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ABSTRACT. Let p be a prime, T' a p-adic representation over a number field K and K an
arbitrary Galois extension of K. For each non-negative integer r, we introduce a notion of
‘non-commutative Euler system of rank 7’ for T relative to /K. We prove that, if p is odd
and T and K satisfy standard hypotheses, then the values of such systems annihilate, as
Galois modules, the Selmer groups of T over finite (possibly non-abelian) Galois extensions
of K in K. Under mild hypotheses on T and K, we also give an unconditional construction
of a canonical family of non-commutative Euler systems of rank dependent on T. As a
concrete application of this construction, we extend the classical Euler system of cyclotomic
units to the setting of arbitrary totally real Galois extensions of Q and describe explicit
links between this extended cyclotomic Euler system, the values at zero of derivatives of
Artin L-series and the Galois structures of ideal class groups.

1. INTRODUCTION

Since its introduction by Kolyvagin, Rubin and Thaine in the 1980’s, the theory of Euler
systems has played a vital role in the proof of results concerning Selmer groups of a p-adic
representation T over a number field K. The theory itself has undergone several significant
developments and, by now, incorporates a complementary theory of ‘Kolyvagin systems’ of
Mazur and Rubin [33]. There is also a theory of ‘higher rank’ Euler and Kolyvagin systems
for representations T' endowed with the action of a commutative Gorenstein Z,-order A
that was recently developed, following ideas of Rubin [45], Perrin-Riou [43] and Mazur and
Rubin [34], by Sakamoto and the present authors in [10].

All of these theories are, however, intrinsically ‘commutative’ in nature (as systems com-
prise families of elements in exterior powers of cohomology modules over abelian extensions
of K) and are therefore not well-suited to the finer study of leading term conjectures relevant
to non-abelian Galois extensions. We remind the reader that such conjectures include the
‘non-commutative Tamagawa number conjecture’ of Fukaya and Kato [25] and the ‘main
conjecture of non-commutative Iwasawa theory’ for elliptic curves without complex multi-
plication formulated by Coates et al [17] as well as, in a more classical setting, Chinburg’s
‘Q2(3)-Conjecture’ in Galois module theory [16] and the ‘non-abelian Brumer-Stark Conjec-
ture’ formulated, independently, by Nickel [41] and the first author [5].
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With this in mind, our aim is to take the first steps in the development of a usable theory
of Euler systems (of arbitrary rank) in the setting of arbitrary Galois extensions of K. For
this, we fix an algebraic closure Q¢ of Q, a Galois extension K of K and for each Q¢valued
character x of Gal(K/K) with open kernel, a representation Gal(K/K) — GL,1)(Q°). To
each such collection of representations, the methods of [13] associate a functorial family of
‘reduced exterior powers’ and ‘reduced Rubin lattices’ relative to the group rings over A
of finite Galois extensions of K in K. We use these constructions to define, for each non-
negative integer r, a natural notion of non-commutative Euler system (or ‘nc-Euler system’
for short) of rank r relative to the .A-module T and extension /K.

There are then at least two natural questions: do (non-zero) nc-Euler systems exist in
any general setting and, if they do, what arithmetic properties do they have? These issues
are the principle interest of the present article and we now discuss them in reverse order.

To give a brief statement of our main result concerning the properties of nc-Euler systems
we use the phrase ‘standard hypotheses’ to refer to the basic conditions required for the
commutative theory of Euler and Kolyvagin systems, as developed for systems of core rank
one by Mazur and Rubin in [33] and for systems of arbitrary core rank by Sakamoto and the
present authors in [11]. We use Selmer groups relative to the ‘canonical’ Selmer structure
of Mazur and Rubin (cf. Remark 2.18). Then a precise version of the following result is
stated as Theorem 2.15 and Corollary 2.16 and its proof relies on the main result of [11].

Theorem A. Ifp is odd and T and K satisfy standard hypotheses, then the values of non-
commutative Euler systems annihilate, as Galois modules, the Selmer and Tate-Shafarevich
groups of T owver finite Galois extensions of K in K.

This result confirms that nc-Euler systems encode the same arithmetic information over
finite, possibly non-abelian, Galois extensions as do classical Euler systems over the base
field. Given the key role Euler systems have played in the study of leading term conjec-
tures, this offers hope that nc-Euler systems (when they exist) can contribute towards the
resolution of leading term conjectures relevant to non-abelian Galois extensions.

However, just as in the classical commutative case, in any given setting it is a priori
far from clear that there should exist any non-trivial nc-Euler systems. As a first general
result in this direction, we shall therefore prove that, under relatively mild hypotheses on T’
and K/ K, there exist (non-trivial) nc-Euler systems of rank depending explicitly on 7" that
determine higher non-commutative Fitting invariants associated to the cohomology groups
of T over Galois extension of K in K. The relevant results are proved as Theorems 2.19, 2.22
and 4.7 and Proposition 4.6 and the construction that underlies them is motivated, broadly
speaking, by an approach of Kato to the formulation of generalized main conjectures in
(commutative) Iwasawa theory that is described in [30].

Despite any intrinsic interest that this construction has, it still of course leaves open
the key issue of whether, in the case that T is a full lattice in the p-adic realisation of a
motive, there should exist systems explicitly linked to the leading terms of Artin-twists
of the corresponding L-series? This question is considered in detail in [14], but, as a
straightforward consequence of results that are derived in §5.2 from Theorem 2.19 in the
case that T' = Z,(1) and A = Z,, we can at least give an affirmative, and unconditional,
answer to it in an important special case.



To state this result, we assume to be given for each natural number n a choice of primitive
n-th root of unity ¢, in Q¢ such that ¢, = (¢,)™™ for all divisors m of n. We then recall
that for any finite abelian totally real extension F of Q of conductor f (so that F' C Q((y))
the classical cyclotomic element of I is the element ep := Normgc,)/r(1 — (r) of F*. In
the following result we use for each finite Galois extension F' of Q, with G := Gal(F/Q),
both the ideal §(Z[GF]) of the centre of Z[Gr] and reduced exterior powers /\legF](—) that
are defined in [13]. For each finite set ¥ of places of Q that contains co we write Opx
for the subring of F' comprising elements integral at all places of F' that do not restrict to
give a place in . For an integer a and complex character x of G we write L$(x,0) for
the coefficient of z% in the Laurent expansion at z = 0 of the X-truncated Artin L-series
Ly (x, z). We fix an isomorphism of fields C = C,, (that we do not explicitly indicate) and
use it to regard each x as taking values in C,. We also fix (compatible) embeddings of Q¢
into C and Qj, and use the restriction of these embeddings to define an archimedean place
Weo,F and a p-adic place w), i of each field F' as above. Finally, for each such field we write
S(F) for the set of places of Q comprising oo, p and the primes that ramify in F.

Theorem B. If p is odd, then there exists a rank one nc-Euler system e¥¢ = () p for
Zp(1) over the maximal totally real extension of Q in Q° that has the following properties.
In these claims, we write F' for an arbitrary finite totally real Galois extension of Q in Q°.
(i) If G is abelian, then X° is equal to €p if p ramifies in F, respectively to (ep)'=o»F
if p is unramified in F' and oy F is its inverse Frobenius automorphism in Gp.
. 1
(ii) Forallp € HomgF(O;’S(F),Z[QF]) and x € 0(Z|GF)), the element x-(/\Q[gF]go) (eX9)
belongs to Zp|Gr] and annihilates Z, ®z CL(Op[1/l]) for every prime £ in S(F').
(iii) For every irreducible complex character x of Gr one has

x(1) c 1
/\ Regh)(ey (X)) = upy, - LEEF))( ,0) - €X(/\(Cp[gF](woo,F — Wy, F))-

Here RegF is a canonical isomorphism of C,-modules induced by the Dirichlet reg-
ulator map (see §5.2.2), e is the idempotent x(1)|Gp|~* - deng(g)g_l of C[GF]
and X is the contragredient of x. In addition, one has up, = 2 if x(1) =1 and, if
x(1) > 1, then up,y is a uniquely specified element of C, such that

w €LY,
HweGal(@(x)/@)“F’X P

where Q(x) is the subfield of C generated by {x(g) : g € Gr}.

Since each map Reg’lg is injective, claim (iii) of this result implies, for all F' and y, that
e (€2) # 0 = LX) (%.0) £ 0.

In addition, if Q(x) = Q, as is automatically the case if Gr/ker() is isomorphic to a
quotient of a symmetric group, then the displayed containment in claim (iii) implies ug,
belongs to Z, (and for other refinements see Remark 5.10).

The existence of an nc-Euler system interpolating the leading terms at 0 of Artin L-
series over a number field k£ (as constructed above for k& = Q) can be combined with the
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techniques developed for proving Theorem A to give a method for studying the equivariant
Tamagawa number conjecture for G,, over finite Galois extensions of k. This aspect is
discussed in detail in the companion article [14]. However, the construction of such systems
is also potentially of much broader interest in relation to the strategies described by Huber
and Kings in [27, §3.3] and by Fukaya and Kato in [25, §2.3.5] to study the general case
of the equivariant Tamagawa number conjecture. To explain this point, we let E be an
elliptic curve with complex multiplication by an imaginary quadratic field k& in Q¢. Then
the most effective method for investigating the Birch and Swinnerton-Dyer Conjecture for
FE over abelian extensions of & is to use Euler systems obtained by ‘twisting’ the elliptic unit
FEuler system that interpolates the values at 0 of first derivatives of Dirichlet L-series over
k by the p-adic Tate module T,,(E) of E (see, for example, the recent results of [15]). This
approach relies crucially on the fact that the action of Gal(Q¢/k) on each T,(E) factors
through an abelian extension of k. From this perspective, the existence of nc-Euler systems
that interpolate leading terms at 0 of Artin L-series over Q now raises the prospect that an
analogous (non-commutative) twisting by p-adic Tate modules could be used to construct
Fuler systems that are suitable for the study of rational elliptic curves without complex
multiplication.
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project. It is also a pleasure to thank Dominik Bullach, Alexandre Daoud, Henri Johnston,
Daniel Macias Castillo, Andreas Nickel and Soogil Seo for helpful comments and discussions
concerning the general problems considered here.

2. THE GENERAL THEORY

The results obtained here depend crucially on the algebraic theory developed in the
companion article [13].

2.1. The definition of non-commutative Euler systems.

2.1.1. In this section we fix a number field K, with algebraic closure K¢, and set G :=
Gal(K¢/K).

For each non-archimedean place v of K we write o, for the inverse of a fixed choice of
Frobenius automorphism of v in the Galois group of the maximal extension of K in K¢ that
is unramified at v.

We also write Ir,(K) for the set of distinct irreducible Qf-valued characters of G that
have open kernel.

For a Galois extension K of K in K¢ we write Q(K/K) for the set of finite Galois
extensions of K in K.

For F in Q(K°¢/K) we set Gr := Gal(F/K) and write Ir,(Gr) for the subset of Ir,(K)
comprising characters that factor through the restriction map Gxg — Gp.



For x in Ir,(K) we write K (x) for the subfield of K¢ that is fixed by ker(x) and n, for
the exponent of Gr(,). We also write E for the subfield of Qj generated by a choice of
primitive n,-th root of unity and, following [4], we fix a representation

Px Ok = Gl (By)
of character x. For F in Q(K/K) we write Ep for the composite of the fields E, as x
runs over Ir,(Gr). Then, for any subfield L of Q, the discussion of [13, Rem. 4.9] shows
that the fixed choice of representation p, for each x in Ir,(Gr) induces an isomorphism of
LEp-algebras

(LEF)|GF| = erhp(gF)MXm(LEF%

and hence determines a natural choice of the auxiliary data needed to define reduced exte-
rior powers, reduced Rubin lattices and reduced determinant functors over the semisimple
algebra L[Gr| (for details see [13, §4.2, §4.4 and §5]). We assume throughout the sequel,
and without further explicit comment, that for any finite set of extensions {L;};cs of K in
K¢ and any F' in Q(K*¢/K) the constructions of [13] over the semisimple algebra [[;.;Li[GF]
are made relative to this choice of data.

2.1.2. We next assume to be given a finite extension Q of Q) in Qj, with valuation ring O.
For an O-module M we set M* := Homp (A, O) and M := Homp (A, Q/O).

