IWASAWA THEORY OVER Z[Z,]
AND WEIL-ETALE COHOMOLOGY

DAVID BURNS

ABSTRACT. For each prime number p, we establish key ring-theoretical properties of the completed
group-ring Z[Zp] and also strengthen the theory of ‘pro-discrete’ Z[Zp[-modules developed in [7].
We then apply the resulting theory to obtain a variety of new, and explicit, results concerning
divisor class groups and the Weil-étale cohomology of G, over Zj,-extensions of global function
fields of characteristic p.

1. INTRODUCTION

For a commutative ring A, rational prime p and finite group H, the completed group-ring
A[Z, x H] is equal to the inverse limit of the group-rings A[(Z/(p™)) x H] with respect to the
canonical projection maps A[(Z/(p" 1)) x H] — A[(Z/(p"™)) x H].

Arithmetic modules over the ring Z[Z,] arise naturally from the limits of families of modules in
Zy-extensions of global fields. However, since Z[Z,] is neither Noetherian nor has a natural compact
topology, such modules are usually considered, following Iwasawa, by passing to pro-p completions
and then working over the associated (Noetherian and compact) algebra Z,[Z,]. Nevertheless, this
passage to pro-p completion can lose significant information and previous authors have either stressed
the benefits, and intrinsic difficulties, in concrete situations of working over either Z[Z,] or Z¢[Z,]
for a prime ¢ # p, or have tried to understand particular aspects of the problem (see, for instance,
Washington [33] and Coleman [10] and, for a more recent example, Bandini and Longhi [3]). With
these general issues in mind, in previous work with Daoud [7] we introduced a category of ‘pro-
discrete’ Z[Z,]-modules for which one can prove analogues of both Nakayama’s Lemma and Roiter’s
Lemma and thereby establish criteria for finite-presentability. By using these results we were then
able to prove that the ring Z[Z,] is not coherent (in the classical sense of Chase [J] and Bourbaki [5]
Chap. 1]) but is 2-coherent (in the sense of Costa [I2]) and also has weak Krull dimension 2 (in the
sense of Tang [27]). In this article, we further clarify the basic ring-theoretical properties of Z[Z,]
before extending key aspects of the general theory of pro-discrete modules and then applying the
results to study Iwasawa-theoretic modules in the setting of global function fields.

In a little more detail, after reviewing the basic theory of pro-discrete modules in §2} we shall
start our current investigations in by studying the interplay between ideals of Z[Z,] and of Z,[Z,]
for each prime ¢. In this way, for example, we prove Z[Z,] has infinite Krull dimension and that
ideals of the classical Iwasawa algebra Z,[Z,] are uniquely determined by their pull-backs to Z[Z,].
We then discuss the maximal spectrum of Z[Z,] and, in particular, classify all maximal ideals that
are pro-discrete and also show, using a classical result of Zsigmondy, that there are infinitely many
maximal ideals whose residue field is a rational vector space of uncountable dimension.

In we then establish criteria for finitely-generated pro-discrete modules over rings of the
form Z[Z, x H] with H finite and abelian to be projective and to be torsion. We also obtain a
method for computing the initial Fitting ideals of finitely-presented pro-discrete torsion modules
over such rings, before establishing basic properties of the derived limits of perfect complexes in the
theory of pro-discrete modules. In the remainder of the article, we shall then apply the resulting
theory to study Z[Z, x H]-modules that naturally arise over Z,-extensions of global function fields
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of characteristic p from the limits of divisor class groups (in and from the limits of Lichtenbaum’s
Weil-étale cohomology of G, (in .

To be more precise about these arithmetic applications, in Theorem we prove that, if only
finitely many places ramify in a given Z,-extension, then the inverse limit of divisor class groups
over this extension is both pro-discrete and torsion over Z[Z,]. By using these facts, we can then
also establish criteria in terms of explicit growth conditions that are equivalent to the limit module
being finitely oco-presented.

Assuming these growth conditions to be satisfied, we shall then prove in Theorem (and see
also the discussion following in that the Z[Z, x H]-module arising from the cohomology
in degree one of the derived inverse limit of Weil-étale cohomology complexes of G,, over the Z,-
extension is both finitely-presented and torsion and that its initial Fitting ideal can be completely
described in terms of the values of Dirichlet L-series. We stress here that this link between L-series
and the structure of Weil-étale cohomology is established over rings Z[Z, x H] that have infinite
Krull dimension and are neither coherent, compact nor regular and that it incorporates information
about full divisor class groups rather than just their p-primary parts. The latter feature reflects
the underlying fact that our techniques permit a unified investigation of the different ¢-primary
components of profinite Iwasawa modules, the advantages of any potential such approach having
essentially already been made clear elsewhere (see, for example, the introductions to [33] and [34]
and, more recently, the discussion in [3, §1.4]). A further point of interest is that the use of derived
limit complexes is forced in this context, since it can be shown that the inverse limits of Weil-étale
cohomology groups are themselves finitely-presented over Z[Z,] if and only if the corresponding
inverse systems of unit groups and norm maps are Mittag-Leffler and that this almost never happens
(see Corollary [6.6]).

The growth conditions on divisor class groups that are required for our approach are very mild
(from the point of view, for example, of general Cohen-Lenstra-type heuristics) and, in particular,
can be unconditionally verified over all constant Z,-extensions. This means that our theory admits
further development in the latter case and the results then obtained even suggest a natural ‘main
conjecture of equivariant integral Iwasawa theory’ for the Weil-étale cohomology of G,,, over constant
Z,-extensions (see, in particular, Theorem Conjecture and Remark .

It is, of course, widely believed, following the philosophy of Iwasawa, that constant Z,-extensions
of global function fields of characteristic p are strongly analogous to cyclotomic Z,-extensions of num-
ber fields (see, for example, the discussion starting on [24] p. 188]). For this reason, the above results
naturally suggest a variety of new and interesting questions over cyclotomic Z,-extensions of number
fields concerning the structure over Z[Z,] of inverse limits of both (full) ideal class groups and the
Selmer groups of G,,,, and their possible consequences concerning asymptotic growth formulae. We
aim to consider such issues elsewhere.
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2. PRO-DISCRETE MODULES

For the reader’s convenience, in this section we shall quickly review relevant aspects of the
theory of pro-discrete modules developed in [7]. Throughout, we write Ny for the set N U {0} of
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non-negative integers and set
R:=1Z][Z,] and R, :=Z[Z/(p")] for n € Ny. (1)

We also fix a finite abelian group H and consider modules over the group ring R[H]. In particular,
for each R[H]-module M and n € Ny we define an R,,[H]-module

My = R, ®r M,

where the tensor product is with respect to the natural (surjective) homomorphism R — R,,.

If M is a module over any ring A, then we write pa(M) for the cardinality of a minimal
generating set, with pa (M) regarded as oo if M is not finitely-generated. For an abelian group M
we write My, for its torsion subgroup and M;s for the quotient of M by M.

We write P for the set of rational primes. For ¢ € P we write F; for the field of cardinality ¢
and, for an abelian group M, we set M /¢ := Fy ®7 M and write M[¢>°] for the maximal ¢-primary
subgroup of M.

We first recall the definition of pro-discrete R[H]-module.

Definition 2.1. An inverse system (M), = (My,,7,), of R[H]-modules indexed by n € Ny is a
pro-discrete system if each M, is naturally an R,[H|-module and, for each n € N, the transition
morphism 7, induces an isomorphism 7, : (My)m—1) = M,_1 of R, 1[H]-modules. An R[H]-
module is pro-discrete if it is the limit of a pro-discrete system of R[H]-modules.

Remark 2.2. The ring R is itself a pro-discrete R-module since it is the limit of the pro-discrete
system (Ry,, 0n.n—1)n in which g, ,—1 is the natural map R,, — R,_1. In general, any R[H]-module
M gives rise to a pro-discrete system (M,), T )n, With 7, the canonical map M,y — M(,_1), and
hence to a pro-discrete module lim, M,) for which there exists a canonical map M — lim M.
However, many finitely-presented R[H]-modules are not pro-discrete and so the category of pro-
discrete R[H]-modules is not abelian (for more details see [7, Rem. 3.12]).

We recall that an R,[H]-module M is said to be ‘locally-free (of rank d)’ if for every rational
prime ¢ the (Z; ®z R,,)[H]-module Z; ®z M is free (of rank d).

The following result provides analogues of Nakayama’s Lemma and Roiter’s Lemma for the
category of pro-discrete modules.

Proposition 2.3 ([7, Th. 3.8]). Let M be a pro-discrete R[H|-module that arises as the limit of a
pro-discrete system (M, 7y )n. Then the following claims are valid.
(i) pria (M) s finite if and only if each pr, (My) is finite and bounded independently of n.
(i) If ppia) (M) is finite, then pzpe(Mo) is finite and there exists a pro-discrete R[H]-submodule
M’ of M with both of the following properties:
(&) pria(M') < pzpm(Mo);
(b) For every n, the order of (M/M')(,) is finite and prime-to-p.
In particular, if each Ry[H]-module M, is locally-free, then for natural numbers m and
t > 1, the module M’ can be chosen to be free and such that (M/M’)(m) is finite and of

order prime-to-pt.

We next recall criteria for the finite-presentability of finitely-generated pro-discrete modules.
To state the result we fix a topological generator v of Z, and, for each n € Ny, set

wp i =7"" —1€R and 7, :=0,(7) € Ry,
where p,, is the ring homomorphism R — R,, induced by the canonical projection Z, — Z/p".

Proposition 2.4 ([7, Th. 3.11]). Let M be a finitely-generated R[H]-module.
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(i) Then M is pro-discrete if and only if the natural map M — lim, M) is bijective. In
particular, if M is the limit of a pro-discrete system (M, 7, )n then for every n the natural
map My — My, is bijective.

(ii) If M s pro-discrete, it is finitely-presented if and only if ug, (Tor{%(Rn,M)) is bounded
independently of n. The latter condition is satisfied if, for example, each M, is finite and
the quantities g (Mwn:o) are finite and bounded independently of n.

(i) If M is a submodule of R[H|* for some natural number a, then M is pro-discrete. In addition,

any such M s finitely-presented if each group (R[H]"/M) wn=0 [p™°] has bounded exponent.

3. IDEAL THEORY

In this section we investigate the ideal theory of R. More precisely, we clarify aspects of the
interplay between the ideal theories of R and of R := Z[Z,] for each prime ¢ € P, before proving
that R has infinite Krull dimension and describing the structure of MaxSpec(R).

For each n € Ny, we write I(n) for the ideal ker(p,) of R and recall from [7, Prop. 2.1(ii)] the
existence of a canonical short exact sequence of R-modules

0= R-w, S I(n) = (Z,/Z) @z R, — 0, (2)

in which R acts on the third module via 1 ®pg g,, and &, is a natural connecting homomorphism that
arises in the theory of pro-discrete modules.

These sequences play a key role in the theory developed in [7] and, to help set context, we record
the following result which shows that the classification of such sequences is not straightforward.

Lemma 3.1. The group Ext}%((Zp/Z) Q7 Ry, R~wn) is isomorphic to Ext}%((Zp/Z) Q7 Ry, R) and
is both uniquely p-divisible and contains a rational vector space of uncountable dimension.

Proof. The isomorphism is induced by the fact that the R-module R - w,, is free of rank one (since
R is a domain and w,, # 0). To prove the remaining assertions, we set R%p )= (Zp / Z) ®z R, and
El = Ext}%(RSLm, R~wn). Then, as the group Z,/Z is uniquely p-divisible, so is £!. In addition, since
I(n) has no non-zero p-divisible elements, the group Homp (Rﬁlp )T (n)) vanishes and so the canonical
connecting homomorphism Homp (R,‘f’ >, Rﬁbp >) — &l induced by 1) is injective. In particular, since

the torsion subgroup of Z, /Z is Z ) /Z, with Z, the localisation of Z at p, and Z,/Z,) is a rational
vector space of uncountable dimension, it is enough to note that the group

Homp ((Zy/Zp) 2 R, RY) = Homg (Zy/ Ly, RY) = Homg(Zy /Ly, L/ Lipy @z Rn)
is isomorphic to a subgroup of Hompg (Rflp>7R,<lp>), 0

3.1. Ideals of R and of each R‘. For £ € P and n € N, we set RY := Z;[Z/p"] and abuse
notation by continuing to write ¢, and g, ,,—1 for the homomorphisms R’ — R’ and RY — R’
that are respectively induced by the canonical projections o, and o, ,—1. We also note that each
ring R = lim omn R’ has a natural (compact) inverse limit topology and, for a subset X of R’ we

write X¢ for its closure with respect to this topology.

Proposition 3.2. The following claims are valid for all ideals J of R.
(1) mnENo (J + I(n)) = neeP (R N (Re : J)C) .
(i1) If J is pro-discrete, then (ﬂneNO(J + I(n)))2 CJ CNyen, (S +1(n)). In particular, if J is
pro-discrete and prime, then J = (,ep (RN (R" - J)°).
(iil) There exists an infinite chain J(1) 2 J(2) 2 -+ of principal (and hence pro-discrete) ideals
of R with both of the following properties.
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(a) Forie N andn € Ny, one has J(i) + I(n) = I(0), and hence 0,(J (7)) = Ry, - 0n(w0).
(b) Fori €N and £ € P, one has R®- J(i) = R® - wy.

Proof. We first claim that, for each ¢ € P and ideal X of R, one has
X° =lim on(X). (3)

—0On,n—-1
To show this, we note that each 0,(X) is a Zs-submodule of RY, and hence compact. The limit
liingnvnil 0n(X) is therefore a compact submodule of R = lim, R’ and hence closed. In partic-
ular, since it is clear X C liLngn,n,lQn(X), one also has X¢ C @197“%19”()(). It is therefore enough
to show that any closed submodule Y of R’ that contains X must contain lim P (X). To do
this we use the obvious exact commutative diagrams

0 —— YN(R @) —=—=Y —2% p,(Y) —— 0

o e

0 —— YN(R - wny) —— ¥V 2% 5, (YY) —— 0.

Since Y and each R’ - w, are closed submodules of R’, the first terms in both rows are compact.
Recalling that limits are exact for inverse systems of compact modules (indexed by N), it follows
that @i(Y N (R’ - w@,)) vanishes. Upon passing to the inverse limit over n of the above diagrams
one therefore deduces that the inclusion map Y — lim gnynilgn(Y) is bijective. In particular, since

0n(X) C on(Y) for each n, it follows that lim, = 0,(X) C Y, as required.
To prove (i) we use the fact that, for every £ € P and n € Ny, one has 0, (R’-J) = Z; ®z on(J).
This implies, in particular, there exists an exact sequence
0= 0n(J) = Ry N op(R?-J) = Rn/on(J) 22225 RP /0, (RP - J),

where the last map uses the identification Z, ®z (Ry/on(J)) = RE /0, (RP - J). In particular, since
the kernel of the last map is

D ey B/ 0T = D (R 0n (R )]

one obtains an exact commutative diagram

c (82
0 —— Qn(‘]) — RTL N Qn(Rp . J) —2> ®€€7’\{p} (RfL/Qn(RZ . J))

! l !

