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ABSTRACT. We prove new results on the Galois structure of ideal class groups and the equivariant
Tamagawa Number Conjecture for G,, over abelian extensions of number fields and also on the
Refined Class Number Formula Conjecture of Mazur-Rubin and Sano. In contrast to most
previous work in this direction, the p-adic aspects of our results require no hypotheses on the
splitting behaviour of p-adic places in order to rule out the vanishing of Euler factors at 0.

1. INTRODUCTION

1.1. The main results. The Rubin-Stark Conjecture [25, Conj. B’] was formulated by Rubin as a
refinement of Stark’s seminal conjectures on the values at 0 of (higher) derivatives of Artin L-series
over number fields. The conjecture concerns L-series of linear characters and is known to be valid
for characters that factor through abelian extensions of either QQ or of an imaginary quadratic field
and also for totally-odd characters over totally real fields. In these resepctive cases, results relating
to the Rubin-Stark Conjecture rely on the classical theories of cyclotomic and elliptic units and on
the theory of group-ring-valued Hilbert modular forms of Dasgupta and Kakde [12].

In this article, we shall derive a range of concrete consequences of the Rubin-Stark Conjecture
that relate to the Galois structure of ideal class groups and to the validity of various conjectural
refinements of the analytic class number formula. Whilst the idea of deriving such consequences
is far from new, the novelty of our results in comparison to others (with the notable exception of
results concerning the L-series of totally-odd characters that rely on the work of Dasgupta and
Kakde) is that, when dealing with p-primary components, we do not require any hypotheses on
the splitting behaviour of p-adic places in order to rule out the vanishing of Euler factors at 0.

To obtain these results we must first establish a strengthened version (in the relevant special
case) of the theory of higher-rank Euler, Kolyvagin and Stark systems for p-adic representations
over Gorenstein rings that was developed in [6] following ideas of Mazur and Rubin in [19], and
this aspect of our work may be of some independent interest. More precisely, our main result in
this regard (Theorem 3.3) requires weaker hypotheses than does the general approach of [6, 19] and
asserts all of the following: there exists a canonical Galois-equivariant ‘higher Kolyvagin derivative’
map between the modules of Euler and Kolyvagin systems for G,, over a general number field K,
the associated modules of Stark and Kolyvagin systems are each free of rank one over the relevant
Gorenstein algebras and the canonical ‘regulator’ map between these modules is bijective.

Following the work of Mazur and Rubin in [17], a result of this general form is the key feature
of most of the current theories of Euler systems. In particular, by applying Theorem 3.3 to the
higher-rank Euler system of ‘Rubin-Stark elements’ over K (for which the required integrality
properties rely on the assumed validity of the Rubin-Stark Conjecture for all abelian extensions of
K) we are able to directly derive a range of concrete consequences.

The first two such results concern the Galois structure of ideal class groups (see Corollary 3.7)
and the equivariant Tamagawa Number Conjecture for G, or ‘€TNC’ for short in the sequel (see
Corollary 3.9). Taken together, these results have both stronger conclusions and require weaker
hypotheses (relating to vanishing Euler factors) than does the corresponding result [6, Th. 5.1]
of our earlier article. We further recall that the latter result had itself strongly improved upon
previous results in this direction, including those of both Biiyiikboduk [9] and Rubin [24, 25], by
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avoiding multiple hypotheses relating, for example, to K, to the degree of the relevant abelian
extension of K and to the validity of Leopoldt’s conjecture (for more details see [6, Rem. 5.2]).

The third consequence that we derive from Theorem 3.3 concerns the ‘Refined Class Number
Formula Conjecture (for G,,)’ that was formulated independently by Mazur and Rubin [20] and
the third author [27] and its proof relies on us developing a strengthened version of the approach
used by Mazur and Rubin in [18] to prove a conjecture of Darmon. This result (which is first stated
as Corollary 3.12) significantly extends available evidence for the Refined Class Number Formula
Conjecture by encompassing both p-primary components of the formula at all odd primes p and
also L-series of arbitrary order of vanishing at 0. We recall that, in contrast, previous results in
this direction have either assumed the validity of the eTNC, as in [4, Th. 1.1] and the main result
of [27], or have both avoided considering p-primary components for primes p that divide the degree
of the relevant Galois extension and also either assumed all occurring L-series vanish at 0 to order
1, as in [20, Th. 10.7], or assumed the validity of Leopoldt’s Conjecture (in addition to that of
the Rubin-Stark Conjecture) and only considered a weaker version of the Refined Class Number
Formula Conjecture, as in [20, Th. 11.6].

If the Rubin-Stark Conjecture is known to be valid for every abelian extension of a given field K,
then all of our results over K become unconditional. If K = Q, we thereby obtain simpler proofs
of several existing results, including notably the main result of Greither and the first author in [3],
and also a refinement of some of the main results of Kurihara and the first and third authors in [4]
(for more details of which see [6, Rem. 5.2(ii)]). On the other hand, if K is imaginary quadratic,
then our results significantly strengthen the main results of Bley [1] concerning the eTNC and of
Gomez [13] concerning refined class number formulas.

In brief, the basic contents of this article is as follows. In §2 we introduce a notion of higher-rank
‘motivic Euler system’ for G,, that is key to the approach taken here and also define associated
notions relating to Kolyvagin and Stark systems. In §3 we state the main results of this article
and also prove Theorem 3.3, Corollary 3.7 and Corollary 3.9, with certain auxiliary arguments
(relating to the construction of a canonical Galois-equivariant Kolyvagin derivative map in rank
1) being deferred to an Appendix. Finally, in §4, we recall the statement of the Refined Class
Number Formula Conjecture (as Conjecture 4.1) and then state (as Theorem 4.6) and prove a
precise version of Corollary 3.12.

1.2. Notation. Throughout this article, K denotes a number field. We fix an algebraic closure Q
of Q, and regard K C Q. We set G := Gal(Q/K).

We fix a prime number p and an algebraic closure @p of Q.

The set of all archimedean places of K is denoted by S (K) and the set of p-adic places by
Sp(K). If E/K is an algebraic extension, then the set of places of K that ramify in E is denoted
by Sram(E/K).

For each place v of K, we fix a place w of Q lying above v. In this way, for any algebraic
extension E/K we fix a place w of E that lies above v.

The symbol q always means a non-archimedean place (i.e., a prime ideal) of K. The fixed place
lying above q is often denoted by £. Sometimes we use t to denote a prime ideal of K.

For a finite set S of places of K that contains So(K) and a finite extension E/K, we write
Og,s for the ring of Sg-integers of E, where Sg is the set of places of E lying above a place in S.

For a non-archimedean local field D, we denote its residue field by Fp. If q is a prime of K,
then we denote #F_, by Ng.

For a finite abelian group G, we set G = Hom(G,C*). For each x in @, we write e, for the
associated idempotent (#G)™ 'Y ox(o)o~! of C[G].

For an abelian group A and a non-negative integer m, we often abbreviate A/mA to A/m. In
particular, for a field E, we denote E* /(E*)™ by E*/m.

For a commutative ring R, an R-module X (usually finitely generated) and a non-negative
integer r, we define

ﬂ;X .— Homp, ( /\R Homp(X, R), R) .

We recall the following basic properties of such modules (taken from [7, App. A]).
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e There exists a natural homomorphism (that is, in general, neither injective nor surjective)

/\TRx - ﬂ;X; ars (@ &(a)).

e Let O be a Dedekind domain and @ its quotient field. If R is a Gorenstein O-order in
some finite dimensional commutative semisimple Q-algebra (e.g., R is a finite group ring
over O), we have a natural identification

ﬂ;x ~ {a € Q®o /\;X ‘ ®(a) € R for all ® € /\R Homp (X, R)}.

In this way we can regard [z X as a sublattice of Q ®o AR X.

For a finitely presented R-module X and a non-negative integer j, the j-th Fitting ideal of X
is denoted by Fitt},(X).

2. EULER, KOLYVAGIN AND STARK SYSTEMS

2.1. Euler systems for G,,. Let K be a number field. Let S be a finite set of places of K
containing S (K). Let £L/K be a (possibly infinite) abelian extension. We write 2(L£/K) for the
set of finite extensions of K in £. For each field E in Q(L/K) we set

Gp = Gal(E/K) and S(E) := S U Sram (E/K).

Definition 2.1. Let r be a non-negative integer. A motivic Euler system of rank r for (L/K,S)
is a collection

w = e)e € ] Lo o (@97 Nogg, O s1m)

which satisfies the following property (the ‘norm relation’): for any E,E’ € Q(L/K) \ {K} with
E C E', we have

T _ _ —1 3 r X
Npr/p(up) = (quS(E')\S(E)(l I )>(uE) in Q®z /\Z[QE]OE’S(E/)'

Here N7,/ denotes the map Q ®z Azg,,1 0% sz = Q®2z N6, OF sy induced by the norm
map Ng//p: B/ — E.

Remark 2.2. For a motivic Euler system u = (ug)g to be useful, it should lie in a canonical
sublattice of Q ®z /\g[gE](’)E s(B)" However, this issue is delicate since ug does not in general

belong to the image of /\g[gE]OE sy 0 Qez /\E[QE]OE S(E) (see [25, §4]). To properly understand
such integrality issues, it is usual to fix an auxiliary finite set T' of places of K that do not belong
to S and are unramified in £ and are such that the group

Of s(myr =10 € OF g(p | ordu(a —1) > 0 for every w € Tg}

is torsion-free, where ord,, denotes the normalized additive valuation at w. One then considers
motivic Euler systems u with the property that ug belongs to ﬂ%[gE]OES(E),T for all E.

In this paper, however, we do not need to explicitly consider “I-modifications’ as we shall only fo-
cus on the ‘(p, x)-component’ of motivic Euler systems in situations for which the (p, x)-component

of the group (92 S(E) is itself torsion-free. For details see Definition 2.4 and Example 2.6(i) below.

Example 2.3.

(i) (The cyclotomic Euler system) Suppose K = Q and S = {oo}. Fix an embedding Q — C,
and regard Q C C. Let £/Q be the maximal real abelian extension. Then for any field E in
Q(L/Q) \ {Q} we define the cyclotomic unit by

ng = (1/2) ® No(u,)/6(1 = Gn) € Q€2 OF g5,

where m = mp is the conductor of E and ¢, := ¢*™/™. The collection (75°)g is a motivic Euler
system for (£/Q,S).

(ii) (The elliptic Euler system) Suppose that K is an imaginary quadratic field. Fix a non-zero
ideal f of K such that O — (Og/f)* is injective and set S := {oo} U {q | f}. For an ideal m of
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K, let K(m) denote the ray class field of K modulo m. As in (i), we regard Q C C. Let £L/K be
the maximal abelian extension. For any field F in Q(£/K) we define the elliptic unit by

77}0_'«“}1 = (O'a — Na)—1 . NK(mf)/E (asz) €Q®y OE,S(E)’

where m is the conductor of F, a # (1) is an ideal of K coprime to 6mf, 0, € G is the Artin symbol,
Na is the order of Ok /a, and qzwms € lequ) s(m) 15 the element defined in [15, §15.5] (it coincides
with ¢(1;mf,a)~! in [1]). (Note that o4 — Na is invertible in Q[Gx] and so (0, — Na)~! € Q[Gg] is

defined.) One sees that this element is independent of a. The collection (n%!) g is a motivic Euler

system for (L/K,S).

