (E(K∞,v)tor ⊗Z Zp)∨, and hence
also (E(Kv(µp∞))tor ⊗Z Zp)∨, is infinite. From Lemma 9.10 we then know that as a GQp-
module the divisible subgroup of E(Kv(µp∞))tor⊗ZZp is isomorphic to (Qp/Zp)(1)(ω

−1) with
a character ω : GQp → Z×

p that factors through Gal(Qp(
√
γ)/Qp). By assumption, K(

√
γ) does

not contain a primitive p-th root of unity in this case, and so the same is true for Kn,v(
√
γ)

for every n. It follows that Gal(Kv(µp∞ ,
√
γ)/Kv,∞(

√
γ)) is a non-trivial cyclic group with

generator σ. In particular, we have (ω · χ−1
cyc)(σ) ̸= 1. From this we deduce that the maximal

subgroup of (Qp/Zp)(1)(ω
−1) fixed by σ is finite, and hence that also E(K∞,v)tor ⊗Z Zp ⊆

(E(Kv(µp∞ ,
√
γ))tor ⊗Z Zp)σ=1 must be finite, as claimed.

In this case, therefore, the ideal Fitt0ΛK (
⊕

v∈ΠpK∞
(E(K∞,v)tor ⊗Z Zp)∨))∗∗, which is uniquely

determined by its localisations at height-one primes by Lemma 2.4 (ii), is equal to ΛK . Given
this fact, the last displayed inclusion directly implies the containment of Theorem 9.4.

10. Tate motives

For a number field F and integer a we now consider the motive

QF (a) := h0(SpecF )(a).

In particular, for a finite abelian extension of number fieldsK/k, the primary aim of this section
will be to derive consequences of Theorem 8.18 that relate to QK(a), regarded as defined over
k and with coefficients Q[GK ].

10.1. Main conjectures of higher-rank Iwasawa theory

With K/k as above, we write V (K) ⊆ Π∞
k for the subset of Π∞

K comprising places that split
in K. We then fix a subset V of Π∞

k , set

r := |V |
and write ΩV for the collection of finite abelian extensions of k for which V (K) = V .
We fix a labelling Π∞

k := {v1, . . . , vn} and, for every i ∈ {1, . . . , n}, an extension wkc,i of vi to
kc and write wK,i for the restriction of wkc,i to K. Then b• = bK,• := (wK,i : vi ∈ V (K)) is an
ordered basis of the free Zp[GK ]-module YV (K)(Zp(1)K/k).
For any finite subset S of Πk that contains Π∞

k ∪Π
p
k and finite subset Σ of Πk \S(K), one can

use the values at 0 of the r-th derivatives of Dirichlet L-series over k to define a ‘Rubin–Stark
element’ (depending on the basis b•)

εVK/k,S(K),Σ ∈ C⊗Z
∧r

Z[GK ]
O×
K,S(K)
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(for details see [22, § 5.1]). After fixing an isomorphism C ∼= Cp, we can regard εVK/k,S(K),Σ

as an element of Cp ⊗Zp
∧r
Zp[GK ]H

1(OK,S(K),Zp(1)). Then the ‘p-component’ of the Rubin–

Stark Conjecture predicts that if H1
Σ(OK,S(K),Zp(1)) is Zp-torsion free (or, as is equivalent by

Lemma 8.24, the group H0
Σ(OK,S(K), (Qp/Zp)(1)) vanishes), then one has

εVK/k,S(K),Σ ∈
⋂r

Zp[GK ]
H1

Σ(OK,S(K),Zp(1))

(cf. also Remark 8.7). Assuming this conjecture to be valid, [95, Prop. 6.1] then implies that
one obtains a well-defined Euler system by setting

εk := (εVK/k,S(K),Σ)K∈ΩV ∈ ESrΣ,S(Zp(1)).

We now fix a Zp-extension k∞ of k in which no finite place splits completely, and set K∞ :=
K · k∞. Fix a splitting GK∞

∼= ∆K × ΓK with ΓK ∼= Znp for some n > 0 and ∆K a finite abelian
group, and a direct product decomposition ∆K = ∇K ×□K as in (8.12). Setting

L := K⟨ΓK ,□K⟩
∞ and F := K⟨ΓK ,∇K⟩,

we then also have a decomposition KΓK∞ = L · F . Fix a character χ : ∇K → Qp
×
and choose an

unramified extension O of Zp that contains the values of χ. We consider the representations

Tχ := O(1)(χ) and Tχ := ΛF (1)(χ).

Writing ΛK := OJGK∞K, we then have the ‘projection map’

ΘS(K),b• : DetΛK (C
•
k,Σ(Tχ))→

⋂r

ΛK
H1

Σ(Ok,S(K), Tχ) (10.1)

from (8.17). Since εk belongs to ESrΣ,S(Zp(1)), we obtain an element

εχK∞,Σ := (eχε
V
E/k,S(K),Σ)E⊆K∞ ∈ lim←−E⊆K∞

⋂r

O[GE ]
H1

Σ(OK,S(K), Tχ)

∼=
⋂r

ΛF
H1

Σ(OK,S(K), Tχ).

We can now state the equivariant Iwasawa Main Conjecture for Tχ.

(10.2)Conjecture. There is a ΛF -basis zχF∞,S(K),Σ of DetΛF (CS(K),Σ(Tχ)) such that

εχK∞,Σ = ΘS(K),b•(z
χ
K∞,S(K),Σ).