(Br_1)e
- @ZEP\{;}} (beq/Qn—l(Re : J))

in which all vertical maps are induced by g, ,—1 and 85 is induced by the inclusion R,, C Rf. By
passing to the limit of these diagrams, and taking account of with X = RP - J, we therefore
obtain an exact sequence

0 — on1(J) —=— Ru_1Non_1(RP-J)

. c o (im, L) . ¢ ¢
0= lim, on()) = RO(R D) === ], tim,  (Ri/ea(R"- D). (4)

In addition, for each £ € P\ {p}, by passing to the limit over n of the exact commutative diagrams

0 —— ouR-J) —=—> R. —— R0 (R-J) ——0

gn,nfll gn,Hl gn,nfll

. —— R Jon1(RE-T) —— 0

n—1

0 — op1(R-J) —<— R
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(in which all occurring modules are compact), and applying with X = R’. J, one obtains a
natural isomorphism of R’-modules R/(R¢-J)¢ = lim, | (RL/on(R"-J)). Upon combining these
isomorphisms with , one obtains an exact sequence of R-modules

Y4
0-1lim, on(J) S RA@® -7 25T (RY/(R - J)°)

£eP\{p}
in which each map 3* is induced by the inclusion R C R’. To deduce the equality in (i) from this
exact sequence, it is then enough to note that the explicit definition of each ideal I(n) as the kernel
of the projection g, : R — Ry, implies that lim,  0n(J) is equal to [y, (J + 1(n)).

To prove (ii) we set

Ji=lim, on(J)=() _ (J+I(n) and Qu[1]:=Tor{'(R/J,R,) for n € No.
—P9n,n—1 HGNU

Then the argument of [7, Th. 3.11(i)] gives an exact commutative diagram of R,-modules
0 —— Qu[l] —— Jny —— o(J) —— 0

oml o/nl .Qn,n—ll

0 —— Qun-1[l] —— Jn—1) —— on-1(J) —— 0

in which o/, is the canonical (surjective) map. In particular, if J is pro-discrete, then by passing to
the inverse limit over n of these sequences we obtain an exact sequence of R-modules

0—J S J = limk Q1] 0.

In addition, since each R,-module @,[1] is annihilated by g, (J), the action of R on liLninQn[l]

factors through R/ J. From the last displayed exact sequence we may therefore deduce that J2cCJ ,
as required to prove the first assertion of (ii). Given this, the second assertion of (ii) then follows
directly from the fact that, if J is a prime ideal, then the inclusions J2 C J C J combine to imply
that J = J.

To prove (iii) we fix a subset {n;};en of N such that each n; is prime-to-p and divides n;1,
and consider the principal ideals J (i) := R - (y™ — 1). Then, since v — 1 is a divisor of 4™+t —1
in R, one has J(i + 1) C J(4). It is also easily checked that g,(J(i)) = R, - (7, — 1) for each n
and R’ J(i) = R®- (y — 1) for each ¢ (so that (a) and (b) are valid). It therefore suffices to prove
J(i) # J(j) for i # j and, for this, it is enough to show that the index of J(i) in R- (y — 1) is equal
to n;. To do this, we use the exact commutative diagram

0 —— R-(y—1) —S— 1(0) =2 2,/Z — 0

ST R o

0 ——  JE) —S— 1(0) = 7,/ —— 0.

Here the upper row is with n = 0 and the lower row is the exact sequence constructed by the
argument of [7, Prop. 2.1(ii)] after replacing v —1 by 4™ —1 = (32%Zp" " 4*)(y — 1). The commuta-
tivity of the first square is then clear and that of the second square is checked by explicitly comparing
the respective connecting homomorphisms &, and & ;. Hence, since the kernel of multiplication by
n; on Z,/Z is cyclic of order n;, the Snake Lemma applies to the above diagram to imply that the
index of J(¢) in R- (y — 1) is n;, as claimed. O

Remark 3.3. (i) A finitely generated ideal X of R is compact, and hence closed, so that X = X¢.
In particular, since RP is Noetherian, all of its ideals are closed. If ¢ # p, then Bandini and Longhi
have shown that an ideal of R’ is closed if and only if it is principal (see [3, Prop. 2.3]).
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(ii) A finitely generated ideal of R is pro-discrete (by Proposition iii)), but not all pro-discrete
ideals are finitely generated. For example, I(0) is pro-discrete (by [7, Lem. 3.6]) but the surjectivity
of the map & in (2)) implies 7(0) cannot be generated by any countable set of elements.

(iii) Proposition (ii) and (iii) combine to imply the ideals J (i) of R are not prime, and this also
follows from the fact the lower row in implies 1(0)2 C J(i) and 1(0) € J(i). Whilst these ideals
show that even principal ideals of R are not determined by their extensions to R’ for all £ € P, they
are still distinguishable in these rings since, if ¢ < j, then for any prime divisor £ of n;/n, the images
in R’ of the completions lim, (J(i)/¢") and lim, (J(j)/¢") differ. In particular, in relation to later
arithmetic questions, it would be interesting to know if finitely-generated (or perhaps pro-discrete)
ideals J of R are determined by knowledge of both g, (J) for all n € N and lim, (J/¢") for all £ € P.

We next show that an ideal of the classical Iwasawa algebra RP = Z,[Z,] is uniquely determined
by its restriction to R.

Proposition 3.4. For every ideal I of RP, one has RP - (INR) =1.

Proof. We can fix n € N and a subset {f;}1<;<n of I such that I = >"'_ RP - f;. Then, assuming
that RP - ((RP - f;) N R) = RP - f; for every i, one has
1=>"""Rr-fi=Y ""RP- (R’ f)NR)CR"-Y  _((R*-f)NR)CR*-(INR)C I
i=1 i=1 i=1
and hence RP - (I N R) = I. Tt is therefore enough to prove the stated equality in the case that
I = RP . f for some f € RP.

For i € Ny, we write ®;(X) for the p’-th cyclotomic polynomial in Z[X]. We recall that ®;(X)
is irreducible as an element of the polynomial ring Z,[X] and further that, for each n € N, one
has X?" — 1 = [[;Z) ®:(X) in Z[X]. Now if, for any m € Ny, the quotient of RP by the ideal
RP - f + RP - w,, is infinite, then f must be divisible in R? by ®;(v) for some ¢ with 0 < i < m.
Hence, after dividing f by a finite (possibly empty) product g of elements of the form ®;(v), we
obtain an ideal I’ := RP-(fg~—!) with the property that g, (I") has finite index in RE, for every n € Np.
In addition, as g belongs to R and is a non-zero divisor in RP, one has RP - ((RP - f)NR) = RP - f if
RP-((RP-(fg~1))NR) = RP- fg~'. It follows that, after replacing f by fg~! if necessary, we can
in the sequel assume that RE /g, (I) is finite for every n € Ng.

In this case, for each n one has R,, + 0,(I) = RP and hence also RE - (R, N o, (1)) = on(1).
This in turn gives an exact commutative diagram

z— (z,x)

0 ——  Runonl) Ro®on(l) U200 pp 0

| | 1 g

z—(z,x) Ro1 @ on_1(I) (z,y)—~z—y RP

n—1

0 —— Ryt Nons(]) — 0

in which every vertical map is induced by ¢, ,—1. In addition, since g, (I) is a free RP-module of
rank one (under the current hypotheses), the natural map (0,,(1))n—1) — @n—1(I) is bijective. Using
this last fact, an easy diagram chase implies that the map «, is surjective.

Now, by using (and Remark [3.3i)) with X = I, the inverse limit over n of the above
diagrams gives an exact sequence

z—(x,x)

0—lim,  (Rnoa() Ra@ 1 Z02Y, g

and thereby an equality RN I =1lim, (R, N en(I)). For each m, it then follows that

Qm(Rp (RN I)) =Ry, - om (liﬂlgn,n71(R” N Qn(I))) =Ry, - (Rm N om(I)) = om(1),
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where the second equality follows from the surjectivity of each map «,, and the third was observed
just before @

Hence, since (3) (and Remark 1)) implies R? - (RNI) =lim,, om (RP-(RN1T)) , it therefore
follows that R? - (I N R) = I, as claimed. O

3.2. Observations on Spec(R). In this subsection, we make several observatons about prime ideals
of R. As a first step, we determine all relevant Krull dimensions.

Proposition 3.5.
(i) dim(RP) =2 and dim(R/p) = 1.

(ii) dim(R*) = oo and dim(R/¢) =0 for £ € P\ {p}.

(iii) dim(R) = oo.
Proof. For £ € P one has R® = Z[Z,] and R/¢ = F;[Z,]. Claim (i) is therefore a result of classical
Iwasawa theory, but to prove (ii) and (iii) we shall use results of Maroscia and of Gilmer and Heinzer.
For this, we write O,, for m € Ny for the ring of algebraic integers of Q(e2™/?™) and, for each n > m,
we write T, ,, for the Z[1/p]-linear ring homomorphism R,,[1/p] — O,,[1/p] that sends v, to e>™/P" .
Then, for each n € N, there is a canonical isomorphism of Z[1/p]-algebras

Ry[1/p] = H On[1/p], &= (Ta,m(2))m- (7)

In particular, if we fix £ € P\ {p}, then these decompositions combine to induce isomorphisms of
Zy-algebras

me{0}U[n]

R' = HmeN0 (Z¢ ®7 Op) and RYJ0= R/ HmEN0 (Om/0). (8)

Now, since dim(Z, ®z O,,) = 1 for every m, the first isomorphism combines with a result [I4, Th.
3.3] of Gilmer and Heinzer to imply dim(R*) = co. On the other hand, since the Chinese Remainder
Theorem implies each ring O,, /¢ is a finite direct product of fields (as £ # p), the second isomorphism
combines with a result [22, Prop. 2.6] of Maroscia to imply dim(R/¢) = 0. This proves (ii).

To prove (iii), we write R(£) for the direct product ring [],,cy, (O /0™). Then, since the image
of ¢ in each ring O,,/¢™ is nilpotent, but the image of ¢ under the diagonal map R — R(¢) is not
nilpotent, the result of [14], Th. 3.4] implies that dim(R(¢)) = co. To prove (iii), it is therefore enough
to construct a surjective ring homomorphism from R to R(¢). To do this, for each n € Ny we write
R(¢;n) for the ring ®7ne{0}u[n] (Om/ﬁm) and consider the composite ring homomorphism

mot B C R0 =[] Oult/ol = 1 Onl1/p) /0" = R(tin),  (9)

where the isomorphism is as in @, the second arrow is the natural projection and the equality is
valid since ¢ # p. For each n € N, one then has an exact commutative diagram of R-modules

me{0}U[n] me{o}u[n](

0 ——  ker(m,) S5 R, - R(t;n) —— 0

Q;wn—ll Qn,nfll pn,n—lJ/ (10)

c e
0 — ker(mp_1) —— Rpoq ——» R(l,n—1) — 0
in which Q;wfl denotes the restriction of g, ,—1 and p, ,—1 the natural projection map. It is then
enough to show the maps Q;Mh , are surjective since, if this is true, upon passing to the inverse limit
over n of these diagrams one would deduce that the induced composite map
. (Tn)n 1.
R= lﬁlgn,n—an - mpn,nflR(g; n) = R(¢)
is a surjective ring homomorphism, as required. Now, as o0, ,—1 is surjective, the Snake Lemma
implies ¢, ,,_; is surjective if m,(ker(onn-1)) = ker(pnn-1). To check this we write e; for the
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idempotent (1/p) >-;cp ~P" "1 of R,[1/p]. Then Tan((l —e1)) =1 € O, and p(1 — e1) belongs

to Ry, - (fnyn_l — 1) = ker(gnn—1). Hence, since ker(p, n—1) = On/¢" and £ # p, it follows that
7 (ker(on,n—1)) = ker(pn.n—1), as required to complete the proof. O

Remark 3.6. The proof of Proposition ii) shows that, contrary to the result of Proposition
for each £ € P\ {p} there are infinitely many prime ideals of R’ whose intersection with R is (0).

Whilst Proposition implies that obtaining a fully explicit description of Spec(R) is difficult,
it is still possible to make several general observations about prime ideals.

For example, if J is a prime ideal that contains w,, for some m € Ny, then since the exact
sequence ([2)) implies I(m)? C R - w@,,, one has I(m)? C J and hence also I(m) C J. It follows that
J = Neep (RN (R J)¢) (by Proposition (1)) and also that J corresponds to a prime ideal of R,,.
From [7, Th. 4.2(iii)], one then also knows that J is finitely generated if and only if it is a maximal
ideal (that, necessarily, contains a rational prime).

Next we note that finitely generated prime ideals J that are disjoint from {w, },en, correspond
bijectively to irreducible distinguished polynomials in Z,[X] that are not equal to any ®;(X). Indeed,
by [, Th. 4.2(iv)], one knows that, for any such J, there exists a polynomial f; of the stated kind
with J = RN (RP - f;(v)) and then f; is unique since Proposition implies RP - f; = RP - J.

To describe Spec(R) fully, it therefore only remains to characterise non-finitely-generated prime
ideals of R that are disjoint from {w,}nen,, and, for the most part, these remain mysterious.
However, in the case of maximal ideals, further analysis is possible. To state a result in this direction,
we note the maximum spectrum MaxSpec(R) of R decomposes as a disjoint union, parametrised
by ideals a € Spec(Z), of subspaces MaxSpec,(R) corresponding to those maximal ideals whose
residue characteristic generates a. The following result (some of which is well-known) describes
these individual subspaces and, in particular, obtains a complete description of the set of pro-
discrete maximal ideals, thereby extending the classification of finitely-generated prime ideals of R
given by [7, Th. 4.2].

Proposition 3.7. The following claims are valid.

() MaxSpec,)(R) is a singleton comprising the ideal generated by {p, wo} which is pro-discrete

and has residue field .

(ii) MaxSpecy)(R) for £ € P\{p} is homeomorphic to the Stone-Cech compactification of N and
1s compact, Hausdorff and non-Noetherian. In addition, the following conditions on an ideal
m in MaxSpec ) (R) are equivalent (and imply its residue field is finite): m is pro-discrete;
m s finitely-generated; m is principal; m N {wy, }nen, # 0; (R’ -m)¢ # R

(iii) If m belongs to MaxSpec ) (R), then m is not pro-discrete and (R*-m)¢ = R’ for all{ € P.
In addition, the residue fields of infinitely many ideals in MaxSpec g, (R) are of uncountable
dimension over Q.

Proof. The unique maximal ideal of R/pR = F,[Z,] is generated by the iamge of @ and has residue
field F,. The ideal generated by {p,wo} is therefore the unique element of MaXSpec(p)(R) and is
automatically pro-discrete (by Proposition [2.4(iii)) since it is finitely-generated. This proves (i).

To prove (ii) we fix £ € P\ {p} and note the second isomorphism in implies points in
MaxSpec ) (R) correspond to maximal ideals of a ring [, <, (O /¥) that is isomorphic to an infinite
direct product of (finite) fields. Such maximal ideals therefore correspond bijectively with the set
of ultrafilters on N and, except perhaps for the assertion of non-Noetherianity, the first sentence of
claim (ii) is a well-known consequence of this fact (see, for example, [28] and the references contained
therein). In addition, every ideal of R/{ is radical (by [28, Th. 3.1(iii)]) and every prime ideal of
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R/¢ is maximal (by Proposition ii)) and so the non-Noetherianity of the space MaxSpec ;) (R)
follows directly from that of the ring R/¢.

To prove the remainder of (ii) we note first that [28, Th. 3.1(i)] implies a prime ideal m of R/¢
is finitely-generated if and only if it is principal (and thereby corresponds to a principal ultrafilter),
in which case R/m is finite and so m contains w,, for all sufficiently large n. Conversely, if m contains
w,, for any given n, then (as observed just after the proof of Proposition m is the full pre-inage
of a maximal ideal of R, /¢ and so is finitely-generated since the kernel of the projection R/¢ — R,, /¢
is generated by the image of w,,. Next we show that m is pro-discrete if and only if it is finitely-
generated. Taking account of Proposition iii), it is enough for this to assume m is pro-discrete,
and prove m := m/(¢) is finitely-generated. To do this, we note that the tautological exact sequence
0— () 5 m — m — 0 induces, upon passing to coinvariants, a family of exact commutative
diagrams of R,-modules

0 —— (Z)(n,l) % M) — My — 0.