(iii) (The Rubin-Stark Euler system) Let (£/K, S) be any data as in Definition 2.1. Fix an integer r
such that there exists a subset V := {v1,...,v,} of Soo (K) comprising places that split completely
in £ and, in addition, one has #S(E) > r for every F in Q(L/K) \ {K}. For each such field £
one can use the data (E/K,S(FE),V) to specify a canonical ‘Rubin-Stark element’ ng/K,S(E) of
R®z /\Q[QE]OE S(B) (See [4, §5.1] for the definition of such elements but note that we take the set
‘T” in loc. cit. to be empty.) Then the Stark conjecture [25, Conj. A’] predicts that each ng/Kys(E)
belongs to Q ®z A%[QE]OE,S(E) and if this is valid the collection (ng/K’S(E))E is a motivic Euler
system for (£/K,S). If K = Q and S = {oc}, then 77}{50/06 () coincides with the cyclotomic unit
n@ < in (i) (see [31, p.79]). If K is an imaginary quadratic field and S is as in (ii), then 77}{30/01];,5(15)
coincides with 7! in (ii) (this is verified by Kronecker’s limit formula, see [15, (15.5.1)] or [1, (10)]).

We now fix an odd prime number p and a non-trivial character y : Gg — @; of finite prime-to-p
order, and set
—ker x

L:=Q and A := Gal(L/K).
We assume S contains Syam(L/K) (but do not need to assume S contains S,(K)). We set O :=
Zplim x] and define the ‘(p, x)-component’ of a Z[A]-module X, respectively of a € X, to be
Xy == 0 ®ga) X, respectively aX¥ :=1®a € X,

where O is regarded as a Z[Al-algebra via x.
Let /K be an abelian pro-p-extension. For F' € Q(K/K), we set

Ursr) = (OZRS(F))X and Up := (Ofp)y-

Definition 2.4. Let r be a non-negative integer. A p-adic Euler system of rank r for (/K .S, x)

is a collection
T

c=(cr)r € HFGQ(IC/K)HO[QF]UF’S(F)
that has the following property: for all F' and F” in Q(K/K) with F C F’, we have

r _ o —1 . T ,
Nivpler) = (qusm)\s(m(l o )> (er) in (Noyg, Ursten

Such a system ¢ = (cp)p is said to be a strict p-adic Euler system if cp belongs to ﬂg[gF]UF
for every F in Q(K/K). The set of strict p-adic Euler systems of rank r for (K/K, S, x) will be
denoted ES,.(K/K, S, x) and is naturally an O[[Gal(K/K)]]-module.

Remark 2.5. Write O(1) ® x~! for the representation of G that is equal to O as an O-module
and upon which Gk acts via chcx_17 where xcyc denotes the cyclotomic character of K. Then, if
S contains S, (K), Kummer theory induces an identification

Ursry = H (Opsr), O(1) @ x ).

This observation implies that, for any such S, the definition of p-adic Euler systems of rank r for
(K/K, S, x) coincides with that of Euler systems of rank r for (O(1) ® x~1,K) in the sense of [5,
Def. 6.1] (with K and S fixed).



Example 2.6. Set £ := LK.
(i) Suppose that a motivic Euler system for (£/K, S)

,
— X
u=(ug)s € HEEQ(L/K)\{K} Qe /\Z[QE]OE’S(E))
is given. For F' € Q(K/K), set

X " x - "
cpi=ufp € <Q Rz /\Z[gLF]OLF»S(F)> =Q®z /\O[gF]UF,S(F)~

X
Then, if each c¢p belongs to ﬂg[gF]UF’S(F), the collection

c=(cr)r € HFeQ(/C/K)mo[QF]UF’S(F)
is a p-adic Euler system for (K/K, S, x).
(ii) Let (ng/K’S(E))E be the Rubin-Stark Euler system for (£/K, S) discussed in Example 2.3(iii).
Assume that Up is O-free for every F in Q(K/K). Then the (p, x)-component of the Rubin-Stark
conjecture (see [25, Conj. B’] or [4, Conj. 5.1]) asserts that

Vv, "
nLP>‘</K,S(F) € ﬂo[gF]UF,S(F)'
Furthermore, since V is contained in S (K), the argument of [25, Prop. 6.2(i)] implies that

n‘L/’}‘/KS(F) lies in ﬂg[gF]UF. Thus, if the Rubin-Stark conjecture is valid for every F in Q(K/K),

then the collection (n‘L/};(/K,S(F))F is a strict p-adic Euler system.
2.2. Stark and Kolyvagin systems for G,,. Fix a finite abelian p-extension F'/K and set
I':= Gr = Gal(F/K).
Let x, L, A, O be as in the previous subsection. For notational simplicity, we set
E :=LF.
We also fix a finite set S of places of K such that
Soo(K) U Sram(E/K) C S.

Let m be a non-negative integer. Let Hx be the Hilbert class field of K and K (1) the maximal
p-extension inside Hy /K. We use the following notations:

o O :=0/p"0;
e Ppi={q¢ SUS,(K) | q splits completely in EH(ppm, (O5)YP")}.
For any set Q of primes of K, we set
N(Q) := {square-free products of primes in Q}.

If Q@ = P,,, we write
N = N(Pp).

For q € Q, let K(q)/K be the maximal p-extension inside the ray class field modulo g, and set
Gy = Gal(K (q) /K (1).
For n € N,,, we set

v(n) := #{q | n} (the number of prime divisors of n)

and
Gy = ® Gy.
qln
Recall that Gal(E/K) ~ A x T'. For any prime q of K, define
. g : —1
(2.2.1) vg: B = Z[A xT]; a— ZaeAxFordQ(aa)o ,

where £ is the fixed place of E lying above q and ordg denotes the normalized additive valuation.
This map induces
(E™/p™)x = Oml[I],
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which we denote also by v,. We set
Sy, ={a e (E*/p™)y | v4(a) =0 for every q{n}.
If m,n € NV,,, and n | m, we have an exact sequence
(R L LT O ]
ql(m/n)

So we obtain a map

o ) r+v(m) m r+v(n) 0
v = EN v oy S5 = (o, ey S
for any non-negative integer r. (See [7, Prop. A.3].) The sign is appropriately chosen so that

Um’/;n = Umn © Up/om if 0| m | m’. (See [7, §3.1] for the precise choice.)

Definition 2.7. Let Q be a subset of Pp,. Then the O,,[I']-module of Stark systems of rank r for
(F/K, x,m, Q) is defined by the inverse limit

r+v(n) n

SST(Q)m = SST<F/K? X Q)m = Lﬂl O] <™

neN(Q)

with transition maps vy u.

For a Stark system € = (en)n in SS,(F/K, x, Q)m and a non-negative integer j, we define

Li(e) =) im(ey) C Op[L].

neN(Q)
v(n)=j

For q € Py, let I : E — Eq = K, be the localization map. We define
(2.2.2) lg: B* 5 ZIAXT| @z K5 amr Y o ' ®lg(0a).

cEAXT
This map induces
Iy : (B [p™)y = O[] @2 K.
Let recq : K — Gal(K(q)a/Ky) ~ G4 denote the local reciprocity map at q. We define
(2.2.3) 0q: BX = Z]A x T] @z Gq

to be the composition (id ® recq) o l. This map induces

pq : (E™/p™)x = Om[l] ®2 Gy
Let IT; C K /p™ be the subgroup defined by

My = ker(K /p™ — K(q)5/p™).
Then we see that the valuation map K qx — 7Z induces an isomorphism

I, = Z/p™
and we have a canonical decomposition
K Jp™ =10y x B [p™.
For n € NV,,, we define
S() = {a € 8" | I4(a) € O, [T] @z I, for every q | n}.

For q | n, we define

Sa(W)m = S()m N ST = ker(S(w)m > O[] @ K5).

Note that, for any n € N, and q | n, the maps vq and ¢4 induce maps

T r—1
Uq - ﬂom [F]S(n)m ®z Gn — mom [I‘]Sq (n)m ®z Gn



and
T r—1
Pa: ﬂOm[F]S(n/q)m 9z Cnjq = ﬂom[r]sq(n)m ¥z G
respectively, for any positive integer r.

Definition 2.8. Let r be a positive integer and Q a subset of P,,. A Kolyvagin system of rank r
for (F/K,x,m, Q) is a collection

K= (Fn)n € HneN(g)ﬂom[F]S(n)m ®z G

that has the following property: for every n € A'(Q) and q | n, one has

gln) = palina) in (), Salt)m 2 G
The set of all Kolyvagin systems of rank r for (F/K, x, m, Q) is denoted by
KS,(Q)m = KS,(F/K, X, Qm
and is naturally an O,,[I']-module.

We fix a positive integer r and a subset Q C P,,. We construct a ‘regulator map’
Rim : 95:(Q)m — KS;(Q)im
as follows. For each € = (€,)y in SS,.(Q)., = @neN(Q) ﬂg“”[g)é’;}“ we set

Ry (€)n =+ (/\ ) €n) € ﬂ m ®z G,

where the sign is again specified as in [7, §4.2].
Then one checks that

Rr,m(e) = (Rr,m(en))n
belongs to KS,.(Q),, (see [7, Prop. 4.3]) and then the assignment € — R, ,,(¢) defines the required
homomorphism R, ,.

2.3. Limits of Stark and Kolyvagin systems. We write w for the Teichmiiller character of K.
In the sequel we shall assume the following hypothesis.

Hypothesis 2.9.

() x ¢ {Luk

(i) x? #wif p=3;
(iii) x(q) # 1 (i-e., g does not split completely in L) for every q € Syam (F/K);
(iv) r = #{v € S (K) | v splits completely in L} > 0.

Remark 2.10. One can check that Hypothesis 2.9(i) implies that the O-module Ug- is free for any
finite abelian p-extension F’ of K. Also, by Lemma 2.11 below, Hypothesis 2.9 implies each of the
hypotheses (Hy), (H1), (Hz), (Hs), (Hy) and (HE) that are listed in [6, §3.1.3] for the representation
T =0(1) ® x~! and the field F' (see [6, Lem. 5.3 and 5.4]).

Lemma 2.11. Let T := O(1) ® x~*. Assume Hypotheses 2.9(i), (ii) and (iii). Then Hypothe-
sis (HY) in [6, §3.1.3] is satisfied by the pair (T, F).

