ON MAIN CONJECTURES OF
GEOMETRIC IWASAWA THEORY
AND RELATED CONJECTURES

DAVID BURNS

ABSTRACT. We prove the main conjecture of non-commutative Iwasawa theory for
flat, smooth sheaves on schemes that are separated and of finite type over a finite
field. We then use this result to prove a range of more explicit results including
an equivariant refinement of a leading term formula proved by Lichtenbaum, the
validity of an explicit leading term conjecture for the Zeta functions of affine curves,
the validity of Chinburg’s ‘Q(3)-Conjecture’ for global functions fields and a natural
non-abelian generalisation of a result of Deligne concerning the Galois structure of
divisor class groups.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We fix a power ¢ of a prime p, write [F, for the finite field of cardinality ¢ and fix
a separable closure Fy of F,. We also fix a separated variety X that is of finite type
over F, and a geometric point T of X. We then consider compact p-adic Lie groups
G which lie in a commutative diagram of continuous homomorphisms of the form

(1) (X, T) —— > 7 (F,, FC)
D
G

where 7x 7 is the canonical homomorphism to the maximal pro-p quotient 77 (I, )
of m(Fy,IFg) and 7y is surjective. In any such case the composite homomorphism
m(Fy, Fy) — Gal(F;/F,) — Z,, where the first map is the canonical isomorphism
and the second sends the (arithmetic) Frobenius automorphism x +— 29 to 1, induces
an identification of im(7yz) = im(mg) with an open subgroup of Z,. Motivated by
the approach of Coates, Fukaya, Kato, Sujatha and Venjakob in [16], we therefore
write A(G) for the p-adic Iwasawa algebra of G, set H := ker(mg) and consider the
(left and right) Ore set of non-zero divisors in A(G) that is defined by setting

S:={X € A(G) : A(G)/A(G)\ is a finitely generated A(H)-module}.
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We write A(G)g for the localisation of A(G) at S and DE(A(G)) for the full tri-
angulated subcategory of the derived category of A(G)-modules comprising perfect
complexes C* for which A(G)g ®%(G) C* is acyclic. We also write 0g : K1(A(G)s) —
Ko(A(G),A(G)s) for the connecting homomorphism of relative algebraic K-theory
(normalised as in [11, §1.2]) and recall that any complex C* in DY(A(G)) has a
canonical ‘refined Euler characteristic’ x*/(C*®) in Ko(A(G), A(G)s) (see §2.1).

We recall that a continuous representation of the form p : G — GL,,(0,), with O,
a finite extension of Z, in Qf, is said to be an ‘Artin representation of G” if p(G) is
finite. Any such p gives rise to a flat, smooth O,-sheaf £, on X. We further recall
that for any such p and any element £ of the Whitehead group K;(A(G)g) one can
define the ‘leading term of § at p” as a non-zero element £*(p) of Q; (see §2.3).

For any finite extension O of Z,, and any flat, smooth O-sheaf £ on X, we write
Z(X,L,t) for the associated Zeta function in a formal variable ¢ (see §4.1.1). We
write . for the algebraic order of Z(X, L,t) at t = 1 and define the leading term

ZM(X,L,1) = lin%(l —t)CZ(X, L, t) € Q.

The following result is then a non-abelian generalisation of a result of Emerton and
Kisin [21, Cor. 1.8] and hence also of the ‘main conjecture’ proved by Crew in [17].

Theorem 1.1. Let sx : X — Spec(F,) be a separated morphism of finite type. Let G
be any compact p-adic Lie group as in (1) and write f : Y — X for the corresponding
pro-covering of X of group G. Let L be a flat, smooth Z,-sheaf on X.

Then the complex RT'(Spec(F,)a, Rsx,f« f*L) belongs to DG(A(G)) and there exists
an element x g of Ki(A(G)s) with

aG(fX,G,ﬁ) = —Xref(RF(SpeC(Fq)éta RSX,!f*f*E))

and such that for all Artin representations p of G one has
Exorclp) =2"(X, L& L, 1).

If X is an affine curve, GG is abelian and £ has abelian monodromy, then our proof
of Theorem 1.1 can be reduced to the main result of Lai, Tan and the present author
in [5, Appendix| and hence relies on Weil’s formula for the Zeta function in terms
of f-adic cohomology for any prime ¢ # p and thus avoids any use of crystalline
cohomology. However, our proof of Theorem 1.1 in the general case uses a result of
[21] which itself relies on important aspects of the theory of F-crystals. (It is with the
results of [21] in mind that we have phrased Theorem 1.1 in terms of higher direct
images with proper support rather than cohomology with compact support.) The
result of Theorem 1.1 is a natural p-adic analogue of the f-adic (¢ # p) results proved
by Witte in [49] and is also related to the p-adic results proved for elliptic curves over
function fields by Ochiai and Trihan [34] and in greater generality in forthcoming
work of Trihan and Vauclair.
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To state a first consequence of Theorem 1.1 we introduce some notation concerning
the theory of Weil-étale cohomology. For any scheme Y of finite type over F, we
write Yy, for the Weil-étale site on Y’ that is defined by Lichtenbaum in [29, §2].

We also write ¢ for the geometric Frobenius automorphism x 9 in Gal(IF; /IF,),
6 for the element of H'(Spec(F,)we,Z) = Hom({¢),Z) that sends the Frobenius
automorphism to 1 (and hence sends ¢ to —1) and 6y for the pullback of 6 to
H'(Y{ys,Z). We recall that, for any sheaf F on Y, taking cup product with 6y~
gives a complex of the form

Uey/ Uey/

@) 0= H Ve F) =5 H (Ve F) = H (Vi F) =
For any finite Galois covering f : Y — X of group G we set
2= S LYty
x€lr(g)
where Ir(G) denotes the set of irreducible complex characters of G and for each y we
write LA™M(Y y,t) for the Artin L-function defined by Milne in [30, Exam. 13.6(b)]
and e, for the primitive central idempotent x(1)|G|™' 3 .o x(97")g in C[G]. Each

function LA™ (Y] x, ) is known to be a rational function of ¢ and we write r;, for its
order of vanishing at ¢ = 1. We further recall that the leading term

Z(£) = Y m(1 - ) LAY,y fey
X€Ir(9)
of Z(f,t) at t = 1 belongs to ((Q[G])*, where we write ((A) for the centre of any
ring A. We also write dg : ((Q[G])* — Ko(Z[G],Q[G]) for the ‘extended boundary
homomorphism’ defined by Flach and the present author in [9, Lem. 9] and Xrgef(—, —)
for the refined Euler characteristic XrZe[fgLQ[g](—, —) discussed in §2.1.

By combining a special case of Theorem 1.1 with the descent formalism developed
by Venjakob and the present author in [11] we will also prove the following result.

Corollary 1.2. We assume to be given a Cartesian diagram

y Yy

(3) fl lf’

X —— X
in which [’ is a finite Galois covering of group G, X is geometrically connected, X'
and Y are proper and j and jy are open immersions. We also assume that
(i) in each degree i the group H' (Y, jvaZ) is finitely generated, and
(i) the complex (2) with F = jy,Z has finite cohomology groups.
Then RU(Yyy 4, jyviZ) belongs to DP(Z[G]) and in Ko(Z[G], Q[G]) one has

59(2*(f7 1)) = _Xg)f(RF(YV/Vétan,!Z)v Ef,j)
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where €5 is the exact sequence of Q[G]-modules induced by (2) with F = jy,Z.

In the case Y = X’ (so Y = X and G is trivial) the equality of Corollary 1.2
coincides with the leading term formula proved by Lichtenbaum in [29, Th. 8.2]. In
fact the latter result also shows that (for any G) the conditions (i) and (ii) in Corollary
1.2 are valid if X = X’ (so j is the identity) and Y’ is both smooth and projective,
or if Y’ is a curve, or if both Y and Y’ are smooth surfaces. In general, however,
if Y is either non-smooth or non-proper, then condition (i) is not always satisfied
(and the validity of condition (ii) is related to Tate’s conjecture on the bijectivity of
the cycle-class map). In a more general setting it is natural to ask if our methods
can prove a result similar to Corollary 1.2 for the theory of ‘arithmetic cohomology’
recently introduced by Geisser.

In the special case that X is an affine curve and F, is isomorphic to the field of
constants of the function field of X we show that Corollary 1.2 has the following
(unconditional) consequence.

Corollary 1.3. The central conjecture of [4] is valid.

For an explicit statement of this result see Theorem 10.1. For the moment, we
merely note that Corollary 1.3 is both a non-abelian generalisation of the main result
of [5] and validates a natural function field analogue of an important special case of
the ‘equivariant Tamagawa number conjecture’ formulated in [9] (for more details of
this connection see [4, Rem. 2, Rem. 3]), and that the approach of [5, Rem. 3.3]
also gives an interpretation of Corollary 1.3 in terms of integral congruences between
families of suitably normalised leading terms of Artin L-series.

In the remainder of this section we describe several interesting consequences of
Corollary 1.3. Before stating the first such result we recall that the ‘Q2-Conjectures’
formulated by Chinburg in [12, §4.2] are natural analogues for global function fields
of the central conjectures of Galois module theory that were formulated by Chinburg
in [13, 14].

Corollary 1.4. The Q(3)-Conjecture of Chinburg [12, §4.2] is valid.

Corollaries 1.3 and 1.4 are strong improvements of previous results in this area (as
far as we are aware, neither the central conjecture of [4] or the €2(3)-Conjecture has
hitherto been proved for any non-abelian Galois extension of degree divisible by p).
In addition, in Corollary 12.1 we will combine Corollary 1.4 with results of Chinburg
to show that the ©(1)-Conjecture is valid for all tamely ramified Galois extensions of
global function fields.

Let now F'/k be a finite Galois extension of global function fields, set G := Gal(F'/k)
and fix a finite non-empty set of places ¥ of k£ that contains all places which ramify
in F'/k. For any intermediate field F of F//k we write wg for the order of the (finite)
torsion subgroup of E*, ¥(E) for the set of places of E above those in ¥, Oy, for
the subring of £ comprising all elements that are integral at places outside X(E), Cx
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for the affine curve Spec(Opyx) and f, : C — Cj’ for the morphism induced by
the inclusion Oy, € Opyx. We fix ¢ so that F, identifies with the constant field of
k, regard each fg /) 8S @ morphism of F,-schemes and note that C} is geometrically
connected as a scheme over .

Deligne has proved that if G is abelian, then the element wpZ( f?/w 1)# belongs

to Z[G] and annihilates Pic’(F) (cf. [42, Chap. V]) and the next consequence of
Corollary 1.3 that we record is a natural generalisation of this theorem. To state this
result we note that for every natural number m and matrix H in M,,(Z[G]) there is
a unique matrix H* in M,,,(Q[G]) with HH* = H*H = Nrdgg(H) - I,, and such that
for every primitive idempotent e of ((Q[G]) the matrix H*e is invertible if and only
if Nrdgg)(H )e is non-zero. We then obtain an ideal of ((Z[G]) by setting

A(Z[G]) :={z € ¢(Q[G]) : if d >0 and H € My(Z[G]) then zH* € M4(Z[G])}.

(This ideal was first defined by Nickel and is described explicitly in many cases in
[26].) We also set wrsk := > cryq) wlﬁ(l)ex € ¢(Q[g])~.

Corollary 1.5. For every a in A(Z[G]) the element awp/kZ(fE/k, 1)# belongs to Z[G]
and annihilates Pic’(F).

This result recovers Deligne’s theorem because if G is abelian, then wg/, = wp and
A(Z[G]) = Z|G] so that one can take a = 1 in the above. We will in fact deduce
Corollary 1.5 from an explicit description of the non-commutative Fitting invariants
of certain natural Weil-étale cohomology groups (see Theorem 11.2) and also prove a
more general annihilation result in which the term Z( fg/k, 1) is replaced by the value

at t = 1 of higher-order derivatives of Z(fy,,t) (see Theorem 12.3).

The final consequence of Corollary 1.3 that we record here concerns a range of
explicit integral refinements of Stark’s Conjecture. For more details see §12.2.

Corollary 1.6. Natural non-abelian generalisations of all of the following refinements
of Stark’s conjecture are valid for all global function fields.

(i) The Rubin-Stark Congjecture [40, Conj. B'].

(ii) The ‘guess’ formulated by Gross in [22, top of p. 195].

(i) The ‘refined class number formula’ of Gross [22, Conj. 4.1].

(iv) The ‘refined class number formula’ of Tate [43] (see also [44, (¥)]).

(v) The ‘refined class number formula’ of Aoki, Lee and Tan [1, Conj. 1.1].
(vi) The ‘refined p-adic abelian Stark Conjecture’ of Gross [22, Conj. 7.6].

The main contents of this article is as follows. In §2 we recall relevant background
material regarding the K-theory and Iwasawa algebras of non-commutative p-adic Lie
groups. In §3 we recall background material regarding pro-coverings and pro-sheaves
including an important observation of Witte, and also prove a technical result that
will be very useful in later sections. In §4 we make several important reductions to
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Theorem 1.1 and use a result of Emerton and Kisin to give a full proof of it in the
case that GG is abelian. In §5 we describe the general strategy for the remainder of the
proof of Theorem 1.1 and also recall an important algebraic result of Kakde. In §6
we describe a natural variant of the classical theory of integral group logarithms (of
Oliver and M. Taylor) in the setting of certain non-commutative power series rings
and in §7 we combine this construction with arguments of Kakde to prove that, in
certain contexts, families of power series satisfy a range of explicit congruences. In §8
we combine the results of §7 with certain continuity arguments to complete the proof
of Theorem 1.1. In §9 we prove Corollary 1.2 by combining a special case of Theorem
1.1 with the descent formalism in non-commutative Iwasawa theory developed by
Venjakob and the present author and in §10 we prove Corollary 1.3 by combining
a special case of Corollary 1.2 with an explicit computation of certain cup product
morphisms. Finally, in §12 we derive several explicit consequences of Corollary 1.3
including Corollaries 1.5 and 1.6.

It is a great pleasure to thank Dick Gross, Kazuya Kato and John Tate for their
generous encouragement and helpful conversations concerning this project. I am also
very grateful to Cornelius Greither and Jan Nekovar for stimulating discussions. Most
of the results described here were discussed in a lecture course given at the CRM in
Barcelona in February and April 2010. I am very grateful to the CRM for providing
this opportunity and to Francesc Bars for his wonderful hospitality throughout my
visits.

2. K-THEORY AND IWASAWA ALGEBRAS

2.1. Modules are to be understood, unless explicitly stated otherwise, as left modules.
For any associative, unital, left noetherian ring R we write D(R) for the derived
category of R-modules and D~ (R), resp. DP(R), for the full triangulated subcategory
of D(R) comprising complexes that are isomorphic to an object of the category C~(R),
resp. CP(R), of bounded above complexes of projective R-modules, resp. of bounded
complexes of finitely generated projective R-modules.

For any homomorphism R — R’ of rings as above one can define a relative algebraic
K-group Ky(R, R'). We recall that if C* is any object of DP(R), then any exact
sequence of R'-modules of the form

€: 0= > RegH(C*) - Reg HM(C®*) - R @r H*(C®*) = --- =0
gives a canonical ‘refined Euler characteristic’ x}'r (C*,€) in Ko(R, R') (for more
details of this construction see [3]). In particular, if R’ is the total quotient ring of
R and R ®% C*® is acyclic, then we write x%5'(C*) is place of x™/(C*®, ) where ¢
denotes the exact sequence of zero modules. If R and R’ are clear from context, then
we often abbreviate x}$ (C*, €) and x5 (C*) to x*(C*®, €) and x*(C*) respectively.
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2.2. For any profinite group G and any finite extension O of Z, (for any prime ¢) we
write Ap(G) for the O-Iwasawa algebra m, | O|G/U] of G, where U runs over the set
ON(G) of open normal subgroups of G (partially ordered by inclusion) and the limit
is taken with respect to the obvious transition morphisms. We also write Qo (G) for
the total quotient ring of Ap(G), and if O = Z,, then we omit the subscripts from
both Ap(G) and Qo (G).

We fix a group G as in (1) and set H := ker(mg). We also fix an algebraic closure
Qp of Q, and write O for the valuation ring of a finite extension of @, in Qf. We
write S for the multiplicatively closed left and right Ore set of non-zero divisors of
Ao(G) described in [16, §2] and Ap(G)s for the corresponding localisations of Ap(G)
(we caution the reader that this notation does not explicitly indicate that S depends
upon both O and G) and we often use the following canonical commutative diagram
of exact sequences of abelian groups

Ki(Ao(G)) — Ki(Ao(G)sl3]) —— Ko(Ao(G), Ao(G)s[;])

I I

0o,a

(4)

Ki(Ao(G)) =25 Ki(Ao(G)s) Ko(Ao(G),Ao(G)s)

(for a full discussion of such exact sequences see, for example, [41, Chap. 15]). We
recall that if G has no element of order p, then Ky(Ap(G), Ao(G)s) is isomorphic
to the Grothendieck group of the category of finitely generated Ap(G)-modules M
with the property that Ap(G)s ®a,(e) M vanishes (for an explicit description of this
isomorphism see, for example, [11, §1.2]).

2.3. Using the same notation as in diagram (1) we set I' := 7{(F,,F¢) and I'x :=
im(7xz) = im(mg) € I'. We also write v for the image of the (arithmetic) Frobenius
automorphism z ~ z¢ under the natural projection Gal(F;/F,) — I' and note that
v is a topological generator of T'.

If O is the valuation ring of a finite extension of Q, in Q, and O C @', then
each continuous representation p : G — GL, (Q’) gives rise to a ring homomorphism
Ao(G)s = Mp(O') ®o Qo (I') = My (Qor (1)) that sends every g in G to p(g) @me(g)-
This homomorphism induces a group homomorphism

(5) Poas,: Ki(Ao(G)s) = Ki(Ma(Qor(I'x))) = K1(Qor(T'x))
= Qo(I'x)* € Qo/(I')* = Q(O[u]])*

where O'[[u]] denotes the ring of power series over O in the formal variable u, the
first isomorphism is induced by Morita equivalence, the second by taking determinants
(over Qo(I'x)) and the last by sending v — 1 to u. We often abbreviate ®p ¢ s, to
@ ,, believing that O and S will be clear from context.
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The ‘leading term’ £*(p) at p of an element & of K1(Ao(G)s) is then defined to be
the leading term at u = 0 of ®p ¢ .g,(£). This construction applies in particular to
any element p of the set A(G) of Artin representations of G.

In the sequel we will abbreviate X?\e(fg(G),Qo(G)<_7 —) to x&la(—. —).