Here all vertical maps are the natural projections and injectivity of each ¢(,) follows from the fact
(€)(n) = Ry, is torsion-free whilst Tor(R,,,m) is annihilated by ¢. Since the first vertical maps in
the above diagrams are surjective, exactness is preserved upon passing to the inverse limit, thus
giving (as both (¢) = R and m are pro-discrete) an exact sequence 0 — (¢£) = m — lim, M, — 0.
Upon comparing this sequence with the original, one deduces that the natural map m — lim m,) is
bijective. Since M, identifies with the image of m under the projection R/¢ = [],,c 010 (Om/0)
induced by , one therefore has m = HmeNO im(Ky, ), with &, the map m C R/¢ — O,,/¢ induced
by Ty m. The fact that m is a maximal ideal of R/¢ now implies that im(k,,) = O,,/¢ for all but
one value of m, and it is then clear that [],, oy, im(sm) is finitely-generated over R/, as required.
To complete the proof of (ii) it is now enough to prove that m N {w, }nen, = 0 <= (R’ -m)° = R".
The forward implication here is valid since if m N {w, }nen, = 0, then the maximality of m implies
m+ I(n) = R for all n and hence that (R’ -m)¢ = R’ as a consequence of Proposition i). On the
other hand, the converse implication follows from the fact that, for any n, every ideal of the ring
R, /! is closed for the f-adic topology.

To prove (iii) we fix m in MaxSpec q)(R2). Then, since no ring R, can have a non-zero uniquely
divisible quotient, one has m N {w; };cn, = @ and, just as above, this implies m+ I(n) = R for every
n. From the first assertion of Proposition (ii) it now follows that m is not pro-discrete, whilst
Proposition (1) implies that (R’ -m)¢ = R’ for every £ € P.

To complete the proof of (iii), we shall now show that, for each integer a > 1, there exists a
maximal ideal m, of R (with m, # m, if @ # a’) that contains v — a and is such that R/m, has
characteristic zero and uncountably infinite dimension over Q. To do this, we set X (a) := R- (v —a),
X(a)y == 0n(X(a)), X(a)* = R*- X(a) and X (a)!, = 0,(R’- X(a)) for n € Ny and ¢ € P. Then,
since R,,/X (a), is the cokernel of the endomorphism of R,, given by multiplication by o,(v) — a, a
simple determinant computation shows R, /X (a), to be finite and of order a?" — 1. Tt follows that

R/X(a) = lim, (R,/X(a),)=lim, (D __(R\/X(a)}))=]], lim,(R./X(a)5)=]] .. Na).

Lep—"
Here all inverse limits are with respect to the maps induced by the natural projections g, n—1, S0
that the first equality is valid since gy, p—1(X(a),) = X (a)n—1 for all n € N. In addition, we have set

Pla) :={teP:3IneNy (] (a® —1)}

LeP LEP(a)
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and N%(a) := R’/ X (a) for £ € P. In particular, since (3)) implies X (a)’ = lim X (a)t, and also

+—0On,n—1
Onn—1(X(a)%) = X(a),_; for n € N, one has N“(a) = lim,, (R, /X (a)4) = lim, (Z; ®z (R,,/ X (a),))
and so N*(a) # (0) if and only if £ € P(a).
Now, as a special case of Zsigmondy’s Theorem [35], the set P(a) is infinite. It follows that

@eep(a)Nz(a) is a proper ideal of R/X(a) and so we can choose a maximal ideal m, of R/X(a)
containing P tep@N ‘(a), and then write m, for the maximal ideal of R given by the full pre-image
of m,. To show that the field R/m, has characteristic 0, we argue by contradiction and so assume
it is annihilated by multiplication by ¢y for some ¢y € P. Then, since multiplication by ¢y acts
invertibly on Heep(a)\{eo}Né(a)’ one has Heep(a)\{éo}Ne(a) C m, and hence also

R/X(a)=N() &[]

This contradicts the fact that m, is a proper ideal of R/ X (a) and so R/m, must have characteristic
0, as claimed.

To prove dimg(R/m,) is uncountably infinite, it is enough to show that R/m, is uncountable,
and to do this we label the elements of P(a) in ascending order as {p; }:en. It is then enough to note

that the function {0,1}" — R/m, sending each f to the image of (Zzzn(k) f(n)2n=1), € T1,.RPx
in R/m, = (I, (RP*/X (a)P*))/m, is injective, where each m(k) € N is defined via the inequalities
2m(k) 1 < pp < 270+ _ 1. (This argument is motivated by the StackExchange discussion [25].)

Finally, we note that if a > a’ and m, = m,/, then m, contains a —a’ = (y —a) — (y —a’). This
would imply the field R/m, is annihilated by multiplication by a — ¢’ and this contradicts the fact
it has characteristic 0. (]

fa)Cm,.
tep@n ey (@) S Ma

Remark 3.8. (i) The proof of Proposition iii) shows that, for an ideal m in MaxSpec ) (1?), one
has o, (m) = R, for all n € Ny and, since R/m is uniquely divisible, also lim, (m/¢") = R for all
¢ € P. It follows that the question raised at the end of Remark iii) has a negative answer if one
omits the hypothesis that J is pro-discrete.

(ii) Set I := I(0), write J for the sub-ideal of I generated by {pwo} U {w, — pwon+1}nen, and let m;
denote the projection R — R/J. Then one has Spec(R/J) = {my(I)} U{m;(I + R £)}scp so that
dim(R/J) = 1. In addition, the upper row of combines with the fact 7;(w,) = p- 77(wnt1)
has order p"*! to imply that R/J has a subgroup isomorphic to Q/Z, thereby complementing the
uniquely divisible quotients of R arising from Proposition iii).

4. MODULE THEORY

In this section, we extend, or refine, several of the general results about pro-discrete modules
that are obtained in [7].

4.1. Projective modules. We first describe a criterion for a pro-discrete Z[Z,][H]-module to be
projective. Before stating it, we recall that a prime p is said-to-be ‘exceptional’ in [7] if it is irregular,
validates Vandiver’s Conjecture and is such that the p-adic A-invariant of every (odd) isotypic factor
of the ideal class group of Q(e?™/?) is at least p — 1. We further recall that heuristic arguments
suggest there should be only finitely many exceptional p [20, Chap. 10, App.] and that, in any case,
results of Hart et al [I8] imply such a prime must be greater than 23!,

Proposition 4.1. Set R = Z[Z,] and let M = lim, M, be a finitely-generated pro-discrete R[H]-
module. Then, unless p is exceptional, the R[H]|-module M is projective if and only if, for every n,
the Ry, [H]-module M, is projective.



12 DAVID BURNS

Proof. Tt is enough to show that, if p is not exceptional, then M is a projective R[H]-module if every
M,, is a projective R,[H]-module. To do this, we set A := R[H] and A,, := R,[H] for each n € Ny.

We first aim to prove that, for each ¢, the A/¢-module M/{¢ is free. To do this we note that,
since each M,, is torsion-free, one has M /¢ = lim, (M, /f) and we further recall that, by Swan’s
Theorem (cf. [13, Th. 32.11]), each A,-module M, is both locally-free and of rank independent of n
since M,, 1 is isomorphic to (My),—1)-

To deal with the case £ = p, we note the final assertion of Proposition i) implies that the
F,[H]-module (M/p)o := F,[H] ®a (M/p) is equal to My/p. In particular, since Z, ®z My is a
free Zy[H]-module, the F,[H]-module My/p = (Z, ®z My)/p is free, and we write ¢ for its rank.
By applying Nakayama’s Lemma for the Noetherian ring A/p, we can thus deduce that M/p is
generated as a A-module by any set b := {b; }1<;<; that maps to a basis of (M/p)o. It follows that
b = Upen{h(bi)}1<i<¢ is a minimal set of generators of M /p over the principal ideal domain R/p.
In addition, since the assumption that p is not exceptional combines with [7, Th. 3.8(iii)(a)] to imply
M is a projective R-module, its quotient M/p is a projective, and hence free, module over R/p and
so b’ must be a basis. It follows that M/p is a free A/p-module (with basis b), as claimed.

We next assume ¢ # p. In this case, the second isomorphism in induces algebra decom-
positions A/0 2 ], cn, (Om[H]/€) and Ay /0 = T 0 (O [H] /L) for each n € No. In particular,
since each A, /¢-module M, /l = (Zy @z M,)/l is free, and of rank that is independent of n, it is
straightforward to check directly that M /¢ is a free A/¢-module, as required.

At this point, since M is finitely generated over A, we can fix an exact sequence of A-modules
0+ K— F— M — 0 in which F is free of finite rank. We set X := Hompg(M, K) and note that,
since M is a projective R-module (as observed earlier), the induced sequence

0 — X — Homp(M, F) - Homp(M,M) — 0 (11)

is exact. In addition, since K is torsion-free, for each ¢ the exact sequence 0 — K LK-K /¢ — 0
induces an isomorphism of R[H]-modules

X/t = Homp(M, K/t) = Hompg, (M/l, K/l).

Hence, since M /¢ is a free A/¢-module, and thus induced as an H-module, the H-module X/¢
is also induced (cf. the proof of [2, §9, Cor.]) and hence cohomologically-trivial. In particular, by

considering the exact sequence of Tate cohomology of the exact sequence 0 — X LX X /¢ — 0
we can now deduce that, for each integer ¢ and subgroup J of the Sylow ¢-subgroup H (¢) of H, the
map H(J, X) RN H4(J, X) is bijective. Since each H9(.J, X) is an (-group, it therefore follows that
X is a cohomologically-trivial H (¢)-module. Since this is true for all ¢, it then follows that X is a
cohomologically-trivial H-module (cf. [2], §9, Th. 9]).

In particular, by taking H-invariants of the exact sequence (|11)), we now deduce that the map
Homy (M, F) — Homyu (M, M) is surjective and hence that the identity map of M extends to a map
M — F of A-modules. It follows that M is a direct summand of the (free) A-module F' and so is
projective, as required. (Il

Remark 4.2. Whilst the argument used to prove Proposition [£.1] relies on the hypothesis that p
is not exceptional (via an application of [7, Th. 3.8(iii)]), we do not know if its statement becomes
false upon removal of this hypothesis.

4.2. Torsion modules. We next provide criteria to determine whether a pro-discrete R-module is
torsion.

Proposition 4.3. A pro-discrete R-module M = lim M, is torsion in each of the following cases.



INTEGRAL IWASAWA THEORY 13

(1) Bvery ur, (M) is finite and, for any sufficiently large n, the Q,[Z/(p™)]-module spanned by
M,, has no non-zero free quotient.

(ii) The torsion-subgroup of each M, has finite exponent, My is a finitely generated abelian group
and the RP-module lim, (Z, ®z My) is torsion.

Proof. We first assume the hypotheses of (i). Then, for each n, the given isomorphism M,,_; =
(M) (n—1y combines with a standard property of Fitting ideals to imply that g”,n_l(Fitt%n (M) =
Fitt(l)%n_l(Mn_l). In particular, since Fitt%n (M,,) annihilates M,,, the limit lim Fitt(})zn (M,,) (with
respect to the transition maps g, ,—1) is an ideal of R that annihilates M. To prove (i) it is therefore
enough to show that this limit is non-zero, or equivalently that the ideal Fittg’%w (M,,) is non-zero for
some n (and hence for all sufficiently large n). In addition, since Fitting ideals commute with scalar
extension, the ideal Fitty (M,) vanishes if and only if Q, ®z Fitty (M,) = Fittg, 17/(,m) (Qp @z
M,,) vanishes. Claim (i) is therefore true since Fitt&p[z/(pn)] (Qp ®z M,,) vanishes if and only if the
Q,[Z/(p™)]-module Q, ®z M,, has no non-zero free quotient.

We now assume the conditions of (ii) and set Z' := Z[1/p] and M), := Z' @z M, tor- Then, by
passing to the limit over n of the obvious exact sequence 0 — M) — M,, — Z, ®z M,, we obtain an
exact sequence of R-modules 0 — M’ — M — M, with M’ := lim, M, and M = lim, (Z, ®z M,)
It is therefore enough to show that M’ and M are both torsion R-modules.

To deal with M’ we write A,, for the subgroup of I, of order p and e, for the idempotent
p 1> nea, of R, [1/p]. Then, upon taking A,,-coinvariance of the tautological short exact sequence
0 = My, tor = M, — M, s+ — 0 one obtains an exact sequence

Tor?[An](ZaMn,tf) — (Mn,tor)(nfl) — Mnfl — (Mn,tf)(nfl) — 0.

In particular, since Tor?[A"](Z, My ip) & ﬁ_2(An, M, +¢) and the torsion subgroup ﬁ_l(An, My, 1)
of (M ) (n—1) are both either trivial or of exponent p, the isomorphism M, 1 = (Mp)@,—1) re-

stricts to give an isomorphism M, _; = (M} )(,,—1). This isomorphism in turn induces a direct sum
decomposition of R,-modules

Mrlz = (1 — E(H))MT/L (&) e(n)MylL = (1 — 6(n))M,:L D Mrlz—l

and one can use this to construct, by induction on n, a non-zero element of R = lim R, that
annihilates M’. Explicitly, if 2,,_1 is a non-zero element of R,,_; that annihilates M), _; and y, € R,
is any pre-image of x,,_; under g, 1, then the above decomposition implies y,e () annihilates M.
We now fix an integer ¢ that is divisible by p and such that ¢ =1 (mod ¢,,), where ¢, is the exponent
of M} Then z, := yn — cyn(1 — e(,)) belongs to R, satisfies 0,,,—1(7n) = 2,,—1 and annihilates
M), since, for each m € M), one has

2p(m) = ya(l = e(n)) (M) = cyn(l = e(n)) (M) = yn(1 = em)) (1 = )m) = yn(1 = € )(0) = 0.

To consider M. , we note that the inverse system (Z, ®z M,,),, induced by (M,,),, is pro-discrete,

and hence that Z, ®z My identifies with Z, Q@g» M. Since the given assumptions imply Z, ®z My
is finitely-generated over Z,, we can therefore apply Nakayama’s Lemma to the Noetherian ring R?

to deduce that M is finitely generated. Since M is also assumed to be a torsion RP-module, we mﬁ

therefore fix an element f of RP that annihilates M. Tt is then enough to note that Proposition
implies RN (R? - f) # (0). O

Remark 4.4. If M = lim_ M, is a finitely-generated torsion pro-discrete R-module, then the
argument of Proposition ii) implies M := lim (Z, ®z M,) is a finitely generated torsion RP-
module. In particular, if we define the ‘characteristic ideal’ charg(M) of M to be R N chargs (M),
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then Proposition implies this ideal determines chaer(]\//.T ). It is thus an interesting problem to
understand if charg (M) can be directly interpreted in terms of the structure of M as an R-module.

4.3. Fitting ideals. In this subsection, we clarify, under suitable hypotheses, the connection that
exists between the initial Fitting ideal of an R[H]-module M and the corresponding Fitting ideals
of the R,[H]-modules M. Before stating the result, we recall that an R[H]-module M is said to
be ‘finitely oo-presented’ if, for every natural number ¢, there exists an exact sequence

M@t)—-Mt—-1)—---— M0O)—->M—0
of R[H]-modules in which each M (i) is both finitely-generated and free. We also recall (from the

beginning of the proof of Proposition that for any finitely generated R[H]-module M one has
Qnm_l(Fit%n () (Mny)) = Fit(l)%nfl[H} (M(;,—1y) and all n € N, and hence that both of the families

(Flt%n [H] (M(n))7 Qn,n—l)n and (Anan [H] (FitORn [H] (M(n)))7 Qn,n—l)n

are inverse systems.