We fix an O-order A that spans a finite-dimensional semisimple commutative Q-algebra
A and also satisfies the following condition.

Hypothesis 2.1. A* is a free module of rank one with respect to the natural action of A.

Remark 2.2. If Hypothesis 2.1 is satisfied, then for each field F' in Q(K¢/K) the O-
order A[GF]| is a one-dimensional Gorenstein ring. In particular, in each such case, the
group Exth[gF](M , A[GF]) vanishes for every finitely generated A[Gr|-module M that is
O-torsion-free. (For more details see either [12, §A.3] or [18, §37].)

We also assume to be given a continuous O-representation 1" of G i that satisfies the
following condition.

Hypothesis 2.3. T is endowed with a (commuting) action of A with respect to which it is
projective.

We write Soo(K) and S,(K) for the sets of archimedean and p-adic places of K and
Spad(T) for the (finite) set of places of K at which T" has bad reduction. For each field F' in
Q(K°/K) we write Syam(F'/K) for the set of places of K that ramify in F' and then consider
the finite set of places of K given by

S(F)=8(T,F) := Soo(K) U Sp(K) U Spad(T) U Sram(F/K).
Now for each F'in Q(K¢/K) the induced representation
Tp :=Indgr (T)

is naturally a module over A[GF], and identifies with the tensor product A[Gr| ® 4 T upon
which A[GF| acts via left multiplication on the first factor whilst Gk acts by

o-(a®t):=az ' @0t (0 € Gk, a € AlGr|, and t € T),
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where & € G is the image of o.

In particular, for each place v of K outside S(F) there is a natural action of the auto-
morphism o, on Tr (that commutes with the action of A[GF]).

Hypothesis 2.3 implies that for each integer a the representation T'(a) := T ®z, Zy(a) is
a projective A-module and hence that the induced representation

T(a)r = (Tr)(a) = AlGr] ®4 T(a)
is a projective A[Gp]-module.
Hypotheses 2.1 and 2.3 combine to imply that the Kummer dual representations 7%(1)
and T*(1)p are respectively projective modules over A and A[Gp|.

We shall also use the A-linear representations V := Q ® T" and V*(1) := Q ®p T%(1)
and for each F'in Q(K/K) also Vg := Q®p Tp and V*(1)p := Q®0 T*(1)F.

2.1.3. We fix a Wedderburn decomposition A = Hie ;Li where each L; is a finite extension
of Qp in @} that contains Q. Then for each place v of K outside S(F) the reduced norm

Nrd g6, (1 =00 | V(1)R)

over the semisimple algebra A[Gr] = [[;c;Li[GF] can be computed as the reduced norm of
an endomorphism of the projective A[Gr|-module T*(1)r and so belongs to £(A[GF]).

We also note that for any pair of fields F and F’ in Q(K/K) with F C F’, the observation
of [13, Rem. 4.5] applies to each simple component of A[Gr] to imply that the natural
corestriction map

Corprjp : H(Opr s(pr), T) = H (Ops(71), T)
induces a homomorphism of ((A)-modules

a . a 1 @ 1
COI'F//F : /\A[Q'F/]H (OF’,S(F’)vv) — /\A[QF}H (OF,S(F’)aV)‘

In the sequel we write z +— x# for the involution of ((A[Gr]) that is induced by restricting
the A-linear anti-involution of A[Gp] that inverts elements of Gp.
We can now introduce the definition of non-commutative (p-adic) Euler systems.

Definition 2.4. Let a be a non-negative integer. Then a non-commutative Euler system
(or nc-Euler system for short) of rank a for the pair (T, K) is a family of elements

a

_ 1
c=(cp)p € HFEQ(IC/K)ﬂA[gF]H (Ors(r): T)
with the property that for every F and F’ in Q(K/K) with F' C F’ one has

(2.1.1) Corty/p(epr) = <Hv€S(F,)\S(F)N1"dA[gF}(1 — 0y | V*(l)F)#) (cr)

in AZ[QF}Hl(ORS(F/), V). We write ES, (T, K) for the set of nc-Euler systems of rank a for
the pair (T, K).

Remark 2.5. If /K is abelian, then [13, Rem. 4.18] implies that the above definition of
an nc-Euler system of rank a for (T, K) agrees with that given in [12, Def. 2.3] (with T’
replaced by 7%(1)). In particular, if /K is abelian and a = 1, then the above definition
recovers the classical definition of Euler systems for p-adic representations that is given by
Rubin in [46, Def. 2.1.1].



Remark 2.6. In all cases, it is clear that the set ES, (7', ) is an abelian group with respect
to the addition of systems that is defined by c1 + ¢ := (c1,F + c2,F) pe(c/k)- This group
is also endowed with a natural action of the inverse limit algebra

S(AIGAI(K/K]) = T, e ECAIGL))
where the (surjective) transition morphisms are induced by the natural projection maps

AlGr/] — AlGr] for L C L’ (and [13, Lem. 3.2(v)]). More precisely, for ¢ € ES,(T,K) and
A= (An)r € £(A][Gal(K/K)]]) one obtains a well-defined element of ES, (7, K) by setting

Ae) == (Ar(cr)) Feaik/K)
and, via the assignment (A, ¢) — A(c), the group ES, (T, K) is a {(A[[Gal(K/K)]])-module.

Remark 2.7. If T = Z,(1), then Kummer theory identifies Hl(OES(F), T) with the pro-p
completion of the group of S(F')-units of F'. In this classical setting, it is possible to develop
a finer version of the theory that we describe below by considering compatible families of
elements that are defined just as above but with S(F') replaced by the subset comprising
Soo(K) and all places that ramify in F'. Such ‘non-commutative Euler systems for G,,’ are
studied in the supplementary article [14].

2.1.4. In the sequel it is often convenient to assume 7" and K satisfy the following hypothesis.

Hypothesis 2.8. For all fields F' in Q(K/K)
(i) H(Ops(r),T) vanishes, and
(i) H'(Opg(r),T) is O-torsion-free.

Remark 2.9. This hypotheses is automatically satisfied in many cases of interest. (For
example, if p is odd and K is the maximal totally real extension of K = @Q, then it is
satisfied in the context of Remark 2.7). In general, if Hypothesis 2.8(ii) fails to be valid
but there exists a finite non-empty set of places ¥ of K that is unramified in IC, then
the ‘Y-modification’ construction described in [12, §2.3] defines a canonical torsion-free
submodule Hy.(Op g(py,T) of H'(Opg(r),T) for each F in Q(K/K). By systematically
replacing groups of the form H'(Opg(r),T) by Hy,(Opg(r), T) in what follows, one can
establish an analogue of the theory below without assuming the validity of Hypothesis
2.8(ii). However, since this extended theory is obtained in just the same way, we prefer to
avoid the extra technicalities and do not discuss it further.

Lemma 2.10. Assume T and K satisfy Hypothesis 2.8. Then for every pair of fields F and
F'in Q(K/K) with F C F' and every natural number a the following claims are valid.

(i) The restriction map H' (Opgpr),T) = H (Ops g(pr), T) identifies H (Op gpry, T)
with the submodule of Gal(F'/F)-invariant elements of H'(Op (), T).
(ii) The corestriction map Corf, ,p restricts to give a homomorphism of {(A[Gr])-modules

a 1 a 1
(Vaggp ™' ©rsmn:T) = [ g, ' Orsien, T)-
(iii) The inflation map HI(OF,S(F)vT) — HI(ORS(F/),T) induces an identification

ﬂA[gF]Hl(OF sr) T) = (ﬂA[gF]Hl(OFﬂF TN (/\A[QF}H HOks(m), V)
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Proof. We set A := Gal(F'/F), X1 := H (Opg(),T) and Xo := H (Ops g5, T).
Hypothesis 2.8(i) implies that the complex RI'(Ops g(pr),T) is acyclic in degrees less

than one. Given this fact, claim (i) follows from the fact that the fixed point functor

M — Hompa) (O, M) = H O(A, M) is left exact and that there is a canonical isomorphism

RHomO[A} (O, RF(OF’,S(F’)a T)) = RF(OF,S(F’)7 T)
in D(O[Gp]).

We next recall a general fact: for any commutative ring R, finite group G and left R[G]-
module M, there is a natural isomorphism of R[G]-modules

(212)  Homp(M,R) % Hompey(M. RG] fr Y. flo(-))o™"
where G acts on the dual modules Hompg (M, R) and Hom (M, R[G]) via the rules
(0- f)(m) = f(o™'m) (0 € G, f € Homg(M, R), m € M),
and
(o0-0)(m):=0(m)o! (c €G, 0 ¢ Hom g (M, R[G]), m € M).

Turning to claim (ii) we note first that claim (i) combines with Hypothesis 2.8(ii) to imply
the cokernel of the restriction map gpr/p : X1 — X3 is O-torsion-free. (This is because if =
is any element of X5 such that for some n > 1 one has (6 —1)(n-xz) =0 for all 6 € A, then
n((0 — 1)(x)) = 0 and hence, since X3 is torsion-free, also (6 — 1)(z) =0 for all § € A.)

The assumption that A is Gorenstein therefore implies that Ext}4 (cok( 0Fr) F) A) vanishes
(cf. Remark 2.2) and hence that the composite homomorphism

0pr/p » Hom g, (X2, A[Gp/]) = Hom (X3, A)
HOHI_A(Q / 7-’4)
———""" Homy (X1, A) 2 Hom 46, (X1, A[GF))
is surjective, where the two isomorphisms are as in (2.1.2).
One can also check that for each ¢ in Hom 4 _,1(X2, A[GF]) the diagram

]

Xy —2—  AlGw]
(2.1.3) Corp//pl l
Q}//F(G)

X1 e A[gF]

commutes, where the unlabelled arrow is the natural projection map. This diagram in turn
implies that for every subset {0;}1<i<a of Homyg,, (X2, A[Gr]) and every element x of

/\Z[GF/ (OFS(F V)= /\A[gF, (Q ®p X3) one has

(2.1.4) (/\izlgF’/F(ei)) (COI"F//F(»’U)) = TFF'/F(( =t i)(x))
where 7gr /- is the natural projection map ((A[Gr]) — C(A[GF]).

In particular, this equality combines with the surjectivity of o7, /p to imply if x belongs
to n?A[gF,]X% then Corfy /p(x) belongs to ﬂ?A[gF}le as required to prove claim (ii).



To prove claim (iii) we use the canonical exact sequence

1 1
H Orsm:T) = B si sty s For s

in which H/lf(Fw, T) denotes the cokernel of the inflation map H'(FY/F,,T) — H'(Fy,T),
where F))" is the maximal unramified extension of Fy, in F.

In addition, since each O-module H/lf(Fw, T) is free (by [46, Lem. 1.3.5(ii)]) the O-
module cok(tp g g/) is also free and so the group EXt}A[gF] (COk(L rs.s), AlG F]) vanishes (by

Remark 2.2). Given this last fact, the identification in claim (iii) follows immediately from
the final assertion of [13, Th. 4.19(iv)] with ¢ = tp g g O

LF,s,8'

0— HY(Opsr), T)

2.2. Statement of the main results. In this section we present our main results con-
cerning the general theory of non-commutative Euler systems (and, in particular, state a
precise version of Theorem A).

2.2.1. We first consider p-adic representations satisfying conditions that are standard in
the theory of higher rank Euler and Kolyvagin systems, as developed by Sakamoto and the
present authors in [11] following the approach initiated by Mazur and Rubin in [33] and [34].
In particular, by combining the main result of [11] with Morita-equivalence type arguments,
we show that nc-Euler systems for this class of representations provide annihilators for the
Galois modules that arise from Selmer groups over non-abelian Galois extensions. This
result constitutes a precise version of Theorem A in the Introduction.

To explain its setting, we assume to be given a natural number n, a commutative Goren-
stein O-order A in a Q-algebra A and a homomorphism of O-algebras

(2.2.1) 0: O[|Gk]] = Mn(A)

that has all of the following properties:

(R1) the cokernel of p is finite;
(R2) the kernel of the restriction of ¢ to Gx is an open normal subgroup H (p);
(R3) M, (A) is isomorphic to a subalgebra of Q|G /H (0)].