3. PRO-COVERINGS, PRO-SHEAVES AND PERFECT COMPLEXES

In §3.1-§3.3 we review some standard material concerning pro-coverings and perfect
complexes of pro-sheaves and recall a result of Witte (the reader can find a nice
treatment of all of this material in Witte’s articles [48] and [49].) Then in §3.4 we
prove a technical result that will be very useful in later sections.

3.1. Let X be a connected scheme over F, and write FEt/X for the category of X-
schemes that are finite and étale over X. For any geometric point T of X the functor
that takes each scheme Y to the set F3(Y) := Homx(Z,Y) of geometric points of
Y that lie over T gives an equivalence of categories between projective systems in
FEt/X and the category of projective systems of finite sets upon which (X, Z) acts
continuously (on the left).

For any morphism f : Y — X in FEt/X, the finite group Autx(Y’) acts naturally
on F(Y) (on the right) and if Y is connected, then it is said to be ‘Galois over X if
for any ¢ in Fz(Y) the map Autx(Y) — Fx(Y) given by o — o o is bijective.

If now G is any continuous quotient of 71 (X, Z) and O(G) denotes the set of open
subgroups of G, then there exists a canonical projective system (fy : Yy — X, dvy)
in FEt/X where U and V run over O(G) and for each inclusion V' C U the transition
morphism ¢y : Yy — Yy is surjective. We denote this system by (f : Y — X, G),
or more simply f:Y — X, and refer to it as the ‘pro-covering of X of group G’. We
recall that each Yy is connected and that if U is normal in G, then fy : Yy — X is
Galois and Autx(Yy) is canonically isomorphic to the quotient G/U.

For any closed subgroup H of G the morphisms {¢vy } m<y <y constitute a projective
system which we denote by fg : Yg — X. We note that this system corresponds
(under the equivalence of categories described above) to the natural action of 7 (X, T)
on the set of cosets of H in G and that if H is normal, resp. open, then fy is a pro-
covering of X of group G/H, resp. can be identified with the morphism Yy — X in
FEt/X discussed above. For each open subgroup U of G we write fV : Y — Yy for
the pro-covering of Yy of group U that is given by the projective system {¢vy }veow).

3.2. Fix a prime number /, a finite extension O of Z, and an étale sheaf of O-modules
L on X. Then for any morphism h : Y — X in FEt/X the sheaf h,h*L is the sheaf
of O-modules that is associated to the pre-sheaf U — @y, wy) £(U) where the

transition morphisms @iy (vy) £V) = Dromywy) £(U) for each a : U = V are
given by mapping (zy)y to 3., L(a)(xy).

If h is Galois, then the right action of G := Autx(Y) induces a right action on
Homy (U,Y) and hence a left action on h,h*L by permuting the components. For the
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stalks at T one therefore has an isomorphism of O[G]-modules

(6) (h* L)z = @D Fr = O[G] ®0 Lz

Fe(Y)

where the second map results from the fact that (since h is Galois) any choice of an
element £ of F(Y') induces an isomorphism o +— o o £ of G-sets G = F(Y).

We now fix a pro-covering f : Y — X of X of group G as in §3.1 and a flat,
smooth O-sheaf £ on X. We assume given a cofinal subset ON'(G) of ON(G) and
for each U in ON'(G) a power ny of £ such that ny divides ny whenever V C U and
the natural homomorphism Ap(G) — fm, o, ( G)((’) /nu)[G/U] is bijective (where the

limit is taken with respect to the natural transition morphisms (O/ny)[G/V] —
(O/ny)[G/U] for V. C U). Then the above description shows that for each pair
of subgroups U and V in ON'(G) with V' C U the natural morphisms of sheaves
fvafo(L/ny) = fu.fi(L/ny) induces an isomorphism of (O/ny)[G/U]-sheaves

(7) (O/n)[G /U] @0 my)iav) fvadv(Lfnv) = fusfo(L/ny).
We write f,f*L or sometimes just Lo for the associated projective system of O-
sheaves { fu..fi/L/nu}veon (a)-

Since s : X — Spec(F,) is separated we may fix a factorisation s = s’ o j with
j : X — X' an open immersion and s’ : X’ — Spec(F,) a proper morphism. We then
define the direct image with proper support RsiLg of L to be the inverse system of
complexes of O-sheaves {s,G% (ji fu..fi:(L/nv)) fveon (@), where we write G%(K) for
the Godement resolution of an étale sheaf K on X.

We note that these constructions are independent, to within canonical isomor-
phisms, of the system {(U, ny)}veon (o) used above.

3.3. For any affine scheme Spec(A) and any complex of étale sheaves F* on Spec(A)
we abbreviate RI'(Spec(A)g, F*) to RI'(A, F*).

We fix a cofinal system {(U,ny)}ueon () as in §3.2. Then a standard argument
allows one to combine for each U in ON'(G) the isomorphisms (6) (with & replaced by
fv and £ by L£/ny) and (7) in order to deduce that there exists a bounded above com-
plex Pj of projective (O/ny)[G/Ul]-modules that is isomorphic in D((O/ny)[G/U])
to RI'(X, fu.fi;(L£L/ny)) and such that for each V' C U the natural projection
morphism RU¢ (X, fuafiL/nv) — RI(Xea, fu.firL/ny) induces an isomorphism
(O/nu)|G /U@ /myyiav) Py = P of complexes of (O/ny)[G/V]-modules. We write
RI'(Xe, L) for the inverse limit l'glU Pp of any such system of complexes and note
that, regarded as an object of D(Ap(G)) in the natural way, this limit is unique up
to canonical isomorphism.

By a similar construction with X and each sheaf fy . f5£/ny replaced by X’ and
JfuafGL/nu = fuxfi3L/nu, resp. by Spec(Fy) and s\G%/ (ji fu, [ £/nv), we define
the cohomology with compact support RI'.(Xg,Lg) and the higher direct image
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with proper support RI'(F,, RsxiL¢s). The argument of Deligne in [19, Arcata, IV,
§5] shows that these complexes are each independent, up to natural isomorphism in
D(Ao(G)), of the chosen compactification s = s’ o j.

We write s. for the natural morphism Spec(F;) — Spec(F,) and recall that ¢
denotes the geometric Frobenius automorphism in Gal(F;/F,). We note that there is
a natural action of ¢ on the the complex RI'(IFg, s;Rsx Lq).

Proposition 3.1. Let G be any continuous quotient of m(X,Z) and f:Y — X the
corresponding pro-covering of group G. Let O be a finite extension of Zy and L a flat
and smooth O-sheaf on X.

(i) RT'(F,, RsxLq) is naturally isomorphic to RT'.(Xe, La).
(ii) RT(Fy, Rsx1Lg) and RU(Fg, s;Rsx, La) belong to DP(Ao(G)).

Cc

(iii) There is a canonical exact triangle in DP(Ao(QG)) of the form

RT(FS, st Rsx L) —2 RT(FS, 5% Rsx L) — RT(Fy, Rsx,La)[1] = .
(iv) (Witte) If ¢ = p and G is any group as in (1), then RI'(F,, Rsx Lq) belongs
to DY (Ao (G)).

Proof. We first recall that Rsx, can be computed as Rsx 07 for a factorisation sy =
sx:0j asin §3.2. Claim (i) is thus true because for any natural number n and any sheaf
of O/f™modules F on X one has RI'(F,, sx .G% (jiF)) = RI'(F,, Rsx/.()hF)) =
RI(XY,, jiF).

Claim (ii) directly follows from [19, p. 95, Th. 4.9] and the fact that (6) implies
that each stalk of L is a finitely generated projective Ap(G)-module.

Claim (iii) is a well known consequence of the Hochschild-Serre spectral sequence

and claim (iv) is proved by Witte in [49, Th. 8.1]. O

Remark 3.2. For an alternative (and more concrete) proof of Proposition 3.1(iv) in
the case that X is an affine curve see [5, Prop. 4.1(iii)].

3.4. We now make a technical construction concerning the complexes introduced in
§3.3 that will be very useful in later sections. We assume in this subsection that £ = p
and that G has rank one as a p-adic Lie group and recall that in this case the total
quotient ring Qo (G) of Ap(G) is both semisimple and Artinian.

Proposition 3.3. We assume that ¢ = p and that G is any group as in (1) that has
rank one as a p-adic Lie group. Let P* be a complex in CP(Ap(G)) that is quasi-

isomorphic to RU(F¢, st Rsx . L¢). Then there exists an endomorphism ¢ of P* which

@ e
is such that 1 — ¢ is injective in each degree i and there exists a commutative diagram

in DP(Ao(Q)) of the form
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P* —> RF(FC S RSXrﬁg)

@ “c

(8) 1—¢3J llw

P —> RF(IFC RSXI,C(;)

¢ Sc

wn which t 1s a quasi-isomorphism. In each degree i the homomorphism 1 — gZA)Z induces
an automorphism of Qo(G) @ry () P', the product

Zo(1—6) = [[(1 - &' | Qo(G) ®ag(e) PV

belongs to im(K1(Ao(G)s) — Iél(Q@(G))) and in Ko(Ao(G), Ao(G)s) one has
(9) 0.6(Za(1 = §)) = —X&S(RT(Fy, Rsx,La)).

The proof of this result occupies the rest of this subsection. We thus assume
throughout that G has rank one as a p-adic Lie group. We note that Qo(G) =
A@(G)S[%] is obtained by inverting all non-zero divisors in Ap(C) for any central
open subgroup C of G and that for any finitely generated Ap(G)-modules M and N
and any integer a the group Ext} ) (M, N) is a finitely generated Ap(C)-module.

Proposition 3.1(i) implies that there exists an endomorphism ¢ : P* — P* in
CP(Ap(G)) such that there is a commutative diagram (8). This diagram combines
with Proposition 3.1(ii) and (iii) to imply that in each degree i the kernel of H'(1—¢)
is a torsion AO(G) module. Hence, by using Lemma 3.4 below (with e =1 — gg), we
may change (;5 by a homotopy in order to ensure 1 — qb’ is injective in each degree i.
Choosing gb in this way we set a := 1 — qzﬁ and find that in each degree ¢ there is a
short exact sequence of (bounded) complexes of finitely generated Ap(G)-modules

(10) 0— P* % P* — cok(a)® — 0
where cok(a)? = cok(a’) in each degree i and the differentials of cok(«)® are induced
by those of P*. This sequence implies that for each i the complex cok(a)‘[—i] is

isomorphic in DP(Ap(G)) to P! s P, where the first term occurs in degree i — 1,
and also satisfies

X" (cok(a)'[~]) = (=1)'7'(P',a’, P') = (=1)""'0,6((id ® '|Qo(G) @ao(c) P'))
where the second equality is a consequence of our normalisation of dp .

From the exact sequence (10), the commutativity of (8) and the exact triangle
(3.1) one finds that cok(a)® is isomorphic in DP(Ap(G)) to RI'(F,, Rsx . Lq)[1] and
hence that —x*'(RT(F,, Rsx1Lq)) = X" (RI(F,, Rsx.1Lc)[1]) = x*'(cok(a)®) (by
[3, Prop. 5.6]). Now in each degree i there is an obvious exact sequence of complexes
0 — cok(a)![—i] — 7<i(cok(a)®) — 7<;_1(cok(a)®) — 0 where 7«4 denotes naive
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truncation in degree d. By applying [3, Th. 5.7] to each of these exact sequences we
obtain an equality x™f(cok(a)®) = >, ., X" (cok(a)’[—i]) and hence

Za(1 - ) = doa([[(d® o' | Qo(G) @rp(e) P TVT)
= ZXref(COk(Oé)i[—i]) = x"(cok(a)*) = —x""(RL(Fy, Rsx,Lc))-

This completes the proof of Proposition 3.3.

Lemma 3.4. Let € : P* — P* be a morphism in C?(Ao(G)) for which ker(H"(¢))
is Ao(G)-torsion in each degree i. Then there exists a morphism € : P* — P*® in
C?(Ao(GQ)) that is homotopic to o and injective in each degree i.

Proof. In each degree i there are tautological exact sequences of Ap(G)-modules
(11) 052 P 5B+ 50, 0B > 2 - H -0
where B!, Z' and H® are the corresponding coboundaries, cocycles and cohomology
of P*. Now, since G has rank one, every submodule of a finitely generated projective
A@(G)[%]—module (such as BZ[%]) is itself both finitely generated and projective. In
particular, the first sequence of (11) splits after inverting p and so we can choose a
Ao(G)-submodule B! of P* such that BN Z* = 0 and B! /d'(B™1) is p-torsion.
In each degree ¢ the natural map Z° — P'/B"™! is injective with p-torsion cokernel
and so there exists a complex of Ap(C)-modules

Homy, () (P'/B"™, B') 5 Homp, () (B, B') — Ext) ) (H'(P*), B')

which has p-torsion cohomology at the central term, where 7 is induced by the com-
posite BY € P' — P'/B"'. The Ap(C)-module cok(n) is therefore torsion because
Ext/l\o(G)(Hi(P'), B') is torsion (as follows, for example, from [32, Prop. (5.4.17) and
Prop. (5.5.3)(ii)] and the fact that él[%] is a projective AO(G)[%]—module).

Since B!/d!(B™") is p-torsion the map Homy, @) (B, BY) — Homy, @) (B’, BY)
sending k to d"~! ok od'~! has p-torsion kernel and cokernel. As each module cok(n®)
is Ao(C)-torsion we may therefore choose k% in Homy, @) (P'/B™, B') so that the
cokernel of d'~'oa’ +d~' o k' o d'~' € Homp, (g ( B, BY) is Ao(C)-torsion. In each
degree i we then set &' :=a' — (d" 1o k' + k' o d').

This gives a morphism of complexes & that is homotopic to a via the homotopy
{—k};ez and such that, in each degree i, the quotient B /di(4'(Bi*1)) is Ap(C)-
torsion. Since the cokernel of each map d* : Bt s Biis p-torsion the cokernel of each
map &' B — Bl s also Ap(C)-torsion. But H'(&) = H'(«) is also Ap(C)-
torsion in each degree i and so, by an easy exercise involving the sequences (11),
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one finds that cok(a?) is Ap(C)-torsion in each degree i. By considering dimensions
over the field Q(C) it follows that ker(&') is Ap(C)-torsion in each degree i. Since
each Ap(C)-module P’ is finitely generated and projective it follows that in each
degree i the homomorphism &', resp. Qo(G) ®, () &', is injective, resp. bijective,
as required. O

Remark 3.5. The final equality of Proposition 3.3 combines with the sequences
in (4) to imply that the existence of a diagram (8) determines Zg(1 — ¢) up to
multiplication by an element of im(ap ). An alternative approach of Witte in [49]
relies on an interpretation of K;(Ap(G)s) in terms of Waldhausen K-theory due to
Muro and Tonks [31] and can be used to show that Zg(1—¢) (and a natural analogue
for higher rank G) is uniquely determined by a diagram of the form (8). However,
since we only use this fact (via the results of Emerton and Kisin in §4.2) in the case
that G is abelian and in this case it can be proved directly as in [19, p. 115, Cor. 1.13],
the concrete approach of Proposition 3.3 allows us to avoid any use of Waldhausen
K-theory and the rather delicate constructions that it requires.

4. SOME REDUCTION STEPS

In this section we make several important reductions to Theorem 1.1 by combining
the general approach introduced in [7] together with results of [4] and of Emerton
and Kisin [21].

4.1. In this subsection we fix sy and G as in Theorem 1.1 and for any open subgroup
U of G we write sy, for the induced structure morphism sx fy : Yy — Spec(F,).

We recall that a p-adic Lie group is said to be ‘p-elementary’ if it is a direct product
of the form H x P with H a finite abelian group of order prime to p and P a pro-p
p-adic Lie group.

The main result of this subsection is then the following.

Proposition 4.1. Theorem 1.1 is valid as stated if for each open subgroup U of G it
is valid with sx and G replaced by sy, and U/J respectively, where J runs over all
open subgroups of ker(wg) that are normal in U and such that the quotient U/J is a
(rank one) p-elementary group.

We shall deduce this result from the general reduction result of [7, Cor. 8.3].
However, before doing so, we need to make several preliminary observations. To do
this we fix a pro-covering (f : Y — X, G) as in Theorem 1.1, a finite extension O of
Z, and a flat, smooth O-sheaf £ on X.

4.1.1. We first describe the relevant functorial properties of RI'(F,, Rsx L) and
RI'(F¢, stRsx L¢) under change of G.

@ “c

Lemma 4.2.
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(i) If U is an open subgroup of G, then the complex RI'(F,, Rsx.Lq) is naturally
isomorphic to RT(Fy, Rsy, ((f5L)u) in DP(Ao(U)).

(ii) If H is a closed normal subgroup of G, then fy : Yg — X is a Galois pro-
covering of group QQ :== G/H and there is a natural isomorphism in DP(Ap(Q))
of the form Ao (Q) ®HK@(G) RU(F,, Rsx,Lq) = RI'(F,, Rsx,Lq).

(iii) Claims (i) and (ii) remain valid if one replaces each occurrence of F, by F
and each occurrence of Rs by s:Rs.

Proof. We fix a factorisation sx = sx/ o j as in §3.2 and set s := sy and §' := sx.

To prove claim (i) we recall that one can construct (via, for example, the explicit
approach used by Witte in (Step 2 of) the proof of [48, Prop. 4.4.3]) a commutative
diagram

(12)

Spec(F,)

in which jy is an open immersion and f{;, and hence also s};, are proper. In particular,
since sy, = so fy we can compute the functor Rsy,, 1 as R(s o f{;). o ju,. In addition,
since fy and f{; are both proper, for any torsion étale sheaf 7 on Y, there are canonical
identifications ji fu.T = fi;,ju,T and hence G% (jifu.T) = f,U’*G;{{](jUJT) (cf. the
proofs of [48, Props 4.3.14(i) and 4.3.16(i)]). Now Rs L identifies with the projective
system {s.G% (jifvfi-L/nv) }veow) and for each V' in O(U) one has fy = ¢yy o fu
and hence fy.fioL/ny = fu.Lvy with Lyy == ¢vu.dyy firL/nyv. For each such V
one therefore has s,G%. (jifv.fv L/nv) = s.G% (i fuLvu) = (s' 0 f{])*G;% (JurLvy)
and this induces an identification of projective systems RsiLq = R(s o fuh(fHL)u,
as required to prove claim (i).