(10.3) Remark. It is easily seen that the validity of Conjecture 10.2 for every character χ in
∆̂ is equivalent to the validity of the ‘rank-r component’ of the conjecture [23, Conj. 3.1] of
Kurihara et al.

For every finite subextension E of K∞/k, we write AE,S(K),Σ := ClE,S(K),Σ⊗ZZp for the
‘p-part’ of the S(K)E-ray class group modulo ΣE of E, and then set

AK∞,S(K),Σ := lim←−
E

AK,S(K),Σ,

where the limit is taken with respect to norm maps.
To state our main result concerning Conjecture 10.2, we write ωp : Gk → µp−1 ⊆ Z×

p for the
p-adic Teichmüller character of k. We remark that in certain situations one can even deduce
the validity of the relevant case of Kato’s Conjecture (Conjecture 8.1) from this result, and we
will discuss two such examples in § 10.2 and § 10.3.

(10.4) Theorem. Assume that p > 3, that H1
Σ(OK,S(K),Zp(1)) is Zp-torsion free, that the

p-component of the rank-r Rubin–Stark Conjecture holds for all finite abelian extensions of k,
and that χ ̸∈ {1, ωp}. Then one has

Fitt0ΛF

(
Ext1ΛF

((⋂r

ΛF
H1

Σ(OK,S(K), Tχ)
)
/(ΛF ε

χ
K∞,Σ),ΛF

))
⊆ Fitt0ΛF

(
AχK∞,S(K),Σ

)∗∗
and

Fitt0ΛF (YΠpk
(Tχ))∗∗ · εχK∞,Σ ⊆ ΘK∞/k,S(K),b•(DetΛF (CS(K),Σ(Tχ))).
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Proof. We first verify that Hypotheses 8.13 is valid for the data (T, k∞, F, χ, r). To do this,
we note that the conditions of Hypothesis 8.13 (i) and (ii) are clearly satisfied because Tχ is
one-dimensional (in particular, in (ii) we may take the element τ to be trivial). Furthermore,
it is proved in [26, Lem. 5.4] that the condition χ ̸∈ {1, ωp} implies the vanishing of both of the
groups H1(EχT /k, Tχ

∗
(1)) and H1(EχT /k, Tχ). This shows that condition (iii) in Hypothesis 8.13

is valid, and that condition (v) is always valid if |Σ| ≤ 1. Since Conjecture 10.2 is independent
of Σ (cf. the argument of [22, Prop. 3.4]) and H1

Σ(OK,S(K),Zp(1)) is automatically Zp-torsion
free if Σ ̸= ∅, we may assume that |Σ| ≤ 1 in which case the inequality of Hypothesis 8.13 (v)
is clearly valid. Finally, the conditions of Hypothesis 8.13 (ii∗) and (iv) are satisfied trivially
since p > 3.
Having thus verified Hypotheses 8.13, we now take S to be S0 so that Sram(Zp(1)) \ S0 is
empty and so condition (a) of Theorem 8.18 is satisfied vacuously. We then finally note that
the validity of condition (b) of Theorem 8.18 follows from the assumption that the module
H1

Σ(OK,S(K),Zp(1)) is Zp-torsion free. The result of Theorem 8.18 can therefore be applied in
this setting.
We now note that the idempotent ϵK from § 8.2 (when taking Y = YV (K)(Tχ)) is equal to

ϵK,V :=
∏

v∈S∞\V

(1− eGK,v) ·
∏
v∈V

eGK,v ,

and hence acts trivially on εK∞,Σ. In light of this observation, we then deduce from The-
orem 8.18 (iii) with T := Zp(1) an inclusion

Fitt0ΛF

(
Ext1ΛF

((⋂r

ΛF
H1

Σ(OK,S(K), Tχ)
)
/(ΛF ε

χ
K∞,Σ),ΛF

))
=
{
f(εχK∞,Σ) | f ∈

∧r

ΛF
H1(OK,S(K), Tχ)∗

}
⊆ Fitt0ΛF

(
H1

F∨
rel,Σ

(k, T ∨
χ (1))∨

)∗∗
= Fitt0ΛF

(
AχK∞,S(K),Σ

)∗∗
.

(Here the first equality is by [10, Lem. A.10] and the final equality by [96, Prop. 1.6.2].) This
proves the first claim in 10.4, and the second claim follows from Theorem 8.18 (i) upon noting
that FittrΛK (YΠpk∪Π

∞
k
(Tχ)) = ϵK,V Fitt0ΛK (YΠpk

(Tχ)) and ϵK,V acts as the identity on εK∞,V .

10.2. Consequences over imaginary quadratic fields

Throughout this subsection, we assume that k is imaginary quadratic and p is odd. We shall
first show that if p > 3, then Theorem 10.4 implies the validity of Kato’s Conjecture for
(QK(0),Zp[GK ]) for every finite abelian extensions K of k. We shall then explain how this
result can be combined with the general approach of § 8.3.1 to derive the validity of Kato’s
Conjecture in other cases. In this way, we realise the strategy discussed by Kato [61, Ch. I,
§ 3.3] (where the case of motives of the form Q(0)F is referred to as ‘the universal case’) and
in a more general context by Huber and Kings [52]. We recall that this sort of approach has
already been used extensively in the literature (for more detailed discussion see, for example,
[11] and the references therein).