Proposition 4.5. Fiz a natural number d and an ezxact sequence of R[H|-modules
P — R[H]* =M —0 (12)

in which P is the limit of a pro-discrete system (Pp), in which each R,[H]-module P, is locally-free
of rank d. Then the following claims are valid.

(i) The R[H]-module M is finitely co-presented.

(ii) The R[H]-ideal Fit%[m (M) is pro-discrete and there exists a canonical short exact sequence

0 — Fit%ypp (M) = lim, Fit% (M) M, Jim ! Anng, (FitR, () (M@y)) =0 (13)

in which both limits are taken with respect to the morphisms induced by the maps 0 n—1 and
& 18 a natural connecting homomorphism.

Proof. We again set A := R[H| and A,, := R,[H] for each n. If S denotes either A or A,, then for
each finitely-presented S-module N we respectively write F(N) and F,(N) for Fit%(N).

We also note at the outset that the given hypotheses on P combine with Proposition ii)
to imply it is a finitely-generated pro-discrete A-module. Then, Proposition (1) implies that, for
every n, the A,-module P, identifies with P, and so is locally-free of rank d.

Now, to prove (i), the result of [7, Prop. 5.1(ii)] reduces us to proving P is finitely-presented over
A and hence, by Proposition i), to showing that g, (Torf(Ap, P)) is bounded independently of
n. We shall prove this by showing that each group Tor{f(An, P) vanishes. To do this we fix n and
note that, for each integer ¢ > 1, Proposition (ii) implies the existence of a free A-submodule
P" = P'(n,t) of P that has rank d and is such that the natural map P(,,, %y P(,) has finite cokernel
of order prime-to-pt and is therefore also injective (since P(’n) and P, are both locally-free of rank

d). Then the tautological exact sequence 0 — P' — P — P/P’ — 0 gives rise to an exact sequence

Tor! (A, P') = Tor} (A, P) 5 Tor} (A, P/ P') = Flyy 5 Py,

Now, since the first term in this sequence vanishes (as P’ is free) and v, is injective, the map v/, is
bijective. In addition, the A,-module Tor’ (A, P/P’) is annihilated by the image of F(P/P’) under
the projection map g, : A — A,. Thus, since g, (F(P/P")) = F,((P/P")()) (by standard functorial
properties of Fitting ideals) and (P/P’),) is isomorphic to the finite module cok(v,), it follows that
Tor! (A, P/P"), and hence also Tor{'(A,,, P), is annihilated by a natural number that is prime to ¢.
Since t can be chosen arbitrarily, this in turn implies Tor‘{‘(An, P) vanishes, as required to prove (i).
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To prove (ii) we note that, since M is finitely-presented, the A-ideal F(M) is automatically
finitely-generated and hence also, by Proposition (iii)7 pro-discrete. To compute F (M), we are
therefore reduced to considering its quotients F (M), for n € N. To do this, we fix n and, for each
integer t > 1, use the free A-submodule P’ = P’(n,t) of P constructed above. We also write 6 for
the map P — A% in and M’ for the cokernel of the composite map P’ C P Y, A% We then
claim that there is an equality

Tor}! (A, A/F(M')) = Anny, (Fp(M],,)))- (14)

To verify this we note that, as P’ is free of rank d, F(M’) is a principal A-ideal and so, after choosing

a generator A, there exists an exact sequence of A-modules 0 — A RSN/ AJF(M’) — 0. This
exact sequence induces an identification

Tor( (An, A/F(M')) = ker (A, LGN hyp) ={r € hy:r-0,(N) =0} = Anny,, (on(F(M")),
where the last equality is valid since o, (F(M’)) = Ay, - 0,()). To deduce (I4), it is then enough to
note that on(F(M')) = Fpn(M(,).

We note next that F(M’') C F(M) and hence that there exists a tautological short exact
sequence 0 — F(M)/F(M') — N/F(M') — A/F(M) — 0. Taken in conjunction with (14)), this
sequence gives rise to an exact sequence of A,-modules

Tor} (A, F(M)/F(M')) 25 Anng, (Fu (M) < Tort (A, A/F(M)) = (F(M)/F(M")), . (15)

(n)

Now, since P/P’ is the kernel of the surjective map M’ — M, a standard multiplication prop-
erty of Fitting ideals implies that the quotient F(M)/F(M') is annihilated by the ideal F(P/P’).
The two end terms in the above sequence are therefore annihilated by the ideal o, (F(P/P’)) =
Fu((P/P")(ny) of Ay. In particular, since (P/P’),) is finite and of order prime-to-t, we can deduce
that the index ¢ of Anny (.Fn(M(/n))) in Anng, (Fn(M(,))) is finite and prime-to-t, and also that
both end terms in the exact sequence are annihilated by a natural number ¢’ that is prime-to-t.

In particular, since Anny, (fn(M(’n))) is Z-free, its submodule ker(«) = im(a/) must therefore vanish
and so we can identify Anny, (F, (M, (’n))) with its image under «.

In addition, if we now repeat this argument after replacing ¢ by the product cc’, we can deduce
the existence of a A-module M" with the property that

Anny, (Fo(Mn))) = Anng,, (Fo(M{,) + Anny, (Fo(M(),))) = Tor}' (A, A F(M)).
Taking account of this equality, the tautological short exact sequence
0—F(M)—A— (A/F(M)—0

combines with the identification g, (F(M)) = F,(M(,)) to induce, for every n, a canonical exact
commutative diagram of A,-modules

0 — AnnAn(}"n(M(n))) e f(M)(n) _— .Fn(M(n)) — 0

Qn,n—ll J{ Qn,n—ll

0 —— Annp, (Fu1(Mp_1))) —— F(M)u_1) — Fa1(Mu_1)) — 0

in which the central vertical map is the canonical projection. Upon passing to the limit over n of
these sequences, and recalling that F (M) is pro-discrete, we therefore obtain an exact sequence of
the form , as required to complete the proof. O
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Remark 4.6. If N is any pro-discrete ideal of R[H] for which every R, [H]-module N, is locally-
free of rank 1, then N is finitely-generated and one has a canonical exact sequence of R[H]-modules

0= N S lim, 00 (N) £ lim Anng, (71 (0 (V) — 0.

To see this, note that N = lim N, for a pro-discrete family (N,,), of A,-modules. In particular, for
every n the surjectivity of the canonical map N(,) — N,, combines with the Swan-Forster Theorem
(via [7, Rem 3.14]) and the fact N(,) is locally-free of rank 1 to imply that ps, (N,) < 2. The ideal
N is thus finitely-generated by Proposition ii) and so, for each n, the map N,y — N, is bijective
by Proposition i). It follows that the module M = A/N has a presentation of the form with
P = N and d = 1. In addition, F(A/N) = N and F,,((A/N) ) = Fu(bn/0n(N)) = 0n(N) and so
the claimed exact sequence follows as a special case of .

The derived limit in the exact sequence of Proposition is usually non-zero. For example, if
H is trivial and, for any non-negative integer n, one sets NV := R - w,,, then the short exact sequence
in Remark recovers the fundamental exact sequence of [, Prop. 2.1(ii)]. The following more
general observation about derived limits will be useful in the sequel.

Lemma 4.7. Let (Y, )nen be an inverse system of finitely-generated abelian groups. Then @;Yn 18
divisible and its torsion subgroup is supported on primes £ for which lim, (Zg ®z Yy 1) is non-zero.

Proof. Since each group Y, 1o, is finite, the Mittag-Leffler criterion implies that @;Yn)tor vanishes
for both ¢ = 1 and ¢ = 2. By passing to the limit over n of the tautological short exact sequences
0 — Y tor = Yn — Yy ¢¢ — 0, one deduces that the natural map @;Yn — @;antf is bijective.
Then, for each prime £ there is a short exact sequence

0= Yot = Z¢ @z Yo = (Ze)Z) @z Ynue — 0.

These sequences are compatible with the natural transition maps as n varies. Hence, since each
module Z; ®z Y, i is compact (and the relevant transition morphisms are continuous), upon passing
to the inverse limit one obtains an exact sequence

lim, (Ze @z Y t) — 1im,, ((Ze/Z) @7 Yo ee) — limY;, — 0.

Now, since Zy/Z is uniquely ¢-divisible, the second term in this sequence is uniquely ¢-divisible. The
exact sequence therefore implies that the group lln}lYn is ¢-divisible, respectively uniquely ¢-divisible
if llnn (Zg X7z Yn7tf) vanishes, as claimed. U

Remark 4.8. In view of Lemma[4.7] the short exact sequence (and hence also that displayed in
Remark raises the question of whether finitely generated ideals of R[H]| are uniquely determined
by their projections to R, [H]| for each n. However, the chain of ideals constructed in Proposition
[3-2(iii) shows that this is in general far from true.

4.4. Derived limits of complexes. In this subsection, we review the construction of derived limits
of complexes (as presented, for example, in [30]) in the setting of pro-discrete modules. The results
obtained here will then be used in our study of Weil-étale cohomology in
For a commutative ring B we write D(B) for the derived category of B-modules and, if B
is Noetherian, we further write DP®"{(B) for the full triangulated subcategory of D(B) comprising
complexes that are isomorphic to a bounded complex of finitely generated projective B-modules.
For convenience, we shall also again set

Ay = R,[H] for n €Ny and A:= R[H]=lim A

—0n,n—1

We then assume to be given a family of complexes (X?2),en, of A-modules satisfying the following
hypothesis.
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Hypothesis 4.9.

(i) For n € Ny, the action of A on X2 factors through A.,.
(ii) For n € N, there exists an isomorphism 0y, : Ay_q ®';\n Xp 2 X2 1 in D(Ap—1).

In the context of (ii), we will also write 6, for the induced composite morphism in D(A,,)

Xp = Ay @ Xo=Xn_ .
Definition 4.10. The ‘derived limit’ of a family (X2),en of complexes satisfying Hypothesis is
a complex Rlim  X? that lies in an exact triangle in D(A) of the form

: L] [ ] (17671')’” L]
Rlim, X3 — Hnean —= I X (16)

(cf. [30, Def. 13.34.1]). We recall that such a complex always exists and is unique up to isomorphism
in D(A) (cf. [30, Lem. 15.88.3, Lem. 15.88.5 and Rem. 15.88.6]).

The following result describes some properties of this construction that will be useful for us.

Proposition 4.11. Assume there ezist integers a and b with a < b such that, for every n € Ny, the
group H*(X?2) vanishes for both i < a and i > b. Then the following claims are valid.

(i) H'(Rlim, X?) vanishes for both i < a and i > b. Further, there exists a canonical isomor-

phism H*(Rlim,, X?) = lim, . H*(X}) and, fori > a, a canonical short exact sequence

0 — lim} H~'(X7?) — H'(Rlim, X5) — lim, H'(X}) — 0,

where the respective limits are taken with respect to the morphisms H=1(0,,) and H*(0,).
(i) Suppose to be given two further families (Y,r,0,) and (Z2,00) satisfying Hypothesis
together with a collection of compatible exact triangles X2 — Y, — Z* — - in D(4,,). Then
there is an exact triangle Rlim, X5 — Rlim Y,* — Rlim Z} — - in D(4).
(iti) For each m there exists a canonical morphism Ay, @5 Rlim, X% — X3, in D(Ary,).
(iv) Assume that b= a+ 1 and that all of the following conditions are satisfied:
(a) for alln, the complex X belongs to DP™ (A,,);
(b) for allm, the module H*(X?) is Z-free;
(c) for all m, the Q @z A, -modules spanned by H*(X?2) and H* 1(X2) are isomorphic.
(d) lim, H*"Y(X?) is a finitely-generated A-module.
Then Rlim,, Xp is isomorphic in D(A) to a complex P — 11 of A-modules in which 11 is free
of finite rank and occurs in degree a + 1 and P is both finitely-generated and such that each
Ap-module Py, is locally-free of the same rank as I1. If p is not exceptional, then P is also
projective. Moreover, in all cases the morphisms in (iii) are isomorphisms and the induced
maps of Am-modules H*H(Rlim,, X %),y — H T (X},) are bijective.

Proof. The long exact sequence of cohomology of the exact triangle gives in each degree k a
short exact sequence

0 — lim, H*"*(X?) — H*(Rlim, X3) — lim, H*(X3) — 0, (17)

in which each limit is taken with respect to the transition morphisms induced by the respective maps
H'(0,,). The isomorphism in the second assertion of (i), together with the acyclicity of Rlim , X% in
all degrees less than a and greater than b + 1, follow directly from these sequences. The acyclicity
in degree b + 1 follows in the same way since each morphism H®(6,) : H*(X?) — H"(X? ;) is
surjective (as X2 is acyclic in degrees greater than b).

To prove (ii) we note that restriction of scalars along A — A, is an exact functor between
the respective module categories and hence that each of the given triangles is exact in D(A). In
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particular, since the category of A-modules has exact products, the given assumptions imply the
existence of a commutative diagram of exact triangles in D(A) of the form

I I

_9// .
Rlim, 78— [LenZs % TLenZs — -

I I

—0' )
Rlim, ¥V —— [LoenVe % T — -

I I

Rlim, X3 — [Len Xt % Lo Xy — -

n
in which each row is the corresponding case of . By applying the Octahedral axiom to this
diagram, one obtains an exact triangle as in (ii).
For each m > n we write 6,, , : X5, — X for the composite morphism 6,41 0---08,,_1 06,,.
Then, to prove (iii), we use the commutative square in D(A)

1_9'm m °
A [T Xo 20 a, ek T X

meN ™
L(em,n)rn>n L(em,n)w1>n
) (1_idm)m °
Xy, — X
Hm>n " Hm>n "

in which id,,, denotes the identity morphism from X in the m-th component of the direct product to
X in the (m—1)-st component of the product. This diagram combines with the exact triangle to
induce a morphism from A,, ®% Rlim,, X7 to the derived limit of the constant system (XJ,id)men, -
This in turn induces a morphism of the required sort since the latter system is lim -acyclic and so
[0, Lem. 15.88.1(5) and Lem. 15.88.3] combine to imply its derived limit is represented by X 2.

To prove (iv) we claim first that the R-module lim,, H**'(X}) is pro-discrete. Indeed, this is
true since the given isomorphism 6,, combines with the fact that X and X_; are each acyclic in
degrees greater than a + 1 to induce an isomorphism of R,,_;-modules

HOHXR) no1y = HOTHXR). (18)

We next note that condition (d) allows us to fix a free A-module II of finite rank ¢, together
with a surjective homomorphism

7 I — lim, H*TH(X)).
Then, for each n € Ny we write II,, for the free, rank t, A,-module A,, ®4 II and we note that, as
lim,, H°t'(X}) is pro-discrete, the map m,, : IT,, - H**1(X?) induced by 7 is surjective (cf. [7, Rem.
3.3]). Now, by a standard argument (as in [8] §5.4]), the conditions (a), (b) and (c¢) combine to imply
X is isomorphic in D(A,,) to a complex II?, of the form P, LN I1,,, where P, is a finitely-generated
locally-free (and hence projective) A,-module of rank ¢ placed in degree a, and cok(¢,,) is identified
with H2T1(X?) via m,. The composite morphism
me = xg 2 xo =T

n—1— *+n-1
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in D(A,) can then be represented by a concrete morphism of complexes 62 = (6%,0+1) and, by

changing 62 by a homotopy (if necessary), we can assume that 271 is the natural projection map
pn 2 I, = I1,,_1. We now consider the following commutative diagram of A,,_;-modules

(07) (n—1
(Pn)(nfl) # Pnfl
H le(x,O)
((QZ) n— 7(¢n) n— ) (¢n7 =—(9Z+1) n— )
(Pn)(n—l) (n—1) (n—1) Pn—l ® (Hn)(n—l) 1 (n—1) Hn—l
(y,z)HfzJ( ‘
O ) (n—

(Hn)(n—l) —>( = 1L, 1.