We set G(o) := Gx/H(o) and define the ‘kernel field” K (o) of ¢ to be the fixed field of
H(p) in K¢ (so that G(p) identifies with Gal(K (p)/K)). Then, since Q[G(p)] is semisimple,
the condition (Rs) implies M,,(A) is a direct factor of Q[G(p)] and hence that there exists
an idempotent e(p) of ((Q[G(p)]) such that

(2.2.2) Q- im(g) = Mu(A) = e(o) - Q[G(0)],

where the first equality follows from (Ry).
We then define an O-order in Q[G(p)] by setting

Alo) :=Mn(A) @ O[G(0)](1 — e(0))
and, noting that O[G(p)] is a finite index submodule of A(p), we write
d(0) := exponent (A(0)/O[G(0)])
for the exponent of the (finite) quotient of A(g) by O[G(0)].
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Examples 2.11. There are several ways in which a finite Galois extension L of K, with
G = Gr, can give rise to representation of the above form.

(i) If Q[G] is split, then for each character ¢ in Ir,(G) there is an associated representation
oy of the form (2.2.1) in which n = (1), A = O, G(py) is the quotient of G' by ker(1)),
K (oy) is the fixed field of ker(y) in L, e(oy) = ey and d(py) is a divisor of |G|/4(1).

(ii) If G has an abelian Sylow p-subgroup and a normal p-complement (or, equivalently, p
does not divide the order of the commutator subgroup of G), then A is a direct product
of matrix rings over commutative R-algebras (cf. Demeyer and Janusz [22, p. 390, Cor]).
Hence, in this case, for some finite index set I there is a direct product decomposition

(2.2.3) 016 = [, Mni(S)

in which each §; is a commutative O-order. In particular, for each fixed index i, there
exists a representation g; of the form (2.2.1) in which n = n;, A is any choice of Gorenstein
O-order in Q- §; that contains S; (such as, for example, the integral closure of S; in Q- S;),
K(p) is a subfield of L and d(p) is the exponent of the finite group A/S;.

(iii) The group G is said to be a ‘Frobenius group’ if it has a proper non-trivial subgroup
H such that H N gHg™' = {1} for all ¢ € G\ H, in which case G has a unique normal
subgroup N and G is a semidirect product N x H. In addition, if the order of IV is prime to
p and H is abelian, then G is of the form discussed in (ii) and the result [29, Prop. 2.13] of
Johnston and Nickel implies that every order S; in the decomposition (2.2.3) is Gorenstein
(more precisely, there exists an index iy € I for which n;, = 1 and S, is isomorphic to
Zp|H] and then for all ¢ € I\ {ip} the ring S; is a discrete valuation ring). Hence, in any
such case, every index i in I gives rise to a representation p; of the form (2.2.1) in which
n=n; A=3S;, e(p) € O[G] and d(p) = 1.

(iv) If G is abelian, then (as a special case of (iii)) the multiplication action of G on O[G]
gives a representation gog of the form (2.2.1) in which n = 1, A = O[G], K(og) = L,
e(og) =1 and d(pg) = 1.

We now assume to be given a finitely generated free O-module T that is endowed with a
continuous action of Gx. Writing A" for the right M,,(A)-module comprising row vectors
over A of length n, we consider the associated left A[[G k]]-module

T<Q> =A"Qn T
upon which the action is specified as follows: for a in A, g in Gk, v in A" and ¢ in T one
has (ag)(v®t) = (a-v-0(g!)) ® g(t). We then consider the associated space
V<Q> = A" T
with respect to the induced (left) action of A[[Gk]].
We next fix a pro-p abelian extension £ of K that satisfies the following hypothesis.
Hypothesis 2.12.

(E1) L is contained in K.

(E2) L contains the maximal p-extension of K in the ray class fields modulo almost all
prime ideals and, in addition, a Zy-estension of K in which no finite place splits
completely.

(E3) the representation T{p) satisfies Hypothesis 2.8 for every F in Q(L/K).



11

(E4) L is disjoint from the kernel field K (o) of o.

We fix a finite extension F of K in £ and write F(T), p) for the minimal Galois extension
of K such that G (7, acts trivially on T(g). With K(1) denoting the Hilbert p-classfield
of K, for each natural number m we also set

Fym = K (pym, (O5)Y/P")K (1) and  F(T, @)y := F(T, 0) Fym,

where p,m denotes the group of p™-th roots of unity in K¢ and (O%)l/ P™ the set of elements
w in K¢ for which u?™ belongs to Oj;. We then obtain infinite Galois extensions of K by
setting

Fyoo := | J Fym and F(T, 0)oe := | J F(T’ 0)m,

m>0 m>0
We write k for the residue field of O and consider the k[[G]]-module

T(o) ==k ®o T{o).
We can now recall the hypotheses on T and F' that are standard in the theory of higher

rank Euler and Kolyvagin systems, as developed in [11] following earlier work of Mazur and
Rubin in [33] and [34].

Hypothesis 2.13.

(Ho) for almost all primes q of K, the map Frgk — 1 is injective on T(p) for every k > 0.

(Hy) the k[[Gk]]-module T{p) is irreducible.

(Hp) there exists an element T of GF o for which the O-module T{0)/(T — 1)T(0) is free
of rank one.

(H3) the groups H' (F(T, 0)os/ K, T{0)) m\}d HY(F(T, 0)00 /K, Wv(l)) both vanish.
(Hy) if p =3, then Homy g, (T{0), T (o) (1)) vanishes.

Remark 2.14. These individual hypotheses are discussed in detail in [11, §3]. In particular,
the hypotheses (H;), (H2), (Hz) and (Hy) respectively correspond to the hypotheses (H.1),
(H.2), (H.3) and (H.4) that are used by Mazur and Rubin in [33] and hypothesis (Ho)
corresponds to the assumption (b) in [33, Th. 3.2.4]. Further, in concrete cases, it is
possible to analyse these hypotheses explicitly. To give a relatively straightforward example,
we assume that O = Z, and T' = Z,(1) and that ¢ = g, corresponds to an irreducible C,-
representation ¢ of G as in Example 2.11(i). We also set L = K(p) and G = G, and assume
that K contains p,. Then, in this case, (Hp) is automatically satisfied since no eigenvalue of
Fry on T'(p) is a root of unity. In addition, since p, is contained in K, the k[[G k]]-module

T(o) identifies with k™ upon which G acts via v, and so (H;) is satisfied whenever the
modular reduction of ¢ remains irreducible (and for a discussion of representation-theoretic
results in this direction see, for example, Fayers [23]). In a similar way, since Gr ., acts
trivially on Z,(1), the condition (Hg) can be seen to be satisfied if there exists an element
g of G that has order prime to p and is such that 1 occurs as an eigenvalue of the matrix
o(g) with multiplicity one. Next, to check (Hs), we assume that p does not divide |G/, that
G = G x G with Gy abelian and that ¢ = 91 X 12 with ¢ in Irp(G1) and 12 a non-trivial
homomorphism Gz — Qg*. Then, if N denotes either T'(o) or T(Q)V(l), the restriction
map H'(F(T, 0)eo/K,N) — H' (F(T, 0)oo/L, N) is injective and, since the k[[G1]]-module
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N is isomorphic to the direct sum of (1) copies of Z/(p), the group H'(F(T, 0)s/L, N)
vanishes (under the present hypotheses) as a consequence of [11, Lem. 5.4]. Finally, we
note that (Hy) is satisfied if either p > 3 (obviously) or if p = 3 is prime to |G| and the
modular reductions of 1 and its contragredient ¥ have no common irreducible components
over the algebra k[G] (which is semisimple in this case).

We can now state our main result on the arithmetic properties of nc-Euler systems. This
result constitutes a precise version of Theorem A and concerns the Selmer groups of T'(o)
with respect to the dual F,, of the canonical Selmer structure Fc,, defined by Mazur and
Rubin in [33, Def. 3.2.1]. We recall that, in concrete cases, the latter groups recover natural

arithmetic objects (see Remark 2.18 below).

Theorem 2.15. Fiz a homomorphism o : O[|Gk]] = My (A) as in (2.2.1), a pro-p abelian
extension L of K in K¢ and a finite extension F' of K in L that satisfy Hypotheses 2.12 and
2.13. Write L for the kernel field K (o) of 0 and fix a Galois extension K of K in K¢ that
contains both L and L. Set G := Gy, and E := LF' and assume that T{p) satisfies Hypothesis
2.8 relative to K. Fizx a natural number r and an nc-Euler system € in ES, (T, KC). Then for
every subset {pi}1<i<r of Homoyg,|(H (O s(r),T), O[GE]) one has

d(0)"e(0) - (NZhi)(er) € Fityg (Hr. (F,T{(0)"(1))").

can

In particular, the displayed product belongs to A[Gr] and annihilates the dual Selmer group
HY. (F.T{o)"(1))".

Theorem 2.15 will be proved in §3.1 and implies explicit restrictions on the Galois struc-
tures of the Selmer and Tate-Shafarevich groups of T" over the (in general, non-abelian)
Galois extension E of K.

For example, if e(p) belongs to O[G] and d(p) = 1 (as is automatically the case, for
example, in the setting of Example 2.2.3(iii)), then one has A[Gr| = e(0){(O[GE]) and

Hy. (F.T{(0)"(1))" = AlGr]" ®wm,(agr)) (€(0) - Hr, (E.TV(1))).

can

In this case, therefore, Theorem 2.15 implies that (A=7¢;)(e(o) - £g) belongs to O[Gg] and
(NZieie(o) - em) - Hi,, (B,TV(1)" = (0)

can

To state a more general consequence of Theorem 2.15 we recall (from [38, Def. (8.6.2)])
that, if N is any O[[G k|]-module that is unramified outside S(F), then the Tate-Shafarevich
group LHZ(C’)E,S(E), N) of N is defined to be the kernel of the natural localisation map

&P H*(E,,N).
veES(E)

For each field F in Q(L/K) we write x, r : G — Ap for the Ap-valued character of the
action of G on A% that is induced by g, and define an associated ‘projector’ by setting

pr, p = degEXg,F(g) ® g € ArlG].

For a homomorphism of Q-modules € : Ap — Q[Gg| we also write eg,, for the homomorphism

Arp[Gg] — Q[GE] that sends each element } /o ag9 to > 5 €(ag)g.
The following result will be proved in §3.2.

AE,5(E),N

(2.2.4) H2((9E75(E), N)
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Corollary 2.16. Assume the notation and hypotheses of Theorem 2.15. Assume also that
HC(E, TV (1)) vanishes, and write m for the lowest common multiple of the orders of the
decomposition groups in G of places in S(E).

Then, for any homomorphism of O-modules € : Ap — O[GE]|, any subset {pi}1<i<r of
Homog,|(H (Op s(r), T), OlGE]) and any nc-Buler system ¢ in ES,(T,K), the element

d(0)""m - egy, (e(0) - (NZii)(eR) - PryF)
belongs to O|Gg| and annihilates the dual Tate-Shafarevich group HIQ(OES(E),T)V.

Example 2.17. Assume the setting of Example 2.11(i), so that o = g, for a character v
in Ir,(G), and take F' = K (so that £/ = L). Then x,r =1, Ar = O, e(0) = ey, pPr,p =
pry, = (|G[/9(1))ey, Nrdg, g (d(e))ey = d(0)¥We, and d(p) is a divisor of |G|/1(1). Thus,
if € is the tautological inclusion of Ap = O into O[G], then Corollary 2.16 implies that

(IGI/ (W) rm - (NZiei)(ep) - pry
belongs to O[G] and annihilates I*(Op, g1, T)".

Remark 2.18. Upon appropriate specialization, the Selmer and Tate-Shafarevich groups
considered above recover classical modules. To describe two concrete examples (that are
respectively discussed in greater detail in [11, §5 and §6]), we fix a field F in Q(K/K).

(i) In the setting of the examples considered in Remark 2.14, the groups H 1:an(E ,Qp/Zy)
and IH2((’)E, s(E)> Zp(1)) respectively identify with the Pontryagin duals of the p-primary
subgroups of the ideal class groups of Og g,(g) and Og 5(E)-

(ii) Let C be an elliptic curve defined over K and write Sel,(C'/E) for its classical p-Selmer
group over E and T" = T,(C) for its p-adic Tate module. The ‘strict p-Selmer group’
Selztr(C’ /E) of C over FE is defined to be the kernel of the natural localization map

Sel,(C/E) — @p

Then one has Hy. (E,TV(1)) = Sel3"(C/E) and II*(Og g(g), T) is the kernel of a natural
localisation map

1
s,y (B T 07, Q).