Proof. Let k denote the residue field of @ and T := T ®¢ k the residual representation of 7. Put
(=)¥ :=Hom(—,Q,/Zy).
First, we note that Hypotheses 2.9(i) and (ii) imply Hypothesis (Hl), (Hg) and (Hj3) (see [6,

Lem. 5.3 and 5.4]) and that, for any prime q of K, the module H(K, T’ (1)) vanishes if one has

x(a) # 1.
Hence, by [6, Lem. 3.10], we only need to show that, for any prime p € S,(K) with x(p) = 1,

the map
H'(Ky,T)/HF, (K, T) = H' (K, T ®z, L))/ Hy,, (Kp, T @z, Zy[T)



8 DAVID BURNS, RYOTARO SAKAMOTO AND TAKAMICHI SANO

induced by k — k[I'| is injective. Here Fy, denotes the unramified Selmer structure defined in [19,
Def. 5.1], namely, for M € {T,T ®z, Z,[I'|}, the group Hx (K,, M ®0¢ k) is defined to be the
image of the universal norm subgroup

Hy., (Ky, M) := () Coryg, (H'(J, M))
J

where J runs over all finite unramified extensions of K. Since x(p) = 1, Kummer theory implies

Hl(KP’T) = K;<,/\ ®Zp 07 Hl(KP’T ®Z;D ZP[F]) = @F{;,/\ ®ZP 07
Blp
Hy, (K, T)=0g" ©z,0, Hy, (K, T ®z, =P ol @,
Blp
where (—)" denotes pro-p-completion and B runs over all primes of F' that divide p. Hence we
conclude that
HY(K,,T)/HF, (K,,T) = (K;JX’A/OIX{FA) ®z, k,
H'(Ky, T ®2, Z,[T))/H, (Kp, T ®2, Z,[T)) = P(Fy " /OR) @2, k.
Blp
By Hypothesis 2.9(iii) and x(p) = 1, F/K is unramified at p and hence the natural diagonal map
(KO @z, k = @ (Fy " JOR]) @2, k
Blp

is injective, which completes the proof. O

Under Hypothesis 2.9, it is shown in [5, §4.3] that for any non-negative integer m there exists
a natural isomorphism SS,(P,.)m — SS;(Pmi1)m and a natural surjection SS,(Ppi1)mi1 —
SS,-(Prm+1)m and hence also a natural surjective homomorphism

T SSr(Pm+1)m+1 = SSr(Pm)m.-

In a similar way, it is shown in [5, §5.5] that Hypothesis 2.9 implies the existence of canonical
homomorphisms
7T;n : KST(Perl)erl — KST(Pm)m
that lie in commutative diagrams of the form

Rr,m+1

(231) SST(’Pm+1)m+1 —_— KS (Pm+1)m+1

’
TTm l lﬂ'yn
Rrm

Thus, writing

S, (F/K,x) LSS m)m and KS,.(F/K,x) ::yLnKST(Pm)m

m

for the inverse limits with respect to the respective transition morphisms m,, and 7, one finds

that the regulator maps (R, m)m induce a canonical homomorphism of O[I'-modules
R, :SS.(F/K,x) = KS,(F/K, x).
For a Stark system € = (&) in SS,.(F/K, x) and a non-negative integer j, we define an ideal
I;(e) of O[I'] by setting
(9 = Im Lj(en) € I O 1] = O]

Remark 2.12. Set T := Indgf{ (O(1)@x 1), where O(1)®x ! is the representation of G ¢ discussed
in Remark 2.5. Let F,,; denote the unramified Selmer structure on 7, as defined in [19, Def. 5.1]
(or [6, Exam. 2.3]). Then, the natural Kummer theory isomorphism (E*), ~ H'(K,T) combines
with the argument of Mazur and Rubin in [19, §5.2] to imply that the modules SS,.(F/K, x) and
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KS,(F/K,x) defined above respectively coincide with the modules SS,.(T, Fu.) and KS,.(7, Fur)
that are defined in [5, Def. 4.11 and 5.26].

3. STATEMENTS OF THE MAIN RESULTS

In this section we fix data p, x, L, A, O, K as in §2.1 and data F,T", S asin §2.2. We set E := F'L
and assume that S contains Syam(E/K). We also assume that the field K contains F' and the
maximal p-extension inside the ray class field modulo q for all but finitely many primes q of K.
Finally, we recall that r denotes #{v € S (K) | v splits completely in L}.

We consider the following hypothesis.

Hypothesis 3.1. Either
(i) K contains a non-trivial Z,-power extension K., of K in which no finite places split com-
pletely and Syam(Ks/K) C S, or
(i) L & K(up).

Remark 3.2. Hypothesis 3.1(i) is a standard assumption in the theory of Euler systems for p-adic
representations. Unfortunately, however, in the setting of Euler systems for G,, it is a rather
strong restriction since it forces S to contain any p-adic place p that ramifies in K, /K and then
Hypothesis 2.9(iii) requires that x(p) is non-trivial for all such p. In particular, in the case that K
is totally real and K, contains the cyclotomic Z,-extension of K one must assume that there are
no ‘trivial zeros’ of any associated p-adic L-functions.

Hypothesis 3.1(ii) is an adequate substitute for (i) that avoids this issue, as first observed by
Rubin in [26, §9.1]. In addition, since L ¢ K(u,) if and only if x is not a power of w, it is clear
that Hypothesis 3.1(ii) is a very mild assumption.

3.1. The main results. We can now state the main results of this article.

Theorem 3.3. Assume that x, S, F and r satisfy Hypothesis 2.9.
(i) If Hypothesis 3.1 is valid, then there exists a canonical homomorphism of O[[Gk]|]-modules

Dr,:ES,. (K/K,S,x) = KS,(F/K, x).
(ii) In all cases, the regulator map induces a canonical isomorphism of O[T']-modules
R, :SS(F/K,x) = KS,.(F/K, ).
Furthermore, these modules are both free O[T']-modules of rank one and we have
im(rk1) = Fittg ) (CL(E)y) = Fittyg (CI(E))y.

for any basis k of KS,.(F/K,x). Here CI(E) denotes the ideal class group of E and we set
G:=Gal(E/K)=AxT.

Remark 3.4. We shall refer to the map Dp, in Theorem 3.3(i) as the ‘F-relative r-th order
Kolyvagin derivative’ homomorphism for G,, and /K. Its construction will be given explicitly
in §4.3 below (see, in particular, Proposition 4.11).

Remark 3.5. In the setting of Euler systems for general p-adic representations (rather than for
Gy,) an algebraic construction of ‘basic’ Euler systems given by the first and third author in [7]
allows one to show that the higher Kolyvagin derivative homomorphism constructed in loc. cit.
is surjective. By adapting the construction of basic Euler systems to the case at hand, one can
similarly prove that the homomorphism Dp, given by Theorem 3.3(i) is surjective (for the proof
of this result, see [2, Th. 4.1, Th. 4.3 and §4.2]).

Set V := {v € S (K) | v splits completely in L} and r := #V. We assume #S > r. We take
KC,, to be sufficiently large so that it contains the maximal abelian pro-p extension of K unramified
outside p.

In the rest of this section, in order to describe some consequences of Theorem 3.3, we impose
the following

Hypothesis 3.6. The (p, x)-component of the Rubin-Stark Conjecture [25, Conj. B'] is valid for
any F' € Q(K,/K), i.e., the Rubin-Stark element n‘L/}?‘,/K s(p) belongs to ﬂg[gF/]UF,7S(F/).
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Note that Hypothesis 3.6 implies that the Rubin-Stark system
RS ._ (,,V,
= (nLI?“C’/K,S(F’))F'
belongs to ES,.(K,/K, S, x) (cf. Example 2.6(ii)). We note, in particular, that n&5 = ng’/XK P

Corollary 3.7. Let S = Soo(K) U Stam (E/K). Assume that
o #S >r and

o cither L ¢ K(up), or there exists a non-trivial Z,-power extension Ko, of K in which no
finite places split completely and Syam(Koo/K) C Sram(E/K).
Then, if Hypotheses 2.9 and 3.6 are also satisfied, the following claims are valid.
(i) For every non-negative integer j one has

I; (R;l(DF,r(WRS))) = Fitt%[c](CI(E))x

In particular, one has im(n%S) = Fitt%[G](Cl(E))X.
(ii) There exists a canonical isomorphism of finite O[I']-modules

HE[F]UF ~ Homy (Z[G] Q) .

O[] -ngs ~ Fittge)(CU(E)) Z )

Remark 3.8. The given assumptions ensure that Hypothesis 3.1 is satisfied for K. In addition,
if #(Soc(K)U Sram(E/K)) =7, then Syam(E/K) = 0 and so both F and L are contained in the

Hilbert class field Hg of K. Hence, for all but finitely many characters x: Gx — @: of finite
order, the condition #(Seo(K) U Sram (E/K)) > r is satisfied.

In the sequel we write Q(0)z for the motive h?(Spec(E)), regarded as defined over K and with
coefficients Q[G]. For an O-order A in Q[G], we also write TNC(Q(0)g,.A) for the equivariant
Tamagawa Number Conjecture for the pair (Q(0)g,.A), a precise statement of which will be given
in §3.4 below.

We also write Rg for the order in Q[G] given by

{z € Q[G] | - Fittyg (CU(E)) C Fittyg (CI(E))}.
Corollary 3.9. Let S = Soo(K) U Spam (E/K). Assume that
o H#S >,
e Hypotheses 2.9 and 3.6 are satisfied, and
o cither L ¢ K(up), or there exists a non-trivial Z,-power extension Ko, of K in which no
finite places split completely and Sram(Koo/K) C Sram(E/K).
Then TNC(Q(0)g, RE,y) is valid. In particular, TNC(Q(0)g, Z[G]y) is valid if CI(L), = (0).

Remark 3.10. Corollaries 3.7 and 3.9 are a significant refinement of the corresponding results in
[6, Th. 5.1] since the homomorphism ¥ is here allowed to be trivial on the decomposition subgroup
of any p-adic place of K that is unramified in F'.

Remark 3.11. Aside from the special case that CI(L), vanishes, Corollary 3.9 leaves one with
the problem of obtaining an explicit description of the order Rg , and this is in general difficult.
Nevertheless, one can make some concrete remarks.

(i) The argument of [6, Lem. 4.22] implies Rg, is equal to Z[G], if and only if CI(E), is
a cohomologically-trivial G-module. It can be shown that Hypothesis 2.9(iii) implies that this
condition is satisfied if and only if for every subgroup P of G of order p, the natural ‘inflation” map
CIET), — CI(E), is injective.

(ii) In all cases one has Rg, C Mg, with Mg the integral closure of Z in Q[G]. This fact
combines with Corollary 3.9 and the observation made in [6, Rem. 5.2(iv)] to show that, under the
hypotheses that are fixed in this section, the Rubin-Stark Conjecture directly implies the p-part of
the Strong-Stark Conjecture of Chinburg [10, Conj. 2.2] for all characters of G that extend .

The next result refers to the ‘refined class number formula’ that was independently conjectured
by Mazur and Rubin in [20, Conj. 5.2] and the third author in [27, Conj. 3]. A precise statement
of this result will be given in Theorem 4.6 below.
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Corollary 3.12 (Theorem 4.6). Assume Hypothesis 3.6. Then, if F contains K (1), for every
ideal n in Ny the Refined Class Number Formula Conjecture of Mazur-Rubin and Sano is valid for
the data (F/K, S, x,n).

Remark 3.13. The Refined Class Number Formula Conjecture is stated precisely as Conjecture 4.1
below and was originally formulated as a generalization of a conjecture of Darmon from [11] (for
more details see Remark 4.5 and the beginning of §4.2). If r = 1 and F = K, then Mazur and
Rubin have given a full proof of this conjecture in certain cases (see [20, §10]) but if » > 1 they
are only able to give partial evidence for the conjecture and, even then, only under the assumption
that F = K and Leopoldt’s Conjecture is valid (see [20, §11]). In contrast, by using the methods
developed in [7], [5] and [6] we are now able both to deal with the case r > 1 without assuming
Leopoldt’s Conjecture and also to treat the general (and much more difficult) case that F' is not
equal to K.