10.2.1. Kato’s Conjecture for Tate motives

The following consequence of Theorem 10.4 extends the main result of Bley [4].

(10.5) Theorem. If p > 3, then the conjecture TNC(QK(0),Zp[GK ]) is valid for every finite
abelian extension K of k.

Proof. The conjecture TNC(QK(0),Zp[GK ]) decomposes into the collection of correspond-
ing conjectures for (h0(Spec(LχF )),O(χ)[P ]) with χ ranging over the characters of ∆. If
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χ ∈ {1, ωp}, then the validity of the latter conjecture was proven by Hofer and the first author
in [13, Th. B]. (Note that the vanishing of the classical µ-invariant for F , which the result of
[13, Th. B] is conditional on, is known as a consequence of the Ferrero–Washington theorem
and the fact that [F : k] is a power of p, cf. [13, Prop. 6.7 (b)].) In the following we may
therefore assume that χ ̸∈ {1, ωp}. We similarly may assume that p does not split in k since
otherwise the result of [13, Th. B] applies again.
In the remaining case, then, the second claim of Theorem 10.4 (b) can be improved to give the
full Conjecture 10.2. To explain this, we first recall that the rank-one Rubin–Stark conjecture
holds for all finite abelian extensions of k since the relevant Rubin–Stark elements admit a
description in terms of elliptic units (cf. [109, Ch. IV, Prop. 3.9]).
Further, taking k∞ to be the full Z2

p-extension of k, the module YK∞,Πpk
becomes pseudo-null

over ΛK because, as proved in [107, Ch. II, Prop. 1.9], p is finitely decomposed in k∞ (cf. [10,
Lem. 6.6 (c)]). A standard argument via localising at height-one primes of ΛK therefore re-
moves the factor Fitt0ΛK (YΠpk

(ΛK(1))) from the second claim in Theorem 10.4 and the resulting

inclusion must be an equality by the analytic class number formula (see [10, Prop. 6.4 (b) (ii)]
for details). Having established the equivariant Iwasawa main conjecture (Conjecture 10.2)
in this way, the validity of (h0(Spec(LχF )),O(χ)[P ]) then follows from the descent formalism
developed in [23] combined with [13, Th. A] (see the proof of [13, Th. 6.9] for details).

The following consequence of Theorem 10.5 strengthens the main result of Johnson-Leung in
[55] and itself has a variety of interesting consequences, including the verification of the Quillen–
Lichtenbaum Conjecture in a new family of cases (for details of which, see Remark 10.10 below).

(10.6)Corollary. The conjecture TNC(QK(1 − j),Zp[GK ]) is valid for every finite abelian
extension K of k and every integer j with j > 1.

Proof. Throughout this argument we fix j > 1 and, as a first step, we explicate the conjecture
TNC(QK(1−j),Zp[GK ]). To do this, we fix a finite set S ⊆ Πk containing Π∞

k ∪Π
p
k∪Sram(K/k)

and recall that the ‘Chern class character’ map

chK,j : K2j−1(OK)⊗Z Zp → H1(OK,S ,Zp(1− j))
is an isomorphism if p is odd. (This is a consequence of the validity of the Bloch–Kato conjecture
that follows from work of Voevodsky and Rost, and completed by Weibel in [118].) Next we
fix an embedding ι0 : k ↪→ C and recall the ‘Beilinson regulator’ map (as defined, for example,
in [16, § 10.3])

ρBei,K,j : K2j−1(OK)→ R⊗Z (K ⊗k H0((Spec k)ι0(C),Q(−j))).
Fix a Z[GK ]-basis η of K⊗kH0((Spec k)ι0(C),Z(−j))), which amounts to fixing an embedding
ι : Qc ↪→ C that extends ι0, and write δ(η) for the image of η under the comparison isomorphism

Zp ⊗ (K ⊗k H0((Spec k)ι0(C),Zp(−j)))) ∼= YK(Zp(1− j)) :=
⊕

w∈Π∞
K

H0(Kw,Zp(−j)).

Then, since H2(OK,S(K),Zp(1 − j)) is finite (by Soulé [86, Th. 10.3.27]), the construction of
(8.5) specialises to the composite map

ΘK,S,j : DetQp[GK ](CS(Qp(1− j)K/k))
≃−→ H1(OK,S ,Qp(1− j))⊗Zp[GK ] YK(Zp(1− j))
≃−→ H1(OK,S ,Qp(1− j)),

where the first arrow is the natural ‘passage-to-cohomology’ map and the second arrow is
induced by sending δ(η) 7→ 1. Now, the assumption j > 1 implies that, for any finite set
Σ ⊆ Πk with Σ ∩ S(K) = ∅, one has that δK,Σ(j) :=

∏
v∈Σ(1 − Nv1−jFrob−1

v ) is a nonzero
divisor in Zp[GK ]. It follows that the map CS,Σ(Qp(1− j))→ CS(Qp(1− j)) is an isomorphism
in D(Qp[GK ]) and this allows us to regard DetZp[GK ](CS,Σ(Zp(1 − j))) as a submodule of the
domain of the map ΘK,S,j . Moreover, the proof of [22, Prop. 3.4] shows that the statement of
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TNC(QK(1 − j),Zp[GK ]) is equivalent to asserting the existence of a Zp[GK ]-basis zK,Σ(j) of
DetZp[GK ](CS,Σ(Zp(1− j)K/k)) with both of the following properties{