The first assertion of claim (ii) is clear. We next recall the cofinal system {(U, ny)}
fixed in §3.2 and for each U in ON'(G) we set Ay := Z,/ny. Then the second assertion
of claim (ii) is true because if P is any complex C?(Ay[G/U]) that is isomorphic in
D(Ay[G/U)) to T(F,, s.G% (i fusfi;(L/ny)) and U’ is any subgroup in ON'(G) that
contains HU, then Ay:[G/U'| @, (/v P belongs to CP(Ay/[G/U’]) and is isomorphic
in D(Ay/[G/U']) to
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A [G/U'] @i/ T'(Fg, .G (G fu [ (L/nwr))
=L(Fyg, 5:G% (i (Avr[G /U] @iy fofi(L)nw)))
=L(Fy, .G (i (for s for (L /nur))))
where the last isomorphism is induced by the fact that the natural morphism of
sheaves Ap/ [G/U'| @ay1a/01 fusfi(L/nu) = forafi(£/nor) is an isomorphism.
To prove claim (iii) one can use the following commutative diagram (in which both
squares are Cartesian)

xe L xre X0 Spee(Fe)

1T

j Sxr
X X' —> Spec(F,).

In this diagram the composition sxj¢ is a compactification of the structure morphism
Sxe := Sxtx. One also knows that sisx/ . = sx.t% (by [48, Lem. 4.3.1]) and that
for any torsion sheaf F on X taking global sections of the natural morphism of
complexes

SZSX/7*G3(/ (jlf) = SX,C,*ti;(’GA.X/ (]lf) = SX/C’*t}/tX/ G;(/c (tj;(/jlf)
= SX’“,*t}/tX’,*GX/C (]| tXF) — SX/C GX/C (]1 tXF)

induces an isomorphism in D(Ao(G)) since both complexes I'(IF¢, stsxr .G%/ (11F))
and ['(F, sxre «G%e(jitx F)) compute the cohomology with compact support of ¢y F
(cf. [48, Prop. 4.6.5(2)]). This observation implies that one can prove claim (iii) by
simply repeating the arguments given above but with F,, X, Yy and £ replaced by
Fg, X¢ Yy xx X and ¢% L respectively. O

4.1.2. We next describe the relevant functorial properties of Zeta functions. To do
this we write X for the set of closed points of X and for each z in X° we write d(z)
for the degree of x over [F;. We choose an identification of the residue field of x with
the subfield F a@) of Fy, and denote by = an Fg-valued point of X lying over z. Then
for any complete commutative noetherian 7Z,-algebra A and any flat, smooth A-sheaf
L on X the stalk Lz is a free A-module equipped with an action of ¢4*). For any
bounded complex of such sheaves £* we may therefore define

Za(X, £0,t) = T [ deta(l — ¢*@d® | £y € 1+ 1 A[[2]).

i€Z e X0

In the case A = Z, we write Z(X, £*,t) in place of Z4(X, L*,1).
Lemma 4.3. Let L be a flat, smooth Z,-sheaf on X.
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(i) If U is an open subgroup of G, then for each representation p’ in A(U) one
has Z(X, L& Liyag . t) = Z(Yu, f[{L® Ly, ).

(ii) If Q is a quotient of G, then for each p in A(Q) one has Z(X,L® L,,t) =
Z<X7 L® EInfSp’ t)

Proof. We set Y := Yy, F := L ® Lyq0, and F' := f;L & L,y and for each x in X°
we write Y (x) for the set of points of Y above . Then to prove claim (i) it is enough
to show that for each such z one has
(13) dety, (1 — ¢"@t'@) | Fry = [ detz, (1 — ¢*@ti®) | 7).

yeY (z)
Now there is a natural isomorphism of sheaves on Y of the form f;F = fiL ®
foLrnagy = [HL ® (MG) @aw) Ly) = AMG) @a@) F' and for any g, in F5(Y) the
map ¢g — ¢(7,) induces a bijection between the set of cosets of U in G and the set
Fz(Y'). One therefore has a decomposition

Fe= (i = D F
yeFz(Y)
Further, if y is the point of Y below ¥ and we set e,/, := d(y)/d(x), then the
action of ¢, := ¢4®) induces isomorphisms F7,,, @ = JF5; for each integer m in the set
Yy i=1{m:1<m <e,,}. In particular, one has ¢2""* (7) = 7 and the isomorphism

.7: ' /e () & F; is induced by the action of d" = ¢ One can therefore decompose
]

f as a direct sum
1 - @ B
yeY (z) Fe(y)

where Fr(y) is the set of geometric points of Y over y and 7 is a choice of element
of F5(y) and on each module . ) 7 the endomorphism 1 — ¢1@14®) acts via the
matrix

1 0 ... 0 —¢ip@
—td(@) 1 0o ... 0

0 —d@) q . 0

0 . 0 —td@ 1

Now by using elementary row operations this matrix is reduced to an upper triangular
matrix in which the last diagonal entry is 1 — ¢d®)¢4®) and all other diagonal entries
are equal to 1 and so one has

det (1 — @@ |€BF = det (1 — ?@i®) | 71,

The required equality (13) thus follovvs from the decomposition (14).
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Claim (ii) follows immediately from the fact that there is a natural identification
L, = Elnfg , of sheaves on X. O

4.1.3. We now relate the diagram (1) to the analogous diagrams that are obtained
by replacing X by Yy for any open subgroup U of G, and G by any suitable quotient
of U.

For any diagram (1) we set dy := |I'/T'x| = |’/ im(7g)|.

Lemma 4.4. Let QQ be a rank one subquotient of G of the form U/J where J is
any open subgroup of ker(wg) that is normal in U (and so U is open in G). Fizx
a geometric point Yy of Yy above T. Then there exists a natural analogue of the
commutative diagram (1) in which 7 (X,T) and G are replaced by m (Yu,Yy) and Q
respectively and one has dy, = dx|I'x /ma(U)|.

Proof. Since J C ker(mg) the restriction of mg to U factors through a homomorphism
mq : Q — m(F,Fg). It therefore suffices to show that there exists a commutative
diagram of homomorphisms

™y U

™ (Yu,7y) Wf(an]Fg)

TQ

in which mxz, 7, and 7g are as in diagram (1), 7’ is the natural homomorphism and
T and 7, are both surjective. Indeed, by setting 7, = 75, 0 7 4, such a dia-
gram provides the required analogue of (1) and also shows that I'y, := im(my, 3,) =
im(mq) = 76(U) so dy, := [I'/T'y,| = [I'/im(ne)||im(7e)/ma(U)] = dx|I'x /7a(U)],
as claimed.

To verify the existence of a diagram as above we note that the upper and left
hand triangles are the only parts of the diagram that do not obviously both exist and
commute. It thus suffices to note that the commutativity of the upper triangle can
be shown by comparing the explicit definitions of 7y, 5, ,7xz and 7’ (cf. [25, Exp.
V, §7]) and using the fact that for any finite étale covering Z — Spec(F,) there is a
natural isomorphism Yy X x (X Xgpee(r,) Z) = Y Xspec(r,) £ of Spec([F,)-schemes, and
that the existence of a homomorphism 7, ; making the left hand triangle commute
follows from the fact im(7’) is equal to the stabiliser of 7 in m(X,Z) whilst U is
equal to the stabiliser of 7;; in G. O
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4.1.4. We next interpret Theorem 1.1 in terms of the formalism introduced in [7].
To do this we note that the element vx := 7% is a topological generator of I'y and
hence that G := (G, 7g,vx) is a triple of the sort defined in [7, §1.1.1].

For any representations p; and ps in A(G) there are natural isomorphisms of sheaves
Lptps = L, ® L, and, if p; is isomorphic to po, also £, = L,,. This gives
equalities of functions Z(X, L ® L, 1p,,t) = Z(X, L& L,,, 1) Z(X,L. & L,,,t) and if
p1 is isomorphic to py also Z(X, L ® L,,,t) = Z(X, LR L,,,1).

Thus, if for any G as in (1), any sheaf £ and any p in A(G) we write {7,
for the leading term of Z(X,L ® L,,t) at t = 1 and 7,(X,Lq) for the integer
r(RD(F,, Rsxy(Lc))[1]) defined in [7, §2.1.1], then the data {dy"““V¢s Y ea
is ‘leading term interpolation data’ in the sense of [7, §1.2.1].

We abbreviate the statement MC*(G, RI'(F,, Rsx.Lq)[1], {d;”(x’ﬁ)ggp}p) formu-
lated in [7, §1.2.2] to MC*(X, G, £).

Lemma 4.5. Theorem 1.1 is valid if and only if MC*(X, G, L) is valid.

Proof. In view of Proposition 3.1(iv), it suffices to prove that there exists an element
¢x.c.c as in Theorem 1.1 if and only if MC*(X, G, £) is valid.

For each p in A(G) the homomorphism ®p ¢ g, defined in [7, (3)] is obtained
from the homomorphism ®¢ ¢ s, we defined in (5) by replacing the composite map
Qor(Tx)* € Qor(T)* 2 QO[u]})* by the isomorphism Qur(I'x)* = Q(O'[[u]))*
that sends vx — 1 = 79 — 1 to u. This implies in particular that for each ¢ in
K1 (A(G)s) one has £*(p) = d’”;‘%gg(p) where £ (p) is the leading term defined in [7,
§1.1.3] and r,(¢) the integer defined in [7, §2.1.1].

If now ¢ is any element of K;(A(GQ)s) with 9g(¢) = x™ (RT(F,, Rsx1(Lg))[1]) =
—x"!(RT(F,, Rsx1(Ls))), then for every p in A(G) one has r,(£) = r,(X, Lg) and
hence £5(p) = d}rﬁ(g)f*(p) = d}T”(X’E)g*(p). This implies ¢ validates MC*(X, G, £) if
and only if it is a suitable choice for the element £ x ¢ » in Theorem 1.1, as required. [J

4.1.5. We are now ready to prove Proposition 4.1. We thus consider rank one sub-
quotients of G of the form Q = U/J where J is an open subgroup of ker(mg) that is
normal in U. Then U is open in G and from Lemma 4.2 there is a natural isomorphism

in DP(A(Q)) of the form
(15) A(Q) @k ) resa() RT(Fy, Rsx. L) = RU(F,, Rsy, 1(f.L)0)-

We fix a representation ¢ in A(Q) and set Ig(¢) = Inngnfgw. By combining the iso-
morphism (15) with the result of [7, Lem. 3.6(iv)] (with £ taken to be any element with
0q(€) = x™(RT(F,, Rsx.(Lc))[1])) one finds that "1 (1) (X, L) = ry(Yu, (f5L)v)-
From Lemma 4.3 it therefore follows that

G ) (L) 1y (Yo, (F5 £)0) e
(16) dy N fc,lg(w) =dy vy ffgz:,w'
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In addition, the result of [7, Cor. 8.3] combines with Lemma 4.5 and the isomor-
phism (15) to imply that Theorem 1.1 is valid if for all subquotients Q@ = U/J as
above there exists an element £y of K;(A(Q)s) with

(17) 0o(€q) = X (R (Fy, Rsyy, 1(foL)v)[1])
and such that for all ¢ in A(Q) one has

. (Yo (F L)) G (KA L . .
(18) (fQ)Q<¢) - dQ s dy ¢ gc,lg(w) - (deX) w(YU’(fUL)U)gf;;z;,w

where dg denotes the index of ker(7)U in G and @ the triple (Q, g, fy;l(Q) and the
second equality follows from (16). Now dg = |im(ng)/7c(U)| = |I'x/7¢(U)| and
so Lemma 4.4 implies dgdx = dy,,. The argument of Lemma 4.5 (with X,G and
L replaced by Yy, @ and f L respectively) therefore shows that the existence of an
element & satisfying (17) and (18) is equivalent to the validity of Theorem 1.1 with
X,G and L replaced by Yy, @ and 5L respectively, and so completes the proof of

Proposition 4.1.

4.2. In this subsection we assume that G is abelian and of rank one and deduce this
case of Theorem 1.1 from a result of Emerton and Kisin.

4.2.1. Since G is assumed to be abelian and of rank one it is isomorphic to a direct
product P’ x P with P’ finite abelian of order prime to p and P a rank one abelian
pro-p p-adic Lie group (which we may regard as both a subgroup and quotient of
G). The algebra A(G) is therefore isomorphic to the product [ [, pi. Az, y)(P) where
P := Hom(P',Q5*) and Z,[¢] is the finite (unramified) extension of Z, generated
by {¥(g) : g € P'}. In addition, for each flat, smooth Z,-sheaf £ on X there is
an isomorphism Lo =2 Gyepr+(L @ Ly)p and for each irreducible representation p in
A(G) an isomorphism of sheaves £ ® L, = (L ® Lyp) @ Lyp.

Given these facts, it is clear that the validity of Theorem 1.1 in the case that
G = P’ x P is abelian follows by applying (Proposition 4.1 and) the following result
with G = P and F = L ® Ly, for each ¢ € P™.

Theorem 4.6. Let G be a rank one abelian pro-p p-adic Lie group as in (1). Fix a
finite unramified extension O of Z,, and a flat and smooth O-sheaf F on X. Then the
complex RT(F,, Rsx.F¢) belongs to DY(Ao(G)) and there exists a unique element §x
Of Kl(A(g(G)S) with

(19) Oo,q(&r) = —Xr(SfG(RF(qu Rsx Fa))

and such that for all representations p in A(G) one has

(20) §r(p) = Zo(X, F @ L), 1).



20 DAVID BURNS

Remark 4.7. If X is an affine curve and F has abelian monodromy, then (after
translating from the language of graded invertible modules to that of relative algebraic
K-theory in the natural way) the argument of Lai, Tan and the present author in [5,
§A.2] can be used to give a proof of Theorem 4.6 that relies solely on Weil’s formula
for the Zeta function in terms of ¢-adic cohomology for any prime ¢ # p (and hence
avoids any use of crystalline cohomology).

If an element {r exists as in Theorem 1.1, then it is unique as a consequence of |7,
Lem. 3.4 and Rem. 3.5]. In the rest of this subsection we will deduce its existence
from a special case of [21, Cor. 1.8].

4.2.2. We start with a convenient reduction.
Lemma 4.8. [t is enough to prove Theorem 4.6 in the case that ¢ = p.

Proof. We write X for the scheme X regarded as defined over F ». Then it is enough to
show that an element & satisfies (19) and (20) if and only if it satisfies the analogous
equalities that are obtained by replacing X by X.

We write s, : Spec(F,) — Spec(F,) for the morphism induced by the inclusion
F, C F, and set sg := s,sx. Since s, is proper any compactification sx = s'yj of
sy gives rise to a compactification sy = (s45)j of sg. From the natural isomor-
phisms RI(F,, Rsg Fa) = RU(F,, R(sq © k) (1 Fa)) = RU(F,, Rs(Rs'x (1. Fa))) =
RI(F,, Rs'x (71 Fc)) = RU(F,, Rsx,F¢) it is thus clear that the validity of (19) does
not change if we replace X by X.

To consider (20) we write m for the degree of F, over F, and set T := 7%(F,, Fe).

Then for each p in A(G) one has Zo(X,F ® L, t)=Zo(X,F® L, t") and hence
ZH( X, F@R Ly 1) =meZ5(X, F@ L, 1)

where 77, denotes the order of vanishing of Zo(X,F®L,t)att = 1.

We now write 7¢ for the homomorphism G — I' obtained from the analogous dia-
gram to (1) with X replaced by X and ®¢ ¢ s, for the homomorphism K (Ao (G)s) —
Q(O'[[u]])* defined as in (5) but with the roles of 7g, I' = 7}(F,, Fg) and ~y replaced
by 7, I and the image 7 of the Frobenius automorphism z — 27 in I'. Then, since 7g
is the composite of 7¢ and the natural inclusion I' = Gal(F,/F;) C Gal(F,/F;) = r
and v = 4™, one has ®pas, = [m] o Poas, with [m] the endomorphism of
Q(O[[u]])* that sends w to (1 + u)™ — 1. This implies that for any element &x
the order of vanishing r, of i)o,a, sp(E7) at uw = 0 is equal to the order of vanishing
of o ¢ 5,(Ex) at u =0 and also that the corresponding leading terms are related by
D0 6.5,(E7)5(0) = m»®p ¢.5,(£7)*(0). Comparing this equality with the displayed
formula above it is clear that the equalities (20) for X and X are equivalent provided
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that r, = r/, for all p in A(G). Since the equalities r, = 77, are an immediate conse-
quence of Lemma 4.9 below (with {7 = Z), (@) (X, Fa, 1)), this completes the proof
of the claimed result. 0

4.2.3. We now assume that G and O are as in the statement of Theorem 4.6 and
(following Lemma 4.8) that ¢ = p. In this case the ring Ap(G) is local and we write
m for its maximal ideal and Ap(G)(t) for the m-adic completion of the polynomial
ring Ap(G)[t]. We also write F& for the complex comprising F¢ placed in degree
0. Then the function L(X, F&,t) defined in [21, (1.7)] is equal to Zx, ) (X, Fa,t).
Further, if Z denotes the geometric point Spec(IF;) of Spec(F,), then [30, Chap. II,
Th. 3.2(a)] (with 7 = s.) implies that the complex of stalks (Rsx F¢)s identifies
with RI'(F¢, siRsx 1 Fq). From [19, p. 115, Cor. 1.13] it follows that

P’ 7c

L(F,, Rsx,Fg,t) = HdetAO(G)(l — ¢t | PHEYT e 1+ tAo(G)[[H]

1EL

where L(F,, Rsx 1 Fg, t) is defined as in [21] and ¢ and P* are chosen as in Proposition
3.3. In particular, Proposition 3.3 implies that the series L(IF,, Rsx F&,t) converges
at t = 1 to an element of Ap(G)3 = im(K;(Ao(G)s) = K1(Qo(G))) and also satisfies

(21) do,c(L(Fy, Rsx 1 Fe, 1)) = —X6a(RU(F,, Rsx, Fe)).
In addition, the result of Emerton and Kisin in [21, Cor. 1.8] implies that
(22) Zro@) (X, Fot) = v(X, F&, t) L(Fy, Rsx\ F&, t) € 14+ tAo(G)][t]]

for an element v(X, F&,t) of 1 +mtAx(G)(t).

Any series in 1 + mtAp(G)(t) converges at t = 1 to give an element of Ap(G)*
and so (22) implies that Zy, ) (X, F&,t) converges at ¢ = 1 to the value {r =
Zpo) (X, Fou 1) = v(1) L(F,, Rsx ) F&, 1) € Ao(G)g, where we set v(1) := v(X, Fg, 1).
Thus, since v(1) belongs to Ap(G)*, the equality (21) implies that

0o,¢(&r) = 0o,c(V(1)L(F,, Rsx  F&, 1))
= 00,6(L(Fp, Rsx, F, 1)) = —=X6la(BT (Fp, Rsx, 1 Fa)).