Remark 3.14. Hypothesis 3.6 is known to be valid if K is either Q or an imaginary quadratic field
(cf. Example 2.3(iii)) and so Corollaries 3.7, 3.9 and 3.12 give unconditional results in both of
these cases. In particular, in the setting of abelian extensions of an imaginary quadratic field K,
Corollary 3.9 improves upon the main result of Bley in [1] since it avoids the assumption that p
splits in K/Q which plays a key role in the argument of loc. cit.

3.2. The proof of Theorem 3.3. To construct the homomorphism Dp,., it is sufficient to con-
struct, for each natural number m, a canonical homomorphism ES,.(K/K, S, x) = KS,(P)m that
is compatible with the transition morphisms 7}, in diagram (2.3.1) as m varies.

In addition, by the general reduction arguments that are used in [5, §6.5] to prove [5, Th. 6.15],
the functorial behaviour of exterior power biduals allows one to deduce the construction of such
homomorphisms for general r from the special case that r = 1.

In the case r = 1, we shall give an explicit construction of suitable homomorphisms in the
Appendix and, in this way, we obtain a proof of claim (i).

We note that, for any x € KS,.(F/K, x), the ideal Io(R, ! (k)) is equal to the image of ;. Hence
claim (ii) follows directly from Remarks 2.10 and 2.12 and the argument of [6, Th. 3.6(ii) and (iii)]
(see also [19, Prop. 5.5] or [6, Ex. 2.7(1)]). O

3.3. The proof of Corollary 3.7. We consider the representation 7 := Indgi (O(1)®x 1) and
Selmer structure F,, discussed in Remark 2.12.

From that remark we know that KS,(F/K,x) coincides with the module KS, (7, F,) de-
fined in [5] and so Theorem 3.3(i) implies that Dp,(c) belongs to KS, (T, Fy) for every ¢ in
ES, (K,/K, S, x).

Given this containment, and the fact that r > 0 (by Hypothesis 2.9(iv)), the first assertion of
claim (i) of Corollary 3.7 follows directly from the argument in the proof of [6, Th. 5.1(i)].

The second assertion of claim (i) is then an immediate consequence of the first assertion and
the fact that In(R, *(Dr.-(n?%))) is equal to the image of ni>.

To complete the proof of Corollary 3.7 it suffices to note that claim (ii) follows directly upon
combining the equality im(n%S) = Fitt%[G](Cl(E))X with the argument used by Tsoi and the first
and third authors to prove [8, Th. 3.27(i)]. O

3.4. The proof of Corollary 3.9. We first give a precise statement of TNC(Q(0)g, .A) for any
O-order A in Q[G],. To do so, we recall that S = Soo(K) U S;am(E/K) and that the canonical
‘Weil-étale cohomology’ complex

Cp,s = RHomz(RI'((Og,s)w, Z), Z)[—2]
that is defined by Kurihara and the first and third authors in [4, §2.2] is a perfect complex of
Z|G]-modules that is acyclic outside degrees zero and one and such that H°(Cp,s) = O ¢ and
H'(Cg.s) lies in a canonical exact sequence

(3.4.1) 0 — Clg(E) » H' (Cg,s) & Xg,s — 0.

Here Clg(E) is the ideal class group of O g and for any set of places ¥ of K we write Xg 5 for
the submodule of the free abelian group Yg s on the set of places ¥ comprising elements whose
coefficients sum to zero.
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In particular, the Dirichlet regulator map gives a canonical isomorphism
Mg :R®z H(Cps) =R®z 05 ¢+ Rz Xps =Rz H (Cg,s)
and hence (via the approach of [4, §3.2]) induces a canonical isomorphism of graded R[G]-modules
Uy : R®z detziq1(Cr,s) — (R[G],0),

where detzjc)(—) denotes the Knudsen-Mumford determinant functor.
The S-truncated equivariant L-function for E/K is defined by setting

Or/Ks(s) = er@LK,S(X_17 s)ex;

where Lk s(x™',s) is the S-truncated Artin L-series of x~!. In particular, the leading term

0%/x,5(0) at s = 0 of 05/ s(s) belongs to R[G]* and so we may define a graded invertible
Z|G]-sublattice of (R[G],0) by setting E(E) := 0% 5(0) - Ux, (detzq) (Crs))~t

Then the conjecture TNC(Q(0) g, A) predicts the following equality in (R[G],,0)
As a first step in the proof of Corollary 3.9 we note that the argument of [6, Th. 4.14] implies
(im(ng, k. 5), 0) = Fitty g (ker(f)) - E(E),

where f is the projection H'(Cgs) - Xgs — Ygrv induced by (3.4.1). In particular, since
Hypothesis 2.9(iii) combines with (3.4.1) to imply ker(f), = CI(E)y, the last displayed equal-
ity combines with the second assertion of Corollary 3.7(i) to give an inclusion of graded ideals
Fitt%[G](Cl(E))X -2(E)y C (Fitt%[g] (CI(E))y,0), and hence also an inclusion

RE,X . E(E)X C (Rny,O).

To verify TNC(Q(0)g, RE,y) we need to prove that this inclusion is an equality, and by the
argument used to prove [6, Th. 5.1(ii)] this can be deduced directly by using Nakayama’s Lemma
and the analytic class number formula for each intermediate field of L/K.

It now only remains only to prove the first assertion of Corollary 3.9 and for this it is clearly
enough to show that if CI(L), vanishes, then Rg, = Z[G],. This is true since the vanishing
of CI(L), combines with Hypothesis 2.9(iii) to imply that Cl(E), vanishes (again, by the same
argument as in [6, Th. 5.1(ii)]). O

4. THE REFINED CLASS NUMBER FORMULA CONJECTURE
In this section we state and prove a precise version of Corollary 3.12.

4.1. Statement of the result. We first review the formulation of the (‘(p, x)-component’ of a
certain special case of the) conjecture of Mazur and Rubin [20, Conj. 5.2] and of the third author
[27, Conj. 3].

To do this we recall some notation. Let F, x, L, A, T, O be as in the previous section. We assume
that F' contains the maximal p-extension K (1) of K inside its Hilbert class field Hx. We use the
following notations:

e §:=5,(K)USiam(LF/K);
o P:={q¢ SUS,(K) | q splits completely in LFH };
e N := N(P) = {square-free products of primes in P}.
(N coincides with Ay defined in §2.2.) For each q in P we write K(q)/K for the maximal p-
extension of K inside its ray class field modulo q.
For each n in N we use the following notations:

o () = #{q| n}
o K(n):=][,,K(q) (compositum);

e F(n):= FK(n);

o G, :=Gal(F(n)/K) ~ Gal(LF(n)/L);

o H,:=Gal(F(n)/F) ~ Gal(LF(n)/LF) (soT' = Gal(F/K) ~ Gn/Hax);
o [, :=ker(Z[H.| - Z);
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o Sy:=SU{q|n}.
We write V' for the set of archimedean places of K that split completely in L. We set r := #V
and assume that #S5 > r > 0. We set
Va:=VU{q|n}

and note both that #V, = r + v(n) and that all places in V,, split completely in LF.
For the moment, we fixn € M. We consider two Rubin-Stark elements for the data (LF(n)/K, Sy, V)
and (LF/K, Sy, V,) respectively:
r—i—u
nLF( n/K.s, € R®z /\ Z[Gn XA]OEF(n),Sn’ 77LF/KS cR®z /\Z[F LF,Sa"

(See Example 2.3(iii).) Note that these elements depend on the choice of places of LF(n) (or LF
for the latter) lying above places in Sy, and also on the ordering of the places in V;, (up to sign).
See [4, §5.2]. These choices are supposed to be fixed at the beginning, and we will not mention
them explicitly.

We consider (p, x)-components of Rubin-Stark elements:

e =1L Py 1,5 € <R ®z /\Z[g RO sn) *R@’Z/\ 1OLr@ms.)x

Va, v (") r+u(n)
=L K S, (R ®z /\Z[F Al OLr S‘,> ~R®z /\O[F] OLr.s,)x
‘We now suppose that modules
Ur(),s, = (OZF(n),s“)x and Urs, = (Ofps, )x

are O-free, and the ((p, x)-component of the) Rubin-Stark conjecture is true so that

r+u(n)
Cy € ﬂ Ol6n ]Up(n) Sh and €, € mO[F] FS.,

We recall that, under Hypothesis 2.9, the O-modules Up(n) g, and Ur,s, are both free (cf. Remark
2.10).

We shall now formulate the conjecture of Mazur-Rubin and Sano, which asserts that a certain
congruence relation holds between Rubin-Stark elements ¢, and €.

We review some necessary constructions. First, there is a natural injection

(4.1.1) L - ﬂO[F]UFS ®7 IV(n)/]V(n )+1 N ﬂ UF(n),Sn X7, Z[’Hn]/]:(n)Jrl.

This map is induced by the natural inclusion I,lf(“)/l,’:(n)Jrl < Z[Hy)/T5™ ™ and the homomor-
phism

T T
(4.1.2) mO[F] Urs, — mo[gn]UF(n),Snv

that arises as the linear dual of the restriction map
/\o[g“] Homo[gn] (UF(H)75n’ O[gﬂD = /\O[g“] HomO(UF(n),S“ ) O)
- /\O[FJ Homo (Ur,s,, 0)

- /\O[F] Homojr)(Ur,s, , O[T']).

The injectivity of ¢, follows from the fact that the cokernel of (4.1.2) is torsion-free. (Compare
[27, Lem. 2.11].)
Next, there is a ‘reciprocity homomorphism’

. r+v(n) r v(n) ;prv(n)+1
Rec, : ﬂO[F] Urs, — ﬂO[F]UF,S“ ®z In /I .
To construct this, we first define a map ¢y for each q € P as follows:
or i LF* 5 ZA T @z In/I2; a0 @ (recg(oa) — 1),
oceAXT
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where £ is the fixed place of LF lying above q and recq : LF* — Gal(LF(n)/LF) = H, is the
local reciprocity map at £. This map induces a map

UF»Sn — O[F] ®Z I’ﬂ/Izv

which is also denoted by ¢g. Then Recy, is defined in [27, Prop. 2.7] to be a canonical extension

of the map
N r v(n) ) pu(n)+1
/\q‘n@: . /\O[F] UF,S“ — /\O[F]UF’S“ ®z In /In .

The conjecture is formulated as follows.

Conjecture 4.1. In the module ﬂg[gn]Up(n)ﬂn Qz Z["Hn]/fz(n)—&-l one has

Z 0ca @0t = 1, (Recy(€q)) -
oEH

Remark 4.2. Since ¢; = €1, Conjecture 4.1 is trivially true in the case n = 1.

Remark 4.3. The conjecture formulated in [20, Conj. 5.2] and [27, Conj. 3] is actually much more
general than the above in that it is formulated for all sets of data of the form (L'/L/K, S, T,V,V'),
where L'/L/K are finite extensions of global fields such that L'/K is abelian and S,T,V, V' are
certain sets of places of K. Conjecture 4.1 is simply the (p, x)-component of the general conjecture
applied to the data (LF(n)/LF/K, Sy, 0,V,Vy). We recall that a further refinement of the general
conjecture is given in [4, Conj. 5.4].