(chK,j ◦ΘK,S,j)(zK,Σ(j)) ∈ Q⊗Z K1−2j(OK);

(ρBei,K,j ◦ ch−1
K,j ◦ΘK,S,j)(zK,Σ(j)) = δK,Σ(j) · (

∑
χ∈ĜK

L′
S(χ

−1, 1− j)eχ) · η.
(10.7)

To construct such a basis, we denote by m the conductor of K, and write wm for the number of
roots of unity in k that are congruent to 1 mod m (so wm | 12). Writing ξm(j) ∈ K1−2j(OK)
for the element constructed by Johnson-Leung in [55, Th. 3.3], we then define

cK(j) := coresK(pnm)/K(w−1
m ⊗ ξm(j)) ∈ Z[1/wm]⊗Z K2j−1(OK)

with n big enough such that K(pnm)/k is ramified at all p | p. Results of Deninger [32], as
adapted by Johnson-Leung in [55, Th. 3.3], then show that

ρBo,K,j(cK(j)) = (−1)1+j · (2 ·Nm)−(1+j)

(−2j)!
· (
∑

χ∈ĜK
L′
S(χ

−1, 1− j)eχ) · η (10.8)

with S := Π∞
k ∪Πpk ∪ Sram(K/k) and ρBo,K,j the Borel regulator map.

We now write K∞ for the cyclotomic Zp-extension of K and set Λ := ZpJGK∞K. Using our fixed
choice of embedding ι : Qc ↪→ C we can define a basis of Zp(1) = lim←−nµpn as ζ := (ι−1(e2πi/p

n
))n.

Choose a prime ideal a ∤ 6pm and set Σ := {a}. We then obtain a map

Twj : H
1
Σ(Ok,S ,Λ(1))

⊗ζ⊗−j
−−−−→ H1

Σ(Ok,S ,Λ(1))⊗Λ Zp(−j)K/k ∼= H1
Σ(OK,S ,Zp(1− j)),

where the isomorphism is induced by Proposition 3.46 (d).
Write εK∞,Σ := (εVF/k,S,Σ)F⊆K∞ for the family of Rubin–Stark elements with V = Π∞

k . Then,

since Rubin–Stark elements in this context admit a description in terms of elliptic units (cf.
[13, Ex. 2.3 (c)]), results of Kings [64] show that

(−2j)! · δK,Σ(j) · chK,j(cK(j)) = ±2a ·Nm−(1+j) · Twj(εK∞,Σ)

for a suitable integer a (cf. [55, Th. 3.6]). Combining this formula with (10.8) and the equality
ρBo,K,j = 2 · ρBei,K,j proved by Burgos Gil [16], we can then conclude that

(ρBei,K,j ◦ ch−1
K,j)(Twj(εK∞,{a})) = ±2a

′ · δK,Σ(j) · (
∑

χ∈ĜK
L′
S(χ

−1, 1− j)eχ) · η (10.9)

for an integer a′ (that depends on j).
Now, by Theorem 10.5, there exists a Λ-basis zK,Σ(0) of DetΛ(CS,Σ(Λ(1))) with

ΘK,S,1(zK,Σ(0)) = εK∞,Σ.

In addition, Proposition 8.20 (i) (a) gives a commutative diagram

DetΛ(CS,Σ(Λ(1))) H1
Σ(Ok,S ,Λ(1))

DetZp[GK ](CS,Σ(Zp(1− j)K/k)) H1
Σ(OK,S ,Zp(1− j))

Twdet
j

ΘK,S,1

Twj

ΘK,S,j

and so the equality (10.9) implies that the element zK,Σ(j) := ∓2−a
′ ·Twdet

j (zK,Σ(0)) has both
of the properties in (10.7). Finally we note that, since p is odd, zK,Σ(j) is also a Zp[GK ]-basis
of DetZp[GK ](CS,Σ(Zp(1− j)K/k)) and so this concludes the proof of the claimed result.

(10.10) Remark. Corollary 10.6 has a variety of explicit consequences, including the following.

(i) The validity of TNC(QK(1−j),Zp[GK ]) implies that of TNC(QK(1−j),Zp), where in the
latter case QK(1− j) is regarded as defined over K and with coefficients Q (cf. Remark
8.8). Hence, upon combining Theorem 10.6 with the interpretation of TNC(QK(1−j),Zp)
given by [21, Th. 2.3], one deduces an equality

ordp

( ζ∗K(1− j)
RK(1− j)

)
= ordp

( |K2j−2(OK)|
|K2j−1(OK)tor|

)
.
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Here ζ∗K(1−j) denotes the leading term at s = 1−j of the Dedekind ζ-function of K and
RK(1− j) the Borel regulator of K at 1− j (as recalled explicitly in [21, Th. 2.1 (iv)]).
We note, in particular, that this displayed equality extends the known validity of the
Quillen–Lichtenbaum Conjecture (as formulated in [73]) to a new family of cases.

(ii) Corollary 10.6 directly implies that the main result of El Boukhari [38] is unconditionally
valid for p > 3. From the results of loc. cit. one can therefore immediately derive several
concrete consequences of Theorem 10.6 (the details of which we leave to the reader).