The central row of this diagram is the mapping cone of the morphism A,,_; ®,, 113, — II7 _; induced
by 6. In particular, since 67 represents 6,,, this mapping cone is acyclic and so the central row is
exact. Since the morphism (02*1)(n_1) on the bottom row is induced by p,, and so is bijective, and
the central column is a short exact sequence, a diagram chase shows that the morphism (6;)(,—1)
in the upper row is also bijective. It follows that the family (P,,0%), is a pro-discrete system and
so Propositions ii) and combine to imply that its limit P := lim P, is a finitely-generated,
pro-discrete A-module that is also, unless p is exceptional, projective. From Proposition (1) we
also know that the canonical map P, — P, is bijective for every n.

Writing ¢ for the limit homomorphism lim,, ¢,, we next claim that the complex II* given by

p o= I, where P is placed in degree a, is isomorphic to Rlim, X in D(A).

To show this we note that, since 65, represents 6, in D(A,), the derived limit Rlim, II3, of
the family (II},,6y) is isomorphic in D(A) to Rlim,, X2. It is therefore enough to show that II® is
isomorphic in D(A) to Rlim,, IT3.

Write Mod™(A) for the abelian category of inverse systems (M, ¥,,) of A-modules where each
M, is naturally a A,-module and v, : M,, — M,,_1 is a homomorphism of A-modules. Then, since
Mod™(A) has enough injectives, the natural inverse limit functor lim,, Mod™(A) — Mod(A) induces
a functor Rlim/, : D(Mod"(A)) — D(A) on the corresponding derived categories. The key point now
is that the family (II%,6?) defines an object of D(Mod"(A)) with the property that both occurring
systems (P, 0%) and (IL,,, 02*1) are lim, -acyclic since every transition map 62 and 0%+ is surjective.
It follows from [30, Lem. 15.88.1(5)] that Rlim/ II% is represented by the complex IT* and hence, by
[30, Lem. 15.88.3], that Rlim,, IT}, is naturally isomorphic to IT* in D(A), as required. This completes
the proof of all but the final assertion of (iv). The final assertion of (iv) is then true since, in this
case, the morphism in (iii) coincides with the composite morphism

Rlim X = I1° 22192 A o, TI® =118, = X2,
and so the induced map of A,,-modules H"!(Rlim,, X2)(,,y) — H*t1(X3,) is bijective as cok(¢oo ) (1m)
identifies with cok(¢y,). O

5. DIVISOR CLASS GROUPS

For any global function field E we write C'g for the unique geometrically irreducible smooth
projective curve that has function field E, and E°" for the constant Z,-extension of E.

In this section we fix such a field k of characteristic p together with a finite, possibly empty,
set of places 3 of k. For a finite extension F of k, we write X for the set of places of F' that lie
above those in X. If ¥ # (), we write Oy, for the subring of F' comprising elements integral at all
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places outside Xp, Bx(F) for @, ¢y, Z and BY(F) for the kernel of the map Bx(F) — Z sending
each (ny)w to Y, nw. We define a finite abelian group

PiC(OF7E), if 3 7& (Z)

As(F) = {PicO(C’F), if ¥ = 0.

For each prime ¢, we set A% (F) := Ax(F)[¢>°]. We then set A% (F) := Disp AL(F), so that Ag(F) =
AL(F) @ AG(F).

We now fix a Z,-extension K of k that is ramified at only finitely many places. For n € Ny, we
write /C,, for the extension of k of degree p™ inside K. Then, for n € N, the field-theoretic norm map
N, : KX — K, induces a map Ax(K,) = Ax(K,—1) (that we also denote by N,,) and we set

As(K) :=limy Ax(K,) and A§(K) = limy A§5(K,) for each £.

We fix a topological generator of Gx /i, := Gal(K/k), thereby regarding Ax(K) and each A% (K) as
an R-module, and our aim is then to use the theory of pro-discrete R-modules to study As(K).

To state the result of this section, we use the notion of a finitely oco-presented module, as
recalled just before Proposition In addition, for each prime ¢ # p we define the ‘rank’ r(X) of a
finite abelian group X of /-power order via the equality ¢*(X) = | X/¢| and write t,,(¢) for the number
of places of the field Q(e2™*/?") that lie above .

Theorem 5.1. Fiz a Z,-extension KC/k and a finite (possibly empty) set of places ¥ of k.

(i) As(K) is pro-discrete and torsion as an R-module.

for every n and also t,()r(A%(K,))/p™ is bounded independently of both ¢ € P\ {p} and n.
(vi) The conditions in (v) are satisfied if K = k.

Proof. Since A%(K) is the maximal pro-f-subgroup of Ax(K), one has Ax(K) = AL(K) & AL(K),
with A5 (K) := limy A5 (K,) = H(Z;‘épAeE (K). To prove Ax(K) is pro-discrete, it is therefore enough
to prove that the modules A% (K) and A% (K) are each pro-discrete.

To analyse A% (K), we use the following notation for each n € Ng: we write 62 : Bx(K,) — Z
is the homomorphism sending each w € Ix, to degy (w), mZ for the natural number that generates
im(62); A2 for the divisor map Og. s — ker(9>) and ¢, for the dimension of the field of constants
of K, over the field of constants of k (so that ¢,, divides m>). Then for each natural number n, there
are natural exact commutative diagrams of R,-modules

0> ker(6S) S Bo(Kn) -5 Z— ZJ)(Z-mE) — 0

N

5):
0 — ker(6% ,) = By(Kn_1) — Z — Z/(Z-m>_|) — 0.

0 — O,émz £i> ker(6Z) — Ag(K,) — As(K,) — (Z-c,)/(Z-mZ)—0

an o/”l an an B, (19)

AT
0= O |y — ker(0> ;) — Ap(Kn_1) = As(Kno1) = (Z-ca1)/(Z-mZ ) =0

n—1
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Here Gy, acts trivially on Z and on each quotient (Z-¢,)/(Z-m};) and Z/(Z-m%), the maps a,, and
al, are induced by sending place w € X, to f, v, where v is the restriction of w to K,_; and f, its
residue degree in K,,/K,,—1 and the maps f3,, and g/, are induced by the inclusions Z - ¢, CZ - cp—1
and Z-m> C Z-m%_,. (The exact rows of the second diagram can be derived, for example, by
applying the Snake lemma to the diagram of [23, (11)] and then using the isomorphism of [23] (12)],
and the commutativity of both diagrams is easy to check.)

If one tensors the above diagrams with Z, and then passes to the limit over n, exactness
is preserved (since finitely-generated Z,-modules are compact) and so one obtains an inclusion
lim,, ker(62) C lim,, By (Ky) and an exact sequence of A-modules

lim,, (Z, @z ker(6,)) — AB(K) — AL(K) = Qp (20)

where @), := lim,, (Zy - ¢n)/(Zy - mZ) is a (possibly finite) quotient of Z, (with trivial action of T').
At this point we recall that, since K /K is ramified at only finitely many places, a result of Gold and
Kisilevsky [16, Th. 2] implies Aj(K) is a finitely-generated, torsion A-module. The last displayed
seqgeunce therefore implies AL (K) is a finitely-generated, torsion A-module and, by Proposition
[4.3(ii), it then follows directly that Ax(K) is a torsion R-module, as claimed in (i).

In addition, since A%, (K)(,) is the quotient of A%,(K) by @, (A% (K)) (cf. [7, Lem. 3.1(i)]), a gen-
eral property of finitely-generated A-modules implies that the natural map A%, (K) — lim, A%, (K)
is bijective, thereby showing that A% (K) is pro-discrete.

For n € N, we write n, 5 : A5(K,) — A% (K1) and 7, 52 : Ryo1 ®r,, A5(Kn) — AL (K1)
for the maps induced by N,,. Then, to prove AL (K) is pro-discrete, it is enough for us to show
that each 7, is bijective. Writing ¢, for the inflation map A% (K,—1) — A%(K,), the composite
T3 © Ly 18 equal to multiplication-by-p and hence, since |A%(K,,—1)| is prime-to-p, we deduce ¢y, is
injective and 7, x, and hence also 7, 3, is surjective. Thus, if we use ¢, to regard A%(K,_1) as a
submodule of A{(K,,), then 7, x is induced by the action of the element T, := decnn/fcn_l g of
R,,. In particular, since |A%(K,,)| is prime-to-p (and hence cohomologically-trivial as a I',-module),
one has ker(n,s) = wn—1(A5(K,)) and so 7, 5, is bijective, as required. This completes the proof
of (i).

Noting the above argument shows that A% (K) and A%(K) for £ # p are respectively the limits
of the pro-discrete systems (A% (K)(n))n and (A%(K,))n, Proposition i) reduces the proof of
(ii) and (iii) to identifying conditions under which the respective quantities g, (A%(K)(,)) and
ur, (AS(K,)) are finite and bounded independently of n.

To prove (ii) we note that, since A%, (K) is finitely-generated over A, each module A%, (K),,) is
finitely-generated over A(,) = Z, ®z R,,. Hence, since Z, is not finitely-generated over Z, the module
AL (K) () is finitely-generated over R, if and only if it is finite and, if this is the case, then

pr, (AL (K) ) = pag, (AR (K) ) < pa(AL(K)).

Claim (ii) is therefore true since the structure theory of finitely-generated A-modules implies A%, (K) ()
is finite if and only if AL (K)®»= is finite.

To prove (iii), we set N' . := ker(n, s)[(>°] for n € N and note that the above argument
establishes a natural isomorphiém of R,-modules

AEZUCTL) = AZZ(ICnfl) @Nﬁ,i (21)
We note next that the algebra decomposition induces an isomorphism of Z[1/p]-algebras

Rn[l/p} = Rn—l[l/p] X On[l/p]v T (pn,n—l(x)aTn,n(x))~
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In particular, since the action of R, on Nf;,z factors through 7, ,,, the decomposition implies
pir, (AS(Ky)) is the maximum of pg,_, (A§(K,-1)) and po, (Nf 5). By using an induction on n,
these facts combine to imply, firstly, that

LR, (AKZ(ICTL)) = max{po,, (Nri,z) :0<m <n},

and then also that ur(A%(K)) is finite if and only if e, (Nﬁ,z) is bounded independently of n.
In addition, if P/ is the set of prime ideals of O,, lying over £, then ¢,(¢) = |P%| and the structure
theorem of finitely-generated torsion O,-modules implies po, (Nf;z) is the maximum d, x ¢ over
q€ be of the number of invariant factors in the decomposition of Nf;z whose support is q. It follows
that ur(A%(K)) is finite if and only if the multiplicity d,, » ¢ is bounded independently of n (a similar
general point is observed in [3| Prop. 4.4]).

To investigate the latter condition, we note that, for each b € N, and each prime ideal £ of O,
above /£, one has

r(on/ﬁb) = pnil(p = 1)/ta(0)

and hence

s " Hp = 1) = ta(O)dnse - p" (P = 1)/ta(0) 2 1(Ny5) = dnse - 9" (o — D/ta(0). (22)
We now write dy;, v , for the maximum of dp, 5,0 with 0 < m < n, and #(¢) for the (finite) number of
places of the field J,, oy Q(e*™¥/P") that lie above £. Then the above inequality implies

s p" 2doxe+)  tw(Odmxe 9™ (0~ 1)/tn(0) (23)

ZZOSmSnT(an,Z)
=r(A5(Kn))
>dpse-p"(p—1)/ta(0)
>t(0) " dpmep" - 1),

where the final inequality is true since ¢,(¢) divides ¢(¢). These inequalities imply that d,, » ¢ is
bounded (as n varies) if and only if r(A%(K,)) = O(p™) as n — oo, as required to prove (iii).

To prove (iv), it suffices to assume Ax(K) is finitely-generated over R and deduce that it is
finitely co-presented. After taking account of [7, Prop. 5.1(ii)], it is therefore enough for us to show
Ax(K) is finitely 2-presented over R.

As a first step, we note that, since Ax;(K) is pro-discrete, the last assertion of Proposition ii)
(with M = Ax(K)) implies it is finitely-presented if and only if the quantity

pr(As(K)7=0) = max{pr, (A% (K)="="), pg, (AL ()=}
is finite and bounded independently of n. In this regard, we note that [7, Lem. 3.7] (with M = AL (K)
implies the R,-module A% (K)®»=? is isomorphic to A% (K) (), and hence that pg, (A% (K)=»=") <
pr(A%(K). To consider up, (A% (K)®»=0), we fix (as we may, by the structure theory of A-modules)
an exact sequence of A-modules

0— My — AL(K) — My @ M,

in which M; is finite, M> is a finitely-generated torsion-free Z,-module and Mj is a finite direct sum
of modules of the form A/(p’). In particular, since (M})®»=° vanishes and A%(K)®»= is finite (by
(ii) and the current assumption that Ax(K) is finitely-generated over R), the above sequence induces
an isomorphism MF"=" 22 AP (K)®»=0. Since M, is finite, it is therefore clear that the quantities
pr, (AL (K)=»=Y) are finite and bounded independently of n, as required.

We now know Ax(K) is finitely-presented, and so can fix an exact sequence of R-modules
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R™ % R 5 As(K) — 0.
We must prove that the finitely-generated R-module im(¢)) is finitely-presented. To do this we note
that, for each n, the above sequence induces isomorphisms

(R im()) = =0[p] 2 Ap(K)="=0[p] = AL(K)==0[p] = M=,

for the module M; discussed above. In particular, since M; is finite, we can apply the criterion of
Proposition [2.4(iii) to M = im(z)) in order to deduce that im(z)) is finitely-presented, as required to
prove (iv).

Given (i), (ii), (iii) and (iv), the proof of (v) is reduced to showing that, if t,, (£)r(A%(K,))/p"
is bounded independently of n and £ # p, then so is the multiplicity d,, 5 ¢. But this follows directly
from the fact that the penultimate inequality in , implies t,, (£)r(AS(K,))/p™ > dnsi- (1—1/p).

To prove (vi) we assume K = k°™. In this case, every place in ¥ has an open decomposition
group in G/, and so the terms c, and mZ occurring in satisfy ¢,+1 = pc, and mfﬂ = pm>
for all sufficiently large n. This implies, in particular, that the limit module @, in is finite.
One checks similarly in this case that the limit lim ,, (Z, ®z Bs(K,)), and hence also its submodule

lim , (Z, ®z ker(63)) vanishes, and so gives an exact sequence
0— AS(IC) — AL(K) = Q,

in which @, is finite. To show that each module AL (K)®»=? is finite, we are therefore reduced to
considering the special case that ¥ = (.

To deal with this case, we write x for the constant field of k. Then k is the function field of
the curve Cy, over k and, if J is the Jacobian of Cf, then for each n € Ny one has Ay(K,,) = J(kn),
where £, is the (unique) field extension of x of degree n. It follows that Ay(K,) = Ag(K,,)==0 for
every m > n, and hence that

Ag(]c)wn:() = (liinm>n‘4€(]c”))wn:0 = liinm>nAg(K:m)wn:0 = linm>n‘4€(lcn) = 07
where the transition morphisms in the third limit are multiplication-by-p. In this case, therefore, the
condition on Af(K) stated in (v) is clearly satisfied.