Remark 4.4. One can slightly extend the formulation of Conjecture 4.1 in our setting as follows.
Let m be any square-free product of primes q that do not belong to S U S,(K) (and are also not
required to belong to A). Let m, be the product of prime divisors q of m that split completely
in LF (so that m; belongs to ). Then, according to Remark 4.3, one can formulate Conjecture
4.1 for the data (LF(m)/LF/K,Sn,0,V,Vn, ). However, one can show that Conjecture 4.1 for
this data is implied by Conjecture 4.1 for the data (LF(my)/LF/K, Sm,,0,V, Vi, ) and so such a

generalization contains no new information.

Remark 4.5. The formulation of Conjecture 4.1 is motivated by a conjecture of Darmon from [11].
Darmon’s conjecture is obtained by specializing the form of Conjecture 4.1 discussed in Remark
4.4 to the data (L(n)/L/Q,{cc} U{l | nf},0,{cc},{cc} U{l | ni}), where L is a real quadratic
field of conductor f, n is a square-free product of primes not dividing fp, L(n)/L is the maximal
p-extension inside L(uy,), and oo denotes the infinite place of Q. For details of this deduction see
[4, §6.1], where the case p = 2 is also treated.

We can now state a precise version of Corollary 3.12.

Theorem 4.6. Conjecture 4.1 is valid for every ideal n in N whenever both of the following
conditions are satisfied:

e Hypotheses 2.9 and 3.6 are valid;
o cither L ¢ K(up), or there exists a non-trivial Z,-power extension Ko, of K in which no
finite places split completely and Sram(Koo/K) C Sram(LF/K).

After proving several preliminary, and rather technical, results Theorem 4.6 itself will be proved
in §4.6.

4.2. Strategy of the proof. The strategy that we use to prove Theorem 4.6 develops an approach
used by Mazur and Rubin in [18] to prove (the ‘non-2-part’ of) Darmon’s Conjecture. In fact, if
one specializes Theorem 4.6 to the setting of Remark 4.5, then all assumptions in Theorem 4.6 are
unconditionally satisfied and the result simply recovers the main result of [18].

For the convenience of the reader, in this subsection we shall first sketch the proof of Theorem
4.6. To do this we first set some notations.

We write T for the representation O(1) ® y~! discussed in Remark 2.5. Then, setting

L:=SUS,(K) and ¥, := Sy U S,(K),
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there is a natural identification

Hl(OF PIN) ) (OZF(n) Z:n)

There are therefore natural embeddings
Up(n),sn <= H (Opm).x,,T) and Up,s, < H'(Op,,T),

via which we can regard
7‘+V(n)
(S HO[g | Y(Op(n).z,,T) and €, € m o '(Ors,,T).
One sees that the induced map

r (n)+1 v(n)+1
Noje, Frm @2 ZH /LW = (), H (Op 2, T) @2 ZH/ B

is injective, so Conjecture 4.1 is equivalent to the assertion that the equality holds in the latter
group. (We use Galois cohomology only for notational convenience.)
In the following, we set

— -1 " 1 v(n)+1
Oni=D 0 @0 €[, H (Orw sz, T) @2 Z[Ha /I
We can now give a brief idea of the proof of Theorem 4.6. First, we observe that the systems

(0n)nen and (Recq(€n))nen

are essentially Kolyvagin systems (see Propositions 4.11 and 4.12). By Theorem 3.3(ii), we know
that the module of Kolyvagin systems is free of rank one (over O[I'] in our case), there exists a
basis x of the module and we can write

(0a)n = a -k and (Recy(€y))n =b- K

with some a,b € O[[']. So it reduces to show that a = b. However, since the conjecture is
trivially true when n = 1 (see Remark 4.2), we have (a — b) - k1 = 0. Then it is easy to show that
Annpry(k1) = 0, which implies @ = b and hence completes the proof of Theorem 4.6.

4.3. Kolyvagin derivatives. We now interpret the ‘Kolyvagin derivative’ in terms of the elements

0, = Z oen Qo1

ocEH

The construction given here is valid for a general Euler system ¢ in ES,.(K/K, S, x) (by replacing
¢n by cp)), where we take K to be sufficiently large so that it contains /', the maximal p-extension
inside the ray class field modulo ¢ for all but finitely many ¢, and the maximal abelian pro-p
extension of K unramified outside p. In particular, in this way one obtains an explicit construction
of the derivative homomorphism D, in Theorem 3.3(i).

We give some preliminaries. As in §2.2, for ¢ € P and n € N, set

Gq:=Gal(K(q)/K(1)) and Gy :=(X)Gq.

qln
Note that
Hy(:= Gal(F(n)/F)) ~ Gal(K H Gy
From this, if 9 is a divisor of n, one can regard H, as both a subgroup and a quotient of H,. Let

Ty Ho — Ho
be the natural projection map. This map induces a map
Z[Mw] — Z[Ha] C Z[Ha],
which is also denoted by 7. We define
ot ZHa] = Z[HJ: s 30 (<)o (a),
where 9 runs over all divisors of n (including 1). This map induces endomorphisms of

I8/T1¢ ) X @7 Z[H,] (for any module X), etc.,
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which we denote also by sy.
We fix a generator o, of G4 for each q € P. Let

#Co—1
Dy = Zi:1q ioy € Z[Gyq), Dy = Dq € Z[H.]

qn

be Kolyvagin’s derivative operators. Then one has the following algebraic result.

Lemma 4.7. For each ideal n in N set Q, := Iﬁ(n)/ﬂf(")“,

(i)
(i)
(i)

The image of the map sy : Z[Hn] — Z[Ha] is contained in 1™,
The image of the map Z[?'-ln]/l,'f(“)Jr1 — Qn induced by s, is contained in <Hq|n(0q - 1)>Z.

There is a natural isomorphism
Gy = <1_[q|n(aq - 1)> C Qun; ®Uq — Hq‘n(oq —1).
z aln

The map

@+ (I, (0~ 1)) =G

Z

induced by s, gives a splitting of the injection Gy — Qy in (iii).
Let X be a Z[Hq]-module and x € X. Denote the map

X ®z Z[Hn]/jl’:(n)+1 - X ®z <Hq| (oq — 1)> ~ X ®z Gy
" zZ

induced by s, also by the same notation. Then we have

(X or o) = (D e @oy

qln

Proof. See [7, Lem. 4.27 and 4.28]. O

For q € P, we set P := 1 — Fr;'. Here Fr, is the (arithmetic) Frobenius element at q, which is
regarded as an element of H, for any n € N, via the injection H,/q < Hq when q | n. Thus P, is
regarded as an element of I,,/I2 for any n € A'. We denote by Fr: the Frobenius Fry regarded as
an element of H,. Similarly, we denote by P’ the element P; regarded as an element of I, J12.

Lemma 4.8. For each ideal d in N set Qq := v /1/®+

(i) Ford |n, there is a natural injection

(4.3.1)

mo[ga]Hl(OF(”)vEa 1) @2.Q0 = mo[gn]Hl(Oﬂn),zn ,T) @z Qa.

(ii) We have

0“ - ZUEH“GCﬂ ® 0.71 € ﬂo[gx\]Hl(OF(")72n ? T) ®Z Qn

and

On = sa(0n) — > (=1)"™0, ] P2,

S al(n/0)

where we use (4.3.1) to regard 6, as an element of ﬂg[gn]Hl((’)F(n);“,T) ®z Qo-

Proof. The construction of the injection in claim (i) is the same as that of ¢, in (4.1.1).
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To prove claim (ii) we set Ny /5 := > o, and compute

UE’H“/a

T (0h) = m (ZUGH“JC" ® 0_1)
— Zaeﬂnacn ® (o)™
= deHaaNn/acn ®@o !
= ZO’EHDU <Hq|(n/D)P§) Co ® ot
= 2,7 @0 10
= Ol

where the fourth equality follows from the well-known ‘norm relation’

Nn/acn = <Hq|(n/b q) Co in ﬂ O[Ga] OF(n) E“7T)

(See [29, Prop. 3.6 and Lem. 4.4], for example.) Given the definition of s,, one thus has

sn(ln) = Za‘n(_l)u(n/b)ﬂ-a(gn) — Za‘n(_1)u(n/0)gqu|(n/D)pq°.

Claim (ii) follows from this, by using Lemma 4.7(i) and induction on v(n). O

We set M, := #Gy, with M; understood to be 0. Since we fixed a generator o4 € G4 for each
q € P, we have an identification

Gn = Z/MZ; Q) og 1.

aln
We set O, := O/M,O and A, :=T/M,T.
Lemma 4.9.
(i) There are natural injections
(4.3.2) ﬂ;[gn]Hl(oF(n),z“, T) ®z Gy — ﬂo,,[g ] HY(Op().5,, An) @2 Ga
and
(433) [V, o H' Orz, A @2 G = (V] H (O, An) 92 Ca.

(ii) The image of 6, = ZUEH“U% ® o' under the map
ﬂo[gn]Hl(OF(n)’Z"’T) ©z Qn = mo[g OF (n),Zn> ) ®z Gy

(4.3.2) r
< ﬂon[gn]Hl(()F(n),E“ L An) ®z Gy
lies in mgn[F]Hl(OF,ErmAn) @z Gn (i.e., the image of the injection (4.3.3)).

Proof. The construction of (4.3.3) is the same as that of ¢, in (4.1.1). (Actually, we have

H“
T 1 B r 1
(ﬂon[gn]H (OF(")’E“’A“)) - ﬂoan (OF5,; An)-

See [7, §4.3.1].) We give a construction of (4.3.2). For simplicity, set
R:=0[G], M := My, A:=A,=T/MT, H(—):= H (Op)s,.—)-
By identifying G,, = Z/MZ, it is sufficient to construct an injection

(ﬂ;H(T)) ©zZ/MZ (), H(A).

R/MR
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First, we note that there is a natural injection H(T') ®z Z/MZ — H(A) which in turn induces a
surjection

Since H(T) is O-free, the latter module is isomorphic to Hompg(H(T'), R) ®z Z/MZ, and thus we
obtain a surjection

Hom gy r(H(A), R/MR) — Homg(H(T), R) ®z Z/MZ.

This also gives a surjection
Ny jar Homm e (H(A), R/MR) = (A, Homp(H(T), R)) @2 Z/MZ.
The desired injection is obtained by composing the R/M R-dual of this surjection with the natural
injection
T T
(ﬂRH(T)) ®7Z/MZ — Homp ( /\,, Homp(H(T), R), R/MR) .

Turning to (ii), we note that [5, Lem. 6.12] implies the image of Dyc, ® Q)

(4.3.2) lies in ﬂg“[p]Hl(ORgn,An) ®7 Gy. Since
50(0y) = £Dpey ® ®q‘noq

by Lemma 4.7(v), the claim follows. O

qln O under the map

We next define an endomorphism

" 1
¥ € End (Hne oo, o Oz, An) @2 Gn)

U ((an)n) := (—=1)¥™ Z sgn(T)ay,. ® ® Fr:'_(q)

TES(n) ql(n/0-) 0

Here &(n) denotes the symmetric group of the set {q | n}, 9, the product of all divisors q of n that
are fixed by 7, and Frj(q) is the Frobenius element at 7(q), regarded as an element of Gy(~ H,).

Lemma 4.10. U is injective.