In addition, if for each p in A(G) we write (as in the proof of Lemma 4.8) r, for the
order of vanishing of the function ®¢ ,(£x) at u = 0, then Lemma 4.9 below implies
that &7 satisfies
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Er(p) == Pa,o(67)7(0)
= }ng(lj u " Zo(X, F® L,, (1+ u)_l)

= lim(1 — )77t Zo(X, F & Ly, 1)
%

= lim(1 — 1) " Zo(X, F & £,, 1)

= Z5(X, F® L, 1)

where the third equality follows by setting ¢ := (1 +u)™! (so u = (1 — ¢)¢t™'). The
given element {r therefore validates Theorem 4.6, as required.

Lemma 4.9. Fiz an Artin representation p : G — GL,,(O), with O C O, and
identify Qo (T) with Q(O'[[u]]) by setting u :=y—1. Then Zo/(X, FRo Ly, (1+u)™1)
is well defined as an element of Q(O'[[u]]) and satisfies Zo (X, F @0 L,, (1+u)™1) =
Q0,6,50(Zro(@) (X, Fa, 1)).

Proof. By mimicking the construction of ®¢ ¢ g, in §2.3 one can define a composite
homomorphism

0,61+ Ao (G)[[H]" = Ki(Ao(G)[[t]]) = K1 (M (Q(Aor (Px)[]))
= Ki(QAo (Tx)[[H]]) = QAo (Tx)[[])"
€ QAo (D[H]])* = QO[u, t]])™.

For each x € X° the inverse limit over all open normal subgroups U of G of the
isomorphism (6) with £ = F and h = fy; constitutes an isomorphism of Ap(G)[¢d®)]-
modules between F¢z and Ap(G) ®o Fz, where on the latter module Ap(G) acts by
multiplication on the left on Ap(G) and ¢4(®) acts diagonally (via its natural action on
Fz and its actions on the sets Fi(Yy) that are induced by its action on 7). By using
this explicit description of each stalk Fgz one finds that ®¢ ¢ ,; sends the element
Zpoe) (X, Fout) of 1 +tAo(G)[[t]] C Ao(G)[[t]]* to the series

0(u,t) = [] detoru(1 — @' | O'[[u]] @0y L,z @or Fr) ™ € O'[[u1]],

zeX0

where ¢4®) acts diagonally on the indicated tensor product, in the natural way on
the stalks £,z and F5 and as multiplication by (1 + u)~4® on O'[[u]].

We next note that if p is the maximal ideal of O then for any element w(u) of
1+ puO'(u) the series w((1+ u)~ ') is well-defined as an element of 1+ pu@'[[u]]. In
particular, from the equality (22) with Ap(G) and L replaced by O and F @ L,
respectively, it follows that Zo/ (X, F® L,, (1+u)~") = 6(0, (14+u)!) is well defined
as an element of Q(O'[[u]]). On the other hand, the given action of ¢4® on O'[[u]]
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implies that 6(0, (1 +u)™') is equal to 6(u, 1) and hence that in Q(O’'[[u]]) one has

P0,6,50(Zro(@) (X, Fou 1)) = Po.api(Zag @) (X, F& t))|i=1= 0(u, 1)
=0(0,(1+u)™") = Z(X, FO L, (L +u)™"),

as claimed. 0

5. THE GENERAL STRATEGY

The results of §4 imply that it suffices to prove Theorem 1.1 in the case that G
is a p-elementary group of rank one and in addition that this result is valid if G is
abelian. We quickly review the strategy introduced by the present author and Kato
that can be used to deduce Theorem 1.1 in the general case.

5.1. We assume that G has rank one and that X(G) is any set of (rank one abelian)
subquotients of G of the form U with U an open subgroup of G that has the following
property:
(%) For each p in A(G) there is a finite subset {U" : i € I'} of ¥(G) and for each
index i an integer m; and a degree one representation p; of U2" such that there
is an isomorphism of (virtual) representations p =", m; - Ind&lnfg;b 0i-

We fix a finite unramified extension O of Z, and for each A = U*" in ¥(G) we write
go.a.s for the composite homomorphism

Ki(Ao(G)s) = Ki(Ao(U)s) = Ki(Ao(A)s) = Ao(A)s C Qo(A)*

where the first arrow is the natural restriction map, the second the natural projection
and the third is the isomorphism induced by taking determinants over Ap(A)g. We
then define a composite homomorphism

Nose) : Ki(Mo(G)) = Ki(Ao(G)s) =[] Qo(A)*
AES(G)

where the first arrow is induced by the inclusion Ap(G) C Ap(G)s and the second is
the diagonal map [] , go,4,s. We abbreviate gz, 45 and Az, v to qa,s and Ay ).
We fix a flat, smooth Z,-sheaf £ on X and, following Theorem 4.6, for each A = U?"
in 3(G) we write {4 . for the unique element of K;(A(A)g) = A(A)g that validates
Theorem 1.1 with X, G and £ replaced by Yy, U and f;;L respectively.
For details of more general versions of the following result see [7, Th. 2.2 and Rem.
2.5] and [28, Prop. 2.5].

Proposition 5.1. Theorem 1.1 is valid if for every p-elementary group G of rank one,
and any set of subquotients (G) that satisfies property (x), there exists an element
¢ of Ki(A(G)s) which satisfies the following two conditions.

(i) 9c(&) = —x"(RL(Fy, Rsx1La)).

(ii) The element (qa(§) 'Eac)a belongs to im(Asx ).
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Proof. Let v be any element of K;(A(G)) with Agg)(v) := (qa(€) €4 c) 4 and write

u for the image of v under the natural homomorphism K;(A(G)) — Ki(A(G)s).

Then we claim that the element {x ¢ o := u§ validates the conditions of Theorem 1.1.
Firstly, since u belongs to ker(dg), condition (i) implies that

dc(éxc.c) = Oa(uf) = 0c(§) = —X"'(RT(F,, Rsx, L))

To show that £x ¢ has the necessary interpolation properties we fix an Artin

representation p of G. Then the isomorphism p = > IndG InfUab pi given by

ier M
condition (%) implies that

Do p(xc.e) = H e ndg, 1nf. (o (oo Ex.c.0)™

el

=[] P4 (@a.5Exce)™ =] Parp(€arc)™

i€l el

where we set A; := U2, the first displayed equality is obvious, the second follows
from [7, Lem. 3.6(i)] and the last is valid because g, s(x.a.c) = &a,.c- Thus, since
each element &4, o is assumed to validate Theorem 1.1 with X, G and L replaced by
Yu,, Ai and f{; £ respectively, one has

Ex6,c(0) = Pep(Ex.6.0)"( H@Az pi (€)™ (0)™

i€l
iel
=7 (X, LR ﬁzielmi.[ndgilnfggb(ﬂi)’ 1>

= 724X, L® L, 1),

where the fourth equality follows from Lemma 4.3. OJ

5.2. We now recall Kakde’s explicit description of a set ¥(G) as above and also of
the associated group im(Ayg)). In fact, we shall assume (as we may) that G is a
p-elementary group of rank one, with a corresponding direct product decomposition
G = P’ x P and then, just as in §4.2, we use the induced decompositions A(G) =
[Lyepr Az, (P) and Lo = @yepr (L ® Ly)p. In particular, after replacing G, A(G)
and £ by P,Ao(P) and L ® L, we may (and will) henceforth assume that G is a
pro-p group of rank one.

We fix a lift T of T' in G and use this to identify G with the semi-direct product
H x T' with H := ker(mg). We also fix a natural number e such that T”" is central in
G and set G := G/ and R := Ap(I""). The algebra Ao(G) can be identified with

a+

the twisted group ring R[G]™ with multiplication (h3%)™(K/3%)™ = 37 1% (haa . W30
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where [z] denotes the greatest integer less than or equal to z and for any g in G we
write g7 for its image in R[G].

For any subgroup P of G we write Up for the inverse image of P in G, write NgP
for the normaliser of P in G and set WP := NgP/P. We write C(G) for the set
of cyclic subgroups of G' and note that for any P in C(G) the group Up is a rank

one abelian subquotient of G. For each P in C(G) we write Tp for the image of the
endomorphism of R[P]™ given by x +— > gEW5(P) g"z(g7)~!. For any subgroups P and

P’ of G with [P, P') < P < P’ we write
nrh Ao (U = Ap(Up/[Upr, Upr])*,
T Ao(UR’) = Ao(Up/[Upr, Upl))

for the natural norm and projection maps respectively.
For any non-trivial cyclic subgroup P of G we fix a homomorphism wp : P — Qp*

of order p. We also fix a homomorphism w; := wyyy : " — Qy of order p and use
the same symbol to denote the endomorphism of Ap(Up)* that sends each g € Up
to wp(g)g. For each subgroup P of G we define a map ap from Ap(Up)¥ to itself in
the following way: if P is the trivial subgroup {1}, we set agy(z) := aPo(x)t; if P

is non-trivial and cyclic we set ap(z) := 2P( ],zj)’*l wh ()Y if P is not cyclic, we

set ap(r) := 2P. For each P in C(G) we write Cp(G) for the set of cyclic subgroups
P’ of G with P? = P and P’ # P. N )
Finally we note that the group G, and hence also G (since I'” is central), acts on

the set {U%" : P < G’} by conjugation.

Proposition 5.2. (Kakde) Let G be a rank one pro-p group. Then the set 3(G) :=
{U% : P < G} satisfies the condition (x) in §5.1. Further, an element (E4)4 of
[Lies() Ao(A)* belongs to im(Aop s(q)) if and only if it satisfies all of the following
three conditions.

(i) For all subgroups P and P' of G with [P', P'] < P < P’ one has nrh’ (fU;?) =

iy (fU;b)-

(ii) For all subgroups P of G and all g in G one has Eguabg—1 = gﬁU;bg_l.

(ili) For all P € C(G) one has ap(&ysn) = [1pecy @) ap/(gU;t;) (mod pTp).

Proof. The first claim follows directly from the proof of [27, Prop. 86] and the second
is the result of [27, Th. 48]. O

6. LOGARITHMS FOR POWER SERIES

The first step in our proof of Theorem 1.1 will be to prove an analogue of the
congruences that occur in Proposition 5.2 for certain kinds of power series. To do
this we need to introduce a variant of the logarithmic techniques introduced by Oliver
and M. Taylor and this is what we describe in this section. The constructions that
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we make here are analogues of those first made by Ritter and Weiss in [39] (and then
later by Kakde in [27]).

In this section we use the notation and hypotheses of §5.2 and hence assume, in
particular, that G is pro-p. We set R := Ap(I*") and R, := R|[[t]]. For any subgroup
P of G we set Rp; := Ao(Up)[[t]] = R:[P]” and write kp for the R;-linear map
R P|” — R[Conj(P)]” which for each g in P sends ¢ to its conjugacy class in P.
We also write J(A) for the Jacobson radical of any ring A.

i+1zt
—

6.1. In the next result we use the p-adic logarithm series Log(1+x) := > .. (—1)

Lemma 6.1. For each subgroup P of G the association 1 + z + Log(1 + ) for x in
J(Rpy;) induces a canonical homomorphism logp, : Ki(Rp;) — Rt[Conj(P)]T[]%].

Proof. We claim first that for any = € J(Rp,) the series Log(1 4 x) converges to an
element of J(Rp,t)[l—lj]. To see this note that, since O/Z, is unramified, J(Rp;) is the
kernel of the natural homomorphism Ax(Up)[[t]] — (O/p)(T") and so is generated by
t,p and the augmentation ideal Iy of Ap(H’)|[[t]] where we write H' for the kernel
HNUp of the natural composite homomorphism Up C G — I". But, since H' is a finite
p-group, one has I}, C pAp(H') for any large enough integer n. This implies that for
any natural number m there exists an integer m’ such that J(Rp:)" C (p, X)"Rpy
for all n > m’. For any given natural number M it follows that the coefficient of t™ in
x'/i converges to 0 as i tends to infinity. It is therefore clear that for any x € J(Rp,)
the series Log(1 + x) converges to an element of RP,t[%] =Ry [P]T[%].

Given this fact, the argument used by Oliver to prove [35, Lem. 2.7 and Th. 2.8]
implies that the association 14 x +— Log(1+=) for  in J(Rp,) induces a well-defined
homomorphism logp, : Ki(Rps, J(Rps)) — (J(Rpe)/[Rps, J(Rpy)])[5]. Finally we
note that Rp;/J(Rp;) is isomorphic to I, and hence that there is an exact sequence

(23) 1— KI(RP,t7 J(Rp,t)) — KI(RP,t) — Kl(Fp>
In particular, since Ki(F,) = F) is finite and (J(Rps)/[Rpy, J(Rpy)])[2] is torsion-

p
free, it is clear that log’Pjt extends uniquely to give the desired isomorphism logp,. [

Before stating the next result we note that if Up is abelian, then K;(Rp;) and
R;[Conj(P)]" identify with Rp, and Rp, respectively.

Lemma 6.2. Assume that Up is abelian and let I be any ideal of Ao(Up) = R[P]"
that belongs to pAo(Up). Then logp, induces an isomorphism between the groups
1+ I[[t]] and I[[t]].

Proof. We fix x in I[[t]] and for each pair of non-negative integers m and n we write
c(x) for the coefficient of " in a™.

We first claim that logp, maps 1 + I[[t]] to I[[t]]. To see that note that, since
I C pRIP]™ one has I? C pl and hence I™ C nl for all natural numbers n. In
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particular, since ¢(x) € I™, one has ¢(x)/n € I for all n > 1. As the series
Yo s1 (1) e (z) /n converges (by the argument in the proof of Proposition 6.1) it
must therefore converge to an element of . It follows that the series log P,t(l +x) =
S s (O s (=)™ (2) /n)t™ belongs to I[[t]], as claimed.

We next claim that for z in I the exponential series expp,(z) := Y.. % converges
to an element of 1+ I[[#]]. The key point here is that I C pR[P]" so I C J(R[P]") and
I? C pI-J(R[P]"). This implies that for any non-negative integer k& and any integer n
with p* <n < pF*1 one has I" C n!l - J(R[P]")* and hence ¢"(z)/n! € I - J(R[P]")k
and it is then clear that expp,(z) = 14> (> .51 e (z)/n!)t™ converges to an
element of 1+ I[[t]]. - -

Lastly we note that standard power series identities imply that logp,0expp,(z) = =
and expp,; o logp,(1 +2) = 1+ for all x in I and hence that logp, induces an
isomorphism from 1+ I[[¢]] to I[[t]], as claimed. O

6.2. For each pair of subgroups P and P’ of G with P < P’ we write
95,/15 c Ki(Ao(Up)|[t]]) = Ki(Rprt) = Ki(Rpy) = Ki(Ao(Up)|[t]])
for the standard restriction map on K-groups. We also define an R;-linear map
Resh, : R;[Conj(P')]” — Ry[Conj(P)]"

by setting Resg’/t(/-@p/(gT)) = > kp((z7) ' (gx)7) for each g in P’, where x runs
over all elements in a given set of left coset representatives of P in P’ which satisfy
xgr~! € P. (It is straightforward to check that this recipe does indeed give a well-
defined homomorphism.)

We will use the following functorial property of the functions logp, under change
of group P.

Lemma 6.3. For each subgroup P of G the following diagram commautes.

Ki(Ao(G)H]) —2% R,[Conj(@)] [

Bgtl ResgtJ(
Er(Ao(Up)[[]) —225 Ry[Conj(U)]7[L).

Proof. The argument used by Oliver and Taylor to prove [36, Th. 1.4] shows that for
all € in Ao(G)[[t] = R,[G]" one has logP,t(eg,t(l +pg)) = Resgt(log@’t(l + pg)).

Now for any = € J(R, [G]7) the proof of Proposition 6.1 shows that there exists an
element ¢ of R;[G]™ with

(I4+2) =14+pd+a” =14+pE+1t7"¢ =1+ )1 +ps(1+ 7).
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But "¢ € J(R,[G]7) and £(1 4+ #"¢")~! € Ry[G]™ and so one has
p"ogp, (03, (1 + )
—logp, (05,((1+2)""))
=logp, (0F,(1+ pE(1+17€)7)) + logp, (67,(1 + 7€)
=Res,(logg, (1 4+ pE(1+17"¢) ™)) +logp (63,(1 +#7¢))
—Resf, (logg,, (1 + 2)"")) +logp,(65,(1 + #"¢')) — Resf, (logg, (1 + #"¢)))
:p”Resgt(logat(l + 1)) + logp’t(th(l +tP"¢)) — Resgt(logéﬁt((l +t"¢")).
It is clear that logg, (1 + t7"¢’) belongs to t*" R, [Conj(P)]T[i} and easy to see that

05,(1+17"€") =1+ t*"Res$,& (mod Ky(R,[P]",t" R,[P]")).

This implies that logpi(é’gt(l +tP"¢’)) and Resgt(logat((l + tP"¢’))) both belong to

tp"Rt[Conj(P)]T[]%] and hence, in conjunction with the above formula, that

logp,t(Qg,t(l +x)) = Resgt(logéjt(l + 1)) (mod t*" R, [Conj(P)]T[%]),

Since this is true for all n one has logp,(05,(1 + x)) = Resgt(logat(l + x)) and so
the diagram in the statement of the lemma commutes if one replaces K;(Ao(G)) =
Ki(RJ|G]") by Ki(RG]",J(RG]7)). The given diagram therefore commutes be-
cause K1 (R;[G]", J(R:[G]7)) has finite index in K;(R;[G]") (by (23)) and the group
Rt[Conj(P)]T[i] is torsion-free. O

6.3. We now define ¢, to be the map on R, = Ao (I'*)[[t]] that is equal to the
Frobenius automorphism Fr on O and the p-th power map on I'** and in addition
sends each term ¢* to . We extend this map, again denoted ¢y, to R;[Conj(G)]™ by

mapping x(g"7) to £((¢7)?) and then set Lg, = (1 — p~'yy) o logg,.
Proposition 6.4. One has Im(Lg;) € R;[Conj(G)]".
¢[G]7) is finite and prime to p (by

Proof. The index of K, (R;[G]", J(R;G]7)) in K,(R

(23)) and so it is enough to prove that L (K1 (R:[G]™, J(R[G]7))) € R:[Conj(G)].
By a result of Vaserstein [45] every element of K;(R;[G]", J(R:[G]7)) is the image
(1 —z) of an element 1 — z with = € J(Rt[G] ). Now for any such x one has

Lod(l—a) == 5+ 3 20 o 5L 5 et el

i>1 >1 i>1 k>1
pti

and so it suffices to prove that Y, ., (pk) ™" (2?* — ¢y (2*)) belongs to R,[Conj(G)]".
Since every prime other than p is invertible in R; it is thus enough to prove that
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P (y"" —@i(y?")) € Ry[Conj(G)]™ for all natural numbers n and all y € R,[G]”. This
containment can be proved by simply mimicking the proof of [35, the first assertion
of Th. 6.2]. Indeed, only two points are worth mentioning in our context: for any set
of elements {g;, : 1 < j < ¢} of G onihas k(1= 97) = rgl9], ;:{71 g7.) (since
kg(g™h") = kg(h7g") for all g and h in G) and for any element 7 = 3=, .- ¢;; (77" —1)"t/
of R, with ¢;; € O for all ¢ and 7, one has

= Fr(c;; fype YitPl = )PP = r? (mod pRy).
J

4,720 1,720

7. CONGRUENCES FOR POWER SERIES
In this section we continue to use the notation and hypotheses of §5.2.
7.1. For any subgroups P and P’ of G with [P, P'] < P < P’ we write
wrpy : Ao (UR)[[H]* = Ao(Up/[Up, Up))|[t]]"
Thy : o (UR)([t]] = Ao (Up/[Up:, Up/)[[H]

for the natural norm and projection maps respectively. For any subgroup P of G we
also write «9G b for the natural composite homomorphism

K1 (Ao (G)[[1]) &, K1(Ao(Up)[[t]]) = Ki(Ao(Up)[[t]]) = Ao(U)][H]]"

where the isomorphism is induced by taking determinants over Ao (U)([¢]].