We now fix a prime ¢ # p. Then by tensoring the upper row of with Z; one obtains an
exact sequence Af(K,) = Af(Kn) = (Zg - ¢4)/(Zg - mY) and hence an inequality

r(AG(Kn) < r(A§(K) +1((Ze - )/ (Ze - m3})) = £(Aj(Kn)) + 1.
In addition, if g(Cy) is the genus of Cj, then [24, Th. 11.12] implies that, for every n, one has
r(A§(Kn)) = r(J (k) [€]) < 29(Ch),

and hence also r(A4%(K,)) < 2¢(Ck) + 1. (A similar observation about ¢-ranks in this context is also
made by Washington in [33] §II]).

It follows that ¢, (£)r(A%(K,))/p" < 2¢9(Ck) + 1 and hence that, in this case, the condition on
r(A§(K,)) stated in (v) is satisfied by the bound 2¢(C) + 1 (which is independent of both n and
¢). This completes the proof of Theorem [5.1] ]

Remark 5.2. The condition that A%(K)®»=° is finite for every n is equivalent to requiring that
the characteristic polynomial of A% (K) as a (finitely-generated, torsion) RP-module is not divisible
by any cyclotomic polynomial ®;(«y) (see the proof of Proposition [3.4)).

Remark 5.3. The condition on r(A4%(K,,)) in Theorem (V) implies the finite generation of A%, (K)
over R, but may not be necessary for this. To be specific, the above argument shows that the finite
generation of A% (K) is equivalent to requiring the multiplicities d,, 5 » are bounded independently
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of both n and ¢ # p, and the inequalities (22]) show that this condition is intrinsically linked to the
ranks r(Nf;’E) =r1(A45(Kn)) — r(AL(Ky-1)).

Remark 5.4. The finite generation of As(K) as an R-module does not imply that the submodule
Drep AL (K) is also finitely-generated. In particular, the latter module cannot be finitely-generated

if A%(K) is non-zero for infinitely many ¢ and such examples arise with X = k°°® and ¥ = ) (cf.
Rosen [24] Cor. to Th. 11.6]).

6. DERIVED WEIL-ETALE COHOMOLOGY

6.1. Definition and basic properties. We use the same notation as in For any scheme Y of
finite type over the constant field x of k, we also write Yy for the Weil-étale site on Y defined by
Lichtenbaum in [21], §2]. By a slight abuse of notation, we denote by G,, the Weil-étale sheaf on Y
that is obtained by restricting the étale sheaf G,, on Y to the Weil-étale site.

We assume X # () and also fix a finite set of places X’ of k disjoint from Y. We write C% for the
affine curve Spec(OFpx) and j% : C¥ — Cp for the corresponding open immersion of k-schemes. We
identify each w € X, with the corresponding (closed) point of C%, write k(w) for its residue field
and set Z,, := Spec(k(w)). The corresponding closed immersion i,, : Z,, — C'& induces a morphism
of sheaves G,,, — iy 435Gy on (CF)w and hence a morphism in D(Z[G])

0w : RD((CE)w, G,n) = RU((CE)wW, i +i5G ) = RT(k(w)w, Gy, ).

Following [8, §2.2], we then define the ¥’'-modified Weil-étale cohomology complex RC> (CE)w,Gm)
of G, on (CF)w via the exact triangle in D(Z[G])
R ((CF)w, Grm) = RU((CE)w, Cm) 12225 (B _ RE(3(@)w, Gm) = - (24)
wezp
We now fix a Z,-extension K of k£ in which only finitely many places ramify, and impose the
following conditions on F, Y and X'
Hypothesis 6.1.

(i) F is a finite abelian extension of k that is disjoint from K. We set H := Gyy.
(il) X is finite, non-empty and contains all places that ramify in F := F - K but no place that
splits completely in K.
(iii) X' is finite and non-empty.

We then regard F' (and hence F), ¥ and ¥’ as fixed and, for n € Ny, set
Un = O3, Ay =AY (F,), By = BY(F,) and Cf:=RI¥ ((CF )w,Gm).

Here (’);Zé denotes the (finite index) submodule of OJX:ME comprising elements that are congruent

to 1 modulo all places in ¥’z and A%l (Fn) the ray class group of O, s modulo ¥’ .

We identify G, with I' = Z, (as in . Then, for each n € N, Hypothesis (1) identifies
Gn = GF,/, with H x I'y,. In addition, for each n € N, Hypothesis ii) ensures X contains
all places that ramify in F,/k, and so the complex C® belongs to DP'(Z[G,,]) and there exists a
canonical ‘projection formula’ isomorphism in Dperf(Z[Gn,l])

O ZIGn1] @216, RUZ ((CF )w, Grm) 2 RTE((CE.w, G). (25)

(These facts are established in [6, §2.2, Lem. 1] for ¥’ = @) and in [8] §2.2] for 3’ # ().) The associated
family (C»,0,), satisfies Hypothesis and so, recalling that A denotes R[H] = lim, Z[G,], we
obtain a well-defined object of D(A) by setting

RFE, ((C§)W7 Gm) = Rlimen O;L
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Definition 6.2. In each degree i, the ‘Iwasawa Weil-étale cohomology’ and ‘derived Iwasawa Weil-
étale cohomology’ of G, relative to (F, X, ') are the respective A-modules

HY (CRw, Gn) 1= lim, HY¥ ((CF, )w, Gm) and Hi (CE)w,Gn) 1= H'(RT¥ (CF)w, Grm)),
where the limit are taken with respect to the maps H*(6,,).
To compute these modules, we use the inverse limits
A(F) = AF (F) =limy A,, U(F) =U3 (F) =limy U, and B°(F)=BY(F):=lim, B

Here the transition maps g, : BY — BY_, are induced by the maps ¥z, — ¥z, , obtained by

restricting places of F, to F,_1.

—1

Lemma 6.3. For each indezx * € {Iw, dlw}, the group Hi’zl((CE-)w,Gm) vanishes for i ¢ {0,1}
and H>* (CE)w,Gy,) = U(F). Further, there exist canonical short exact sequences of R-modules

0 = limk Un = HiZ (CE)w,Gm) = HL (CH)w,Gm) = 0,
0= A(F) = HL™ (CE)w,Gm) — BY(F) = 0.

Proof. For each n, the computations of Lichtenbaum [21 Th. 6.1] (or [6, §2.2, Lem. 1]) in the case
% = () and of [8, Rems. 2.5(iii) and 2.7] for ¥’ # 0, show H**' ((C% )w,Gyn) = (0) for i ¢ {0,1}
and that H%* ((C% )w,Gm) = Un, HY' ((CE)w, Gm)tor = An and HYZ'((CF )w, G )it = BY.
Further, with respect to these identifications, the maps induced on cohomology by the isomorphism
0, in agree in the first two cases with those induced by the norm N,, and in the third case is
the restriction map BS — BY_,.

Given these descriptions, all assertions except for the second exact sequence now follow directly
from the general result of Proposition i). For the second exact sequence one only needs to note

that, since each A,, is finite, the derived limit @;An vanishes. O

We now assume to be given a pro-discrete system (X,),, where each X, is an A,-submodule
of A, ®z Z[1/|G,|], and write X for the pro-discrete A-submodule lim, X,, of A(F). Then, since
| X, | and |G,,| are coprime, the convergent spectral sequence from [32], III, 4.6.10]

[1._ Bxth, (H'(Xa[-1]), H**(CR)) = H*P(RHomy, (X, [-1],C})) (26)

collapses to imply bijectivity of the map RHomp s, )(Xn[—1],Cp) — Homy, (X,,, X)) that sends ¢
to H(¢). We write tx, for the unique morphism X,,[—1] — C® in D(A,,) for which H*(vy, ) is the
inclusion X,, C A4, C X! and C)}n for the mapping cone of tx,,. We then obtain a commutative
diagram in D(A,—1) '

1®n, tx,

An—l ®IJ_\" Xn[_l] An_l ®I}\ C;L E— An_l ®I}\n CS('/L ’

x| o | O | (27)

Lx
n—1 -

Xoal-1] 2 o, —— oy .

n—1

Here the upper row is the exact triangle obtained by applying the exact functor A, 1 ®Iz7xw — to
the tautological exact triangle arising from the definition of mapping cone and the lower row is the
corresponding exact triangle with n replaced by n — 1. In addition, the morphism 6x ,, is induced by
the given isomorphism (X,,)—1) = X, —1 and is an isomorphism in D(A,_1). In particular, since
0, is also an isomorphism in D(A,,_1) and the first square commutes, the Octahedral axiom implies
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0’ ,, is an isomorphism in D(A,_1). It follows that the family (C% ,0% ). satisfies Hypothesis
and so we obtain a well-defined object of D(A) by setting

° . . o
C% = Rhmo/X nCX"'

Lemma 6.4. Ifi ¢ {0,1}, then H(C%) vanishes. In addition, H°(C%) = U(F) and there exist
canonical short exact sequences of A-modules

0= X = HiE (CRw,Cm) = HY(CY) = 0
0 — A(F)/X S lim H'(C%, ) — B°(F) =0
0 — limy U, = H'(C%) = lim H'(C%,) — 0.

Proof. With 0x , the isomorphism in D(A,_1) that occurs in , the explicit definition of
the derived limit Rlim,  X,[—1] implies that it identifies with the complex X[—1]. Hence, upon
combining the morphisms of exact triangles that correspond to with the general result of
Proposition [£.11fii), one obtains an exact triangle in D(A)

X[—1] 25 RC¥ ((CR)w, G) — C% — -

in which H'(¢x) is the inclusion map X C X'*. All assertions except for the second and third claimed
exact sequences now follow by combining the long exact cohomology sequence of this triangle together
with the descriptions of the cohomology of RT'™ ((C%)w, G,,) given in Lemma

Next we note that the long exact cohomology sequence of the lower row of (with n — 1
replaced by n) implies C% is acyclic outside degrees 0 and 1, that H°(C% ) = H°(Cy) = U, and,
after taking account of the description of H(C®) given in the proof of Lemma that there exists
a canonical short exact sequence 0 — A, /X,, = H'(C% ) — B) — 0.

The second claimed exact sequence is obtained by passing to the inverse limit over n of the
latter sequences and noting that, since each module A,, and X, is finite, exactness is preserved and
also lim, (A,/X,) = A(F)/X. Finally, the third claimed exact sequence follows from the general
result of Proposition i) and the fact that H°(C?) = U, for each n. O

6.2. Iwasawa theory over Z[Z,]. For each pro-discrete system X = (X,), as above, we now
investigate the A-module H'(C%) = Hyp (CE)w,Gm)/X.

To help the reader, we recall that an ideal I of A, = Z[G,] is said to be ‘invertible’ if it is
locally-free of rank 1 as a A,,-module and that, for any such ideal, the set

I ={zxcQ[G,]:z-1C A}

is a locally-free A,-module of rank 1 such that I-I~! = A, (cf. [I3, §35]). By a slight abuse of
notation, in the sequel we also write g, ,—1 for the Q-linear extension Q[G,] = Q[Gp—1] of onn—1.

6.2.1. Statement of the main results. For n € Ny, we write 6, = GJET;’Z for the (3, %')-relative
Stickelberger element of F,,/k. We recall 6,, is an element of A, that is explicitly defined, for
example, in [8 §5.1] and interpolates the values at zero of the ¥'-modified Y-truncated Dirichlet
L-series attached to complex characters of G'z, /. In particular, the inflation invariance of L-series
implies that, for each n € N, the natural map ¢, n—1 : A, = A,—1 sends 8, to 6,1 and so one
obtains a well-defined Iwasawa-theoretic Stickelberger element by setting

O = 0% 5 = (0n)n €lim, A, =A

Our aim is to explicitly relate these elements to the structure of A-modules arising from the derived
Weil-étale cohomology of G,,.
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In order to state our main result in this regard, we note that, since X, is finite and of order
prime to |G,|, the A,-ideal Fittg\n (X,) is invertible. We further recall that, since (X,,, N, ), is a pro-
discrete system, the argument of Proposition ii) implies, for n € N, that gnyn,l(Fittgxn (X,)) =
Fittgni1 (Xn—1). In particular, since gy, 5,—1(0,) = 8,1 for n € N, it follows that each of the families

(Flttg\n (Xn)ila Qn,nfl)n; (gn : Fltt%n (Xn)ila Qn,nfl)n and (AnnAn (en)7 Qn,nfl)n

is an inverse system.

Theorem 6.5. Assume Hypothesis and also that HIIV’VE' (CE)w,Gm)/X is finitely-generated over

Z]|Zy]. Then the A-module Hdli‘?vl((C]Z_-)w,Gm)/X is finitely-presented and torsion and there exist
canonical short exact sequences of A-modules

0 — Fit) (HLE (C)w, Gpn)/X) = lim, (6, - Fitd (X,)"") = lim! Anny (6,) — 0
and
0 — 07 - lim Fit) (X,)"" — lim, (6, - Fit) (X,)"") — lim} Anng, (6,) — 0

in which all limits are defined with respect to the projection maps gp n—1. In particular, one has
(07)* € Fit) (Hyiw (CH)w,Gm)/X). (28)

Further, the derived limit &n;AnnAn (0,) is divisible and p-torsion-free and vanishes only if |X| = 1
and the unique place in ¥ has full decomposition group in Gr .

This result will be proved in and the finite generation of Hllv’vzl((C’E-)W, G )/ X will be
discussed in

The following result records a consequence of the proof of Theorem concerning the finite-
presentability of HIlv’VZ/((Cf—_)w, Gyn)/X. In particular, it shows that, even if the ‘obvious’ Iwasawa-
theoretic Weil-étale cohomology group Hllvz,El((C'?_-)w,Gm) is finitely-generated over R, it is very
unlikely to be finitely-presented and so cannot be used in any general main-conjecture-type formalism
relative to A. (This observation motivates our general use of derived Weil-étale cohomology.)

Corollary 6.6. Assume Hypothesis and also that Hllv’vzl((C]Z_-)w, Gm)/X is finitely-generated as

an R-module. Then the following conditions are equivalent.
(i) HIIV’VZ/((C]E_-)W,Gm)/X is finitely-presented.
(ii) The natural map Héivzvl((CJE_-)w,Gm) — Hllv’vzl((C’]E_-)w7Gm) is an isomorphism.
(iil) The inverse system (Up,Ny,)n is Mittag-Leffler.
(iv) |X] =1 (so that F/k is ramified at at most one place) and the unique place in ¥ has full
decomposition subgroup in Gz .

This result will be proved in §6.2.3]

6.2.2. The proof of Theorem H As a first step, we show that the family (C% ), satisfies the
conditions of Proposition [4.11)iv) with a = 0.