Proof. Let a = (an)n € HneNﬂgn[F]Hl(OREnvAn) ®z Gy and suppose that U(a) = 0. We show
ay = 0 by induction on v(n). When v(n) =0, i.e., n =1, one has a1 = ¥(a); = 0.
When v(n) > 0, we have
()@ =ant 3 s, @ @ Fr,

TES
cem al(n/0-)

By the induction hypothesis, the second term on the right hand side vanishes. Thus we have
an = (—1)Y™¥(a), = 0. O

Let

m

7 (F/K. x) = JmKS, (Pn)m C I1I1.., ﬂomm m ®z Gn

be the module of Kolyvagin systems of rank r defined in §2.3. We have a natural embedding

KS (F/Kx) = ] ﬂo - Y(Ops,, An) @2 Gy

defined by
= (Tm)m = (Tmn)n)m = (Tmgn)ns
where we define m, € Z by p™ = M, and Z,, . € ﬂg“[F]S(n)mn ®z Gy is regarded as an
element of o rH'(OFs,, As) ®z Gy via the natural embedding S(n)y, — H'(Ors,,An).
(Note that if n = 1, then m,, is not defined and so x,,, 1 is understood to be the element (2, 1)m
of im o, rH (Ors,T/p"T) =N (Ors,T).)
We use Lemma 4.9(ii) to regard each s,(6,) as an element of ﬂg“[F]Hl((’)Rz“ ,An) ®z Gy

Proposition 4.11. The system & := U((sn(0n))n) belongs to KS,.(F/K, x).
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Proof. This follows from Theorem 3.3(i) since the homomorphism D, sends c to k. O

4.4. Regulator Kolyvagin systems. We first define the module of Stark systems ‘over O[]
The construction is similar to that defined ‘over O,,[I']’ in §2.2.
For m,n € A/ with n | m, we define a map

r4v(m) r+v(n)
Vm,n m@[l"] Hl(OREm,T) — mO[F] Hl(OF)Z“,T)

as follows. First, for q € P let vq : LF* — Z[A x T'] be the map defined in (2.2.1). This map
induces

Vq * H'(Ops,,,T) ~ (OZF,Em)X — O[T
Then we set

o = EN o
and note that the argument of [27, Prop. 3.6] shows that the image of this map is contained in

Mo ™ H (Ors,,T).

We can consider the inverse limit

SS,(T) = lim ()
eN

n

r+v(n)

1
o[ry H (OFyEn7T)

by taking vm n as the transition map. It is well-known that
€:= (€n)n € SS-(T).
(See loc. cit.) We construct an ‘algebraic regulator’ homomorphism
R :SS,(T) — HneNﬂ;m H' (Ops,,T) @7 Gy
as follows. Let
en: H' (Ops,,,T) ~ (0fpx, )x = O @z I/I}
be the map constructed in §4.1 (for any q € P and m,n € N'). We define gogs by

7L
oF H'(Opy,,T) = O[] &z 14/1} ~ O] ®z Gy,
where the last isomorphism is induced by

Iq/Ig = Gy 0q— 1 0y

For a = (an)n € SS,(T), we define the regulator by

R(a = (A, 75 ) ()

We now relate (Recy(€n))n with R(e). Recall that

r+v(n) r
Recy : ﬂom H'(Opg,,T) — ﬂomHl(ORgn,T) ®z Qn

is defined by A q|n‘/73- We shall use the projector s, : @, — G, and the endomorphism

" 1
¥ € End (HneN o (Ors,,T) @z Gn)
defined in the previous subsection. (Note that we can regard

H'(Ops,.T) @2 G € (), ' (Ors,. Ay) @2 Gy

o[ry n [T

via the injection constructed in the same way as (4.3.2) in Lemma 4.9(i).)
Proposition 4.12. ¥ ((s (Recn(€n))),) = R(e) € KS,(F/K, ).

Proof. The proof of the equality ¥ ((s, (Recn(€n))),) = R(€) is the same as that of [7, Lem. 4.29].
The containment R(e) € KS,(F/K, x) follows from [7, Prop. 4.3]. O
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4.5. Interpretation of Conjecture 4.1 via Kolyvagin systems.

Theorem 4.13. Conjecture 4.1 is valid for every ideal n in N if and only if one has

Kk = R(e).
Proof. We only show the ‘if part’, since the ‘only if part’ is straightforward from the construction
(and unnecessary for the proof of Theorem 4.6.)

Suppose that we have k = R(e). Recall that  is constructed to be ¥((s4(0n))n). Also, by
Proposition 4.12, we have R(e) = U((sn(Recn(€n)))n)- Since ¥ is injective by Lemma 4.10, we have

$n(0n) = sn(Recn(en)) in mo[F]Hl(OF’E“’T) ®z Gy.

If we regard s,(0,) as an element of ﬂé[g“]Hl(@p(n)’Z“,T) ®7z Gy, this means

(4.5.1) 5u(6n) = su(tn(Reca(en))) in [

O[Gn

where ¢, is the injection (4.1.1) (extended on H'). In the following, we regard G, C @, via the
injection in Lemma 4.7(iii). By Lemma 4.8(ii), we have

]Hl(OF(n),E“ ) T) Xz Gm

(4.5.2) On = su(0n) — Y _ (1)’ [ P in ﬂo[gn]Hl(OF(n),g“,T) @z Qn.
ol al(n/2)
o#n

On the other hand, noting that (=) = vq(—) - Py for q {0 (see [30, Chap. XIII, Prop. 13]), we
easily deduce

7o (Reca(€n)) = Reco (€r) H Py
ql(n/o)
and so

(4.5.3) Recn(en) = sn(Recn(en)) = > (1) Recy(er) [[ P2
o al(n/2)

in ﬂ@[p]Hl(OF’E"’T) Xz Qn.

By (4.5.1), (4.5.2) and (4.5.3), we deduce by induction on v(n) that
0 = tn(Recy(€q)).
This is exactly the formulation of Conjecture 4.1, and so we have proved the claimed result. O
4.6. The proof of Theorem 4.6. By Theorem 4.13, it suffices to prove that
k =TR(e) in KS,(F/K,x).

Since we know k1 = ¢ = €1 = R(€)1, it is sufficient to prove that the following map is injective

KS,(F/K,x) — @ﬂommsu)m = ﬂO[F]UF; Tz

By Theorem 3.3(ii), we know that the O[] module KS,(F/K,x) is free of rank one. Let
r € KS,(F/K,x) be a basis. It is sufficient to show that Annepp(z1) = 0. However, since
Annpry(r1) is equal to Anneyrj(im(z1)), this follows from the equality im(x;) = Fitt(()g[r] (CIE)y)
in Theorem 3.3(ii) and the fact that the ideal class group CI(E) is finite. O

APPENDIX A. THE DERIVATIVE CONSTRUCTION IN THE RANK ONE CASE

We fix data K,p,x,L,A,O,F,T',S,K as in §2. Then the primary aim of this appendix is to
give, under Hypothesis 3.1, an explicit construction for each natural number m of a canonical
‘derivative’ homomorphism

ESl(IC/Kﬂ Sa X) — KSI(F/K1X7Pm)m

The construction is described in Theorem A.8 below and, although it is in principle well-known
via the arguments of Rubin in [26] and of Mazur and Rubin in [17], we shall give a fully self-
contained construction in the context of this article. This alternative approach is perhaps of some
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interest itself but also, more importantly, allows us to demonstrate that the maps constructed are
Galois equivariant (as is essential for our approach).

The key fact that we must prove is the ‘congruence relation’ described in Theorem A.1. Given
this result, the strategy of the remainder of the argument is essentially identical to that used in
[26] and [17], although at various places we still have to verify that arguments given in loc. cit.
for abelian extensions of QQ extend to the setting of abelian extensions of K.

If IC contains a non-trivial Z,-power extension of K, then the argument required to prove The-
orem A.l is relatively straightforward and works in the setting of general p-adic representations.
However, in the case that K does not contain a Z,-power extension, which is of particular impor-
tance in our setting (see Remark 3.2), details of this sort of argument have not yet appeared in
the literature, with only a brief sketch of this case being discussed by Rubin in [26, §9.1].

A.1. Notation and hypothesis. Let Hgx be the Hilbert class field of K and K(1) the maximal
p-extension of K inside Hy.

First, note that we may assume that F' contains K (1), since for any subfield F’ of F'/ K the deriv-
ative map ES; (K/K, S, x) — KS1(F'/K, X, Pm)m is obtained by the composition ES; (K/K, S, x) —
KS1(F/K, X, Pm)m — KS1(F'/K, X, Pm)m, where the second map is induced by the norm map
for F//F’. (Although the set P,, defined for F' is slightly different from that for F’, this does not
matter in practice. In fact, one may shrink P,, so that the Chebotarev density argument works.)

We now fix a positive integer m and set M := p™. We recall some basic notations:

e P =P, :={q¢ SUS,(K) | qsplits completely in LFH (s, (O5)M)};

e Q:={q¢ SUS,(K) | q splits completely in K (uar, (OF)/M)};

e N =N, := {square-free products of primes in P}.
For q € Q, we denote by K(q) the unique subfield of the ray class field of K modulo q such
that [K(q) : K(1)] = M. (Note that this K(q) is different from that in §2.2.) We set G, =
Gal(K(q)/K(1)). For a square-free product n of primes in Q, we use the following notations:

v(n) :=#{q [ n};
K(n) =[], K (q) (compositum);
F(n):= FK(n);

Gn = Gal(F(n)/K) ~ Gal(LF(n)/L);

Hn = Gal(F(n)/F) ~ Gal(LF(n)/LF) (so ' = Gal(F/K) ~ Gy/H.);

Gh = Qqjn Ga-

Note that H, ~ []

subgroup of H,.
We assume that K contains F' and K(q) for all but finitely many primes q of K. Suppose that

a strict p-adic Euler system of rank 1

C = (CF/)F/ G H UF/
FIeQ(K/K)
for (K/K, S, x) is given (see Definition 2.4). We set

qlan. From this, if m | n, then we can regard H,, both as a quotient and a

Cn = CF(n)-

Throughout this appendiz, we assume that Up: = (Of )y is free as an O-module for every
F' e Q(K/K). We also assume Hypothesis 3.1.

For each prime q of K, we fix a place Q of Q lying above q. For any finite extension .J/K, the
place of J lying under 9 is also denoted by Q.

To simplify the notation, we set

E :=LF and E(n) := LF(n).

Since any q in P splits completely in F, we often identify the fields Eq, Fq and Kj.

For any non-archimedean local field D, we denote by Fp its residue field. The cardinality of
Fg, is denoted by Ng.

For any abelian group X, we set X/M := X/MX. We also often use additive notations: for
example, if J is a field and a € J*, then we shall denote the M-th power of a by Ma.
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A.2. The congruence relation. The aim of this subsection is to give a proof of the ‘congruence
relation’ of Euler systems (see Theorem A.1 below).
For any n € N and q € P, let

Ug : Upm) = (Og(n))x — (Z|A] ®z FE(“)Q)X =0®z F;(n)g
be the map induced by

OX

E(n) — Z[A] ®z Fg(n)

;a Z o' ® (0a mod Q).

ocEA

jo)

(Thus uq is essentially the ‘modulo primes above g’ map.)
Theorem A.1. For anyn € N, q|n and o € G,, we have

uq(ocn) = ((Nq — 1)/M)Fr;1uq(acn/q).
(Note that M divides Nq — 1, since q splits completely in K(unr).)