For any non-trivial cyclic subgroup P of G we write wp, for the endomorphism of
Ao(Up)[[t]]* that sends each element gt* with g in Up to wp(g)gt’. We also write
w1y = wpy, for the endomorphism of Ap(Upy)[[t]]* = Ao(IP)[[t]]* that sends each
gt' to wp(g)gt’ for g in TP" and i > 0. For each subgroup P of G we define a map
ap; from Ao(Up)[[t]]* to itself in the following way: if P is the trivial subgroup
{1}, we set aqiy(x) == aPpy(x)~!; if P is non-trivial and cyclic we set apy(z) =
xP( Zzgfl why(x))~"; if P is not cyclic, we set apy(x) == 2?.

The main result that we shall prove in this section is the following

Theorem 7.1. Fiz an element £(t) of Ki(Ao(G)[[t]]) and for all subgroups P of G
set Ep(t) == 057 (€(1) € Ao(UR)[[H]*
(i) For all subgroups P and P' of G with P < P’ and [P',P'] < P one has
nrp, (§pi(t)) = 7, (Ep(L)).
(ii) For all subgroups P of G and all g in G one has £,pg—1(t) = g€p(t)g™"
(ili) Forall P € C(G) one has api(§p(t)) = [pecp ) @p (e (1) (mod pTe[[t]]).
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Our proof of this result combines the logarithmic constructions made in §6 with a
straightforward modification of arguments of Kakde in [27].

7.2. Before proving Theorem 7.1 we first recall how the homomorphisms QP b can
be computed explicitly.

To do this we set npp := [P’ : P] = [Up : Up]. We also note that, since
Ao(Up)[[t]] is a local ring, the natural homomorphism ¢p from Ao (Up)[[t]]* to
Ky (Ao(Up)[[t]]) is surjective. For any & in Ki(Ao(Up/)[[t]]) we therefore choose an
element & of Ao(Up)[[t]* with ¢p(€) = € and a set of left coset representatives
C(P,P):={c:1<i<npp}ofUpin Up and write Mc(P/7p)(g) for the matrix
in My, ,(Ao(Up)|[[t]]) of the automorphism of the A(Up)[[t]]-module Ao(Up)|[t] =
@Z 17" Ao(Up)|[t]]¢; that is given by multiplying on the right by €. Then Q;It’ab (&) is
equal to det(mp" " (Mo(p.pr(€))) € Ao(UEP)[[t]* where 7p p is the natural projection

M, (Ao(UP)[[ 1) = M, ,(Ao(UR)[[E]).

It is now clear that Theorem 7.1(i) is valid because the diagram given below
commutes, where mp/; and 7p; denote the natural maps. (Note that the upper
quadrilateral in this diagram obviously commutes, whilst the lower quadrilateral
commutes because C'(P, P’) can also be regarded as an Ao(Up/[Upr, Up/])|[[t]]-basis of
A@(U ))[[t]].) Indeed, the commutativity of this diagram implies that the image under

uxf, of the projection of & to Ao(UZ)[[f] is cqual to £, (det(y”™ " (Mo (€))) =
P,It(eg,tab@)), as required.

K1 (Ao (G)[[t])

- 0F.
QIGD/,t l \

Kl(Ao<1pr)[[t]]) eﬂ\blﬁ (Ao(fp)[[t]]>
Ao (UE)[[t])* \ / o (U]
o(Up/[Upr, Up])

To prove Theorem 7.1(ii) we first compute explicitly each term &p(t) = Og’tab(ﬁ (1))
by using the recipe above (with ¢ equal to £(t)). We then set C' := C(P,G) and
note that for any g in G the set gCg™' := {gcig™" : 1 < i < [P : P]} is a set
of left coset representatives of gUpg™' = Uyp,~1 in G. It is easily checked that

Mgcgfl(ggg‘l) = gMc(€)g~". Since qg(glg™") = qg(€) = £(t) it therefore follows
that

Egpg-1 () = det(mg  py1 (gMc(§)g™")) = gdet(ng p(Mc(£)))g™" = gép(t)g™,
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as required to prove claim (ii).

7.3. To prove Theorem 7.1(iii) we need a preliminary result. In this result we use
the following notation: for each subgroup P of G we define np: to be the R;-linear
endomorphism of R;[P]|” which for each g € P sends ¢” to 0, resp. ¢7, if P is cyclic
and ¢ is not a generator of P, resp. otherwise.

Lemma 7.2. For all x in K1(Ao(G)[[t]]) and all P in C(G) one has
ap(0F,(x))
HP’eCp(é) O‘P’,t(eg/,t(x))

Proof. 1t is enough to prove that there is a commutative diagram of the form

logp ) = pnes o Res,) (L ().

loga, ¢

Ki(Ao(G)[[H])

(ngt)p l (Resgt)p l
(IOgP,t)P

rec@ Ki(hoUp)[[H])  —lpec@ BilPT

R;[Conj(Q)]"

o)

where the upper diagonal arrow sends x to (npﬁt(Resg,t((l — plg)(z)))p and the

lower diagonal arrow sends (zp)p to (p_lloth(HP Ca?;(xi) w))a:
) / Q « /. T pr

Lemma 6.3 for each P € C(G) implies that the square in the diagram commutes
and so it suffices to prove that the central diagonal arrow can be chosen so that
the two triangles commute. The methods of Kakde show that this is possible if the
central diagonal arrow sends each element (zp)p to the element with P-component
1= pecp@ Pilp) — dppLoi(zp) with dp equal to 1, resp. 0, if P is non-trivial,
resp. trivial. Indeed, with this definition, the commutativity of the upper triangle
follows from natural analogues of [27, Lem. 78] and the first commutative diagram in
[27, Lem. 74], whilst the commutativity of the lower triangle follows from a natural
analogue of [27, Lem. 76].

To obtain these analogues one makes the following notational changes. In the proof
of [27, Lem. 74] one replaces the terms Ap(Up), log, ap, np and wp by Ao(Up)|[[t]] =
RPI7, logp,, apy, npy and wp, respectively. With these changes of notation the
argument proceeds exactly as in loc. cit.. In the argument of [27, Lem. 76] one
replaces Ao (I""), Ao(U’), Ao(Up) and ¢ by Ry, Ao(UZ)[[t]], Ao(Up)[[t]] = Re[P]"

and ¢; respectively. One must also replace the maps 35 and 3Y by ﬁgt and ¢ =
(8%,) p< respectively, where 85, : R[Conj(G)]” — R,[P™] is defined in the same
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way as 85 in [27, Def. 50] but with R = Ao (I'?") replaced by R;. We also replace v% by
the homomorphism v, : [o.z Ao (UZ)[[t]] = Ao(Up")[[t]] which is defined as in [27,
Def. 75] but with verh replaced by the A(I'*")-linear map Vergt : Ry[P'” — RP|”
which acts as p-th power on P’ and sends each term t* to t”. It then suffices to check
that the analogues of the diagrams in [27, Lem. 76] commute on each element of the
form kz(g7)t’ with ¢ € G and i > 0, and this is done by the same argument as in loc.
cit. (after taking into account the above changes of notation). Finally, in following
the argument of [27, Lem. 78] one must make the changes described above and also

replace v%, resp. u“, by the endomorphism (vgt) p<c Of [Ip<g Ao(UR)[[t]], resp. by
the endomorphism of [[.z Ao(UZ)[[t]]* defined just as in [27, Def. 77] but with
very now replaced by very,. O

Now, since pTp[[t]] C pR[G]™ the result of Lemma 6.2 with I = pR[G]” combines
with Proposition 6.4 and Lemma 7.2 to imply that the congruence of Theorem 7.1 is
valid provided that np; o Resgt maps R;[Conj(G)]™ to Tp[[t]]. Since it is clear that
nps preserves Tp[[t]], the required containment therefore follows directly from the
next result.

Lemma 7.3. Res%,(R,[Conj(G)]") C Tp[[t]].

Proof. A typical element of R;[Conj(G)]™ has the form @ := 37 (3, cqrgir(9))t',
with r,; € R for all g and i. Now Resgt = Resp, o ResI(_’}yt with H := Ng(P) and so
Resgt(x) = > 50X rg,iResg’t(Resgt(m(g))))ti. Further, for each h,h’ € H one
has h='h/h € P if and only if A’ € P and for any such A’ one has

D wew(py ip((&7)TthTaT), it h' € P,
0, otherwise.

Resf, (ki () = {

This implies that each element r4;Res} t(Resgt(/ﬁ(g))) belongs to T as required. [

8. THE PROOF OF THEOREM 1.1

8.1. If 7 is an endomorphism of a finitely generated projective Ap(G)-module M,
then for any series f(n,1) 1= >_,50 > ;50 min't) in Z[n)[[t]] one obtains a well-defined
automorphism of the associated finitely generated projective Ap(G)|[t]]-module M, :=
O[[t]] ®o M by setting f(n, t)(A@m) := 3700 50 mijt! A@0' (m) for each A € O[[t]]
and m € M. We write (f(n,t) | M,) for the corresponding element of K (Ao (G)[[t]]).

In particular, for any flat, smooth O-sheaf £ on X we obtain well-defined elements
of K1(Ao(G)[[t]]) by setting

ZG(X7 ‘CGat) = < H (1 - (bd(x)td(x))il ’ (‘CG,E)O

zeX0
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and

Za(1 = o,1) == [[(1 = 't | PHD™

€L

where the endomorphism ¢ and complex P* in CP(Ap(G)) are chosen as in Proposi-
tion 3.3.

Lemma 8.1. We fiz a subgroup P of G and set Q := U2P.

(1) 057" (Za(X. Loy 1) = Zyowsn) (Yop, fiLast).
(ii) There exists an endomorphism dq of a complex Pg in CP(Ao(Q)) that satisfies
all of the following conditions:
(a) ¢q lies in a commutative diagram of the form (8) but with RU(F¢, sy Rsx, 1 La)
replaced by RT(F¢, st Rsy, ((f5£)o);

(0) 652 Z(1 = 6,1)) = Zo(L = dg,t) in Kn(Bo(Q)[1]) = Aol@)[1]";
(c) each endomorphism 1—@% induces an automorphism of Qo(Q)®a, Q) Pé

and one has 9§’ab(ZG(1 —3)) = Zo(1l — &Q) in K1(Qo(Q)) = Qo(Q)*.

Proof. We set U := Up. For any endomorphism « of a Ap(G)-module, or complex
of AO(G)—modules M we write ag for the induced endomorphism id ® a of Mg :=

Ao(Q) @ap ) 1resA E ;M
Then claim (i) is valid because

050" (Za(X, La 1) = detaua( [ (1 = 63717 | (Laz)o)

z€eX0
d(x xT —
= I detac@im((1 = ¢571*@) " | (Loz)on)
zeX0
d(x xT -
= [ detao@ — 657 | (Laz)g)™
zeX0
d * -
= H detAO(Q)(l gb (y)td | A( ) U) (fUE)U@) !
yeYy

= ZAO(UI%b)(YU’ (fZT‘C)Q7 t>

where the fourth equality follows from the same type of argument as used in Lemma
4.3(i).

Regarding claim (ii) we first observe that Lemma 4.2(iii) implies there are natural
isomorphisms in DP(AO(Q))

AQ) S )resA RP(IF;, siRsx1La) = MNo(Q) @, @) RO(F, stRsy, (fiL)v)
= RI(Fg, s;Rsyy, ((f£)q),
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and hence that ngSQ and Fj do indeed lie in a commutative diagram of the form
described in claim (a). Claim (b) is then true because

05 (Za(1— 6,1) = [ 65 (1 — it | Py
iE€EZ
= HdetA Q[ ( Cth | P, )T
i€
= Zg(1— ng,t).

It is also clear that each endomorphism 1 — Q =(1- ¢EZ)Q induces an automorphism

of Qo(Q) @y (@) P and hence that the element Zg(1 —¢g) in claim (c) is well-defined.
The equality in claim (c) then follows by an exact analogue of the argument used to
prove claim (b). O

8.2. We are now ready to prove Theorem 1.1. In view of the observations made at
the beginning of §5.2, we may (and will) assume that G is a rank one pro-p group
and that £ is a flat, smooth O-sheaf on X for a finite unramified extension O of Z,,.

By combining the equality (9) with the result of Proposition 3.1(iv) and the exact
commutative diagram (4) one finds that the element Zg(1 — ¢) belongs to the image
of Ki(Ao(G)s) = Ki(Qo(G)). In this subsection we shall prove Theorem 1.1 by
showing that any pre-image & of Zg(1 — ¢) in K1 (Ao(Q)s) satisfies the conditions of
Proposition 5.1 with respect to the set of subgroups ¥(G) described in Proposition
5.2.

That such an element ¢ satisfies condition (i) of Proposition 5.1 follows immediately
from the equality (9). To discuss condition (ii) we first recall that for each subgroup
P of G Theorem 4.6 implies that Cvap = Zp o wary(Yup, (f§,L)yav, 1) is the (unique)
element of K;(Ao(U)) = Ap(U)* that validates Theorem 1.1 with X, G, A(G) and
L replaced by Yy,,, Up>, Ao(Up") and f§;, L respectively. Thus, since Lemma 8.1(ii)(c)

implies Gg’ab(f) = Zyw(1 - QZEU}an% we can deduce from the equality (22) that

Qg’ab(f)ﬁU;b = Zpowsy Yup, [.£,1) Zyan (1 — éU;z,brl = vp(1) € Ao(UR)*

where we set vp(t) = v(Yu,, f§,L,t) € 1+tmAo(Up°)(t) and m denotes the maximal
ideal of the local ring Ap(U&). To verify condition (ii) of Proposition 5.1 it therefore
suffices to use the criteria of Proposition 5.2 to show that the element (vp(1))p.a
belongs to im(Ap sa))- -

To do this we set £(t) == Zg(1 — ¢,1) ' Za(X, La,t) € Ao(G)[[t]]*. Then Lemma
8.1 implies that for all subgroups P of G one has

05 (E(t) = Zyar (1 — QgU;g,ba ) Zno iy Yup, Ly, t) = vp(t).
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From Theorem 7.1 it follows that the series vp(t) for P < G satisfy all of the explicit
conditions that are stated in that result. But each series vp(t) converges at t = 1
and so to deduce that the limit elements vp(1) for P < G satisfy the conditions of
Proposition 5.2, as is required to complete the proof of Theorem 1.1, we now need
only apply the following result with each fp(t) equal to the series vp(t).

Lemma 8.2. For each subgroup P of G we assume to be given a series fp(t) in
Ao (U)[[H]* that converges at t = 1 to an element of Ap(U)*.

(i) For all subgroups P and P' of G with P < P' and [P',P'] < P the series
nrgt(fp/ (t)) converges at t = 1 to the value nrb (fp/(1)).

(ii) For all subgroups P and P' of G with P < P’ and [P, P'] < P the series
7T11§’/t(fp<t)) converges at t = 1 to the value 75 (fp(1)).

(iii) For all subgroups P of G and all g in G the series gfp(t)g
t =1 to the value gfp(1)g~".

(iv) For all P in C(G) the series apy(fp(t)) converges at t = 1 to ap(fp(1)) €
Ao(Up)*. B

(v) If P belongs to C(G) and apy(fp(1))) = pecs, @) aralfo(t)) (mod pTp[i]),
then also ap(fr(1)) = [Ipecc, @) @ (fr(1)) (mod pTp).

Proof. In the context of claim (i) we set R’ := Ap(Up/[Up:,Up/]) and R := Ap(U%")
and fix a set of coset representatives U := {u; : 1 <i < n} of Pin P’. Then U can
be regarded both as an R-basis of R’ and as an R|[t]]-basis of R'[[t]]. This implies
that nrp,(fp/(t)) is equal to the determinant of the matrix Mpr, in M, (R[[{]]) that
represents, with respect to U, the endomorphism of R'[[t]] given by multiplication by
fpr(t) whilst nrh'(fp/(1)) is equal to the determinant of the matrix Mp: in M, (R)
that represents, with respect to U, the endomorphism of R’ given by multiplication
by fp/(1). An easy check shows that each entry of Mp:, converges at ¢ = 1 to the
corresponding entry of Mps; and hence that det(Mpr,) converges at t = 1 to the
value det(Mpr 1), as required to prove claim (i).

Claim (ii) is an obvious consequence of the definitions of 7T£:t and 75" and claim (iii)
follows immediately from the fact that the map x + grg~! is continuous on Ap(G).

Claim (iv) is a consequence of the fact that for all P in C(G) each map w% :
Ao(P)* — Ap(P)*, and hence also the map ap : Ao(P)* — Ap(P)*, is continuous.
To consider claim (V) we write A(t) for the series ap:(fp(t)) — Hp,ecp(G) ap(fp(t))
in Ao(P)[[t]]. Then the hypothesis of claim (v) is that A(t) belongs to pTp[[t]] and
so Lemma 8.3 below implies that A(t) = p 31— Ay(t)T(g;) with A;(t) € R, for each
index 4. Since claim (iv) implies that A(t) converges at t = 1 it follows that each
series A;(t) converges at t = 1 (to an element of R) and hence that the element

A1) = p 320 Ay(1)T(gs) belongs to pTp, as required to prove claim (v). O

~1 converges at
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Lemma 8.3. For each g in P set T(g) := Zwewa(P) wlgw € O[P]. Then there
exists a subset {g; : 1 < 1 < n} of P such that the set {T(g;) : 1 < i < n} is an
Ry-basis of Tp[[t]].