(10.11) Remark. To extend Corollary 10.6 to include the case p = 2, one must precisely
determine the factor 2a

′
in (10.9) and this is a delicate problem. For a treatment of related

questions see [21, § 2].

10.2.2. Kato’s Conjecture for elliptic curves with complex multiplication

In this section, we shall combine Theorem 10.5 with the general strategy described by Kato in
[61, Ch. I, § 3.3] and the concrete approach used by Burungale and Flach in [30] in order to
prove an equivariant refinement of the main result of loc. cit. (for details see Theorem 10.15
and Remark 10.16 below).
To do this we fix an elliptic curve E that is defined over a number field F containing k and has
complex multiplication by the ring of integers Ok of k. We assume that F (Etors)/k is abelian.
The Weil restriction

B := ResFk (E)

of E is then an abelian variety of dimension [F : k] defined over k for which there is an algebra
isomorphism

A := Endk(B)⊗Z Q ∼= L1 × · · · × Lt, (10.12)

where each Li is a CM field that contains k and
∑i=t

i=1[Li : k] = [F : k] (cf. [30, Prop. 3.2]). We
also fix an odd prime p and define rings

Op := Zp ⊗Z Ok and Ap := Endk(B)⊗Z Zp.

(10.13) Lemma. The ring Ap is isomorphic to Op[GF ] and the Gk-module TpB to IndGkGF (TpE).
In particular, Ap is Gorenstein and TpB is a free Ap-module of rank one.

Proof. For every σ ∈ GF we denote by Eσ the σ-conjugate of E. Then σ induces an isomorphism
of abelian groups E(Qc)

≃−→ Eσ(Qc). From the decomposition B(Qc) =
∏
σ∈GF E

σ(Qc) we then

see that TpB =
∏
σ∈GF TpE

σ ∼= IndGkGF (TpE), as claimed (cf. also [84, (a) on p. 178]).
Label the elements of GF as σ̄1, . . . , σ̄n and, for every i, fix σi ∈ Gk that restricts to σ̄i. These
choices then define an isomorphism

f : IndGkGF (TpE) = TpE ⊗ZpJGF K ZpJGkK→ TpE ⊗Zp Zp[GF ], a⊗ σih 7→ (h · a)⊗ σ̄i
of Zp-modules (here h ∈ GF ). We claim that this isomorphism is compatible with the action
of ZpJGkK when acting TpE ⊗Zp Zp[GF ] via the isomorphism ZpJGkK ∼= ZpJGF K[GF ]. To do
this, we suppose to be given an element of the form gjh

′ ∈ Gk and compute that

f(σjh
′ · a⊗ σih) = f(a⊗ σjσi(σ−1

i h′σih)) = (σ−1
i h′σih · a)⊗ σjσi = (h′h · a)⊗ σjσi,

where the last equality uses that σi acts trivially (by conjugation) on Gal(F (Etors)/F ) because
F (Etors)/k is assumed to be abelian.
Write ψ : GF → Aut(TpE) ∼= O×

p for the character induced by the action of GF on TpE, then
the action of ZpJGF K[GF ] on TpE⊗Zp Zp[GF ] factors through the morphism ZpJGkK→ Op[GF ]
induced by ψ.
We recall next that the known validity of the Tate conjecture for abelian varieties over number
fields (by Faltings [39]) implies the existence of a ring isomorphism Ap ∼= EndZpJGkK(TpB).
WritingR ⊆ Op for the Zp-order generated by the image of ψ, there are therefore identifications

EndZpJGkK(TpB) = EndR[GF ](TpE ⊗Zp Zp[GF ]) = EndOp[GF ](TpE ⊗Zp Zp[GF ]) ∼= Op[GF ].
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Here the second equality holds because R is of finite index in Zp ⊗Z Ok (as the cokernel of ψ
is finite) and TpB is Zp-torsion free, and the last isomorphism holds because TpE ⊗Zp Zp[GF ]
is a free Op[GF ]-module (cf. also [105, Rk. on p. 502]).

We now fix a finite abelian extension K of k and consider the motive

MB/K := h1(BK)(1),

regarded as defined over k and with coefficients A[GK ]. For the reader’s convenience, we quickly
review the precise formulation of the ‘analytic-rank-zero’ component of TNC(MB/K ,Ap[GK ]).

To do this, we fix (in terms of the decomposition (10.12)) an isogeny B →
∏i=t
i=1Bi in which

each Bi is a simple abelian variety that is defined over k and such that Q ⊗Z Endk(Bi) is
isomorphic to the field Li. Attached to each Bi is then an algebraic Hecke character (the
‘Serre–Tate character’ of Bi) φi : A

×
k → L×

i of infinity type (−1, 0), which gives rise, for every
embedding τ ∈ Hom(Li,C), to a Hecke character

φi,τ : A
×
k /k

× → C×

(see [105, Th. 10] for details). Then, setting

S := Π∞
k ∪ Sram(K/k) ∪ Sram(B),

the S-truncated (C⊗QA)[GK ]-valued L-function ofMB/K has the following explicit description

LS(MB/K , s) =
(∑

χ∈ĜK
LS(φi,τχ

−1, s+ 1)eχ
)
i,τ

∈
i=t⊕
i=1

⊕
τ : Li↪→C

C[GK ] ∼=
i=t⊕
i=1

(C⊗Q Li)[GK ] ∼= (C⊗Q A)[GK ].