Proof. Choosing a lift ¢ € Gk of o € G,, and replacing (ocp/)pr by (¢p) pr, we may assume o = 1.
We first consider the case Hypothesis 3.1(1). In this case the proof is easier. We follow the
argument by Kato in [14, §1].
Take a Zp-extension K, /K satisfying the condition in Hypothesis 3.1(i). We denote the m-th
rayer of K /K by K,,. We set

F(n)m = F(ﬂ)Km and Caym ‘= CF(n),, -

We can define Up(y),, — O ®z ]F;(n) . in the same way as uq, and denote it also by u,. Since

m

Sram (Koo /K) C S, we see by the norm relation that (cq um )m lies in the inverse limit ]'glm Urm),,.-
It is sufficient to prove the equality

(tg(enm))m = ((Nq = 1)/M)Fry  ug(Casqm)), .

inlim (O®zFg. ,)=1lm (O®zFg,, ). Sinceq does not split completely in Ko, the
module yan(O ®z F;(n)m’n) is O-free, so it is sufficient to prove
(A.2.1) M - ug(cnm) = (Ng — 1)Fry Mg (Cuyqm)

for every m. By the norm relation, we have
NGq (Cn,m) = (1 - Frq_l)cn/q,ma

where Ng, = decqa. (We identify G4 = Gal(F(n)m,/F(n/q)m).) Since G4 acts trivially on

=F and M = #G, we have

X X
Fr)ma = Fr(m/a)ma

M -uq(cam) =(1— Frgl)uq(cn/qym).

Since 1 — Frq_1 = (Ng — I)Frq_1 +(1- NqFrq_l) and 1 — NqFqu_1 annihilates F;(n/q)mﬂ
(A.2.1). Thus the theorem is proved in the case (a).

Next, we consider the case Hypothesis 3.1(ii). Our proof is almost the same as that of [24, Th.
2.1] by Rubin, but, since it is assumed in loc. cit. that q splits completely in E(n/q), we slightly
modify the argument.

We set Ky := K(par, (OF)YM). The assumption L ¢ K(u,) ensures the existence of v €
Gal(E(n/q)/E N Kjpy) such that v acts non-trivially on L and trivially on F(n/q). Since the order
of x is prime to p, we see that 1 — x(y) € O*. So it is sufficient to show

(A.2.2) (1= )ug(en) = (1= 7)((Nq = 1)/M)Frg ug(casq)-

By Lemma A.2 below, we can choose a prime v € Q with vt n such that

o Fr. =~y !on E(n/q),

e there exists m € Z such that Ng, = mM on ]F}fj(m))3 =Frne/a)a

, we obtain
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(The proof of Lemma A.2 actually shows that G, is contained in the decomposition group in

Gal(F(nt/q)/F) at q, so it acts on F;(m/q)g .) By the norm relation, we have equalities

(A.2.3) M - ug(cne) = Ng, uq(cnr) = (1 — Frq_l)uq(cm/q) = (Ng — 1)]5‘1“(1_1uq(cm/q)7

(A.2.4) mM - ug(car) = Na tq(cne) = (1= Fry Hug(ca) = (1 — 7)uq(ca),

(A.2.5) mM - ug(cue/q) = N ug(ene/q) = (1 — Frug(ensq) = (1 — 7)ug(enyq)-

Using these equalities, we compute

A.2.4
(1= Yyuglea) “ZY mM - ug(en)
(A.2.3) _
=" m(Nq—1)Fr, 1uq(cm/q)

(A.2.5) _
29 (1 ) (Na — 1)/M)Fr; g /o).
This is the desired equality (A.2.2). O

Lemma A.2. Letn € N and q | n. For any vy € Gal(E(n/q)/ENKyy), there exists a prime t € Q
with vt n such that

(i) Fre = on E(n/q),
(i) there exists m € Z such that Ng, = mM on IE‘E(M)Q =F

X
F(nr/q)n”
Proof. We follow the argument by Rubin in [24, Lem. 2.2]. Since q splits completely in Hy, it is
a principal ideal: there exists a prime element ¢ € Ok such that q = (¢). Let o be a generator of
Gal(K(q*/?)/Kys). Considering ramification, one sees F(n/q) N K (¢'/?) = EN Kyy. By the
Chebotarev density theorem, there exists a prime t with t{ n such that
e Fr. =~ in Gal(E(n/q)/EN Ky),
e Fr. = o in Gal(Kp (q'/?)/E N Kypy).
Then the condition (i) is satisfied. Since Fr, = 0 =1 on Ky, we see that v € Q. We need to check
the condition (ii).
Let Dy C Gal(F(nt/q)/F) be the decomposition group at the (fixed) prime above q. We claim
Gal(F(nt/q)/F(n/q))(~ G:) C Dy

To prove this claim, it is sufficient to show that G, = Gal(K(t)/K (1)) is generated by Fry. By
class field theory, we have an isomorphism

F /M 2 G,

which sends ¢~! to Fr,. Since Fr, generates Gal(Kps(q'/?)/Ky) by the choice of t, we see that
q¢ (IE‘IX(t)p . Hence ¢! generates IE‘IX<r /M, and so Fr, generates G.. We have proved the claim.
By the above claim, we see that a generator of Gal(F(nt/q)/F(n/q)) is of the form Fry with

some a € Z, so Ng, acts on F;(nt/q)ﬂ via ZiﬂiglFrgi. Since Fry = Ng on F;(nt/q)u,
M

to show that Zi:aqu‘” is divisible by M. But this follows from Nq =1 (mod M). O

it is sufficient

A.3. Kolyvagin derivatives. The aim of this subsection is to review the construction of ‘Kolyva-
gin derivatives’ (in Definition A.4) and prove Theorem A.5, the so-called ‘finite-singular relation’.
The argument used is essentially the same as that in [23, Prop. 2.4]. Note that in our G,, case
one of the key ingredients of the proof is Hilbert’s Theorem 90 (more precisely, the existence of the
element G, in Lemma A.3 below), whose analogue does not seem to hold in the case of a general
motive. However, as observed by several authors (cf. Nekovar [21], Perrin-Riou [22], Kato [14] and
Rubin [26]), one can adapt the argument below in order to prove a generalization of Theorem A.5.

For each q € P, we fix a generator o4 of G4. Then Kolyvagin’s derivative operator is defined by

M-1_
D, = Zi:l iog € Z[Gyq).
By computation, one checks the so-called ‘telescoping identity’
(A.3.1) (0q =1)Dg =M — Ng,,
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where Ng_ = Ziwo 101 For n € NV, we identify H, with J]

Dy =[] Dq € Z[H.]

qin

qIan and then set

Lemma A.3.
(i) For anyn € N and o € Hy we have (0 — 1)Dncq € M - Up(y).
(i) For any n € N, there exists an element B, of (E(n)*), with the following property: for
any o € H, we have

(6 =1)Ba=(1/M)-(c —1)Dyecy.
The factor (1/M)’ is well-defined in this context, since Up(n) is assumed to be O-free.
()

Proof. Claim (i) is easily checked by computation using (A.3.1). See the proof of [5, Lem. 6.12]
for example. (See also [23, Lem. 2.1] and [26, Lem. 4.4.2(i)].)
We show claim (ii). Note that

Ha(= Gal(E(n)/E)) = (EM))y; o= (1/M) - (0 = 1)Daca

is a 1-cocycle. So it is sufficient to show that H'(Hy, (E(n)*),) = 0. This is deduced from the
vanishing of H!(H,, E(n)*) that is a consequence of Hilbert’s Theorem 90. O

Definition A.4. Let n € N. We define the Kolyvagin derivative by
ki = K'(cn) == Dpcy — M By.

One sees that this element lies in (E*),, and its image in (E* /M), does not depend on the choice
of Bn. We often regard x|, as an element of (E* /M),.

We recall some notations from §2.2. For any prime q of K, let
vg i (E7 /M)y = (Z/M[A x T])y = O/M[T]
be the map induced by (2.2.1). For q € P, let
Pq: (E7 /M)y — O/M[I'| @z Gq
be the map induced by (2.2.3). We set
":={a € (E*/M)y | vq4(a) =0 for every qtn}.
(This is S}, in §2.2.)
Theorem A.5. Letne N.

(i) Kk, € S™.
(ii) For any q | n, one has vq(Ky,) ® 04 = (pq(li;/q) in O/M[I'] @z Gq.
Proof. Claim (i) follows by noting that s}, = Dyc, in (E(n)* /M)y, ca € Upm)(= ((’)E(n)
E(n)/E is unramified outside n.
We prove claim (ii). We take 7 € I'. We fix a lift of 7 in G, (= Gal(F(n)/K)) and denote it also

by 7. Recall that ), = Dycy — MBn € (E(n)*), by definition. Since E(q)/FE is totally ramified at
primes above g, we have

(A32) > pomdalora)o™t = Y ordg(o7(Dace — MBa))o !
= —Z ordE o (0TBn)o -1

in (Z/M[A]), = O/M, where ordg : E* — Z and ordpg(n), : E(n)* — Z are the normalized
valuations.
Let

)x) and

uq : {a € (E(n)*)y | a is a unit at all primes above q} = O ®z les(n)g

be the map induced by w4 in §A.2. This map also induces
g : SV = 0@y Fy, /M =0 @z Fy /M.
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By (A.3.2) and Lemma A.6 below, it is sufficient to prove

(A.3.3) uq((1 — 0q)7Bn) = ((1 = Nq)/M) - U,q(TK,;/q) in O ®z Fé(n)m

where ((1 —Ng)/M) denotes the map O &z (Fg /M) — O @, ]Fg(n)Q induced by

(1=Na)/M)
Fr, /M Fr, CFem)a

To do this, we compute

= uq ((1/M)(1 — oq)7Dycy) (by Lemma A.3(ii))
= g (1/M)(Na, — M)Dyjqcn) (by (A3.1))
= uq ((1/M)(1 - Fr;l)TDn/an/q — 7Dy qcn) (by the norm relation)
ug ((1/M)(1 - Fr;l)TDn/an/q — ((Ngq — 1)/M)Fr;17Dn/qcn/q) (by Theorem A.1)
= ttq (1= Fry )7 Bsq — (NG — 1)/M)Fr; 7Dy jqcnsq) (by Lemma A.3(i0)
= u ((Nq — 1)Frq_17'ﬁu/q — ((Ngq — 1)/M)Frq_17'Dn/qcn/q) (by (1— NqFrq_l)uq(ﬁn/q) =0)

q
= (1~ Na)/M)Frg uq(7(Dusqensq = MBayq))
= ((1- Nq)/M)uq(T/Q;/q) (by Frqy =1 on Fg,).

Thus (A.3.3) is proved. O

Lemma A.6. Let k € S™9. Suppose that there exists 3 € (E(n)*), such that
uq((1 = 0q)B) = ((1 = Nq)/M)ug(r) in Oz Fp, .

Then we have

ZUeA(Fl ®recq(ok) = — (deAordE(")ﬂ (0,8)071) ® oq
in (Z/M[A] @z Gq)y = O/M @z Gyq, where recq : E* — ES — Gal(E(q)a/Eq) = G4 is the local
reciprocity map at Q and ordpg), : E(n)* — Z is the normalized valuation.
Proof. This is a well-known fact from algebraic number theory (see [23, Lem. 2.3] or [16, Lem.
3.2]). O

A.4. Kolyvagin systems. The aim of this subsection is to modify the system (&}, ) to construct
a Kolyvagin system (see Theorem A.8). Our argument is parallel to that of Mazur and Rubin in
[17, App. A], although in loc. cit. K is assumed to be Q.