Proof. 1t is clear that the R;-module Tp[[t]] is spanned by the set B := {T'(g) : g € P}
and so it suffices to show this set is linearly independent over R;. Set n := |B| and
choose a minimal subset {g; : 1 <1i < n} of P with B = {T(¢;) : 1 <i < n}. Since
for each ¢ # j one has T'(g;) # T(g;) the sets {w™'gw : w € Wg(P)} and {w'g;w :
w € Wg(P)} are disjoint. Thus, if for each i we write n; for the number of summands

in T'(g;) that are equal to g;, then in any expression of the form x = ;j r;T(g5),
with 7; € R, for each j, the coefficient of each element g; is equal to n;r;. Hence if
x = 0, then r; = 0 for all 7, as required. O

This completes our proof of Theorem 1.1.

Remark 8.4. At each geometric point T of X the A(G)-module L¢ 7z is isomorphic
to A(G) ®z, Lz and so is free of rank, d say, independent of . In particular, if we
fix a A(G)-basis of Loz and write M (¢4®)) for the matrix that corresponds to the
action of ¢4 on Lz, then after choosing an ordering of X° we obtain an element
of GLa(A(G)[[t]) by setting Za(X, La,t) = [Toexo(Id — M(¢d@))pd@))=1,

The natural homomorphism GLg(A(G)[[t]]) = K1(A(G)[[t]]) sends Za(X, L, t) to
the element Zg(X, Lg,t) that plays a key role in the proof of Theorem 1.1. However,
the validity of Theorem 1.1 does not imply that Zg(X, Le,t) converges at ¢ = 1.
Indeed, if Zg(X, Lg,t) does converge at ¢ = 1 (for any choice of A(G)-bases of the
stalks L5z and any ordering of X°), then it can be used to generalise the approach
to Theorem 1.1 discussed in Remark 4.7.

9. THE PROOF OF COROLLARY 1.2

In this section we fix a Cartesian diagram (3) and assume both that X is geomet-
rically connected and the conditions (i) and (ii) in Corollary 1.2 are satisfied. We
note in particular that I'x = I" under these hypotheses (by [25, Exp. V, Prop. 6.9]).

: SR ref ref
We also abbreviate the Euler characteristics X7g oig)(— —) and X7, g g,(¢)(—> —) for

ref ref

each prime ¢ that are discussed in §2.1 to xg" (—, —) and xg,(—, —) respectively.

9.1. For each prime ¢ we consider the complex of Z,[G]-modules

BO ,81 62
(24) 0= HXXa, f.f*Ze) =5 HY X, fof T) =5 HX(Xar, fofZe) 5 -+

where ﬁ}’g denotes the composite homomorphism
Hi(Xet, fof " Z0) = H'(Fy, Rsx 1 fo [ Ze) = H'(Fg, 53R, fuf L)
— H N (Fq, Rsx 1 fof*Z)e) = HI (Xeg, fof *Za)
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where the arrows denote the maps that occur in the cohomology sequence of the exact
triangle in Proposition 3.1(iii) with G and L replaced by G and Z, respectively.
We also write dg ¢ for the composite homomorphism

(Qe[9])" — Ki(Q[G]) = Ko(Z[G], Qe[9])

where the first map is induced by the inverse of the (bijective) reduced norm map
Nrdg,g) and the second map is the standard connecting homomorphism of relative
K-theory.

We fix an isomorphism ¢ : C = C,, and for each x in Ir(G) we use this isomorphism
to identify the composite character ¢ o y with any fixed choice of representation in
A(G) that has character ¢ o .

Proposition 9.1. The complex RU(X{y 4., fif*3Z) belongs to DP(Z[G]) and for each
prime € the complex RU.(Xet, fof*Z¢) belongs to DP(Zy[G]). Further, the cohomology
groups of the complex (24) are finite and Corollary 1.2 is valid if and only if in

Ky(Z,[G],Q,[G]) one has
(25) 0gp(Z5(X, 1)) = —XEp(RTe(Xet, o L), Bryp)

where we set

Z5(X,1) = > Z7(X, Lioy, Dewy € ((Q5[G))

X€lr(G)

and write B, for the exact sequence of Q,[G]-modules induced by (24) with ¢ = p.

Proof. Since f] is exact (as f’ is finite), f"ji = jy.f* and f"Z = Z on Y4 there
are natural isomorphisms RI'(Y{j ¢, jviZ) = RU(Yyy, [ 0Z) = RU(X e, frf I Z)
in D(Z[G]). In particular, condition (i) of Corollary 1.2 implies that each module
HY(RT(X{yg, fLf™57Z)) is a finitely generated abelian group and so the criterion of
[19, Rapport, Lem. 4.5.1] shows that RI'(X{y., f.f*/Z) belongs to DP(Z[G]) if and
only if it has finite Tor-dimension. In view of the isomorphisms proved in Lemma
9.2 below it is therefore enough to show that RI'.(Xe, fif*Zs) belongs to DP(Z,[G])
for each prime ¢. But at each ¢ the stalk of f,f*Z, at any geometric point of X is
isomorphic to Z,[G], regarded as a (finitely generated, flat) left Z,[G]-module in the
natural way, and so [19, Rapport, Th. 4.9] implies that RT.(X¢, f+«f*Z¢) belongs to
DP(Z]G)).

We now set  := 8g(Z*(f, 1)) + xg (RU(Yyep. jvaZ), €15) € Ko(Z[G],Q[G]) and for
each prime ¢ write 7, : Ko(Z[G], Q[G]) = Ko(Z[G], Q¢[G]) for the natural map. Then,
since [, ker(m) = 0 (where the intersection runs over all primes), Corollary 1.2 is
valid if and only if 7,(z) vanishes for every ¢.

For each prime ¢ we write 6, for the element of the group H'(Spec(F,)s, Zs) =
Homeons (Gal(IFg /Fy), Zy) that sends the Frobenius automorphism to 1 (and hence
sends ¢ to —1). For each scheme Z over [, we write 67, for the pullback of 6, to
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HY(Zy, 7). Taking cup product with 6, then gives for any sheaf F of Z,[G]-modules
on Z a complex of Z,[G]-modules of the form

Ubz e Ubz e Uz e

(26) 0— HY(Zg, F) —= H(Zey, F) —= H*(Zg, F) —

Now from Lemma 9.2 below we know that condition (i) of Corollary 1.2 implies
that the complex (26) with Z = X and F = f,f*Z, has finite cohomology groups
and moreover that

Te(xXg (RT(Yiyer, ivaZ), €45)) = X60(Ze @z RT (Yyey, jvaZ), Qe ®q €57
= XSWRT(Xaw, fof *Za), €10)
- Xrgeg(RFc(Xéta f*f Zf)a ﬁf,ﬂ)-

Here we write €7, and [, for the exact sequences of Qy[G]-modules that are induced
by (26) with Z = X and F = f, f*Z, and by (24) respectively, the second equality uses
the (obvious) fact that the identifications of Lemma 9.2 induce an equality Q,®qef; =
ere and the final equality is valid because, as originally observed by Rapoport and
Zink in [38, 1.2] (see also [10, §3.2.1]), the description on the level of complexes of
taking cup product with 6x , shows that €, and B, coincide.

On the other hand, if ¢, denotes the natural inclusion ¢(Q[G])* C ¢((Q¢[G])*, then
the explicit definition of dg implies that the following diagram commutes

CQIG)* —  Ko(Z[G),QG))
(27) Lel m

CQIG)* —25 Ko(Z[G), QUlG)).

It follows that () vanishes if and only if in Ky(Z[G], Q/[G]) one has
(28) 0. (Z°(f,1)) = =XGo(RUe(Xer, fuf “Za), Bro).

For each prime ¢ # p this equality is proved in Proposition 9.3 below. It is therefore
clear that Corollary 1.2 is valid if and only if (28) is valid in the case £ = p. The

statement of the proposition is thus true because LA™(Y, y,t) = Z(X, Loy, t) for
each x in Ir(G) so Z(f,t) = Zg(X,t) and hence Z*(f,1) = Z5(X,1). O
Lemma 9.2. For every prime { there are natural isomorphisms in D~ (Z,[G]) of the

form

Z4[G) @160 BT (Yiyar, v ) = Zy[G) Q) RU(Xyyey, fLF" L)
= RU(X,, fof"31Z) = RU(X, jifof"Ze) = R (Xeat, fof “Za).
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Proof. The complex RI'(X., jif.f*Z,) identifies with RI.(X, fof*Zs) by the very
definition of compactly supported étale cohomology, and the functor Z[G] ®zig —
identifies with the exact functor Z, ® —. Since we have already shown that the com-
plexes RI' (Y, jviZ) and RI(X{y, fif"7Z) are naturally isomorphic it is there-
fore enough to prove that there are natural isomorphisms in D(Z,[G]) of the form
Zy @z RU(Xiye, fif"3Z) = RU(X§, fif" 51 Ze) = RU(Xas, i fo f*Zo).

To construct such an isomorphism we set £ := f.f*jZ and L/ := fLf™j(Z /(")
for each natural number n. We also fix an object P* of C'~(Z[G]) that is isomorphic in
D=(Z[G]) to RT'(X{y«, L) and an object Q°* of C~(Z;[G]) isomorphic in D(Z[G]) to
RY (X, jif«f*Z¢). For each natural number n we set A,, := Z/¢"[G]. Then the exact

sequence 0 — P* X pe s pe /0" — 0 combines with the natural exact triangle
RT(Xiyar, £) == RU(X{yeqs £) = RU (X, £/07) = RU (X, £)[1]

to give an isomorphism P*®/¢{" = RF(X{Net, L/0") in DP(A,,). In a similar way there
is an isomorphism Q°*/¢" = RI(Xe, jifef*Z/0") in D(A,,). Next we note that there
are natural isomorphisms in D(A,,)

RT(Xyer, £/€") = R (Xg, L/07) = RU (X, juf o f(Z/7))

where the first isomorphism is by [29, Prop. 2.4(g)] and the second is because
fejvaT = jifusT for any torsion sheaf (by the general observation made just after
diagram (12)) and hence L£/0" = ff"j(Z/") = fljvof*(Z/€") = jifo f*(Z/0").

The observations above imply that there is a natural isomorphism «,, : Q°®/{" =
P*/¢™ in D~(A,) and it may be shown that, as n varies, the isomorphisms «,, are
such that the diagram

T

—>Qo/€n—n>Qo/€n—l—>

ol el

P
D — P Ty Pt

commutes in D~ (A,), where 79 and 77 denote the natural quotient maps. Since

however @Q®/¢™ consists of projective A,-modules and P*/¢" of A,-modules we can

realize each o, as an actual map of complexes. Moreover, a,_; o 79 will then be

homotopic to 7" o ay,, i.e.

Ozn,loﬂg—ﬂfoan:doh—l—hod

for some map h : Q*/f" — P*/{""'[—1]. But, for each i, the projection P!/{" —
P!/ is surjective and Q'/¢™ is a projective A,-module and so we can lift i to a
map h' : Q*/¢" — P*/{"[—1]. If we then replace o, by a,, +doh' + I od, the
above diagram will actually be a commutative diagram of maps of complexes. So
by induction we may assume that, taken together, the maps «,, constitute a map of
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inverse systems of complexes. The inverse limit of such a compatible system then
gives an isomorphism in D~ (Z,[G]) of the form

RT (X, oo f*Ze) = Q° = lim Q* /0" = lim P* /"
& Zy @z P* = Ly ®7 RT( Xy, [Lf" L),
as required. O

Proposition 9.3. The equality (28) is valid for each prime £ # p.
Proof. In each degree i we define Q,[G]-modules V} := Q, ®z, H'(F¢, st Rsx.f«[*Zs)

g °c

and V" := ker(1 — ¢ | V/). Then, as the complex (24) has finite cohomology groups,
the composite tautological homomorphism V,;"* C Vi — cok(1 — ¢ | V}) is bijective
(so that, in the standard terminology, the action of 1 — ¢ on V} is ‘semisimple at ().
We may therefore fix a Qy[G][#]-equivariant direct complement D} to V;*" in V;. By
applying [11, Prop. 5.10] (or, equivalently, [4, Prop. 3.1]) to the exact triangle of
Proposition 3.1(iii) with G replaced by G, O = Z, and £ = Z, we then obtain an
equality

(29)  —XGURTXet, £ f L), Bra) = — Y (—1)'0c4(Nrdg, (1 — ¢ | D}))
i€EZ
= b0 ] [ Nedg,ig)(1 — ¢ | DY),
i€Z

We next claim that the result of Grothendieck in [23] implies that for each prime
¢ # p there is an equality in ((Q.[G])[[¢]]

(30) [ Nedg,@(1 = ¢t Vi)V = Z(f,1).

1EL

To explain this equality we fix an identification of C with C, and for each y in Ir(G) a
finite extension €2, of Q; and a representation G — Autq, (V) ) of character x. Then
our definition of Z(f,t) in §1 implies that (30) is valid provided that for each x in
Ir(G) one has an equality in €2, [[¢]]

LAY, x,t) = H detq, (1 —¢ -t : Homg, g(Vy, 2y ®q, ‘/Z'))(il)iﬂ-

1€Z

But, since each space Homg g)(Vy, Qy ®q, V//) identifies with H!(X§, E,) with E,
the sheaf of €2,-vector spaces on X that is defined by the contragredient of x, the
last displayed equality follows directly from the exposition of Grothendieck’s results

given by Milne in [30, Chap. VI, Th. 13.3 and Exam. 13.6(b)].
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Now in each degree i there is a direct sum decomposition of Q[G][¢]-modules
Vi = D; @ V;” and hence an equality in ¢(Q.[G])[[t]]

Nrdg,ig(1 = ¢ -t : V/) = Nrdg,g)(1 — ¢ - t : Dj)Nrdg,g(1 —t: V")

= Nrdg,g(1—¢-t: D)) Y (1—1t)xe,
x€Ir(9)

with 77 := dimg, (Homgq g)(V4, 2y ®q, V;%)). Taken in conjunction with (30) these
equalities imply that Z*(f,1) = [],c; Nrdg,iq)(1 — ¢ | Di)"V"" and by substituting
this formula into (29) we deduce that the equality (28) is valid for every prime ¢ # p,
as required. O

Remark 9.4.

(i) The occurrence of the unit series v(X, Fg,t) in the formula (22) of Emerton
and Kisin implies that there is no direct analogue of Grothendieck’s formula (30) in
the case that ¢ = p and hence prevents one from using [11, Prop. 5.10] to give a more
direct proof of Theorem 1.1.

(ii) The result of Proposition 9.3 can also be proved by combining the main result
of Witte in [49] together with the descent formalism developed by Venjakob and the
present author in [11].

9.2. We write H; for the kernel of the projection homomorphism 7 (X,Z) — G.
Using the notation of diagram (1) we also set Hy := ker(mxz) and note that this
group corresponds to the pro-covering f» : Xoo — X of group 'y =1' = Z,. We
set H := H; N Hy and G := 1,(X,T)/H and write f : Y — X for the corresponding
pro-covering of group G. Then the group G lies in a commutative diagram (1) with
ker(mg) equal to the finite group Hs/H and in this subsection we shall deduce the
required equality (25) by combining Theorem 1.1 together with the isomorphism
RU (X&, fof*Z,) = RT(Xe, 31 fof*Zy) = RU(F,, Rsx,f«f*Z,) coming from Lemma
9.2 and the descent formalism developed in [11].

We set £ := Lo = f.[*Z, and also define auxiliary pro-sheaves £ = f* f *Zy, and
Eoo = foonfiZ, and complexes K* := RT(F,, Rsx,E) and K* := RI'(F,, Rsx,£).
We endow the complex Z,[G] ®z, K* with a left action of Z,[G] x A(G) in such a way
that (z,¢)(z' ® k%) = 22/ (7) ' @ g(k?) for all # and 2’ in Z,[G], ¢ in G and k' in K,
where g denotes the image of g under the natural projection homomorphism G — G.

With this action Lemma 4.2 gives a natural isomorphism Z,[G] ®H&(G) K* >~ K* ~
RT (X4, ) in DP(Z,[G]) and hence induces an exact triangle in D(Z,[G])

(31) A(T) ®n@) (Zy[G] @z, K*) L2255 A(T) @) (Z,[G] @2, K*)
— RTe(Xer, €) = A(T) @ (o) (Z,[G] ®z, K*)[1]
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where, as before, v denotes the image in I' of the Frobenius automorphism = — z9.
We thereby obtain a complex of Z,[G]-modules

B9 BL 32
(32) 0= H)(Xa, &) =5 HY(Xa, €) =2 HY(Xa, &) =2 -+
in which each B},p is equal to the composite homomorphism
H{(X4,E) — HTHAT) ®@nc) (Z,[G) @2, K*)) — H (X4, E)

where both arrows are induced by the long exact cohomology sequence of (31).
The next result applies the descent formalism of [11] in our present setting.

Lemma 9.5. If the cohomology groups of (32) are finite in each degree, then in

Ko(Zy|G],Qp[G]) one has dg,(Z5(X, 1)) = —Xrg‘f;(RFc(Xét,E),nyp) where By, is the
ezact sequence of Q,[G|-modules that is induced by (32).

Proof. We note first that, in view of the normalisations that we fixed in §2.1, for
each complex C* in D%(A(G)) one has —x™(C*) = x(C*), where the latter Euler
characteristic is as defined in [11, §1.4]. In addition, if the cohomology groups of
(32) are finite in each degree, then the complex K* is, in terms of the terminology
used in [11], semisimple at each irreducible representation of G over Q. Given these
facts and our explicit definition of the leading term Z;(X, 1), the claimed equality
follows directly upon applying the descent formalism of [11, Th. 2.2] to the result of
Theorem 1.1 with f replaced by f. (In making this deduction note that the triangle
(31) differs from the corresponding triangle A(twg(K*),v) defined in [11, §5.2.4] in
that we use the morphism induced by 1 — « rather than v — 1. However, by using
the explicit formula of [11, Lem. 5.5(iv)], one can take account of this difference by
omitting the terms (—1)"9%*) that occur in the formula of [11, Th. 2.2] and this is
what we have done.) O

To deduce the required equality (25) from Lemma 9.5 it suffices to show that the

sequences f;, and f;, coincide. Indeed, if this is true then 3, is exact so that
the cohomology groups of (32) are finite in each degree and in addition the terms

xrg‘f;(RFc(Xét, ), Brp) and XE;(RFC(X&, ), Bsp) are equal. Our proof of Corollary
1.2 is therefore completed by the following result.