To describe the corresponding period map, it is convenient to fix an embedding ι : k ↪→ C

and hence an induced identification (
⊕

τ : k↪→CH
1(Bτ (C),Q))+ ∼= H1(Bι(C),Q). Using the

Poincaré duality isomorphism H1(Eι(C),Q) ∼= H1(E
ι(C),Q)∗, we may then explicitly describe

the period map of BK as

perB,K : K ⊗k H0(B,Ω1
B/k)→ (R⊗Q K)⊗k H1(Bι(C),Q), ω 7→

{
γ 7→

∫
γ
ω
}
.

Next we note that if L(B/K, 1) ̸= 0, then the groups B(K) and XB/K are both finite (cf. [30,
Th. 1.2]), and so the space H2(OK,S , VpB) vanishes.
We now fix an Endk(B)-basis element γ of H1(Bι(C),Z), and write δ(γ) for the image of γ
under the comparison isomorphism

Zp ⊗Z H1(Bι(C),Z) ∼= H1(B,Zp) ∼= (TpB)∗.

Then, setting T := IndGkGK (TpB), the construction of (8.5) defines a composite homomorphism

ΘK,S,δ(γ) : Qp ⊗Zp DetAp[GK ](CS(T ))
≃−→ H1(OK,S , VpB)⊗(Qp⊗QA)[GK ] (VpB)∗

≃−→ H1(OK,S , VpB),

in which the first arrow denotes the natural ‘passage-to-cohomology’ map and the second is
induced by sending δ(γ) to 1 ∈ (Qp ⊗Q A)[GK ]. We also use the composite homomorphism

λB,K,S : H
1(OK,S , VpB)→

⊕
v∈ΠpK

H1(Kv, VpB)

exp∗−−−→ D1
dR,Qp⊗QK(VpB)

≃−→ (Qp ⊗Q K)⊗Q H0(B,Ω1
B/k),

in which the first map is the natural localisation morphism, the second is the dual exponential
map of VpB [60, Ch. II, § 1.2.4], and the third is the canonical comparison isomorphism from
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p-adic Hodge theory.
We next fix a finite subset Σ of Πk that is disjoint from S and, for each v ∈ Σ, set

δK,v(X) := detAp[GK ](1− Frob−1
v X | TpB) ∈ Ap[X].

Then, since H0(Kw, TpB) vanishes for all w ∈ ΣK , the element δK,Σ :=
∏
v∈Σ δK,v(Frob

−1
v ) is

a nonzero divisor in Ap[GK ] and, as a consequence, the argument of [22, Prop. 3.4] shows the
conjecture TNC(MB/K ,Ap[GK ]) to be equivalent to the existence of an Ap[GK ]-basis element
zB/K,S,Σ of DetAp[GK ](CS,Σ(T )) that has both of the following properties{

(λB,K,S ◦ΘK,S,δ(γ))(zB/K,S,Σ) ∈ K ⊗k H0(B,Ω1
B/K);

(perB,K ◦ λB,K,S ◦ΘK,S,δ(γ))(zB/K,S,Σ) = δK,Σ · LS(MB/K , 0) · γ.
(10.14)

We can now state the main result of this section.

(10.15)Theorem. Fix data E/F and B as above and let K be a finite abelian extension of k
for which L(B/K, 1) ̸= 0. Then the conjecture TNC(MB/K ,Ap[GK ]) is valid.

Proof. To deduce this result from Theorem 10.5, we use a special case of the general strategy
described in [11, Th. 3.22]. To do this, we consider the character

ρ : Gk → Aut(T ) ∼= Ap[GK ]×

and set L := (kc)ker(ρ) (this is an abelian extension of k that contains both K and a Zp-
extension of k.) We also set Λ := ZpJGLK, take S to be a finite subset of Πk that contains
Π∞
k ∪ Πpk ∪ Sram(TpB) ∪ Sram(K/k), and set Σ := {a} with a a prime ideal of k that does not

belong to S.
To construct the element zB/K , we write

ΘGm/K,S,b• : DetΛ(CS,Σ(Λ(1)))→ H1
Σ(Ok,S ,Λ(1))

for the map obtained as the direct sum of the maps in (10.1) over characters χ of GL that
have finite prime-to-p order. We then note that Theorem 10.5 implies the existence of a Λ-
basis zGm/L,S,Σ of DetΛ(CS,Σ(Λ(1))) that is sent by ΘGm/K,S,b• to the family of Rubin–Stark
elements

εL,Σ := (ε
{∞}
F/k,S,Σ)F⊆L.

Now, the isomorphism of Gk-representations

Λ(1)⊗Λ,ρ−1 Ap ∼= T ∗(1) ∼= T
combines with Proposition 3.46 (iv) to induce an isomorphism CS,Σ(Λ(1))⊗LΛAp ∼= CS,Σ(T ) in
D(Ap). The latter isomorphism in turn induces a morphism of Λ-modules

Twdet : DetΛ(CS,Σ(Λ(1)))→ DetΛ(CS,Σ(Λ(1)))⊗Λ Ap ∼= DetAp(CS,Σ(T ))
that, by Proposition 8.20 (i) (a), lies in a commutative diagram

DetΛ(CS,Σ(Λ(1)) H1
Σ(Ok,S ,Λ(1))

DetAp(CS,Σ(T )) H1
Σ(OK,S , VpB).