Sel*(C/E) — @qﬂ}f(Kq,TE)V.

Here g runs over all places in S(E)\S,(K) and H/lf(Kq, Tg) denotes the image of the natural

restriction map H'(Kq,Tg) — H'(Ky", T ®z, Qp), with K™ the maximal unramified
extension of K.

2.2.2. The above results still leave open the key question of whether there exist any non-
trivial nc-Euler systems. In this section we present an unconditional construction of a
family of such systems that can have arbitrarily large rank and finer arithmetic properties
than those that are described in Corollary 2.16 above. This construction concerns p-adic
representations satisfying a range of explicit conditions that are different (and, in general,
weaker) than those used in Theorem 2.15 and combines an approach introduced (in a
commutative setting) in [12] with the theory of reduced determinant functors from [13, §5].
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To state our main result in this regard, for each field E in Q(K/K) we define an idem-
potent in ((A[Gg]) by setting

(2.2.5) eg = epr = Zee

where in the sum e runs over all primitive central idempotents of A[Gg] that annihilate the
space H*(Og g(g), V), and we use the A[Gg]-module

V(T (1) = )

Theorem 2.19. Assume that T and K satisfy all of following conditions:
(a) Hypothesis 2.8 is satisfied;
(b) the A-module T is projective;
(c) the A-module Y (T*(1)) is free of rank r = rp;
(d) all archimedean places of K split completely in K.

0 *
s iy T Ew T (1),

Then there exists an nc-Euler system € = ex /i (T) in ES,.(T,K) that is canonical up to
multiplication by an element of {(A[[Gal(IC/K)]])* and has both of the following properties.

(i) The annihilator of € in {(A[[Gal(K/K)]]) is equal to
GO/ KO D T, o e CCAIGED (L — 1)
(ii) For each L in Q(K/K) one has
(NZTei) (L) € Fit&{gd (H*(Or51), 7))
for every subset {yit1<i<r of HomA[gL](Hl(OL,S(L)7T)v-A[gLD'

Remark 2.20. The proof of claim (ii) of Theorem 2.19 that is given in §4.3 will establish
(in the equality (4.3.2)) a more precise result in which elements of the form (A!Zfp;)(er)
determine the r-th Fitting invariant of a presentation of the module H*(Oy, sy, T)®AGL]"

We next describe some Iwasawa-theoretic properties of the Euler systems constructed in
Theorem 2.19.
To do this we fix a p-adic analytic extension £ of K in K and use the Iwasawa algebra

‘A[[ﬁ/KH = @LEQ(E/K)A[QL]

where the transition morphisms are the natural projection maps.

We recall that this ring is both left and right noetherian (by [32, V, 2.2.4]) and has a
total quotient ring that we denote by Q(A[[L/K]]). In fact, if Gal(L/K) is a torsion-free
prop-p group, then O[[£/K]] has no proper zero-divisors (by [39]) and so Q(O[[L/K]]) is a
skew field (see [26]).

In the general case, there exists a field Lo in Q(L£/K) so that Gal(L/Ly) is a torsion-free
pro-p group. One then has S(L) = S(Ly) for all L in (L/Lp) and in each degree i we set

Hz(oﬁa T) = @LGQ([:/LO)H%OL,S(L)’T)

where the limit is taken with respect to the natural corestriction maps.
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Taking account of Lemma 2.10(ii), we also define

" 1 BT r 1
mA[[E/KHH (Or,T) := 1&“Lefz(c/Lo)mA[gL]H (Or,sw),T)
where the transition morphisms are induced by corestriction.
Finally, we set

(2.2.6) Hom’yr ey (H' (O, T), Al[L/K]]) := lim  Hom g, (H'(Op,5(1):T), AlGL])
LEQ(L/Lo)

where the limit is taken with respect to the maps Q*L,/L that occur in diagram (2.1.3) with
F'/F replaced by L'/L for Lo C L C L' C L.

Then for any subset {¢;}1<i<y of HomYy, (H'(Of,T), A[[L/K]]) and any element
n = (no)r of ﬂTAHL/KHHl(O[;,T) the commutativity of (2.1.4) implies that we obtain a
well-defined element of the limit Jim «/ LO)C (A[GL]), where the transition morphisms are
the natural projection maps, by setting

(NZT0:) () == (NZTir) ()
where ;1 is the projection of ; to Hom g, (H' (O s(1),T), A[GL])-

Remark 2.21. It is easily seen that all of the definitions made above are independent of
the choice of the field Lg. In addition, Lemma 4.14 below gives an explicit description of
the image of the natural homomorphism

Hom'y ey (H' (O, T), AL/ K]]) — Hom iy (H (O, T), A[[L/K])).-

In the following result we say that an A[[£/K]]-module is ‘central torsion’ if it is annihi-
lated by a non-zero divisor of ((A[[L/K]]).

We will also write §(A[[L/K]]) for the ideal of ((A[[L/K]]) that is given by the limit
lim d(A[GL]) as L runs over Q(L/K) and the transition morphisms are induced by [13,
Lem. 3.7(vii)] and the natural projection maps A[Gr/| — A[Gr] for L C L'.

Theorem 2.22. Fix a p-adic analytic extension L of K in K. Then the nc-Euler system e
constructed (under the stated hypotheses) in Theorem 2.19 has all of the following properties.

(i) The element ep = (5L)LeQ(£/L0) belongs to ﬂTA[[c/K]]Hl(OE’T)'

In the remainder of the result we assume A= O and set Ry := O[[L/K]].

(ii) Assume that Gal(L/K) has rank one. Then the Rp-module H*(Of,T) is a torsion
module if and only if there exists a subset {¢;}1<i<, of Homp, (Hl((’)g, T), Rg) for
which (NZ1¢;)(ez) is a unit of Q(Ryr).

(iii) Assume that Gal(L/K) has rank at least two. Then the Rp-module H*(Of,T) is a
central torsion module if there exists a subset {p;}1<i<r of Homy (H'(Of,T), Rr)
for which (N=1¢;)(ez) is a non-zero divisor in the ideal 6(Rc) of ((Rr).

(iv) If L/K is abelian, then the following conditions are equivalent:

(a) e has the property stated in (ii), respectively (iii).
(b) e is a generator of the Q(Rz)-module generated by /\%EHI(OE,T).
(¢c) er is not annihilated by any non-zero divisor of Rr.
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The proof of this result is given in §4.4.

3. NON-COMMUTATIVE EULER SYSTEMS AND SELMER GROUPS

In this section we deduce the results of Theorem 2.15 and Corollary 2.16 from the theory
of higher rank Euler and Kolyvagin systems developed by Sakamoto and the present authors.
Throughout the section, we assume the hypotheses and notation of Theorem 2.15.

3.1. The proof of Theorem 2.15. We set L := K(p) and G := Gy, and, since L is disjoint
from L, for each F' in Q(L/K) we use the identification
Qgrr] = Q[G] ®g Q[GF]

to regard e := e(p) as an idempotent of Q[Grr]. We also set Ap := A ®p O[Gr] and
Ap = Q- Af and consider the O-order

A(o)r := A(o) ®o O[Gr] = M, (AFr) ® O[GLr](1 —e)
in Q[Grr].

We start by proving a useful general result.

Lemma 3.1. Set ' := G p.

(i) For each O[T']-lattice X the following claims are valid.
(a) There are natural identifications

N @ X =Ny @ %)
nr n nr n T
=\, (A @ QX)) = A\, Q- (Af o X))
(b) The identification (A% @0 O[L))F = A% induces a map
x.e : Homeypy (X, O[]) — Homa, (A} @0 X)T, Ar)",
f=id®o f,

the cokernel of which is annihilated by d(o).
(c) With respect to the identification in claim (a), there is an inclusion

nr n(’)[ ]X ﬂ ®O X

(ii) Let C be an object of Dperf((’)[ ]) that is acyclzc in degrees less than one and such
that H*(C) is O-torsion-free. Then there is a natural identification of Ap-modules

n n I
H' (A} ®@ppr) C) = (Af ©0 H'(C)) .
Proof. The displayed identifications in claim (i)(a) respectively follow from the equality

e- Q' = M,,(Ar), the general result of [13, Th. 4.19(vii)] and the canonical identification

r
Al O, (ap) €(Q- X) = Q- (A} ®0 X))
Since M (AF) is a direct factor of the algebra A(p)r, to prove claim (i)(b) it is enough
to show that the cokernel of the analogous map

Homory (X, O[I']) = N := Hom 4,),. ((A(0)r ®0 X)", A(0)r)
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is annihilated by d(e). In addition, since X identifies with the submodule (O[] ®o X)I' of
(A(0)r ®0 X)I', for any 6 in N one has 6(X) € A(g)r. It is therefore enough to note that
d(0) annihilates the quotient group A(0)r/O[I'] = (A(0)/O[G]) ®o O[GF].

We next fix an element x of ﬂO[F]X and use claim (i)(a) to regard e -z as an element of

e (A% @0 X)F. Then, to prove claim (i)(c), we need to show that
d(o)™ - (N0 1o, )(e-z) € Ap
for every subset {; }o<i<nr of Homa,, ((A% ®o X)'', Ar). To show this we use claim (i)(b)
to fix, for each j with 0 < j <, a map ¢; in Homer (X, O[I']) such that
WX,G(SOj) = d(g) : (gjnv 0jn+1a T 79jn+n—1)-
Then one has
i=nr— =r 1 z n—
d(o)"™ - (NZET 0 (e @) = (NZ5 (NS5 d(0)0ns)) (e - @)
=e- (N2 @)(@) € EO[M)e.
To prove claim (i)(c) it is then enough to note that £(O[I'])e is contained in &(A(o)r)e =
(M, (Ap)) which, by the first assertion of [13, Th. 4.19(vii)], is equal to Ap.

Turning to claim (ii) we recall that any torsion-free finitely generated O[I']-module that
has finite projective dimension is necessarily projective (cf. [1, Th. 8]). Given the conditions
on C, we can therefore use a general construction of homological algebra (as, for example, in
[20, Rapport, Lem. 4.7]) to show that C' is isomorphic in Dpeff((’)[f‘]) to a bounded complex
P* of finitely generated projective O[[']-modules that has P* =0 for all i < 1.

It follows that A% ®'(‘9[F] C is isomorphic in D(Afp) to AL ®pqr) P°, and hence that
H(AZ ®'(‘9[F] C) is equal to ker(id ®or) d), with ‘id’ the identity map on A% and d the
differential of P® in degree one. We can therefore deduce the claimed result from the exact
commutative diagram

; |
0 — (Ap o HY(C) 5 (Ap o P 29%  (An @o P?)T

ld®o

A% ®opn Pl 4> A% ®om P2

Here the two vertical arrows are induced by the maps A% @0 P! — (A% ®0 P sending
each element a ® = to Zyera’y_l ® v(z) and are bijective since P is a projective O[']-
module. In addition, the upper row of the diagram is exact since A% is a flat O-module
and so the functor Y — (A% ®0 Y)U is left exact (from the category of left O[I'-modules
to the category of left Ap-modules). O

We can now establish a concrete link between the theories of non-commutative and com-
mutative Euler systems that is key to the proof of Theorem 2.15.

Proposition 3.2. For any system € in ES,.(T, LL), the family

(o) == {d(0)""e(0) - eLr }rrea(c/K)
defines an element of ES,,(T{0),L).
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Proof. Fix fields F} and F in Q(L/K) and, for i = 1,2, set A; := Ap,, A; :== Ap,, G; :== G,
i =LF;, Ty :=0p, =G x G, Rj:= O ]and T; :=R; ®o T.
We claim first that there are canonical identifications of A;-modules

(3.1.1) H'(Or, 5(), T{0)) = (A} ®0 H'(Op, 55 7))
To prove this we note that the natural isomorphism of A4;[[G k]]-modules
O[Gi] @0 T{0) = O[G;] @0 (A" @0 T) = A} @0 T = A} @g, T
combines with Shapiro’s Lemma to give an identification
HY (O, s(ry), T(0)) = H' (Ok 5(r,), O[Gi] @0 T(0)) = H' (Ok (5, Af @r, Ty).
In addition, since 7} is a projective R;-module, the complex RI'(Og (), T;) belongs to
DPe{(R;) (by Flach [24, Th. 5.1]) and there is a natural isomorphism in D(A;) of the form
(3.1.2)  RI(Ok s(r), AF @r, Ty) = AP @%, RT(O 5k, Ti) = A @, RT(Op, 5(r), T)

(by Fukaya and Kato [25, Prop. 1.6.5]).