The validity of condition (a) in this case follows by combining the exact triangle given by the
lower row of together with the fact that C®_; belongs to D (A,,_1) and that the G,,_;-module
Xp—1 is finite and cohomologically-trivial (since its order is prime to |Gy]|). To check the remaining
conditions, we use the explicit descriptions of the groups H 2'(C')'(n) given in the proof of Lemma

In particular, to verify (b), we need to show U, is torsion-free. However, if u € U, \ {1} satisfies
u™ =1 for some m € N, then, modulo any place in ¥’ there is a congruence

m= ZZZ;”_lua — (W™ —1)/(u—1)=0
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which contradicts the fact that m is prime to the characteristic p of JF,,. Similarly, (c) is valid since
the Riemann-Roch Theorem implies that the map U,, — B} sending u to (ordy,(u) - deg, (w))wes -,
induces a composite isomorphism of Q[G,,]-modules

Q®z H(C%,)=Q®z U, 2 Q®z B, ¥ Q®z H'(CX,) (29)
(in which the second isomorphism is induced by the fact that A, /X,, is finite).
Finally, we note that lim H'(C% ) is equal to Hllv’v2 (CE)w,G,,)/X and so is, by explicit
assumption, finitely-generated over R, as required to verify (d).
Having verified all hypotheses of Proposition M(iv), we can therefore now deduce from its

conclusion that H, éivzvl((cg)w, Gy, )/X is a finitely-presented A-module that verifies the hypotheses
of Proposition [£.5 and, in addition, that the natural map

(Hii (CHw,Gm)/X) ) = H'(C,) = H" (CF, )w, Gm) /X

is bijective. Then, from Proposition we can deduce the existence of a canonical short exact
sequence

0 — Fit) (H5Z (CE)w, Gm)/X) = lim, Fitd (C%,) — lim! Ann,, (Fit (C%.)) = 0.
The first displayed exact sequence in Theorem now follows directly from the next result.

Proposition 6.7. For each n the following claims are valid.
(i) Fity (C%,) = 0. - Fitty (X,,)7 1.
(ii) Anny, (6, - FittS\n (Xn)™1) = Anng, (6,).
Proof. Since X, is finite and of order prime to |G|, the natural short exact sequence of A,-modules
0— X, —» H'(Ch) — H' (C%,) =0

is split, and so Fitg\n (Cp) = Fitg\n (Cx,) - Fitg\n (X,,). To prove (i), we are therefore reduced to
recalling the key equality
Fit] (C2) =0, - A, (30)

Indeed, this equality follows directly by combining the results of Kurihara, Sano and the first author
in [8, Th. 1.5(i) and Prop. 3.4] with the data (K/k,S,T,V,r) taken to be (F,/k, %, %', 0,0) together
with the observations in [8, Rem. 3.3(ii) and Rem. 5.3(i)].

Next we observe that to prove (ii) it suffices to verify the stated equality after tensoring with
Zy for each prime ¢. Then we note that each Z[G,]-module Z; ®z Fittg\n (X,,)~ ! is free of rank 1,
and hence that

Zy @7 Anny, (9n . Fitt%n (Xn)_l) = AnnZe[Gn](On . Zg[GnD = AnnZe[Gn] (9n> =7y ®z Anny, (On)
This proves (iii). O
To obtain the remainder of Theorem we combine the following two results.
Lemma 6.8. Set [, := Fitzn (X,). Then the family (1*17 gn’n,l) is pro-discrete, and the associated

n
pro-discrete A-module J := lim ) It is finitely-generated.

+—0On,n—

Proof. Since each A,-module I;! is locally-free of rank 1, the Forster-Swan Theorem implies, via
[7, Rem. 3.14], that pa, (I,;') < 2. At the same time, the equality 0, n—1(I,) = I,—1 noted just
before the statement of Theorem combines with I, - I;' = A, to imply 0,,_1(I;') = I}, and
hence that there exists an induced surjective map (In_l)(n,l) — I;_ll. In particular, since I, ! is a

locally-free A,,-module, the latter map must be bijective and so J is a pro-discrete A-module. Then,
since g, (I; 1) < 2 for every n, Proposition i) implies that J is finitely-generated. ]
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Lemma 6.9. The following claims are valid.
(i) O is a non-zero divisor of A.
(ii) The derived limit liLniLAnnAn (0r,) is divisible and p-torsion-free. Further, this limit vanishes
if and only if |X| = 1 and the unique place in ¥ has full decomposition subgroup in Gz .

Proof. For each n we set Y,, := Anny,_ (0,). Then to prove both (i) and the first sentence in (ii),
we are reduced, by Lemma to proving that lim A (Zp Rz Yn) vanishes. To show this, we note
that a comparison of the order of vanishing formula for Artin L-series proved by Tate in [29, Chap.
I, Prop. 3.4] with the definition of Stickelberger elements implies that, for each n € N and % in
Hom(G,,,C*), one has

dimg (e (C®7 Yy)) >0 <= ey(0,) =0 < dimc(ey(C®z BY))) > 0. (31)

It follows that Y, is only supported on characters of G, that are trivial on the decomposition
subgroup of some place in X. Hence, since (the final assertion of) Hypothesis ii) implies each
such decomposition subgroup is open in G'z /i, there exists ng € N such that, for all m > n > no, om n
acts as multiplication by p™~" on Y,. It follows that 0, (Ym) € p™ ™" - A, and so lim, (Zp 2z Yn)
vanishes, as required.

To verify the second assertion in (ii) we note that, since Z,/Z is uniquely p-divisible, the above
argument implies that hlliYn identifies with (Z,/Z) ®z Y,, for any m > ng. It follows that @iYn
vanishes if and only if Y,,, vanishes for any m > mg. In addition, by , one knows that Y,,, vanishes
if and only if BY, vanishes and it is easily checked this is true if and only if both || = 1 and the

unique place in ¥ has full decomposition subgroup in G,,. This completes the proof. ]
We now set N’ := 0x-J, with J as in Lemma Then, since N’ C lim,, (6 -I;1), Proposition

ii) implies N’ is an ideal of A. In addition, Lemma i) implies N/ is iéomorphic to J as a A-
module and hence, by Lemmal6.8] is a finitely-generated pro-discrete A-module. For the same reason,
each A(,)-module N, (’n) is isomorphic to Ji,,) and hence, via the final assertion of Proposition (i)7 to
I7! and so is locally-free of rank 1. In addition, for each n, one has g, (N’) = 0,(07)-I,;* = 0,,- I, .
Given these facts, the second exact sequence in Theorem is obtained by applying Remark
with the ideal N taken to be N’ and then taking account of Proposition iii).

Next we note that

(0F)2 € 05 - (07 - J) C 05 -1im, (0, - I;") € Fit) (HAE (CR)w, Cm)/X).

Here the containment is true since A C J, the first inclusion follows directly from the second exact
sequence in Theorem and the second inclusion is a consequence of the first exact sequence in
Theorem and the fact that the A-module @iAnnAn (6,,) is annihilated by 6 (since g, (67) = 0,
for all n). In particular, since 8z is a non-zero divisor of A (by Lemma (i)), this displayed

containment implies that H;ig((C]Z_-)w, Gyn)/X is a torsion A-module.
At this stage, to complete the proof of Theorem [6.5] it only remains for us to note that its final
assertion coincides with the second sentence of Lemma [6.9(ii).

6.2.3. The proof of Corollary[6.6. From Lemma there exists an exact sequence of R-modules
0= limy Un = Hipy (CHw,Gm) /X = HY (CH)w, Gm)/X = 0.

In particular, since Theorem implies (under the stated hypotheses) that the central module
in this sequence is finitely-presented, the general results of [15, Th. 2.1.2, (2) and (3)] imply that
the R-module Hllv’vZ ((C%)w,G.,)/X is finitely-presented if and only if the R-module @11\1 U, is
finitely-generated.
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Next we note that, since each of the (finitely many) places in ¥ has an open decomposition
group in Gz, there exists a natural number m such that, for all n € N, the action of R on B,
factors through the projection R — R,,. Since each group U, is torsion-free, the central isomorphism
in then implies that the same is true of the action of R on U,,. This in turn implies that the
action of R on inl\ln U,, factors through R, and so, since R,, is a finitely-generated abelian group
and 1&1111\“ U, is divisible (by Lemma , the derived limit 1&1111\1" U, is finitely-generated over R if
and only if it vanishes.

Now, since each group U, is countable, @111\% U,, vanishes if and only if the inverse system
(Un, Np)y, is Mittag-Leffler (cf. [I7, p. 242, Prop.]).

In addition, the first exact sequence in Lemma implies that @111\% U,, vanishes if and only

if the natural map Hl’zl((C’JE_-)W7Gm) — Hllvzlzl((C’]E_-)w,Gm) is bijective.

Finally, as the a(égcvfon of R on each U, factors through R, the limit @Nn (Z, @z Uy,) vanishes
and so the argument of Lemma implies llnll\ln U, is isomorphic to (Z,/Z) ®z U, for all a > m. It
follows that @I{In U,, vanishes if and only if U, vanishes for all sufficiently large a, or equivalently
(by ) that BY vanishes for all sufficiently large a. As already observed in the argument of Lemma
the latter condition is equivalent to requiring that |X| = 1 and the unique place in ¥ has full
decomposition group in G z/;. This completes the proof of Corollary

6.2.4. Finite-generation. Since R is not Noetherian, the R-module Hllv;zl((CJE_-)w,Gm)/X can be
finitely-generated even if its submodule A(F)/X is not. However, since B%(F) is finitely-generated
over R (as every place in ¥ has an open decomposition group in G'z/;), the second displayed exact

sequence in Lemma implies HIIV’VZ/((C’]Z_-)W, Gyn)/ X is finitely-generated whenever A(F)/X is.

To analyse the latter condition, we write A*(F) for each prime £ for the maximal pro-¢ subgroup
limy A, [€>°] of A(F). We then note that, since each X, is finite and or order prime-to-p, the R-
module AP(F) is a direct summand of A(F)/X, In particular, if A(F)/X is finitely-generated over
R, then so is AP(F) and so Remark implies the characteristic polynomial chary (AP(F)) is not
divisible by ®;(y) for any i € Ny. We shall therefore henceforth assume this condition to be satisfied.

Next we note that for w € Yz, the complex RI'(k(w)w,Gy,) is canonically isomorphic to
k(w)*[0] and so the long exact sequence of cohomology of gives an exact sequence

DB, ey 0) = AT (Fa) = An(Fa) =0,

in which we set ¥'(n) := Z’fn, Now, as n increases, these sequences are compatible with respect to
maps induced by the norms N,,. In addition, since the first term in the sequence is finite, exactness
is preserved when passing to the limit over n and so, setting T (F) := limy (@wez,(n)n(w) *), one
obtains an exact sequence of R-modules of the form
Lemma 6.10. pug(Ts/ (F)) = ||
Proof. Since the R-module Tx/(F) decomposes as a direct sum @,y T{py(F), it is enough to
consider the case that |¥’| = 1. In this case, we fix a place v’ € ¥ and write T'(v") for the limit
module limy (@we{v’}f K(w)*), so that Ts (F) = Z[G p/k) ®zip) T(v'), with D the decomposition
subgroup of v" in Gp/;. For each n € N, we now also set A, := Gr, /F.

We assume, firstly, that v’ splits completely in F so that

T(v') = lim, (Z[An] @z 6(0")*) = Z[Gr/p] @z (V')

where the limit is with respect to the maps induced by the natural projections Z[A,] — Z[A,—1]. In
particular, if = is any generator of the (cyclic) group x(v’)*, then T'(v') is generated over Z[G r,r]
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by 1 ® z and so ur(Ts/(F)) = 1, as required. We may thus assume the decomposition subgroup
D’ of v" in Gz, is open and hence that FP' = F,, for some ng € N. We fix w € {v'}#,, and for
n > ng write w,, for the unique place of F,, above w. Then

T(’Ul) = R ®Z|ID/]] hm /i(wn)x,

“—n>ng
with the limit taken with respect to the maps Ny, : k(wy,)* — K(wn—1)*. To prove (T (F)) = 1it
is therefore enough to show lim, - x(w,)* is a cyclic Z[D'[-module. This is clear since for n > ny,
the map N,, acts by raising each element of k(w,)* to its (|&(wy)*|/|&(wp—1)*|)-th power and this
implies that any generating element of the (cyclic) group x(w,—1)* has a pre-image under N,, that
is a generator of k(w,)*. O

For each b € N, we define a set of rational primes
Vo(F) :={t € P\ {p}: Im e N, r(A5(Kn)) > (b/tm(0)p™ }-

We then assume that, for some fixed b and every n € Ny, one has
E/
-

and we write X for the image of X in Ax(F) under the map in . Then the argument of Theorem
v) implies that Ax(F)/X is finitely-generated over R and hence, via Lemma and the exact
sequence , that As(F)/X is also finitely-generated over R.

In this regard, we also note that, since the number of automorphisms of a finite abelian ¢-group
grows exponentially with its /-rank, Cohen-Lenstra-type heuristics make it seem likely that, at least
for large b, the set V,(F) is comparatively small.

For example, if F = F" then the proof of Theorem Vi) implies that Vj,(F") = § for
each b > 2¢(Cy) + 1 and so the above argument can be applied with X = (0). We discuss this case
in detail in the next section.

6.3. Constant extensions. We now fix data (F/k, X, ¥') satisfying Hypothesis with respect to
the field I = k°°™. We also note that, since no place of k either ramifies or splits completely in k",
Hypothesis (ii) simplifies in this case to the condition that ¥ is finite, non-empty and contains
all places that ramify in F'.

We set G := Gy, A := R[G] and A, := R,[G] for each n.

6.3.1. Statement of the main results. Since the R-module Ay (F°") is finitely-generated (by Theo-
rem [5.1|(vi)), Theorem [6.5] applies with X = (0) to show both that the A-module

M (F) = Hip ((CEeon)w, Gim)

is finitely-presented and torsion, and that there exist canonical short exact sequences of A-modules

0 — FitQ(ME (F)) = lim, (6, - Ay) > Z — 0 (33)
and )
0= O%on s - A S5 1im (6, - Ay) S5 Z =0, (34)

in which Z denotes the derived limit @iAnnAn (0).

In particular, since the map £ arises as a canonical connecting homomorphism in the theory of
pro-discrete modules, the sequence completely determines the initial Fitting ideal of MZE,(F)
over the ring A (which is neither coherent, compact nor regular and has infinite Krull dimension)
in terms of Stickelberger elements. In the next two results we show that, under certain additional
conditions, the sequences and can also be combined to give a more explicit link of this
nature.
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The following result will be proved in §6.3.2

Theorem 6.11. Assume there exists no non-trivial unramified extension of k in F and, in addition,
that no place ramifying in F is of degree divisible by p. Then the following claims are valid.
(i) Set T := FitQ(ME (F)) N (0Feon 5o+ A). Then both Fitd (MF (F))/T and (0Fcon s A)/T are
finite and have order that is prime-to-p and divisible only by primes that divide |G|.
(ii) If either |G| is a power of p or F/k ramifies at a single place, then

Fit) (ME (F)) = 6Fcon .

Remark 6.12. Let k; be any function field, fix a place vy, of k1 and write A for the subring of k;
comprising elements that are regular at every place other than v.. Fix a finite (possibly empty) set
31 of prime ideals of A whose respective degrees are not divisible by p and write m for the product
of ideals in ;. Then the real (relative to v ) ray class field H(m) of conductor m is a finite abelian
extension of k1 in which v, splits completely and all places that ramify belong to ;. In particular,
if we set k := H(A), then the field H(m>) := [,y H(m') is an abelian extension of &k that ramifies
at every place in ¥ ; (and at no other places), contains no unramified extension of k and is such
that G g (me),r has an open subgroup (and hence also a quotient) that is isomorphic to Zg, thereby
giving an abundant supply of finite extensions F/k satisfying the hypotheses of Theorem ii).
We further note that the extensions H(m®)/k; incorporate the Drinfeld modular towers considered
by Bley and Popescu in [4] and hence also the Carlitz-Hayes cyclotomic extensions considered by
Angles et al in [I].