Twdet

ΘGm/K,S,b•

Tw

ΘK,S,δ(γ)

Here we write Tw for the composite homomorphism

Tw: H1
Σ(Ok,S ,Λ(1))

γ−→ H1
Σ(Ok,S ,Λ(1))⊗Λ (VpB)∗

≃−→ H1
Σ(OK,S , (VpB)∗(1)),

in which the first map is induced by sending 1 7→ δ(γ) and the second is the isomorphism
arising from Proposition 3.46 (iv).
Now, by Proposition 8.20 (i) (b), the element

zB/K,S,Σ := Twdet(zGm/L,Σ)
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is an Ap-basis of DetAp(CS,Σ(T )), and so it suffices to verify that this element also has both of
the properties in (10.14). Given the above commutative diagram, we can therefore verify the
latter properties after replacing the element ΘK,S,δ(γ)(zB/K,S,Σ) by Tw(εL,Σ), and to do this
we use the reciprocity law of Kato–Wiles.
Specifically, after taking account of [30, proof of Prop. 3.3], which compares the spaces VLi(φi)
and S(φi) introduced in [63, § 15.8] with H1(Bι,Q) and H0(B,Ω1

B/K) respectively, this reci-

procity law [63, Prop. 15.9] asserts that

(λB,K,S ◦ Tw)(εL,Σ) ∈ K ⊗Q H0(B,Ω1
B/k)

and is such that∑
σ∈GK

χ(σ) · perB(σ · (λB,K,S ◦ Tw)(εL,Σ)) = (τ ⊗ χ−1)(δK,Σ) ·
(
LS(φτ · χ, 1)

)
i∈[t],τ∈Υιi

⊗ γ.

Here Υι
i denotes the subset of Hom(Li,C) comprising embeddings τ that restrict to give ι on

k, so that the element (LS(φτ · χ, 1))i,τ belongs to
⊕i=t

i=1(Li ⊗Q R) ∼= R ⊗Q A. The required
result then follows directly from the fact that

LS(MB/K , 0) =
∑i=t

i=1

∑
τ∈Υιi

∑
χ∈ĜK

LS(φτχ, 1)eχ−1 ∈ (R⊗Q A)[GK ].

(10.16) Remark. (i) If L(B/K, 1) = 0, then the argument of Theorem 10.15 still proves
the ‘analytic-rank-zero’ component of the conjecture TNC(MB/K ,Ap[GK ]).

(ii) Lemma 10.13 implies that the representation TpB is isomorphic to IndGkGF (TpE). Upon
combining Theorem 10.15 (with F = k) with Remark 8.8, we can therefore deduce the
validity under the stated hypotheses of the conjecture TNC(h1(E/F )(1),Op), and hence
also of the p-part of the BSD Conjecture for E/F . The latter result is the main result of
Burungale and Flach in [30].

10.3. Kato’s Conjecture in more general cases

The methods used to prove Theorem 10.5 have consequences well beyond the case of abelian
extensions of imaginary quadratic fields. As a concrete example, the following result is derived
by combining our methods with the general approach developed by Daoud et al. in [10]. In the
sequel, we write hk for the class number of a number field k.

(10.17)Theorem. Let k be a number field and p a prime number that is inert in k and does
not divide 6hk. Fix a non-empty subset V of Π∞

k and assume that the Rubin–Stark Conjecture
is valid for all data of the form (K/k, S∗(K),ΣK , V ) with K a finite abelian extension of k,
S∗(K) := Π∞

k ∪Sram(K/k) and ΣK a finite subset of Πk \S∗(K). Then, for every finite abelian
extension K of k with µK [p] = (0), the conjecture TNC(QK(0), ϵK,VZp[GK ]) is valid.

Proof. We write ΩV for the collection of all finite abelian extensionsK of k such that V (K) = V ,
and ωp : Gk → Z×

p for the p-adic Teichmüller character of k.
Then the proof of [10, Th. 6.1 (a) (i)] shows that TNC(QK(0), (1− eωp)ϵK,VZp[GK ]) is valid for
every finite abelian extension K of k if Conjecture 10.2 is valid for every K ∈ ΩV and every
character χ ∈ ∇̂K\{ωp} with k∞ taken to be the cyclotomic Zp-extension of k. (Note that, since
our formulation of Conjecture 10.2 is explicitly in terms of the determinant functor and perfect
complexes, we do not need to assume condition (ii) of [10, Th. 6.1 (a) (i)].) In particular, in
these cases, the conjecture TNC(QK(0), ϵK,VZp[GK ]) is valid for every finite abelian extension
K of k with µK [p] = (0).
To verify the validity of Conjecture 10.2 in the required cases, we then proceed similarly as
in Theorem 10.5. To be precise, we claim first it suffices to prove, for all K ∈ ΩV and
characters χ ∈ ∇̂K \ {ωp}, that there exists a finite set ΣK ⊆ Πk \ (S∗(K) ∪ Πpk) such that
H1