Thus, since Hypothesis 2.8 implies that the O-module H’ (Og,,s(F;), T') vanishes for j = 0
and is torsion-free for j = 1, the claimed isomorphism (3.1.1) is obtained as a consequence
of Lemma 3.1(ii) with F', I" and C taken to be F;, RT'(Og, g(r,),T') and T'; respectively.

Next we note that the definition of ES, (7', LL) implies directly that each element ep, be-
longs to ﬂg[lﬂi]Hl((’)Ehs(Fi), T). Upon combining the identification (3.1.1) with the general
result of Lemma 3.1(i)(c), we can therefore deduce that there is a containment

e{o)r, = d(0)""e(0) - €k, € ﬂ NOF, s(r) T(0)

for both i =1, 2.
To prove the claimed result, it is therefore enough to show that if F; C Fb, then in
/\ZZHl(OEl,S(Fﬂa V<Q>) one has

Cort i, elehe) = (T s Betn 1= 0 | Vel (D)%) (00

To check this, we recall that L is disjoint from F» (by condition (E4) in Hypothesis 2.12),
and hence that, with respect to the respective identifications

nr 1 T 1
Ny Orsiry. Ve =el0)- Ay e H (Ors) V),
the map Cor; /F, Can be computed as the e(g)-component of the corestriction map Corpg, /By

that arises in the definition of ES, (T, LL).
In particular, as e € ES, (T, LL), to prove the required equality it is enough to show that

. _ (1) )
(@) 1], csmap s Va1 = ou [ V(1))

_ B i "
N HUES(FQ)\S(Fl)detAl(l ou | V(e) (L)r)7".
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To see this we note first that any place of K that ramifies in the kernel field L = K(p)
belongs to Syam(7T(0)) and hence that S(E>) \ S(E1) = S(Fy) \ S(F1). It is then enough to
note that for each place v in the latter set, the definition of reduced norm implies that

e(0) - Nrdgig,)(1 — 0y [ V(1) E,) =Nrdy, (a,)(1 — 0u | Mn(41) ®g V(1))
=dety, (1 — o, | AT ®a V*(1))
=deta, (1 -0y, | V(0)"(1)).
O

To proceed, we next note that Lemma 3.1(ii) combines with the isomorphism (3.1.1) and
the explicit definition of reduced exterior powers to imply that for any (ordered) set of maps

{pi}1<i<r C Homog, .)(H (OrrsLr): T), O[GLF)),
there exists a corresponding set of maps

{0;}1<i<ny C Homy, (H'(Ops(r),T(0)), Ar)
for which one has ' '
d(e)""e(0) - (NiZiwi)(eLr) = (NZ1"0:)(e(0) F),
where the element £(p)p is as defined in Proposition 3.2.
By combining the latter observation with the main result of the theory of higher rank

(commutative) Euler systems we can then deduce (via a direct application of [11, Th.
3.6(iii)(c)]) that, under the hypotheses of Theorem 2.15, there is a containment

d(0)"e(0) - (NZiwi)(eLr) € Fity, (H,, (F,T(e)"(1))").

By a classical property of commutative Fitting ideals (that can also be seen by combining
claims (iii) and (vii) of [13, Th. 3.20]), we can therefore conclude that the element

d(0)"e(0) - (NZiwi)(eLr)
belongs to Ap and annihilates H}:an (F,T(0)"(1))V. This proves Theorem 2.15.

Remark 3.3. The above argument relies on a reduction (via Morita equivalence) to the
main result of [11]. It is perhaps possible that, by incorporating into the approach of
[11] a reasonable theory of (higher rank) Kolyvagin systems for representations over non-
commutative zero-dimensional Gorenstein rings, one could prove a version of Theorem 2.15
that gives finer information on Galois structure.

3.2. The proof of Corollary 2.16. At the outset, we recall from [11, Exam. 2.7(iii)]
that the Poitou-Tate global duality theorem identifies IIT*(Op gy, T(0)) with the dual
Selmer group H . (F T{0)V(1))Y of T{p) with respect to the dual of the ‘relaxed’ Selmer
structure Frel deﬁned in [11, Exam. 2.4]. From the general result of [10, Th. 3.1], we can
therefore deduce that the Ap-module HIQ((’)R s(e), T'{0)) is isomorphic to a submodule of
Hy. (F,T{0)"(1))".

Hence, if € € ES, (T LL), then Theorem 2.15 implies that for every subset {¢;}1<i<, of
Homo[gE]( ((’)E sE), ), O[Gg]) the element d(9)""e(p) - (/\fjnpi)(eE) belongs to Ap and
annihilates *(OF g(p s(e), T'(0)). Given this fact, Corollary 2.16 follows directly from claim
(ii) of the following result.
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Proposition 3.4. Fiz F in Q(L/K), set E := LF and assume H°(E, TV (1)) vanishes.
Then the following claims are valid.

(i) There exists a natural exact sequence of Ap-modules
O n n
Tory [gE]( yo @UGS(E)HQ(E”’T)) = AL®oige I (OF s(p), T) = I*(Or.s(r), T{0)) = 0,

where, for each v € S(E), we write H*(E,,T) for the direct sum of H*(E,,T) over
all places of E that lie above v.

(ii) Fiz an element a of Ap that annihilates HIZ(ORS(E), T(0)) and a map of O-modules
€: Ap — O[Gg]. Then, with m denoting the lowest common multiple of the orders
of the decomposition groups in Gg of places in S(E), the element eg,, (ma . prgp)
belongs to O[Gg] and annihilates *(Op g(p), T)Y .

Proof. Set 111 := Hl2((’)E7S(E),T) and G := Gg.

Then, since H°(E, TV (1)) vanishes, Poitou-Tate global duality implies that the locali-
sation map Ag g(g)r in (2.2.4) (with N = T) is surjective, and hence that there exists a
tautological short exact sequence of O[G]-modules

2 2
0— Il — H*(Op s(g), T) — @UGS(E)H (Ey, T) — 0.

In addition, since the complex RI'(Op, s(g), T') is acyclic in degrees greater than two (as
p is odd), the isomorphism (3.1.2) induces an isomorphism of Apr-modules

At ®oic) H(Op s(g), T) = H*(Op.5(r), T{0)).-

By a similar argument, with RT'(Og (), T') replaced by the direct sum of RT'(E,,T) over
all places w of E that lie above a given place v in S(F), there is also a natural isomorphism
of Ap-modules
Al @ojq) H* (o, T) = H*(Ey, T(0)).
Given these isomorphisms, the exact sequence in claim (i) is obtained by applying the
functor A% ®p(q) — to the tautological exact sequence given above.
In order to prove claim (ii), we note that the O-module A% is torsion-free and hence

that, setting X := @, . S(E) H?(E,,T), the universal coefficient spectral sequence

Torg)[G](Torl?( 7fp,X),(’)):>Torgg]( %,X)

collapses to give an isomorphism

Tory Y (AF, X) gEBUGS(E)TOH
o @veS(E)Hl(G, A} @0 H*(E,,T))

~ n 2
=D, gy (G A @0 H(E,,T)).

(A% ®o H*(E,,T),0)

Here, for each v in S(E) we fix a place w of E above v, write G, for its decomposition
subgroup in G and (in the last isomorphism) use the O[G]-module isomorphism

F®o H*(Ey, T) = A ®0 (O[G] ©@ojq) H (Ew, T)) = O[G] ©oja,,] (A @0 H*(Ew,T)).
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The above displayed isomorphism implies that the first term in the exact sequence in
claim (i) is annihilated by the natural number m specified in claim (ii). Thus, if a is any
element of Ap as in claim (ii), then the exact sequence in claim (i) implies that a’ := ma
annihilates Ho (G, A% ®@o 1) = A7, ®o[g) 1. In view of the natural isomorphisms

Ho (G, A% 00 1) 2= HO(G, (A% @0 1)) = H(G, (AR)* @0 1I1Y)

one therefore has a’ - H(G, (A}L)* @ IIY) = (0).

With respect to the standard basis {b}}i1<i<n, the action of G on (A%L)* is via the con-
tragredient ¢ : G — GL,(A) of o (so 4(g) is the transpose of o(¢g~1) for ¢ € G). Then, for
each z € IIY the element T;(x) := >_ . g(bf ® ) belongs to H(G, (A})* ®p 1Y) and so,
in (A%)* ®p LIY, one has

0= d(Tw) = a3 (b @9(e) =3 (3, 0075 ) @ 0(a)
N Zlﬁjén(zgeG((a/ ~0(g™")iy) 5 @ ().

For each i and j with 1 < 4,5 < n, one therefore has
Loo—1
0= deg(a/ ~0(97 )i @ g(x)) € Ap @0 I
Upon taking images under the composite map
Ap @0 1Y 29 0[G] 9o 1Y L2229, v

one deduces ) qe(a’ 0(g71)ij)g(x) vanishes. Thus, since z is an arbitrary element of IT1V,
each element c(a’);j :== > cqe(a’ - 0(g71)ij)g of O[G] annihilates IIIV. Hence, the sum

Zlgignc(al)“ - deae(alzlgign@(gil)”)g - deae(a/ xer(97)g
=ea(D_, (@ Xe9) ®9)) = ccla’ prop)
also annihilates IITY, as claimed. O

4. COHOMOLOGICAL CONSTRUCTIONS OF NON-COMMUTATIVE EULER SYSTEMS

In this section we present a general Galois-cohomological construction of non-commutative
Euler systems and then use it to prove Theorems 2.19 and 2.22. In particular, throughout
the section we assume the conditions stated in Theorem 2.19.

4.1. Vertical reduced determinantal systems. For each bounded below complex of
O-modules C' we set C* := RHomp(C, O).

4.1.1. For each field F' in Q(K/K) and a finite set 3 of places of K with S(F) C 3, we
write R['.(OFx, T) for the compactly supported étale cohomology of T" on Spec(OFy;).
We then define an object of D(A[GF]) by setting
Crx(T) :=RT(Ops, T%(1))"[-2],

regarded as endowed with the natural action of A4 and the contragredient action of Gr.
In the following result we use the full triangulated subcategory D'(A[GFr]) of D(A[GF])
comprising complexes that are isomorphic to a bounded complex of finitely generated
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locally-free A[Gr]-modules whose Euler characteristic in K} (A[Gr]) belongs to SK{(A)
(cf. [13, §5.1.4]).

Lemma 4.1. For each E in Q(K/K) and each finite set of places X of K that contains
S(E) the complex Cg x(T) has all of the following properties.
(i) Cex(T) belongs to D'C(A[GE]).

(ii) Crx(T) is acyclic outside degrees zero and one and there is a canonical identification
H(Cpx(T)) =H (Opx,T)
and short ezact sequence of A[Gg|-modules
0 — H*(Opx,T) = H (Cpx(T)) = Ye(T*(1))* = 0.

(iii) Given a finite set X' of places of K that contains ¥ there exists a canonical exact
triangle in DP (A[GE]) of the form

@UEE’\ERF(KEIF/K”’T*(l)E)*[_Q] - CE,E(T) — CEyg/ (T) — .

(iv) For all fields E and E' in Q(K/K) with E C E' there ezists a natural isomorphism
AlGe] @Y, Crr s (T) = Cpp (i) (T) in DP™(A[Gg]).

Proof. To prove claim (i), it is enough (by [13, Rem. 5.3]) to show Cgx(T) belongs to

DPerf(A[GE]) and that its Euler characteristic X?;FQJE](CEE(T)) in Ko(A[GE]) vanishes.

To prove this we note Shapiro’s Lemma identifies RI'.(Og s, T*(1)) with the complex
C(E) =Rl(Okx,T"(1)E).