Lemma 9.6. There are morphisms of exact triangles in D(Z,[G]) of the form
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A(D) ®ace) (Z[G] ®z, K*) LB, AT ®n) (Zp[G) @z, K*) — K* —

(7771®id)oa1T alT idT

(33) RP(Fq, RS)(,!((E'OO ®Zp 5)) — RP(Fq, RSXJ((S'OO ®Zp 5)) — K* —

-] o] J

RT(F¢,s*Rsx,€)[—1]  —%  RI(F, s Rsx.€)[-1] — K* —.

7 7c 7 7c

in which the upper row is (81), the central row is induced by the natural short exact

sequence of sheaves 0 — Ey, @z, € % Eoo @z, E = & — 0 and the lower Tow is

the —1-shift of the exact triangle in Proposition 3.1(iii) with O = Z, and L = Z,. In
particular, the sequences By, and By, coincide.

Proof. For each continuous quotient Q of G we write A(Q)# for the set A(Q) regarded
as a A(Q x m(X,T))-module in such a way that (z,g)(z') = za'kg(g)™! for all
r € AQ), 2 € AMQ)* and g € m(X,T) where kg is the natural homomorphism
7T1(X, f) — Q

The modules A(T) ®z, Z,[G] ®z, A(G)* and A(I")# ®z, Z,[G]* are then endowed
with continuous actions of A(T' x G x G x m(X, 7)) and A(T' x G x 71(X,T)) which
satisfy (a, b, ¢, d)(r@y®2) = ar@byc ' @czrg(d) ! and (a,b,d)(x®y) = axkr(d)'®
ykg(d)t foralla e T,b € G,c € G,d € m(X,T),z € A(I'),y € Z,[G] and z € A(G).
With respect to these actions one has a commutative diagram of short exact sequences
of left Z,[G] x A(m (X, Z))-modules

A() ®aa) (Z,[G] @2, AG)#) 2> A(D) ©n() (Z,[G] ®2, A(G)#) = Z, G

(=7~ '®id)ody T a1 T idT

AT @3, Z,[G]#< & A(D)* @z, Z,[G]# —

where for each z € A(T')#,y € Z,[G]# and z € A(G)* one has 01 (z @) (y Rz, 2)) =
(1=7)2®u(6) (Y®2z,2), (@A) (Y®Rz,2)) = €(z)ym(2), A1 (r®Y) = 2@ (@) (Y2, 1),
O3(x @z, y) = (1 =7 1)z ®z, y and O4(z Rz, y) = e(x)y with € : A(I') — Z, and
7 : A(G)* — Z,[G]* the natural homomorphisms.

Converting the above diagram into a diagram of sheaves on X (via the correspon-
dence discussed in [30, Chap. V, Rem. 1.2(b)]) we obtain a commutative diagram of
of short exact sequences of sheaves of Z,[G]-modules of the form
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~ (1-y)®id
(1=7)

0 = A(T) @) (Zy[9] ®2z, €) A(D) ®a) (Z,[G] ®2,€) = € = 0

(7’yfl®id)ooﬁ/1T OA/IT idT
0 — £ @z, € oo, Eoo @z, € LN

The upper morphism of exact triangles in (33) now results by applying the functor
RI(F,, Rsx,—) to this diagram and noting RT'(F,, Rsx,(A(T) ®xq) (Z,[G) @z, £)))
is naturally isomorphic to A(I") ®a(q) (Zy|G] ®z, RT(F,, Rsx,E)) in D(A(T)).

To complete the construction of (33) it remains to define the morphism ay in
such a way that the two lower squares commute. To do this we note that £ ®z, £ is
naturally isomorphic to the projective system fo . f2 & (cf. [49, Prop. 6.3]) and hence
that RI'(Fq, Rsx 1 (Ex ®z, £)) can be computed (in the manner described in §3.3) as
the inverse limit lim RI(Fyn, s Rsx,&,) with respect to the natural corestriction
morphisms &, : RU(Fyni1, s}, Rsx1Lnr1) — RI(Fpn,s;RsxLy,), where for each
natural number n we write s,, for the natural morphism Spec(F,») — Spec(F,) and
set &, := £/p". For each natural number n the analogue of the exact triangle of
Proposition 3.1(iii) in which ¢ is replaced by ¢*" and Lg by &, induces a morphism
on @ RU(Fg, stRsx&En)[—1] — RTU(Fpn, sy Rsx &) in D((Zy/p")[G]) and as n varies
these morphisms lie in commutative diagrams in D((Z,/p")[G])

!
6n+1 5n+1

RP(FC S*RSXJgn_,_l)[—l] e RF(Fpn+1, S:L_A,_lRSX,!gn—i-l) I RF(IFq, RSXJgn_H)

7 7c
lﬂ'n lﬁn lﬂl
6/

RU(FS, st Rsx1E,)[~1] — 2> RT(Fyn, 5% Rsx1Ep) ———= RT(F,, Rsx.1Ex)

qc

where 7, and 7/, are induced by the natural projection &,.1 — &,, each §/, is the
natural corestriction morphism and the composite ¢;, o 6, is equal to the morphism
that is induced by the triangle of Proposition 3.1(iii) with Lg replaced by &,. We
define as to be the inverse limit of d,, with respect to the transition morphisms given
by the first commutative square in the above diagram and it is then straightforward
to check that the lower squares in (33) commute.

It remains to show that the sequences 3, and B #p coincide. Using the notation
that occurs in (33) in each degree i we set V"’ := Q, ®z, ker(H'((1 — 7) ® id)),
Vﬁo = Q, ®z, cok(H'((1 — ) ® id)), V;’O = Q, ®z, ker(H'(1 — ¢)) and sz"o =
Q) ®z, cok(H'(1 — ¢)). In particular, under the given hypotheses we may (and will)
identify V;"* with Vi, and V)Y with V3o Then in each degree i the diagram (33)
gives a commutative diagram of the form
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Qp ®Zp Hg(Xéhg) B— ‘/12'+170 L ‘/li,z)rl B QP ®Zp Hg—H(Xét’g)

H —H“rl(alooag)T THiJrl(alooaz) ‘

Qp ®z, Hi(X&, &) —— vy 2 Vzi,o — Q, ®z, HM (X, €)

c

in which all unlabeled maps are induced by the exact sequences of cohomology of
the corresponding row of (33). Now the upper composite homomorphism in this

diagram is by definition equal to the homomorphism Q, ®z, /6’},1, that occurs in the

sequence B r.p and, because of the —1-shift in the lower row of (33), the lower composite
homomorphism is equal to the homomorphism Q, ®z, 8} , that occurs in the sequence

Bfp- From the commutativity of the latter diagram it thus follows that Q, ®z, B},p =

Qp ®z, B}, in each degree i and hence that the sequences B;p and By, coincide, as
required. U

10. THE PROOF OF COROLLARY 1.3

10.1. We first quickly review the notation introduced just after Corollary 1.4. For any
global function field £ we write C'g for the unique geometrically irreducible smooth
projective curve with function field £. We fix a finite Galois extension of such fields
F/k and set G := Gal(F/k). We also fix a finite non-empty set of places ¥ of k
that contains all places which ramify in F//k and, with E denoting either k or F', we
write C% for the affine curve Spec(Ogy), jx : Cx — Cg for the corresponding open
immersion and f : C% — CF and [’ : Cp — C} for the morphisms induced by the
inclusion £ C F'. We fix ¢ so that [F; identifies with the constant field of k& and regard
all of the above morphisms as morphisms of [ -schemes. We also write (9;E for the
unit group of Opy, set Bpy = @, 7Z where w runs over X(F) and write B%Z for
the kernel of the homomorphism Bpy, — Z sending (ny)w to Y, 7. We note that
each of the groups Opy, (’);72, Bpys and B%Z has a natural action of G.

10.2. It is known that the complex K}y, := RI(CF g, Gn) belongs to DP(Z[G]),
is acyclic outside degrees 0 and 1 and is such that the explicit computations of [§]
induce identifications of H(K}y,), H (K} g)ior and H' (K} y)ir with Opy,, Cl(Opyx)
and B}y, respectively (cf. [4, Lem. 1]).

We identify each place w of F' with the corresponding (closed) point of Cr and
write val, for the associated valuation on F' and d(w) for the degree of w over F,.
We let Dy © Ofy, = Bly denote the homomorphism which sends each element u
of Ofy, to (val,(u)d(w))wes(r). Then the induced map Q ®z Df.; is bijective and so
induces an exact sequence of Q[G]-modules

Q@ZD%‘7E 0

ery: 0= Qg HO(Kpy) —— Q@y H' (Kpy) 3 Q @y HA(Kpy) > ---
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We write 2 +— z# for the Q-linear involution of ((Q[G]) that is induced by setting
g" := g~ for each g in G.
We can now give a more explicit statement of Corollary 1.3.

Theorem 10.1. dg(Z*(f,1)%) = x§" (RT(CEwer Gm), €rx).-

Remark 10.2. Let m be the degree of IF; over F,,. Then Z(f,t) and D%y, are related
to the function Zp/,x(t) and homomorphism Dpy that occur in [4, Lem. 2] by
the equalities Zp/px(t) = Z(f,t™) and Dpx, = [m] o D%,z where [m] denotes the
endomorphism of ng,z given by multiplication by m. This implies (by an argument
similar to that used in Lemma 4.8) that the equality in Theorem 10.1 is equivalent
to the equality of [4, (3)] and hence that [4, Lem. 2] implies Theorem 10.1 verifies
the central conjecture (Conj. C(F/k)) of [4]. The computation of [4, Prop. 4.1] also
then implies that Theorem 10.1 is equivalent to the function field case of [6, Conj.
LTC(F/k)]. Finally, we recall that the Artin-Verdier Duality Theorem induces (via
the argument of [29, proof of Th. 6.5]) a canonical isomorphism in DP(Z[G])

(34) Ay : RF(C;Wét, G.n) = RHomgz(RT(Crwes, j;!Z), Z[-2])

where the linear dual complex is endowed with the contragredient action of G. The
isomorphism Ay, combines with Lemma 9.2 to show that Theorem 10.1 generalises
the main result (Theorem 3.1) of [5].

10.3. In this subsection we prove Theorem 10.1. For each z in ((Q[G])* one can show
that dg(z#) = —1*(dg(x)). Here we write v* for the involution of Ky(Z[G], Q[G])
which sends (P, i, Q) to (Homg(P,Z), Homg(p, Q)~*, Homz(Q, Z)) for each finitely
generated projective Z[G]-modules P and @) and each isomorphism of Q[G]-modules
1 Q®z P — Q®zQ, where the linear duals are endowed with the contragredient
action of G and so are projective Z[G]-modules. Given this equality, the isomorphism
R Homgz(Ayx, Z]—2]) implies that Theorem 10.1 is valid if and only if one has

(35) 0g(Z*(£,1)) = —x&" (RT(Crwer, i Z), k)

where €%, 5, is the exact sequence of Q[G]-modules obtained by taking the Q-linear dual
of epy and using Homg(Q ®z H'(Ax), Q) to identify Homg(Q ®z H'(CE e Gm), Q)
with Q ®z H* " (Crwet, jﬁ!Z).

We shall deduce (35) from Corollary 1.2 with our present choice of f (so that
Y =Cg Y =Cp, X =CF, X' = Cy, j = j7 and jy = j=). Now X is geo-
metrically connected and, since Y’ is a curve, the conditions (i) and (ii) of Corol-
lary 1.2 are satisfied (by [29, Th. 8.2]) and so that result implies dg(Z*(f,1)) =
—x§ (R (Crwet, J71Z), €1, )- To deduce (35) it is thus enough to show that the ex-
act sequences €py, and €, coincide. This is in turn a direct consequence of the
following result.
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Lemma 10.3. There is a commutative diagram of Q[G]-modules

Q ®z H' (Crwet, jr L) » Homg(Byy, Q)
@@z(uewl lHom(D“F,E,@)

Homgz (H°(Ax),Q)

HomZ(Hl (Az)vQ)

Q @z H*(Crwest, jrZ) » Homz(OFy, Q).

Proof. It is enough to prove that the diagram commutes after applying Q; ®q —
for any prime ¢. We therefore fix a prime ¢ and, following Lemma 9.2, we consider
H(Cra, i1 Fe) with j := 52 and Fy := f. f*Zy rather than H (Crwe, jriZ).

We write Z* for the complement of C’kE in Cy and write i : Z* — C}, for the
natural closed immersion. If y is a place of any subfield of F', then we write x(y)
for the residue field of y and set Z, := Spec(x(y)). For each y € ¥ we also write
y @ Zy — Cy for the natural closed immersion and S, (F) for the set of places of F
above y. Now Fy = j*F, with F; := f, f"Zy so there is a natural exact sequence of
Z4|G]-sheaves 0 — 51 F; — F;, — i,i*F, — 0 on C} and hence a composite morphism
in D(Z,[G]) of the form

£ @ RU(Zy e, i3 F)) = RU(Chgr, ii* F}) — R (Cea, 1 Fo) (1]
yeS

This morphism induces in turn a commutative diagram of Z,[G]-modules
i* HO(8) . Homg (H' (A )Q)
®y€2 H (Zy &yt y é) — Hl (Ck,étaj!‘/t‘@) z ‘ HomZ<B%,E7 @5)
(36) l(—l x(Ubz,.0)y lUQY,Z

o HY(¢ .
Des H' (Zy s, 1, F7) L B (Cher, 1) Homgz(OF s, Qr)

where the factor —1 occurs in the left vertical homomorphism because £ maps to the
1-shift of RF(Ck,ét,jg‘/—"g).

Now each complex & := RI'(Z,«,1,F;) is canonically isomorphic to the direct
sum over w in S,(F) of the complexes Z[Gu /GOl 2% Z4[G./GO]# where the first
term occurs in degree 0, G,, and G are the decomposition and inertia groups of w
in G and o, the frobenius automorphism in G, /G° = Gal(x(w)/k(v)). To compute
the groups H Z((S'y') explicitly we must use the conventions of [8] (since they underlie
the explicit descriptions of the cohomology of K}y given above). We therefore use
the isomorphism & = @, cq, (r) B (Zy.et, Ze|Gu/ QO]) induced by the morphism (of
complexes of Z[G,,/G°]- modules)

ZelGu/GOTF % Z4[Gu/ GO
@ | |-

1

ZelGu/Gu) — ZilGu/ G-

Homz(H®(Ax), Qe)
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We then identify H(Z, ¢, Z4[Gw/GY)) and H (Zy &, Zo[Gw/GL)) with HY(Z, 61, Z¢) =
Zo and HY(Z, 41, Zo) = Homeon (Gal(k(w)¢/k(w)), Z¢) = Zy in the natural way, where
the last map evaluates each homomorphism at the topological generator ¢~ of
Gal(k(w)¢/k(w)). By passing to cohomology in this diagram, we obtain a commuta-
tive diagram

D, D, — D,Q @z, H(E;) “% Homz(BYy, Q)
(38) an l(*l)X(Uezy,z)y

P, (D, %) — B,Q @z H'(E) = Homy (O, Qu)
where y runs over ¥ and w over S, (F'), ap and a; are the homomorphisms induced by
the upper and lower rows of (36) respectively and as is defined to make the first square
commute. Now the composite upper, resp. lower, horizontal map in (38) is equal to
Homg(az, Q,)~" with a3 equal to the natural map By, C Brs = @, (D, Z), resp.
with a3 equal to the map Opy — @, (D, Z) sending u to (—val,(u)), where the
minus sign occurs because the morphism (37) induces —idz, on cohomology in degree
1. In particular, since the upper horizontal map in (38) is surjective the existence
of a commutative diagram as claimed will follow from (36) and (38) provided that

ay sends each element (), to (—d(w)z,), and this is clear since (—1) x 6, maps
¢~ to —d(w). O

11. FITTING INVARIANTS AND ANNIHILATION RESULTS

In this section we show that Theorem 10.1 implies an explicit description of the
(non-commutative) Fitting invariants of certain natural Weil-étale cohomology groups
and then prove Corollary 1.5. Throughout we fix a finite Galois cover f : C% — CF
of affine curves (over F), as in Corollary 1.5.

11.1. We first introduce a convenient modification of the relevant cohomology com-
plexes.

For any abelian group M we set MY := Hom(M,Q/Z). We also fix a finite non-
empty set of closed points T of CF.

Lemma 11.1. Write F7, for the direct sum of the multiplicative groups of the residue
fields of all places in Tr. Then in DP(Z[G)]) there are exact triangles of the form

(39) RPT(CI%“J,Wét’ Gm) — RP(C%,Wém Gm) — F;F [0] — RPT(CI%“J,Wét’ Gm)[1]
and

(40) RT7(Crwes jpaZ)[—1]— (F7 )Y [=3] = RT(Crwer, J7aZ) = RUp(Crwes, jpiZ)
and an isomorphism

(41) RPT((Jﬁwét, G,n) =& RHomg(RU7(Crwes, ir1Z), Z]—2]).
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Proof. We first choose a finite set X" of places of ' which do not belong to X UT and
are such that C1(Opxus») vanishes and set ¥/ := SUY", K3, := RI'(CF 4, Gm) and
K3, := RU(Crwa, j3.Z).