ΣK
(OK,S(K),Zp(1)) is Zp-torsion free and that there is an inclusion

Fitt0ΛF (YΠpk
(Tχ))∗∗ · εχK∞,ΣK

⊆ ΘK∞/k,S(K),b•(DetΛF (CS(K),ΣK (Tχ))), (10.18)
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with Tχ := ΛF (1)(χ).
To show Conjecture 10.2 is indeed implied by these inclusions, we may work locally at a fixed
prime p in Spec1(ΛF ). If p ∈ p, then Lemma 8.27 implies Fitt0ΛF (YΠpk

(Tχ))p = ΛF,p, and so the
above inclusion implies that

εχK∞,ΣK
∈ ΘK∞/k,S(K),b•(DetΛF (CS(K),ΣK (Tχ)))p. (10.19)

To prove the same containment also holds if p ̸∈ p, we note that the argument of Theorem
8.18 (iii) shows that (10.18) implies an inclusion

im(εχK∞,ΣK
)p ⊆ Fitt0ΛF (A

χ
K∞,S(K),ΣK

)p, (10.20)

where AK∞,S(K),ΣK is the module defined just before the statement of Theorem 10.4.
Next, we note that, since the given assumptions imply |Πpk| = 1, the ‘Gross–Kuz’min Conjec-
ture’ for K is valid by Maksoud [76, Th. 4.3.2 (b)]. As a consequence, we may combine the
results of [10, Lem. 6.6 (b) and (d)] with (10.20) to deduce that

im(εχK∞,ΣK
)p ⊆ Fitt0ΛF (A

χ
K∞,S(K),ΣK

)p · Fitt0ΛF (XΠpk
(Tχ))p.

Since this inclusion holds for every K ∈ X that is unramified at all places in ΣK we may then
use the argument of [10, Lem. 6.6 (a)] to derive an inclusion

im(εχK∞,ΣK
)p ⊆ Fitt0ΛF (A

χ
K∞,S(K),ΣK

)p · Fitt0ΛF (XS(K)fin(Tχ))p
and hence also, by [10, Prop. 6.4 (b) (i)], the required containment (10.19).
Having now verified that the latter containment is valid for every prime in Spec1(ΛF ), the
analytic class number formula allows us to deduce the validity of Conjecture 10.2 (cf. the
argument of [10, Prop. 6.4 (b) (ii)]).
At this stage, it therefore only remains for us to justify the inclusion (10.18). In addition, this
inclusion follows directly from Theorem 9.4 in the case χ ̸= 1, and so it is enough for us to
consider the case χ = 1. To this end, we first recall the well-known fact that the p-adic Iwasawa
µ-invariant of k vanishes since |Πpk| = 1 and p ∤ hk (see [116, Prop. 13.22]). By a standard
argument (cf. [23, Prop. 3.15]), the proof of (10.18) is therefore reduced to showing that, for

every ψ ∈ □̂K , there is an inclusion of characteristic ideals

charΛψ
(
(
⋂r

Λψ
H1

ΣK
(Ok,S(K),Λψ(1)(ψ)

)
/(Λψ · εψK∞,ΣK

)
)
⊆ charΛψ(A

ψ
K∞,S(K),ΣK

).

If ψ ̸= 1, then one can use Proposition 5.30 to directly deduce this inclusion from [96, Th. 2.3.3].
On the other hand, the remaining case of ψ = 1 (which might not validate the hypothesis
Hyp (K∞/K) in [96] and so has to be considered separately) is trivially satisfied. Indeed, the
assumptions that k is a field with only one p-adic place and such that p ∤ hk implies that the
group Ak∞,S(K) vanishes (cf. [116, Prop. 13.22]). Since the assumption µK [p] = (0) moreover
allows us to take ΣK = ∅, this is therefore sufficient to prove the required inclusion.

(10.21) Remark. Fix a non-empty subset V of Π∞
k and a subset X of ΩV that satisfies the

‘closure hypothesis’ of [10, Hyp. 4.5]. Let p > 3 be a prime that is unramified in k and k∞ a
Zp-power extension of k in which no finite place splits completely. Then a more careful analysis
of the argument used to prove Theorem 10.17 shows that TNC(QK(0), ϵK,VZp[GK ]) is valid for
every K in X provided that all of the following conditions are satisfied at every K in X .
(i) The Rubin–Stark Conjecture is valid for the data (K/k,Π∞

k ∪ Sram(K/k),ΣK , V ), with
ΣK a finite subset of Πk \ S∗(K).

(ii) Conjecture 10.2 is valid for both χ = 1 and χ = ωp.

(iii) im(εVK∞,Σ) ⊆ Fitt0ΛK (XΠpk
(ΛK(1)))∗∗.

(iv) The ΛK-modules XΠpk
(ΛK(1)) and AK∞,S(K) have disjoint support.

(10.22) Example. Let k be a complex cubic number field and write∞ for its unique complex
place. In this setting Bergeron–Charollois–Garćıa [2] have recently provided strong evidence in
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support of the Rubin–Stark Conjecture for the data (K/k, S∗(K),Σ, {∞}). Assuming the latter
conjecture to be valid, there is then a positive-density set of primes p for which Theorem 10.17
can be applied. Indeed, since the normal closure k̃ of k has Galois group Gal(k̃/k) ∼= S3, the
Cebotarev density theorem provides us with a positive-density set of primes p such that the
alternating group A3 is generated by the conjugacy class of Frobp for any prime of k̃ lying
above p. In particular, any prime in this set that does not divide hk is a prime for which all of
the assumptions of Theorem 10.17 are satisfied.
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