In addition, since T*(1) g is a projective A[Gg]|-module (as a consequence of Hypothesis 2.3),
the result of Flach [24, Th. 5.1] implies C'(E) belongs to DP*{(A[Gg]). This in turn implies
that Cx(T) belongs to DP(A[Gg]), since A[Gg] is Gorenstein and so DP(A[Gg]) is
preserved by the exact functor C' — C*[—2].

For the same reason, to show that Xff[ong] (Cg,x(T)) vanishes, it is enough to prove that

XKEE](C(E)) vanishes. To do this, we set a := A/(p). Then, since p is contained in the
Jacobson radical of A[Gg| the natural reduction map Ko(A[Gg]) — Ko(a[Gg]) is injective
(by [2, Chap. IX, Prop. 1.3]) and so it is enough to note [24, Th. 5.1] also implies that the

Euler characteristic in Ko(a[Gg]) of the complex

Z/(p) ®% C(E) = RTe(Ok s, (T*(1)5)/(p))

vanishes. This proves claim (i).

The fact that Cpx(T) is acyclic outside degrees zero and one is well-known and the
existence of a canonical isomorphism and short exact sequence as in claim (ii) follows
directly from the Artin-Verdier Duality theorem (and is also well-known).

The exact triangle in claim (iii) is obtained by applying the exact functor X — X*[—2]
to the canonical exact triangle in DP*™ (A[Gg])

RL(Op 3, T°(1)) = RL(Opx. T*(1) = B, ROKY /Ko T (1)p) =
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The isomorphisms in claim (iv) result from combining the canonical isomorphisms
AlG] ®4g,,) C(E')"[-2] = RHom yg,,)(AlGE], C(E")*[-2]
and RHom ¢, (A[GE], C(E")) = C(E). O

Remark 4.2. If T arises as the p-adic Tate module of a critical motive, then the complexes
Crpyx(T) can also usefully be interpreted in terms of the formalism of ‘Selmer complexes’
developed by Nekovar in [36].

4.1.2. For a commutative noetherian ring A we write P(A) for the category of graded
invertible A-modules (as reviewed in [13, §5.1.1]).

In the sequel, for each x in Ir,(K) we use the approach of §2.1.1 to fix an ordered Q}-basis
of a Q5[Gx(y)]-module of character x. Then, for each I in Q(KC/K), this data gives rise to
a collection wp of ordered Q-bases of a complete set of representatives of the isomorphism
classes of simple (Qj ®g A)[Gr]-modules. We shall use the associated P({(A[GF]))-valued
reduced determinant functor

daggr) (=) = dage),mr(—)
that is constructed in [13, Th. 5.4].
Remark 4.3. For F' in Q(K/K), the approach of Deligne in [21, §4] constructs a ‘univer-
sal determinant functor’ for the (exact) category of finitely-generated locally-free A[Gr]-

modules, with values in an associated commutative Picard category VY¥(A[Gr]) of ‘vir-
tual objects’. The functor d4g,)(—) therefore induces a strongly monoidal functor from

VI(A[GF]) to P(E(A[GF])). We recall that, in most cases, the latter functor is not an
equivalence of commutative Picard categories (for details see [13, Rems. 5.5 and 5.8]).

For each pair of fields F' and F’ in Q(/K) with F C F’ we write
v p  dag ) (Crsen(T)) = dagp (Crsr) (1))
for the composite surjective homomorphism of (graded) &(A[Ggr])-modules
dag,.1(Cr,sr)(T))
E(AIGF]) ®e(aig)) daigp ) (Cr s (T))
dig.1(Crsr)(T))

dage (Crsm (M) © Q) dag (RTE /Ky, T*(1)p)*[-2)) "
vES(F)\S(F)

R 4

I

d A6 (Crsr)(T))-

Here the first arrow denotes the natural projection map, the first isomorphism is induced
by the quasi-isomorphism in Lemma 4.1(iii) and the general result of [13, Th. 5.4(ii)] and
the second isomorphism is induced by the exact triangle in Lemma 4.1(ii) and the result of
[13, Th. 5.4(i)]. Finally, the third isomorphism is induced by the fact that for each v in
S(F')\ S(F) the complex RT'(KY/K,,T*(1)r)*[—2] is represented by

(4.1.1) (T*(1)p)* N (T*(1)p)*,
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where the first term is in degree one, and so there is a canonical composite isomorphism
(4.1.2)  daggy) (RU(EY/ Ky, T*(1)£)*[-2)) 7"
= &%, (1" (VF)") © g, (T (D)) S (E(AGE]), 0)-

Here the first isomorphism follows by applying [13, (5.3.1)] to the resolution (4.1.1) and the
second is the natural ‘evaluation map’.

Definition 4.4. For any Galois extension K of K in K¢ the module of vertical reduced
determinantal systems for (T, K) is the inverse limit

VS(T,K) = @FEQ(K/K)dA[gF](CF,S(F) (T)),

where the transition morphism for F* and F' in Q(K/K) with F' C F" is vp//p. We refer to
an element of VS(T', K) as a ‘vertical reduced determinantal system’ for the pair (T, K).

Remark 4.5. If £/K is abelian, the above definition recovers the module VS(T,K) dis-
cussed in [12, §2.4]. We also recall that the terminology of ‘vertical determinantal systems’
is introduced in [12] in order to contrast these systems with the ‘horizontal determinan-
tal systems’ that play a key role in loc. cit. (but for which we currently know of no
non-commutative analogue).

It is clear that VS(T, K) has a natural action of the algebra £(A[[Gal(K/K)]]) and the
following result describes this structure explicitly.

Proposition 4.6. The £(A[[Gal(K/K)]])-module VS(T,K) is free of rank one.

Proof. For each natural number n we write K, for the composite of all finite extensions
of K inside K with the property that the absolute value of the discriminant of K/Q is at
most n.

Then K(,)/K is a Galois extension and has finite degree as a consequence of the Hermite-
Minkowski Theorem (cf. [37, §II1.2]). In addition, one has K,y C K41y for all n and
the normal subgroups {Gal(K/K(,))}n>1 form a base of neighbourhoods of the identity
in Gal(K/K). Thus, if for each n we set G, = Gr,,, and E, := dA[gn}(CK(n),S(K(n))(T))
and write 7, for the (surjective) transition morphism =, 11 — =, used in the definition of
VS(T, K), then there is a canonical identification
(4.1.3) VS(T,K) = @1”21:,“
where the limit is taken with respect to the morphisms .

For every n the {(A[G,])-module =, is, by construction, free of rank one. We may
therefore assume that, for some fixed n, we have made a choice for each natural number m
with m < n of an &(A[Gy,])-basis x,, of Z,, so that 7, (zmy1) = Ty, for all m < n.

If now x,_; is any choice of £(A[Gy11])-basis of Z,41, then 7,(x],, ) is a £(A[Gy])-basis
of 2, and so there exists a unit u, of {(A[Gy]) such that x, = wu, - Tn(z],, ).

But, since £(A[G+1]) is semi-local and the projection map £(A[Gn+1]) — £(A[G,]) is
surjective (by [13, Lem. 3.2(v)]), Bass’ Theorem (cf. [31, Chap. 7, (20.9)]) implies that the
homomorphism &(A[Gn+1])* — £(A[G,])* induced by the projection map is also surjective
and so we may fix a pre-image uy,11 of u, under this map.
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It is then easily checked that the element xy,11 := upt1 - 2, is a E(A[Gn41])-basis of
En+1 with the property that (7, 0 Trpp1 0+ 0 7)) (Xpt1) = @y, for all m < n + 1.

Continuing in this way we inductively define an element (x,),>1 that the isomorphism
(4.1.3) implies is a &(A[[Gal(KC/K)]])-basis of VS(T, K), as required. O

4.2. Reduced determinants and non-commutative Euler systems. In this section
we describe the crucial link between reduced determinantal systems and non-commutative
Euler systems.

4.2.1. At the outset we note that condition (c) of Theorem 2.19 combines with Hypothesis
2.1 to imply that the A-module Y (7%(1))* is free and we fix an (ordered) basis {a;}1<i<r-
In addition, for each F in Q(K/K) there is a decomposition of A[Gg]-modules

Yg(T*(1)) = @Uesoo(m <@w|vH0(Ew’T*(1))>

where w runs over all places of E above v. This decomposition implies, in particular, that
if we assume condition (d) of Theorem 2.19 and then fix a set of representatives of the G k-
orbits of embeddings K — Q¢, we obtain (by restriction of the embeddings) a compatible
family of isomorphisms of A[Gg|-modules
(4.2.1) Yp(T*(1))" = AlGe] @4 Y (T*(1))" = AlGE]",
where the second map is induced by the chosen A-basis {a;}1<i<, of Y (T™(1))*.
Theorem 4.7. If the conditions (a), (b), (c) and (d) of Theorem 2.19 are satisfied, then
for each fized set of isomorphisms (4.2.1) as above there exists a canonical homomorphism
of £(A[[Gal(K/K)]])-modules ©7 x : VS(T,K) — ES,(T, K).

This homomorphism is non-zero if and only if there exists a field F in Q(K/K) and a
non-zero primitive idempotent e of ((A[GFr]) for which the space e'HQ(OF’S(F), V') vanishes.

Remark 4.8. A conjecture of Jannsen [28, Conj. 1] implies that, for any given F'in Q(K/K),
the space H2(O F,5(F), V') should vanish for all but a few exceptional representations V.

The proof of Theorem 4.7 will occupy the rest of this section. The basic strategy will be
to define for each L in (K/K) a canonical homomorphism of £(A[[Gal(K/K)]])-modules

O : VS(T,K) - Q®o ﬂ HI(OL,S(L)aT)

AlGL]
and then to prove that the image of the diagonal homomorphism
. ®n)L r 1
Orx : VS(T, K) —=5 HLGQ(K/K)(Q ®o ﬂA[gL]H (Orsw),T))
belongs to ES, (T, K) and to determine when this homomorphism is zero.
4.2.2. In this section we use the idempotent ey, of ((A[Gr]) defined in (2.2.5). We also set
Crswy(V) = Q®o0 Cr g (T)

Lemma 4.9. For each L in Q(K/K) set rrp, := 11416, 1e, (A[GLler)"). Then the following
claims are valid.
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(i) The isomorphism (4.2.1) induces an isomorphism in P(C(A[GL])er)
digy1e, (e - H' (Crsy(V) = (C(A[GL)er, rrr).

(ii) There is an inclusion

g1, (L - HO(Crs) (V) C er(Q®o ﬂA[gL]Hl(OL,S(L)vT)arrL)'

1

Proof. Set Ar, := A[Gr], A, := A[Gr] and 11} :=rr4, (A]).

To prove claim (i) we note that the definition of ef, combines with the exact sequence in
Lemma 4.1(ii) to give an identification of spaces er- H(C, g(1)(V)) = e(Q®o YL(T*(1))*)
and hence also an identification in P({(Ar)er)

e, (er - H (Cpsr) (V) =d3 e, (e£(Q ®o YL(T*(1))))
=er(Q®o diy, (YL(T"(1))%))-

Given this, the isomorphism in claim (i) is induced by the isomorphism in P(£(.Ar))
(&(Ap), 1) ﬂ YT )*iry) = d, (YL(T7(1)")

obtained by applying the result of [13, Prop. 5.9(i)] to the module M = Y (7%*(1))* with
{bj}1<j<r equal to the basis that (4.2.1) sends to the standard basis of A7 .

To prove claim (ii) we note that Lemma 4.1(i) and (ii) combine to imply the existence of
an Ag-submodule X of H'(Oy, g(1),T) that is free of rank r and such that ey, - (Q®p X) =
er - H'(Cps(ry(V)). Then, just as above, one has

A% ye, (er - HY(Crsr)(V))) =er - (Q®o d, (X))

( Q®oﬂ X,rrL)
C (er Q®Oﬂ "Ors),T)),rrL),

where the final inclusion follows from the general result of [13, Th. 4.19(iv)]. This proves
claim (ii). O

We define ©’; to be the composite homomorphism of ¢(A[Gr])-modules
(4.2.2) dagg,)(Crs)(V))
= dfyg, (H (Crsi)(V)) ® d%g, }(HI(CL,S(L)(V)))_l
— d%g, e, (6L - H(Cp 5 @ (V) ® dg, e, (er - Hl(CL,S(L)(V)))_l
(Crswy(V)))
—er Q®oﬂ OLS(L)v 7)),

~ dA[gL eL (eL H

where the first map is the ‘passage to cohomology’ map from [13, Prop. 5.17(i)], the second
is induced by multiplication by ey, and the final two by the results in Lemma 4.9.
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We can now finally define ©, to be the composite homomorphism

VS(T,K) = dajg,)(Cr,s)(T)) C dagg,1(Cr,sy(V))
(S} r
—er (Q ®o ﬂA[gL}Hl(OL,S(L)aT>) ,

where the first arrow is the canonical projection.
Then we need to prove that this definition implies that for every n in VS(7', ) and every
pair of fields F' and F’ in Q(K/K) with F' C F’ one has both

(4.2.3) O () €y, H (Orr 50, T)
and
(4.2.4) Cort (@ () = (T]_ Pv) - ©r),

with ¥ := S(F")\ S(F) and P, := Nrdyg,,)(1 — oy | V*(1)g)# for each v € ¥.