In any situation in which the equality in Theorem ii) is valid, the A-module Fit{, (MZE, (F))
is free of rank 1. If p is not exceptional (but no hypotheses are imposed on the ramification of F'/k) it is
possible to interpret this condition on Fit} (MEZ/ (F )) in terms of a natural Euler characteristic of the
complex R[> ((CEeon)w, Gy). To state this result, we write IS for the category of finitely-generated
A-modules that are locally-free (and hence projective) of constant rank. We denote the Grothendieck
group of ME by K{°(A) and use the canonical ‘determinant’ homomorphism 6 : K{¢(A) — Pic(A).
We shall also say that an object X of D(A) is ‘strictly-perfect’ if it is isomorphic (in the derived
category) to a bounded complex of modules in DZRICC; and we note that each such X has a well-defined
‘Euler characteristic’ xi¢(X) in K}°(A) (that depends only on X up to isomorphism in D(A)). Finally,
we write Ag for the natural (diagonal) projection map Pic(A) — lim, Pic(A,).

The following result will be proved in
Proposition 6.13. Set O3 (F) := RT™ ((Ceon)w,Gm) and I (F) := Fith (M (F)). Then, if p
is mot exceptional, the following claims are valid.

(i) Cg (F) is strictly-perfect as a complex of A-modules.

(i) ZE (F) is an invertible ideal of A and its class in Pic(A) is both equal to 6 (xljf(Cg (F)))
and belongs to ker(Ag).
(iii) ‘gl (ZZ(F)) is a free R-module of rank 1.
6.3.2. The proof of Theorem[6.11. We first establish a useful reduction result.
Lemma 6.14. Let v be a place of k outside ¥ U Y and, since v is unramified in F", write

o, = 0y (F) for its Frobenius automorphism in Gal(F°"/k). Then 1 — o, is a non-zero diwisor in A
and there are equalities

Oty = (1= 00)0F s and Fith(ME i, (F)) = (1 - 0,)Fith (MF (F)).

Proof. To show that 1 — ¢, is a non-zero divisor in A, it is enough to note ULGl generates an open
subgroup of Gpeon/p. Indeed, this implies that the product (1 — o) ZZ!)G‘_l ol =1-— olflis a
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non-zero divisor in Zy[G peon jp] = Z,[Zy], and hence also in A. In addition, the first displayed
equality expresses a well-known property of truncated Stickelberger elements.

It is therefore enough to prove the second displayed equality, and for this we set ¥; := XU {v}.
Then, for each n, there exists a canonical exact triangle in Dperf(An) of the form

RC™((CE )w, Gm) — RC¥ ((C ) w, Gn) — RHomy, (RT (k(0)w, An), An[—1]) — -

that is compatible with the natural projection morphisms as n varies (cf. [8, Prop. 2.4(ii) and Rem.
2.5(1)]). In addition, for each n > 1, the third complex in this triangle is canonically isomorphic to
the complex A, — A, in which the first term occurs in degree 0 and the differential sends each x
to (1 — 0y)x, and the natural projection isomorphism

A1 ®kn RHomy,, (RT'(k(v)w, An), Hn[—1]) =2 Homy, _, (RT'(k(v)w, Ap—1), An—1]—1])

is induced by the morphism of complexes of A,,-modules

z—(1—0y)x
EEE—

Ay Ay,

l l

- z—(l1—0y)z A1

in which both vertical maps are the canonical projection. Hence, upon passing to the inverse limit
over n of the above triangles, one deduces from Proposition 4.11{(ii) (and the argument given at the
end of the proof of Proposition iv)), the existence of an exact triangle in D(A) of the form

RE™ ((CFeon)ws Gn) = RT¥ (CRion)w, Grm) — [A 255 A] — -

in which the first module in the third complex occurs in degree 0 and ¢, sends x to (1 — o,)z. In
particular, since ¢, is injective (as 1 — o, is a non-zero divisor), the long exact cohomology sequence
of this triangle combines with Lemma with X = (0) to give an exact sequence of A-modules
0— MZ (F) — M%ll (F) — cok(¢,) — 0. Hence, since the first two modules in this sequence are
finitely-presented (by Lemma[6.4] and Theorem [6.5] with X = (0)) and the third lies in a short exact
sequence of the form

0— A 2% A — cok(ey) = 0, (35)

a general algebraic result of Cornacchia and Greither [I1, Lem. 3] implies that
Fit) (Mg, (F)) = Fit{ (cok(6,))Fitd (M5 (F)).

It is therefore now enough to note that the short exact sequence combines with the explicit
definition of Fitting ideals to imply Fit (cok(¢,)) is the A-ideal generated by det(¢,) =1—0,. O

Taking account of Lemma the proof of Theorem [6.11]is reduced to the case that ¥ is the
set of places that ramify in F. It is then convenient to first treat the case that ¥ = {v} comprises a
single place. In this case, v is both totally ramified in F' (since F'/k is assumed to have no non-trivial
unramified subextension) and inert in k" (since its degree is assumed to be prime-to-p) and so
has full decomposition group in G peon ;. Hence, by the final assertion of Theorem the derived
limit Z that occurs in the exact sequences and vanishes. In this case, therefore, the latter
sequences combine directly to imply that

Fit) (M (F)) = lim,, (0, - An) = OFcon 5 - A (36)

We note, in particular, that this equality verifies the second assertion of Theorem ii) and that
the remainder of (ii) then follows directly from Theorem [6.11{i).
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It is therefore enough for us to prove Theorem [6.11[i) and to do this we set m := |G|, A :=
A[1/m] and A}, := A,[1/m] for each n € Ny. We then claim it suffices to prove that

Fit% (ME (F)))[1/m] = 6Fecn 5 - 1. (37)

Indeed, if this is true, then, since the A-module Mg(F ) is finitely-presented (by Theorem , and
hence the A-module Fitg\(MEEl (F)) is finitely-generated, for any sufficiently large integer ¢ one has

m!(0Fecon 5 - ) C Fitd (M (F)) € m ™" (0Fcon 5 - A). (38)

In particular, the first inclusion here combines with the exact sequences and to imply &
sends 9%2(,,,72 - /A into the submodule Z[m!] of Z comprising elements that are annihilated by m!.
However, from the proof of Lemma [6.9](ii), one knows that Z is equal to (Z,/Z) ®2Y for a (finitely-
generated) lattice Y and so Z[m!] is both finite and of order prime-to-p. The quotient module

’ ~ . ’ ’ ) ’ I3
(OFcon 5-) /T 2 (Fity (M (F)) + OFcon - ) Fit (M55 (F)) <> Z[m']

is therefore also finite and of order prime to p, as required. In addition, the analogous result for the
quotient Fit (MY (F))/T is derived from the second inclusion of in an entirely similar way.

To complete the proof of Theorem we are thus reduced to proving and, to do this, we
shall argue by induction on |X|. Since the case |X| = 1 follows immediately from (36]), we therefore
assume [X| > 1. We then write & = &/, for the set of intermediate fields of F//k and, for £ € &,
we denote the subset of ¥ comprising places that ramify in E by 3(E) (so £(F) = X). For ¢ € G*,
we also write F, € & for the fixed field of F' under ker(¢). Then, for each E € &, the set

E(E)={¢eG :Fy=FE}

is a (possibly empty) conjugacy class for the action of Gge /g on G* and so the idempotent

°B = ZzpeE(E)e“’
belongs to Z[1/m][G] and, in Q°[G], one has

1= ZwEG*ew - ZEGG (Zwei(b“)ed)) - ZEeesE - ZE6616E T ZEGngE’ (39)

with &1 :={F €& :X(F)=X}and G, :={E € &: X(FE) # X}

Take E € &; and, for each n € Ny, identify eg as an idempotent of the ring R,[Gg|[1/m] =
Z[1/m][Gg, /x]. Then, since ¥(E) = X, one has ep = Zw ey, where 9 runs over a set of characters
in G}ﬁ;” Jk that cannot be trivial on the decomposition group of any place in . In particular, from

the equivalence (and the sentence that follows it) one knows e annihilates Anng, ¢(0n)[1/m].
This in turn implies ep annihilates Z[1/m] and so the (scalar extensions of the) exact sequences

and combine to imply that
e (Fit(MF (F))[1/m]) = e (1, (6 - )1 /m]) = < (6o - ). (40)

We now take E € Gy and set G := Gr/g, Gg = Gg/, Ap = R[GE] and Ny = R'|[Gg]. We
also write e for the idempotent (1/|G¥[) >, cqe h of A" and 7 for the projection A" — A’;. Then,
since A’; identifies with the direct summand egA’ of A" the functor N + A’; @, N is exact on the
category of A’-modules and A’y ®, N identifies with the submodule N G® of N. In particular, since
for each n there exists a canonical isomorphism in DP*™ (A,,)

RHomgx (Z, RT™ ((CF )w, Gm)) = Apn @F, RT¥ ((CF )w, Cm) 2RI ((CF )w, Gm)
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(cf. [6, Lem. 1(iv)]), there exists a composite isomorphism in D(A;) of the form
N @ RT7 ((CFeon)w, Gin) = (Rlimg, RHomg (Z,RT™ ((CF, )w, Gm)))[1/m]
~Rlim, (RC™ ((CE, )w,Gm))[1/m]
= RFZ/ ((C%con)Wy Gm) [l/m]'

Since RT™ ((C%eon )w, G) is acyclic in degrees greater than 1 (by Lemma with X = (0)), this
isomorphism in turn induces an isomorphism of Az-modules

Ny @p (ME (F)[1/m]) = (A @5 H (RT™ (Ceon )ws G)))[1/m]
= H' (N % RI® ((CFeon)w, G ))[1/m] (41)
= H' (R ((Ceon)w, Gm))[1/m] = M (E)[1/m].
Noting ez = egeg, we can therefore now compute in egA’ = eg(eph’) = eph’; that
ep(Fit) (M3 (F)[1/m]) =ep - mp(Fit, (MF (F)[1/m]))
=cp - Fit), (Mg @ MF (F)[1/m])
=cp - Fit), (MF (B)[1/m])
=en([], ey s (L~ 0) - Fitd, (M, (B)) [1/m]

— =/ /
_EE(HUEE\E(E)(I = 00))05eon sp) * M
= ep(0Fcon 5 - V).

Here the second equality follows from a standard property of Fitting ideals under ring projection,
the third from the isomorphism 7 the fourth from Lemma the fifth from the inductive
hypothesis (since E € &, implies |X(E)| < |X|) and the last from Lemma and the equality
WE(GIE;'CDD,E) = 9%%,2.

The claimed equality now follows upon combining the last displayed equality (for each
E € &,) with (for each £ € &) and the decomposition of 1 as a sum of the mutually
orthogonal idempotents €. This completes the proof of Theorem [6.11}

6.3.3. The proof of Proposition . In this argument we set Cp := RFZ/((CI?CM)W,Gm) and
assume p is not exceptional.

In this case, the observations made at the beginning of (with X = (0) and F = F°°m)
combine with Proposition iv) to imply the existence of an isomorphism in D(A)

Ccr=[PYad, (42)

in which P is a finitely-generated projective A-module placed in degree 0 and d is a natural number.
From Lemma it then follows that ker(¢) and cok(6) are respectively isomorphic to limy (’);ﬂzzl
and M. Z/(F). In particular, since the isomorphisms combine with the observations made just
after li to imply that O}X,ﬂnzzl = (’);ﬁ;)g for all sufficiently large n, the module ker() vanishes.
Then, since Theorem implies the A-module cok(f) is torsion, the isomorphism implies that

the A-module P is locally-free of constant rank d and hence that C% is a strictly-perfect complex of
A-modules, thereby proving claim (i).
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We now fix a natural number d’ > d and a surjective morphism of A-modules 7 : N P,
and consider the commutative diagram

Nah”
Al i Ad(6om)
ATK’
N
ANp N pdpdep

Then, since for defines a free presentation of ME (F), if one computes im(/\i(&ow)) in terms of the

matrix representing 6 o 7 (with respect to the standard bases of A% and Ad), the explicit definition
of Fitting ideal implies that

FitQ (ME (F)) = im(/\Z(G o)) = im(/\ZG) o /\ZP.

Here the second equality follows from the surjectivity of /\j\w in the above commutative diagram and
the isomorphism (of A-modules) is induced by the fact /\jﬂ is injective since /\j\P is an invertible
A-module. From the resolution (12), we can therefore deduce that 5i¢(x¢(C$)) is the isomorphism
class of the invertible A-module

( /\ZP) @ Homy ( /\ZAd,A) o~ /\ZP =~ Fit (M (F)),

as required.

To complete the proof of claim (ii), it is now enough to show, for each n, that x!¢(C%) belongs
to the kernel of the projection map 7/, : K\°(A) — Ko(A,,). In addition, since 7}, (x(C)) is equal to
the Euler characteristic of the complex A,, ®% C$, = RFE'((C’En)W, G) in DPT(A,,), this required
vanishing follows from [8, Rem. 3.3(ii)].

To prove claim (iii) the key point is that, if G is the trivial group (so A = R), then results
of Kervaire and Murthy [19, Th. 1.3] and Ullom [3I], Cor. 2.6] combine to imply that if p is not

exceptional, then Ag is bijective (cf. Stolin [26, Th. 4.1] and [7, Rem. 3.9]). In particular, to prove

(iii) it is enough to show, for each n, that the class of /\g‘ (ZZ'(F)) belongs to the kernel of the

projection map Pic(R) — Pic(R,,). Moreover, since the class of lgl (ZZ'(F)) is the image of x¢(Cp)
under the composite morphism K°(A) — Ki°(R) — Pic(R), in which the first map is induced by
restriction of scalars and the second is dg for G trivial, the required vanishing follows from the
vanishing of 7}, (x¢(C%)) observed above.

This completes the proof of Proposition [6.13]

6.3.4. An integral main conjecture. Taken together, the observations and results of this section
suggest to us the following ‘main conjecture of equivariant integral Iwasawa theory’.

Conjecture 6.15. If (F/k,X,Y') is any data satisfying Hypothesis with respect to K = k",
then the (finitely-presented) Z[Z, x G]-module Hypo ((CEeon)w,Gum) is such that

Fit%[[ZPXG]] (Héifz ((C%COD)WJ Gm)) = 912*;‘60“,2 'Z[[Zp X G]]
In particular, for all such data the ideal Fit%[[szG]] (Hjl’vzvl((czcon)w,((}m)) is principal.

Remark 6.16. The precise link between Stickelberger elements and the Galois structure of the
(derived Iwasawa) Weil-étale cohomology of G,, that is predicted by this conjecture is striking in
being formulated relative to a ring A = Z[Z, x G] that is neither coherent, compact nor regular
and has infinite Krull dimension. Nevertheless, the conjecture is fully verified under mild additional
hypotheses by Theorem ii) and Proposition also provides further support for the prediction
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that Fit}, (. (hg ((CFecon)w, Gyy,)) is principal. In general, the validity of Conjecture @ would follow
directly from a comparison of the short exact sequences and if one could show that the
canonical connecting homomorphisms £ and &’ coincide. (In fact, a closer analysis shows it is enough
for the derivation of the predicted equality that one has either £ = X-£’ or £’ = X\-£ for some element
A of A with the property that, for any fixed integer n > ng, with ng as in the proof of Lemma
the quotient module A, /(6,,, 0,()\)) is finite and of p-power order). However, even if G is trivial, the
results obtained so far are not enough to establish any such relation. In this direction, for example,
Proposition iii) shows that there exists an infinite chain J(1) D J(2) D --- of principal ideals
of R in which, for every ¢ € N, the index of J(i + 1) in J(¢) is non-trivial, finite and prime-to-p (in
analogy to Theorem [6.11fi)) and yet, for each n € N, there exists (in analogy to and (34)) an
exact sequence of R-modules 0 — J (i) — lim, 0,(J(1)) = Z,/Z — 0 in which the third arrow is
the respective canonical connecting homomorphism (see (b)) and, in addition, (in analogy to )
one has 0(J (7)) = 0a(J(1)).
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