For q € P, recall from §2.2 that we have a canonical decomposition

Ky /M =1qxFg /M.
Let B
lg: (B* /M)y — (Z[A x T @z K /M), = O[] @z K /M
be the map induced by (2.2.2). We define
S(n) = {a € 8" | I4(a) € O[] ®z 11, for every q | n}.

(This is S(n),, in §2.2.)
We recall the definition of Kolyvagin systems in the rank one case. (See Definition 2.8.)

Definition A.7. A Kolyvagin system (of rank one for (F/K, x, m,Py,)) is a collection

(@a)n € J] S(n) ©2 G
neN
which satisfies the following property: for any n € N and q | n, we have
Vg (In) = Pq ('Tn/q)'
The module of Kolyvagin systems is denoted by KS1(F/K, x, Pm)m-
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For each ideal n in N, we write &(n) for the symmetric group of the set {q | n}. For each
m € &(n), we then define an ideal in A by setting

qu/\/.

q|n
m(q)=q

For ideals q and v in P, we denote by Fr{ the Frobenius element of v regarded as an element of the
group Gg. (When q = v, define Fr{ := 1.)
Theorem A.8. Forn c N, we set
Kn = K(C)y := Z sgn(m)ky @ ®Uq ® ® Frfr(q) € 8" ®z Gy.
TES(n) alox ql(n/ox)

Then ky belongs to S(n) Rz Gy and the collection k = (Kn)nen 15 a Kolyvagin system. In particular,
the assignment ¢ — Kk gives a canonical homomorphism

Esl(F/Ka SaX) — Ksl(F/KaXva)m

By using Theorem A.5, one easily verifies that x satisfies vq(kn) = ©q(kn/q) for any n € N and
q | n. So it is enough to prove that s, belongs to S(n) ®z G,.
We define a map lq 7 : (E*/M), — OI'| @z le(q /M by the composition

lo.g + (B /M), =% O[T @z K /M — O[T] @, Fg /M,

where the second map is induced by the projection K /M —» F]X(q /M.
For q,t € P, define e € Z/M by
Frl = 0:2 in Gy.
Theorem A.8 is reduced to the following lemma.
Lemma A.9 ([17, Th. A.4]). For anyn € N and a prime t | n, we have

() = > (=)@ (T el | ler ()
mee i al(n/o.)
where &1(n) C &(n) is the subset of cyclic permutations.
We give a proof of Theorem A.8 by using this lemma.

Proof of Theorem A.8. As explained above, it is sufficient to show k, € S(n) ®7z G,. One sees that
this is equivalent to showing that

(A.4.1) > osen(m) [ [ el | les(sh,) =0

TES(n) ql(n/ox)

for every prime t | n. We compute

Z sgn(7) ei(q)

€& (n) ql(n/ox)

= Z sgn () H Cr(a)

ree(n) ql(n/ox)

()=t

/
+ E E sgn( 7771' m,(q) Ka_,
TES(n) n/€S (o) n/a
w(r)=r 7/ (v)F#r

= Z sgn(7)

TES(n) ql(n/a
()=t
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where we have set

Sp 1=Ky — Z (—1)7@=/) H efr,(q) Ko -

/e (0r) al(@x/00)
7/ (v)F#e

Since 217f(5w) = 0 by Lemma A.9, we obtain (A.4.1). O

The rest of this appendix is devoted to the proof of Lemma A.9. For this, we shall use the
following ‘modified Euler system’

wa =y (=D T (Ng = 1)/M)Fr; | co € Upgny.
on ql(n/2)

(Such a modification was considered by Kato [14, §2.2] and, more generally, by Rubin [26, §9.6].)
By computation, one checks that the system (wy)n satisfies the following norm relation:
(A.4.2) Ng,wn = (1 - NqFrq_l)wn/q for any q | n.

(The norm relation of this form is used in the definition of Euler systems by Mazur and Rubin in
[17, Def. 3.2.2].) Also, by using Theorem A.1, one checks that

(A.4.3) Ug(owy) =0 for any q | n and o € G,.
An analogue of Lemma A.3 holds for wy: there exists v, € (E(n)*), such that
(0= 1ya = (/M) - (& = 1) Dyt
for any o € H,. As in Definition A.4, we define
k' (wn) := Dpwn — My, € (EX)y.
One checks that
Ko (= K (en)) = K (wn) in (B /M),.

So we may replace k|, by &'(wy).
Let
1L+ (B /M)y, — (ZIA] @2 FS /M), = O 95 Fy /M
be the map induced by
EX /M — ZIA| @7 KX /M — Z[A] @, F% /M,

where the first map is induced by a — ZUEA0'71 ® lq(oa) and the second by the projection
K{ /M — Fy /M. This map is related with lo.s: (EX/M), — O[' @ Fr, /M by
loy=>_ 0 '@l (o(-)).
oel
In the following, we fix n € V.

Lemma A.10 ([17, Prop. A.15]). Let m | n and q | n.
(i) (1- Nq]?‘qu_l)Dn.Lo.)m € M -Up(m). (When q|m, the element Frq € Hy,/q is regarded as an
element of Hum via Hum/q = Hm-)
(ii) We set
§m,q = (1/M) - (1 = NgFr, ') Dywm € Up(m)-
Then for any o € Gy we have

(1= Na)/M)lq (or1y) = q(0€m,q) in O @z Fp .,

where ((1 —Nq)/M) denotes the injection O @z F. /M — O @y FE(H)Q induced by

((1=Ngq)/M)
X xT—x X X
Fr /M Fr, CFr.-
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Proof. The proof of claim (i) is the same as that of Lemma A.3(i).
We prove claim (ii). We may assume o = 1. As in Lemma A.3(ii), there exists v q € (E(n)*)y
such that

(A.4.4) (T = DYm,q = 1/M) - (T — 1) Dy
for any 7 € H,/q = Gal(E(n)/E(q)). We see that
Dynwm — M'Ym,q € (E(q)X)X
and
Ky = K (Wm) = Dnwm — Mm,q in (E(q)*/M)sy.
Since E(n)/E(q) is unramified at primes above g, we may assume that vy 4 is a unit at primes
above q. Since the projection map K /M — F]X(q /M C E(q)&/M coincides with the map induced
by the inclusion K — E(q)q, we see that
Iy (k) = tg(Dmwm — Mm,q)-
(Compare [17, Prop. A.8].) So it is sufficient to prove
(1 = Nq)/M) - ug(Dnwm — Mym,q) = tg(Em,q)-
We compute
((1 —Nq)/M)
= ((1 = Ng)/M)ug(Dnwm) — (1 = Nq)ug(Ym,q)
((1 = Nq)/M)uq(Dmwm) = (NaFrg" = Nq)ug(m,q) (by (1 - NaFry")ug(m,q) = 0)
ug (((1 = Ng)/M)Dpwm — (Nq/M)(Fr;l —1)Dpwm) (by (A.4.4))
= uq ((1/M)(1 = NgFr, ") Dpwm) = ttq(&m.q)-

This proves the claim. U

“Uq(Dmwm — MYm,q)

Lemma A.11 ([17, Lem. A.12]). Let m |n, q | m and v | n. Then for any o € Gy we have

Uuq(0&mye) = — Z eﬁ, - Ug (afm/r/7r/) in O Ry IF}XE(“)D.

t/|m
(Note that uq(0&m v ) is annihilated by M and so multiplication by eﬁl € Z/M is well-defined.)

Proof. We may assume o = 1. Let I, be the augmentation ideal of Z[H,]. Then for each g €
(In + MZ[H,]), we have gDnwm € M - Up(m) and so we can define

Em(g) == (1/M) - gDmwm € Up(m)-
For v | m, define e(g)* € Z/M by
g=e(9)*(oc = 1) in (I + MZ[G)) /(I + MZ[G\]) ~ I./I{.
Note that by definition
Em(l = NqFr, ') = &m,q and (1 — NgFr, ')" = et

So the lemma is reduced to the following two claims.

(i) If g € (I2 + MZ[H,]), then uy(ZEwm(g)) vanishes.
(ii) For any g € (Iy + MZ[H,]), we have

ug(Em(9)) = = Y e(9)" - uq(Em/w (1~ NCFrpH).

/|m
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We first show that (i) implies (ii). The right hand side of the equality in (ii), viewed as a
function of g, factors through (I, + MZ[H4])/(I2 + MZ[H,]). By (i), so does the left hand side.
So it is sufficient to show (ii) for ¢ = o — 1 for any prime t | n. If v | m, we compute

Uq(Em(oe — 1)) = uq ((1/M) - (0¢ — 1) Dinw)

(A.3.1)
= Uq ((1/M)(M - NGr)Dm/twm>
A.4.2 _
A2 o (Danjetwm) — g (1/M)(1 = NeFr7 ) Dy et )
(A.4.3)

=7 —ug(Emye(1 = NeFryh).

This shows (ii) in this case. If v m, then =y (0 — 1) = 0 and the equality in (ii) is trivial. Thus
we have proved that (i) implies (ii).

We show (i). By (A.4.3), we see that uq(Em(M)) = 0. Note that I, is generated by {o.—1 | v | n}
over Z[H,]. By repeating the above computation, we see that

Uq(Em(h)) € (ug(TZ(1 — NqFrq_l)) | 7€ Ha, 0| (m/q))z
for any h € I,,. Hence, if g = hh' with h,h’ € I, we see that
Uq(Em(9)) € (uq(TEo((1 = NqFrg)R)) [ 7 € Ha, 0| (m/q))z.

Since Zp((1 — NqFrq_l)h) =(1- NqFrq_l)Ea(h) and 1 — NqFrq_1 annihilates

Em)a’
uq(Em(g)) = 0. This proves the claim. O

we see that

Proof of Lemma A.9. (Compare the proof of [17, Prop. A.13].) It is sufficient to prove

plory) = > (=0 T el | Lslons)

eSS (n) n/0,
<o al(n/2)

for any 0 € T'. To do this, we fix a lift of ¢ to G, and denote it also by ¢. Then, by Lemma
A.10(ii), it is sufficient to show that

(A.4.5) NG G VA B | x| we(0&o,0)-
meSi(m) al(n/2x)

This formula is proved by using Lemma A.11 repeatedly. In fact, we first apply this lemma to
describe u.(0&n ) as a sum of terms of the form —ef! - u (0 /v, v, ). We then use the lemma again
to describe u¢ (0 /¢, v, ) as a sum of terms of the form —e? - uc(0&y /e v,,e,). If t2 # v, We repeat
the same process and continue until we have t; = t. We thereby obtain the cyclic permutation
= (ttp_1 - t2 t1) € S1(n), and the resulting term is

(—1)u(n/0w) H e:(q) Ur(Ufamt)~

al(n/ox)
(Here we use that 9, = n/(tvi_1 - --v1) and hence that n/o, = ttj_1---t; and v(n/0,) = k.) Thus
we see that u.(0&y ) is the sum of these terms, and the equality (A.4.5) is proved. O
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