4.2.3. The next result plays a key role in the proof of these facts. In order to state it, for
any ring A and natural numbers d and d’, we identify each matrix M in My q(A) with the

homomorphism of A-modules 037 : AY — A that sends each (row) vector z to - M.

Lemma 4.10. For each L in Q(K/K) there exists an exact sequence of A[Gr]-modules

(4.2.5) 0= HY(Op 51, T) L Pp 2 Py ™ HY(Cpg1)(T)) = 0
that satisfies all of the following properties.

(i) Py is finitely generated and free of rank dr, > r.
(ii) Consider the composite surjective homomorphism of A|Gr]-modules

Py = H'(Cp s (T)) = Yo(T*(1)" = A[GL]',

where the second map comes from the exact sequence in Lemma 4.1(ii) and the
isomorphism is induced by (4.2.1) and Hypothesis 2.1. Then there exists an ordered
basis {bi,1.}1<i<d, of Pr such that the above homomorphism sends b; 1, to the i-th
element of the standard basis of AlGL|" if 1 < i < r and to zero otherwise.

(i) Write Py for the complex Pr, — Pr, where the first term is placed in degree zero,
the differential is 0, and H(Pp) and H'(P}) are identified with H°(Cp g)(T)) =
H1(0L75(L), T) and H* (Cr,s(r)(T)) by using the maps v, and 7r,. Then there erists
an isomorphism in DP*I(A[GL]) from P} to Crs)(T) that induces the identity
map in all degrees of cohomology.

(iv) The matriz in Mg, (A[GL]) that represents 01, with respect to the basis {b; 1 }1<i<d,
s a block matrix (OdL,r ‘ ML) where My, belongs to Mg, 4, —r(A[GL]) and is such
that ker(GML) = HI(OL,S(L)a T).

Proof. Claims (i) and (ii) of Lemma 4.1 combine to imply that the (—1)-shift of Cp, g(1,)(T)
is an ‘admissible’ complex in the sense of [9]. Given this fact, the existence of an exact

sequence with all of the properties in (i), (ii) and (iii) follows from the general construction
of 9, §3.1].
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The property in claim (ii) implies that im(f;) is contained in the submodule of P,
generated by {b; ,},<i<q, and hence that 6}, is represented by a block matrix M ’L of the
form (g, | ML) stated in claim (iv). For this representation it is then also clear that
HY (O, 5(1),T) = ker(fr) is equal to ker(6yy, ), as required. O

Since the image of the endomorphism 6§ = 0 in Lemma 4.10 (with L = F’) is O-free,
and the algebra A is Gorenstein, the group Exth[gF,}(im(G),A[gF/]) vanishes (cf. Remark
2.2). The construction of [13, Prop. 4.21] can therefore be applied to the matrix M = Mg
in Lemma 4.10(iv).

In view of the latter result, the containment (4.2.3) will follow if we can show the existence
of an element x, of {(A[GF]) such that

(4.2.6) O (n) =y - enm,

where e/ is the canonical element constructed in [13, Prop. 4.21].
To prove this we note that claims (i) and (ii) of Lemma 4.1 combine to imply the existence
of an (in general, non-canonical) isomorphism of A[Gp]ep-modules

(427)  ep - H\Op s, V) = e - (Q 0 Yr(T*(1))*) = (AlGplep )

so that epr - HY (Opr g(pr), V) is a free A[Gpr]ep-module of rank 7. In addition, the elements
©ps(n) and epy both belong to
er /\A[g ] (Or s, V) = /\A[QF,]eF, er - H' (Op 5, V).
Upon combining the general result of [13, Lem. 4.12] with the argument of [13, Th. 4.19(ii)],
one finds that the equality (4.2.6) is valid if © () and ;- £y have the same image under
NZ1¢; for every ¢; in Hom A[GF/ 1(Ppr, AlGrr]), where we do not distinguish between ¢; and
1ts restriction through tpr to H(Opr g(r sy, T)-

To check this we note that, setting d := dpv, the explicit definition of £y, implies (via [13,
Lem. 4.10]) that

(4.2.8) (NiZ16)(em) = Nrdyg,, ) ((M' | M))
where M' = M'({¢;}1<i<r) is the matrix in Mg, (A[Gp]) with ji-entry equal to ¢;(b; ).

On the other hand, if we set Cpr := Cpr gy (T) and Bpr := (N=Sb; pr) @ (/\ézcllb;F,), 0),
then Lemma 4.10(iii) allows us to identify d 4ig,,;(Crr) with

d G (Piv) = dyg,,) (Prr) @ Home( g,y (g, (Pr): E(AlGr])) = £(AIGR]) - Brr
(where the first equality follows from [13, (5.3.1)] and the second from [13, Prop. 5.9(i)]),
and then the argument of [5, Lem. 7.3.1] implies that

(NZ16i) (O (Bpr)) = Nrdug,, 1 (M' | M)).

This equality combines with (4.2.8) to imply that the equality (4.2.6), and hence also the

containment (4.2.3), is valid since the image of any element 1 of VS(T',K) in d4g,,)(Cr) =

d4(g,.,(Pp) is of the form x, - B for a unique element x,, of {(A[GF]).
To prove (4.2.4) it is enough to prove an equality of maps

(4.2.9) Corls /0 Oy = (Hvezpv) (Op o vpp).
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To do this we set A := Gal(F'/F) and write T for the (central) element 5.9 of
A[Gpr]. We then identify A[Gp| with the subalgebra Th - A[Gp/] of A[Gp].

Then, since an idempotent e of ((A[Gr]) annihilates im(©',), respectively im(0%), if and
only if e-epr = 0, respectively e-ep = 0, the result of Lemma 4.11 below implies it is enough
to verify the above equality after multiplying by a primitive idempotent e of ((A[GF]) with
the property that e - P, # 0 for all v in X.

But, for any such e, the required equality is true since the result of Lemma 4.12 be-
low combines with the explicit definitions of the maps ©%,,vp//p and ©% to imply the
commutativity of the diagram

’

e dag,.1(Cr s (V))) e- /\Z}[QF,]HI(OF’,S(F’)) V)
VF’/Fl lCorF,/F

e dag.)(Crsr(V)) Moaroxey & N H (OFp,s, V).

At this stage we have shown that the image of the diagonal map Orx = (Or)r is
contained in ES, (7, K) and so to complete the proof of Theorem 4.7 it is enough to prove
its final claim. However, this claim is equivalent to asserting that ©7 i is non-zero if and
only if there exists a field F' in Q(K/K) for which ep is non-zero and this follows directly
from the fact that the isomorphism (4.2.7) implies that the annihilator in ((A[Gr]) of the
image of ©, is equal to ((A[Gr])(1 — epr). This completes the proof of Theorem 4.7.

Lemma 4.11. For each primitive idempotent e of ((A[Gr]) one has e - epr # 0 if and only
if both e - P, # 0 for all v in ¥ and also e - ep # 0.

Proof. Claims (ii) and (iv) of Lemma 4.1 combine to induce an identification
H*(Opsry, V) = AlGF] @ aig,) H*(Opr (57, V) = Ta - H*(Opr g(51), V)

and so the definition of e implies that e - epr £ 0 if and only if e - HQ(ORS(F/), V) =0.
To study this condition we set Wr := Homg(V*(1)r, Q) and note that the exact coho-
mology sequence of the triangle in Lemma 4.1(iii) gives rise to an exact sequence

0
@UEE ker (¢, | Wp) = H*(Opsr), V) = H*(Opsn, V) — @ cok(¢y | Wr) —

where we set ¢, := 1 — gy,

This sequence implies - H*(Op, (g, V) = 0 if and only if both e-cok(¢, | Wr) = 0 for all
v € ¥ and also e-cok(d) = 0. In addition, for each such v the condition e-cok(¢, | Wr) = 0
is equivalent to e - ker ((Z)v | Wr) = 0 and hence also to the non-vanishing of e - P,,.

Taken together, these facts imply that e- Hz(Opys(F/), V) = 0 if and only if one has both
e- HQ(OES(F),V) = 0 (or equivalently, e - ep # 0) and also e - P, # 0 for each v in X, as
claimed. 0

Lemma 4.12. Fiz a field F in Q(K/K), a place v of K outside S(F') and a primitive idem-
potent e of ((A[Gr]) such that e-P, # 0. Write C,, for the complex RU (K" / K, V*( V) [—2]

—Ov

and set W := Homg(V*(1)p, Q). Then C, is represented by the complex Wg N
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where the first term is placed in degree one. In addition, the complex e - C, is acyclic and
(e P,,0) is equal to the image of (e,0) under the composite isomorphism

(C(A[GF))e, 0) e - (A6, (Wr) ® dyg, (Wr) ™)
e dA[gF](Cv)fl
=dgpe(e- Cy)7!
= d%6,10(0) @ A% (0)
= (C(A[gF])e, 0).
Here the first isomorphism is induced by the canonical identification
A WE) © Ay, (W)™ 2 (C(A[GE)), 0),
the second by the identification [13, (5.3.1)] (with A replaced by A[Gr]|) and the third by [13,
Prop. 5.17(i)] (with A replaced by A|Grle) and the acyclicity of e - C,,.

Proof. 1t is clear that C, is represented by the given complex Wg 10, Wr and hence that
e - C, is acyclic whenever e - P, # 0.

The remaining assertion is then verified by a straightforward, and explicit, computation
(following [6, Lem. 10]). The key point is that, since Wr = Homg(V*(1)r, Q) is a finitely
generated free Q[Gr|-module, the same argument as in [13, Lem. 3.23] implies that

Nrd g, (1= ou | Wr) = Nrdag, (1 — 00 | V¥ (1)r)” = P..
0

4.3. The proof of Theorem 2.19. Following Proposition 4.6, we can fix a basis element
n € VS(T,K) of the £(A[[Gal(K/K)]])-module VS(T,K) and then use the homomorphism

Orx : VS(T,K) = ES,(T,K)

constructed in Theorem 4.7 to define a system ¢ := Or (1) € ES, (T, K). It suffices to show
that this system has the properties in claims (i) and (ii) of Theorem 2.19.

In addition, the fact that € has the property in claim (i) follows directly from the argument
used to verify the final assertion of Theorem 4.7.

Turning to claim (ii) we note that Lemma 4.1(ii) combines with the isomorphism (4.2.1)
for E = L to imply the existence of an isomorphism of A[Gy]-modules

(4.3.1) HYCps)(T)) = H*(Op (1), T) @ AlGL]" =: X.

This isomorphism implies that the block matrix (0g, , | ML) that occurs in Lemma 4.10(iv)
constitutes a free presentation Il of X and that (in terms of the notation introduced at
the beginning of §4.2.3) the A[Gz]-module cok(fyy, ) is isomorphic to H*(Op g1, T).

Thus, since the choice of 1 implies the element z,, in (4.2.6) (with F’ replaced by L) is a
unit of £(A[GL]), the general result of [13, Prop. 4.21(ii)] applies to imply both that

(4.3.2) E(AIGL]) - {(NZTpi)(eL) « i € Hom g, ) (H (O 51y, T), AlGL])}
=&(A[GL]) - {(NZTwi)(eny) « i € Homgg, (H (O (1), T), AlGL])}
=TFityg, ] (I7,1)
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and, for every subset {¢;}1<i<, of Hom g, 1(H' (O, s(1),T), AlGL]), that

(NZhei)(er) = @y - (NZ1ei)(em,) € Fithyg, (H* (O 5z, T))-
This completes the proof of Theorem 2.19.