To construct the triangle (39) we note that H'(K3,) = Bjy, is torsion-free and
hence that the universal coefficient spectral sequence H?(G,Ext!(H'(Ky,),F7. ) =
Extf (H'(Ky,),F},) degenerates to give an isomorphism Extg(H'(Ky,), Ff ) =
H'(G,Hom(H'(K3,),F7},)). Further, the latter group vanishes for each i > 1 since
the G-module Hom(H' (K3, ),y ) = Hom(By s, Z) ® Fy, is cohomologically trivial:
indeed, this follows from the fact that each place in 7" is unramified in F'/k and hence
that there exists an exact sequence of G-modules

(42) 0 Pzie) T (Y z(6) - F, -5 0

veT veT

where w is any choice of (closed) point of C% above v and Fr,, is the corresponding
Frobenius automorphism in G. Now, since K3, is acyclic outside degrees 0 and 1 and
Extg(H'(K3y),F7,) vanishes for each i > 1, the spectral sequence

BT = [ [ Bxth(H*(K3,), H"(F5, [0])) = H"**(RHompzg) (K3, 5, [0])

a€Z

of Verdier [46, 111, 4.6.10] implies that the ‘passage to cohomology’ homomorphism
HO(R HomD(Z[g]) (Kgy, F;F [0])) = HOHID(Z[QD (Ki/, F;F [O]) — Homg(HO(Ki/), F;F)

is bijective. Hence there exists a unique s/ 1 in Hompgg) (K3, F7, [0]) for which
H°(0s r) is the canonical map HO(K3,) = Of g, — Fy, . With j : CF — CF denoting
the natural open immersion we write fy s for the morphism RI(CF e, Gm) = K3y
induced by the inclusion G,, — j,j*G,, and then choose RFT(CI%Wét, G,n) to be any
complex which lies in an exact triangle in DP(Z[G]) of the form (39) in which the
second arrow denotes the composite s/ o 05y 5

To construct the triangle (40) we note K s 1s acyclic outside degrees 1,2 and 3, that
H2(K$))ior = Cl(Og5v)" vanishes and that H3(K$,) identifies with (th)r)v. Given
these facts, an argument similar to the above shows that the natural homomor-
phism Hompzg)) ((F7,)"[=3], K3) — Homg((F7, )Y, (Fi,)") is bijective and hence
that there is a unique fs 7 in Hompzgy ((F7,)Y[3], K¢,) for which H?(0g 1) is the
Pontryagin dual of the canonical homomorphism Fy; C (9;2, — Fr.. We write
fsy 5, for the natural morphism K$, = RI’(CRWét,j%:!Z) = RT(Crwe, 1" (G5 Z)) —
RT(Crwet, jﬁ!Z) and choose RI'r(Crwet, jﬁ,Z) to be any complex which lies in an
exact triangle (40) in which the second arrow denotes the composite 92/72 o ég/g“
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We next consider the diagram

02177« 002',2

R (CI*E“,WéU Gn) —— RF(CI%Wét? Gm) F ;F [0] E—
Ay l Al

RU7(Crwet, 7y Z)* — RT(Crwer, jpiZ)*

6x, o0,
== ((F,)V[-3)" ——

in which the upper row is the triangle (39), the lower row is the triangle obtained
by applying the exact functor K* — K** := RHomy(K*® Z]-2]) to (40), Ay is
the isomorphism (34) and A is the obvious isomorphism. To deduce the existence
of an isomorphism of the form (41) (and which makes the above diagram into an
isomorphism of exact triangles) it thus suffices to observe that both squares in the
following diagram commute

O/ Os/
RT(CEwe,Gm) — K& —5 F5,.[0]

N ] N

0*

5 " 0% A 92/,T X \V ”
RF(CF,Wét;]F,!Z> — Ky —— ((FTF> [—3])*.

Indeed, the commutativity of the first square follows from the naturality of the Artin-
Verdier Duality Theorem whilst the commutativity of the second is straightforward to

check directly on cohomology since the argument above shows the natural homomor-
phism Hompzg) (K3y, ((F7,)"[=3])*) = Homg(H(K3,), F7, ) to be bijective. O

Given the constructions in Lemma 11.1, in each degree m we define T-modified
Weil-étale cohomology groups by setting Hf'(CEe, Gm) := H™(RT1(CF e, Gm))
and HF'(Crwe, jpiZ) = H™(RUp(Crwet, 71 Z))-

11.2. Before stating our next result we recall the notion of non-commutative Fitting
invariants that was introduced by Parker [37].

A finitely generated G-module M is said to have a ‘locally-quadratic presentation’
if for each prime ¢ there exists a natural number d and an exact sequence of Z;[G|-

modules of the form Z,[G]? LN Z4|G]* — Zy ®7 M — 0. For any such M the Fitting
invariant Fitzig (M) is defined to be the unique full ((Z[G])-sublattice of ((Q[G]) with
the property that at each prime ¢ the ((Z,|G])-module Z;®7Fitzc (M) is generated by
the set {nrg,g)(0,)u : u € nrg,ig(K1(Z¢[G]))}. Note that, whilst it is straightforward
to check that such a sublattice Fityg (M) exists, is independent of the choice of
presentations and agrees with the classical notion of Fitting ideal in the case that
G is abelian, such invariants are usually very difficult to compute explicitly. For
example, the trivial module {0} has a locally-quadratic presentation but, whilst it is
clear that Fityg ({0}) contains and is integral over ((Z[G]), a complete description of
it would require an explicit computation of the groups nrq,g) (K7 (Z¢[G])).
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We recall that F, identifies with the constant field of £ and, with 7" as in §11.1, we
define a T-modified Zeta-function of the morphism f : C¥ — C¥ by setting

Zr(f,) = Z(f,1) | [ Nedgig (11 = No - Fr],)

veT

where for any x in Q[G] we write [z], for the endomorphism y — yz of Q[G], regarded
as a left Q[G]-module in the obvious way.

Theorem 11.2. The G-modules Hi(CE e, Gm) and HE(Crwes, j5,Z) have locally-
quadratic presentations and Fitting invariants equal to

Fitzig)(Hp(CRwe, Gm)) = Zr(f, 1)¥ - Fitzg ({0})
and
Fitzg)(HE(Crwe, jpZ)) = Zr(f,1) - Fitgg ({0}).

Proof. Set Ky := RUp(Chwe, Gm) and H§ == Hf(Chye, Gm) for each integer a.
For each G-module M we also set Mr := F ®z M for each field F' and M, := Z, Q7 M
for each prime /.

Since K$ belongs to DP(Z[G]) and is acyclic outside degrees 0 and 1 a standard
construction gives an exact sequence of G-modules

(43) 0= H.—PLS F = HL -0

with the following properties: F' is finitely generated and free and if we let f(} denote
the complex P & F where P occurs in degree 0 and the cohomology groups are
identified with H% and H by means of (43), then there is an isomorphism in DP(Z[G])
between f(} and K} which induces the identity map on cohomology in each degree.
Now, as K3 belongs to DP(Z[G]), the G-module P has a finite projective resolution and
so is cohomologically trivial. In addition, since (39) implies HY is isomorphic to the
kernel of the natural map Oy, — F7,_, and so is torsion-free, the sequence (43) implies
P is both finitely generated and torsion-free and is therefore a projective G-module
(by [2, Th. 8]). Next we note that, as the Q[G]-modules H(K%)g and H'(K3)q are
isomorphic, the Krull-Schmidt Theorem [18, (6.12)] combines with the exact sequence
(43) to imply the Q[G]-modules Py and Fy are isomorphic. By a theorem of Swan (cf.
[18, (32.1)])) this in turn implies that P, is isomorphic to the free Z,[G]-module F; for
each prime ¢ and so (43) implies H}. has a locally-quadratic presentation. Further,
since (41) implies RI'r(Crwa, j7,Z) is isomorphic in DP(Z[G]) to Homgz (K3, Z[-2]),
and Homg (P, Z), is isomorphic to the free Z,[G]-module Homy(F,Z), for each prime
(, the G-module H3(Crwet, j5,Z) also has a locally-quadratic presentation.

To compute the stated Fitting invariants we note that the exact triangle (39) implies

X6 (K7, ers) — X6 (RT(Chwer Gm), erx) = —x6 (B, [0],0),
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and that the resolution (42) implies
0g(Z3(f: 1)*) = 0g(Z7(f,1)*) = 0g((] | Nrdgigy([1 — No - Fr,],))¥)

veT

= 0g(] [ Nrdgyg([1 — Nv - Fr,,'],)

veT
= —xg (F7,[0],0).

Taken in conjunction with Theorem 10.1 these equalities imply that dg(Z5(f, 1)#) =
X§H(KY epy) = Xrgef(f(}, ery). To make this equality more explicit we fix a prime ¢,
an isomorphism of (free) Z,[G]-modules P, = F, and a Q,[G]-equivariant section o, to
the tautological surjection Py, — im(u)g,. Then the definition of refined Euler char-
acteristics implies (via, for example, [6, Lem. A.1(iii)]) that the image of X'(K$, €55
in Ko(Ze[G],Q¢[G]) is equal to dg¢(nrg,g(fie)) where fip is an automorphism of Py,
whose restriction to im(oy) is induced by uy := Z; ®z p. By combining this descrip-
tion with the commutative diagram (27) and the fact that ker(dg,¢) = nrg,g)(Z¢[G]*)
one finds that the equality dg(Zs(f,1)#) = & (K%, erx) implies the existence of an
element wuy of nrg,g)(Z,[G]*) with nrg,ig(fe) = Z5(f, 1)*w,.

We now set Z := {x € Ir(G) : e,H}g. = {0}} and define an idempotent e, :=
> vez€x € C(Q[F]). Then, as the Q°[G]-module Hjq. is isomorphic to Hyge =
BY5 ge, the formula of [42, Chap. I, Prop. 3.4] implies = = {¢ € Ir(G) : esZ7(f, 1) #
0} and hence that Zr(f, 1)# = egZ5(f,1)#. On the other hand, the exact sequence
(43) implies = is equal to {¢ € Ir(G) : egnrg,g(pe) # 0} = {¢ € Ir(G) : ey(Pog) =
es(Qf ®z, im(pe))} and thus

nrg,(g) (1) = eonrg,g)(te) = eonrg,g) (i) = eoZ3(f, 1) up = Zr(f, 1) %ue.

Since Fitygg(Hz)e = Fitg,g)(Hz,) and Fitzg({0})¢ = Fitz,g)({0}) are generated as
((Z¢[G])-modules by elements of the form nrg,ig (1¢) and wu, (the former as a conse-
quence of (43)), the displayed equality implies the claimed description of Fitzg (H7).

The claimed description of Fityg (H7(Crwet, j7,Z)) also follows in a similar way
because the above displayed equality implies

nrq, (g (Homg, (11e, Z)) = nrgyg)(ue)® = (Zr(f, 1)#u)* = Zo(f, Duf

and Homyg, (11, Zy) is the differential of the (two-term) complex Z,®zHomz (K%, Z[—2])
of free Zy[G]-modules that is isomorphic in DP(Z[G]) to Z; ®z RT1(Crwe:, j7Z). O

11.3. To prove Corollary 1.5 we fix a prime ¢ and a place v of k that is both disjoint
from ¥ and totally split in F'/k and also such that 1 — Nv - Fr' = 1 — Nv is equal to
wpu with w € Z; (such a place v exists as a consequence of [42, Chap. IV, Lem. 1.1]).
Setting T := {v} one thus has wp/, Z(f,1) = wrNrdgg([1 — Nv-Fr,],) " Zr(f,1) =
u’ZT(f, 1) with v/ = NI‘dQ[g}([u]r)fl S Fitz[g}({()})g.
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Now A(Z[G])Fitzg({0}) = A(Z[G]) and so the equality wp/, Z(f,1) = u'Zp(f,1)
combines with the formula for Fitzg (H#(Crwer, j5,Z)) given in Theorem 11.2 and
the algebraic result of Nickel in [33, Th. 4.2] to imply that for every a in A(Z[G]) the
element awppZ(f, 1) belongs to Z[G] and annihilates H7:(Crwet, j7,Z)e. Since, in
addition, the long exact sequence of cohomology of (40) implies that H?(Crwet, jﬁ!Z) ¢
is isomorphic to a submodule of H7(Crwet,j7Z), the result of Lemma 11.3 below
therefore implies that awp/,Z(f,1) annihilates the finite module Pic’(F),, and hence
also that a*wp, Z(f, 1)# = (awgZ(f,1))* annihilates Pic’(F),. Since A(Z[G])# =
A(Z[G]) this in turn implies the result of Corollary 1.5.

Lemma 11.3. For each prime { the Z[G]-module Pic’(F)) is isomorphic to a sub-
quotient of HQ(CF,Wét,jﬁ,Z)g.

Proof. The argument of Lemma 9.2 gives a canonical isomorphism of Z,[G]-modules
H(Crwet, jpiL)e = H*(CF g, j51Ze). For each natural number n we write v for the
étale sheaf on CF% given by the kernel of multiplication by ¢" on G,, if £ # p, resp.
by the logarithmic de Rham Witt sheaf W, Qj, of Milne and Ilusie if £ = p. Then
Deninger [20] has shown that Artin-Verdier Duality gives a canonical isomorphism

Homg, (H*(CFep, J51Ze), Qe Zg) = colim, H™ (CF ., ven), where my = 1 if £ # p and
m, = 0 and the direct limit is taken with respect to the natural morphisms v —
vem+1, and so it suffices for us to show that colim, H m‘(0§7ét, ven) has a subquotient
that is isomorphic to Pic’(F),.

To compute the groups H™(CF ., vn) we write g : 1 — CF for the inclusion of the
generic point and use the following diagram of exact triangles of sheaves on C’ﬁét

Gyn[0] ——> G, [0] Go[1]

Vyn [mg]

9:Goy[0] —> 6.G [0] — (Z/0") @ 0. n[0] — 6.Go 1]

ZTL

Dex[0]

F

(Desz/€)[0] Dex[1]

De2[0]

en

Gm[1] Gm[1] Gm|2].

Here the first and fourth rows are the canonical exact triangles; the second row is the
obvious exact triangle; D¢ denotes the sheaf of Weil divisors and the third row is the

Ven [my + 1]

triangle induced by the canonical exact sequence 0 — Dex N D¢y — Dex /0" — 0;
the first, second and fourth columns are induced by the canonical exact sequence
0= G — 6:Gppy — ch — 0. The existence of morphims which make the third
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column an exact triangle (and the entire diagram commutative) then follows from
the commutativity of the left hand squares. Now in each degree i there are natural
isomorphisms H'(C ¢, Dex) = D, eczo H'(k(y),Z) and, as R*¢.(G,,,) = 0 for each
s > 0 (cf. [24, p. 91]), also H(Cky, 9:Gpmy) = H'(F,G,,). By using these iso-
morphisms one finds that the above diagram induces a natural isomorphism between
H"™(CF g, ven) and the kernel of the map F* /(" — GayECE’O Z/¢"™ induced by taking
valuations at each point y. This implies in particular that H m‘-’(Cﬁét, ven) has a sub-
quotient isomorphic to A := ker((F*/F,.)/0" — @yecg Z,/0"), where the arrow is
induced by taking valuations. But by applying the Snake lemma to multiplication by
(" on the natural exact sequence 0 — F*/F. — @yecg Z — Pic(F) — 0 one ob-

tains an isomorphism of A with ker(Pic(F) RN Pic(F)) = ker(Pic"(F) N Pic’(F)).
Passing to the limit over n one then deduces that colim, A mf(C’?’ét, v ) has a sub-

quotient isomorphic to colim,, (ker(Pic”(F) N Pic’(F))) = Pic’(F)y, as required. [

12. COMPLETION OF THE PROOFS

In this section we deduce several further consequences of Theorem 10.1 including
Corollaries 1.4 and 1.6. To do this we fix a finite Galois extension of global function
fields F'/k and set G := Gal(F/k).

12.1. In [4, Th. 4.1} it is shown that [4, Conj. C(F/k)] implies the validity of
Chinburg’s ©(3)-Conjecture for F'/k. Corollary 1.4 is therefore a direct consequence
of Theorem 10.1.

This result has the following consequence concerning Chinburg’s 2(1)-Conjecture.

Corollary 12.1. The Q(1)-Conjecture is valid for all tamely ramified extensions of
global function fields.

Proof. 1f F/k is tamely ramified, then Chinburg has proved the validity of the Q(2)-
Conjecture (this follows upon combining [12, §4.2, Th. 4] with [15, Cor. 4.10]). In
view of Corollary 1.4, we therefore need only recall that Chinburg has also proved
that if the Q(2)-Conjecture and §2(3)-Conjecture are both valid for an extension F/k,
then the Q(1)-Conjecture is automatically valid for F'/k (indeed, this is a consequence
of [12, §4.1, Th. 2 and the remarks which follow it]). O

Remark 12.2. A refinement of the proof of Corollary 12.1 shows that Theorem
10.1 also implies an explicit algebraic formula for the epsilon constants associated to
tamely ramified Galois covers of curves over finite fields: for details see Ward [47].

12.2. We now fix a finite Galois cover f : C% — C} of affine curves and a finite
non-empty set of closed points T' of C¥ as in §11. For each integer m we define an
‘m-th order T-modified Stickelberger function’ by setting
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2" (£.8) = (Y (1= 6)" Ve ) Zr(f.1).
x€Ir(g)
We also fix ¢ so that F, identifies with the constant field of £ and for each homomor-
phism ¢ in Homg(Ofy,, Bysy) we define a ((Q[G])-valued regulator by setting

R(¢) := Nrdgg((D}5) "' 0 (Q ®z ¢)),

where the function DqF’E is as defined in §10.2.

In the next result we label, and so order, the elements of ¥ as {v; : 0 <1 < |S|—1}.
(This labeling is convenient but does not effect the validity of our result.) We also fix
a non-negative integer r and assume that every place in the set 3, := {v; : 1 <i <r}
splits completely in F/k.

For each subgroup H of G we write I(H) for the two-sided ideal of Z[G] generated
by the set {h —1: h € H}. We write G; for the decomposition subgroup of any place
of F' above v; and consider the following set of matrices

Mx(G) :={M = (M;;) € Ma(Z[G]) : d = [X] = 1, r < j < [E[ = M;; € 1(G))}-
Theorem 12.3. Fiz ¢ in Homg(Ofy, BYy) and a in A(Z[G)).

(i) The function Zg)(f, t) is holomorphic at t = 1.
(ii) The element Z;r)(f, 1)R(¢) is a finite integral linear combination of elements
Nrdgjg (M) with M in Mx(G) and so aZg)(f, 1)R(¢) belongs to Z[G).
(iii) Let Z' be any finitely generated subring of Q for which the G-module Z' @7 FX

is cohomologically-trivial (this is automatically the case if, for example, the
highest common factor of ¢ — 1 and |G| is invertible in Z'). Then the element

aZg)(f, L)R(p) annihilates Z' @z Cl(Opx, ugwy) for any place v in X\ E,.

Proof. Claim (i) follows directly from [6, Lem. 2.2.1]. After allowing for the differences
in normalisations that are used here and in [6] (as discussed in Remark 10.2), claims
(ii) and (iii) follow directly by combining Corollary 1.3 with [6, Th. 4.1.1]. O

If G is abelian, then A(Z[G]) = Z[G] (so we can choose a = 1 in Theorem 12.3)
and the argument of [6, Prop. 3.4.1] shows that this case of Theorem 12.3(ii) is a
refinement of the Rubin-Stark Conjecture [40, Conj. B’]. Theorem 12.3(ii) therefore
constitutes a natural non-commutative generalisation of [40, Conj. B’], as claimed by
Corollary 1.6(i). Further, the results of [6, Th. 7.5.1 and Rem. 7.5.2(ii)] combine with
Corollary 1.3 to imply that the matrices M (¢) in Theorem 12.3(i) can be chosen so
that their columns satisfy certain mutual congruence relations which, in the case that
G is abelian, constitute natural ‘higher order’ generalisations of the p-adic abelian
Stark conjecture of Gross [22, Conj. 7.6], the ‘guess’ formulated by Gross in [22, top
of p. 195], and of the refined class number formulas conjectured by Gross [22, Conj.
4.1], by Tate [44, (x)] and by Aoki, Lee and Tan [1, Conj. 1.1].

This completes the proof of Corollary 1.6.
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