4.4. The proof of Theorem 2.22. Claim (i) is a direct consequence of the distribution
relation (2.1.1) and the fact that S(L) = S(Lo) for all fields L in Q(L/Ly).

However, in order to prove the remaining assertions of Theorem 2.22 we must first refine
the construction of Lemma 4.10.

In the rest of this section we shall assume that A = O. We also set Ry := O[[L/K]] and
Ry := O[GL] for each L in Q(L/K).

4.4.1. For each pair of fields L and L' in Q(L/L¢) with L C L’ the isomorphism

(4.4.1) Rp ®k,, Cus5(10)(T) 2= Crs(10)(T)
coming from Lemma 4.1(iv) induces a surjective homomorphism
(4.4.2) HY(Cly5(10)(T)) = H(CL 51y (T))-

The isomorphisms (4.3.1) can be chosen to be compatible with these homomorphisms as
L varies and hence combine to induce an isomorphism of R/-modules

(443> @Leg(ﬁ/ljo)Hl (CL,S(L) (T)> = RE ©® HQ(OCa T)
where the inverse limit is taken with respect to the homomorphisms (4.4.2).
Lemma 4.13. There exists an exact sequence of Ry-modules

L 0 T .
(4.4.4) 0— H (O, T) % P =5 P =% lim, o HY(Cp 50)(T)) — 0

L/Lo)
that has all of the following properties.

(i) The Rg-module Py is free of (finite) rank d with d > r.

(ii) There exists an ordered basis {b; r}1<i<a of Pr with the property that the composite
of Tz and the isomorphism (4.4.3) sends b; ¢ to the i-th element of the standard
basis of Ry if 1 <i <r and to an element of H*(Og,T) otherwise.

(iii) For each field L in Q(L/Lg), with Ty, := Gal(L/L), there exists an exact sequence
of the form (4.2.5) with the following properties: Pr, = Ho(T'r,Pr) (so dr = d),
0, = Ho(T',0r), 71 is the map induced by (taking I',-coinvariants of ) the surjective
composite homomorphism

Py 5 yLnL/EQ(E/LO)Hl(CL’,S(L’)(T)) — H'(Cp, s(1)(T))

where the last map is induced by the surjections (4.4.2), and the image of {b; £ }1<i<a
in Pr, is an Ry -basis of Pr, with all of the properties required by Lemma 4.10(ii).

Proof. At the outset we fix a surjective homomorphism of R,-modules
e P — l'&lLEQ(ﬁ/LO)Hl(CL,S(L)(T))
that has the properties in claims (i) and (ii).
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For each L in Q(L/Lgy) we then set P, := Ho(Gal(L/L), P¢) and define 7y, to be the
displayed composite homomorphism in claim (iii).

We now set Sy := S(Lo) and choose an ordered set of fields {L; : i € N} in Q(L/Lg) that
is cofinal with respect to inclusion and for each n abbreviate Cy,, s,(T), Ry, Pr, and 7r,,
to Cn(T), Ry, P, and m,. We then consider the diagrams

n 077. n
0 = H' (OL,,1.50T) =25 Popr =5 Py — HY(Cpia(T)) — 0

(4.4.5) nl gfl lg lx
0 - HYO.s.T) = P % P, In HY(CLT) — 0.

Here the rows are the respective sequences constructed in Lemma 4.10 (with 7,11 and 7,
taken to be the maps specified above), g is the natural projection map, A the relevant case of
(4.4.2) and & the corestriction map. Finally, ¢’ is a homomorphism of R,,1-modules chosen
so that the second square commutes and the resulting morphism of complexes represented
by the pair (¢, 0) induces the isomorphism (4.4.1) for the extension Ly 1/ Ly,.

One checks that this construction guarantees that the diagram commutes and also that
¢ induces an isomorphism of R,-modules Hy(Gal(L,+1/Ly), Pny1) = Py.

Hence, if by induction we fix a compatible family of such diagrams for all n, then we can
pass to the inverse limit over n of the diagrams to obtain an exact sequence of the form
(4.4.4). We note that exactness is preserved by this limiting process since each module in
the diagram (4.4.5) is compact, and also that the resulting morphism 7, coincides with the
morphism fixed at the start of this argument.

For each L in Q(L/Lgy) we now choose n so that L C L,,. Then the isomorphism (4.4.1)
with L' = L,, implies that one obtains an exact sequence of the form (4.2.5) for the field L

by taking Gal(L,,/L)-coinvariants of the complex P, LN P, fixed above.
With this construction it is also clear that the image of {b; £ }1<i<q in Pr, is an Rp-basis
of Pr, with the properties stated in Lemma 4.10(ii). O

To proceed we note that the exactness of the sequence (4.4.4) combines with Lemma
4.13(ii) to imply that the matrix of the endomorphism 6 with respect to the basis {b; £ }1<i<d
of P, is a block matrix of the form (Od,r ‘ Mg). Here M, belongs to Mg 4—(R.) and is such
that for each L in Q(L/Lg) its projection to Mg 4—,(O[Gr]) is the matrix M, that occurs
in Lemma 4.10(iv).

The sequence (4.4.4) therefore combines with the isomorphism (4.4.3) to imply the R.-
module H?(Og,T) is torsion if and only if there exists M} € Mg, (R.) such that

(4.4.6) (M} | Mr) € GLg(Q(Rz)).

Finally we note that each column of M) corresponds (via the fixed basis of Pr) to
an element of Homp,(Pz, Rz) and hence, by restriction through iz, to an element of
Homp,(H (O, T), Re).

The following result describes the set of homomorphisms that can arise in this way. This
result uses the inverse limit Homp,, (HY(Of,T),Re) defined in (2.2.6).

Lemma 4.14. The image of the restriction map
HOHIR£ (PL:, Rﬁ) — HOIHRL (HI(OE, T), Rﬁ)
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that is induced by vy coincides with the image of the natural map
Hom},, (H' (O, T), Rg) — Homp, (H' (O, T), Re).

Proof. The exact sequence (4.4.4) gives rise to an exact commutative diagram
Homp,(Pz,R;) % Homp,(H'(Og,T),Re) — Exth (im(6z), Re)
(4.4.7) o|= dl

. (1)

lim, Homp, (Py, Rr) —— Homj, (H'(Or,T), Re).
Here the inverse limit runs over all L in 2(£/Lg) and is taken with respect to the projection
maps that are induced by the fact each Rr-module P, = Ho(I'z, Pr) is free of rank d, ¢}.
denotes the restriction map induced by ¢z, a the natural isomorphism (which exists since
Pr= @1 LeQ(L/Lo) Pr, is a free Rg-module), (¢} )1 the inverse limit of the homomorphisms

LE : HOInRL(PL,RL) — HOHlRL (HI(OLS(L),T),RL)

that are induced by restriction through ¢ and § is the natural map.

To prove the claimed result it is therefore enough to show that (¢} ), is surjective. But,
for each L, the image of the endomorphism 67, in the sequence (4.2.5) is torsion-free and
so, since Ry, is Gorenstein, the group Ext}%L(im(HL), Ryp) vanishes (cf. Remark 2.2). From
the exactness of (4.2.5) one can therefore deduce that ¢} is surjective and this surjectivity
is then preserved upon passing to the inverse limit over L since each of the modules ker(¢} )
is compact. ]

4.4.2. To prove claim (ii) of Theorem 2.22 we assume until further notice that Gal(£/K) has
rank one. In this case we also assume, as we may, that Gal(£/Lg) is central in Gal(L/K).
Since Gal(£/K) has rank one the central conductor formula of Nickel [42, Th. 3.5] implies
(via [42, Cor. 4.1]) that the group Ext}zﬁ (im(0z), Rr) is annihilated by a power of p.
From the diagram (4.4.7) it therefore follows that the condition (4.4.6) is satisfied by a
matrix M} in Mg, (R,) if and only if it is satisfied by such a matrix with the property that,
for each i with 1 < ¢ < r, its i-th column corresponds to an element of Homp,.(Pz, Rr)
whose image under ¢} is equal to B(y;) for some ¢; = (p; 1) in Homp, (HY (O£, T),Re).
In addition, in this case the algebra Q(R) is semisimple and so (4.4.6) is satisfied by
any such matrix Mj. if and only if Nrdg(g ) (M} | Mg)) belongs to ((Q(Rz))*.
To complete the proof of Theorem 2.22(ii) it is thus enough to prove the existence of a
unit u of {(R) for which one has

(4.4.8) (NiZiei) (e2) = u- Nrdgr,) (M | Mg)).
To prove this we need the following result.
Lemma 4.15. NrdQ(RL)((MZ ‘ Mg)) belongs to £(Rr) and is equal to
(Nrdoig, (M7, | M1)) peae/py)

where M} denotes the image of M} in Mg, (RL).
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Proof. We use the explicit description of Nrdg (g, given by Ritter and Weiss in [44]. To do
so we note that, as G := Gal(L£/K) has rank one, it has a finite closed normal subgroup H
for which the quotient group I' := G/#H is topologically isomorphic to Z,. We set A := O[[I']]

and for each L in Q(L£/Ly) and x in G, we use the homomorphism

Ix 1 C(Q(R)) = Q° @0 Q(A)

that is defined in [44, Prop. 6].

We now set ® := (M} | Mz). Then for every L in Q(£/Lo) and x in Gy the element
Jx(Nrdg(g,)(®)) belongs to Q) ®o ((A) (this is observed, for example, in the result [40,
Th. 6.4] of Nickel). This fact combines with the proof of [44, Th. 7] to imply Nrdgg,)(®)
belongs to Q; ®o ((R) and so it is enough to show that for every L in Q(L£/Lo) the natural
projection map oy, : Qf ®o ((Rz) — ¢(Q5[GL]) sends Nrdg(r,)(®) to Nrdgig,)(®L) with

& = (M} | My) .

To prove this we note that, for each x in é\L, the homomorphism j, maps Qj ®o ¢ (Rr)
to Qp ®o ((A) and there exists a commutative diagram

Q% R0 C(Re) —2— Q2 ®0 ¢(A)

oL l laugr

o) —- Qe

Here augr is induced by the projection map A — O and 6, is the projection induced by
multiplication by the idempotent e,, and the commutativity of the diagram follows, for
example, from the argument used at the end of the proof of [40, Th. 6.4] to establish an
equality ‘m(A\) = X. Given this diagram, and the fact that ﬂx G ker(6,) vanishes, the
required result follows directly from the equality

augr (Jx (Nrdg(r,) () = by (Nrdgg, (®1))
that is proved for each x € G, in [40, (8)]. O

Next we note that, for each field L in (L£/Lg), the equality (4.2.8) combines with our
choice of homomorphisms ¢; = (¢; 1)1, to imply that

(4.4.9) Nrdgg, (M}, | ML) = (ANZieis)(Enr,).

In addition, by an explicit comparison of the definitions of the elements 7, and €y, for
each L in Q(L/Lg), one derives the existence of a (unique) unit u of {(R,) for which one
has e, = u - epy, for all such L.

Hence, since (Ai=7;)(ez) is equal to ((A=7ps,1) (L)) the equality (4.4.9) com-

LEQ(L/Lo)’
bines with Lemma 4.15 to imply that this element u validates the required equality (4.4.8).
This completes the proof of Theorem 2.22(ii).
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4.4.3. To prove claim (iii) of Theorem 2.22 we no longer assume that Gal(£/K) has rank
one but we do assume to be given a subset {¢;}1<i<, of Hom}ﬂ (HI(O£, T), RL) for which

(Ai=5pi)(ec) is a non-zero divisor in the ideal 6(Rz) = l'&nLeQ(L/LO) 0(Rp) of ((Rr).

Then the square of (A!=]¢;)(ez) is a non-zero divisor in ((R.) and so it is enough to
prove that this element annihilates H?(Of,T).

To show this we note the given assumption on the homomorphisms ¢; = (¢i.L)Lea(z/L0)
implies that for all L in Q(L£/Lo) one has (A=7¢; 1.)(e1) € 6(Ry). For each such L, Theorem
2.19(ii) therefore implies that

((NZhein)(en)” € 8(Ry) - Fith, (HX(Op, 51y, T)) € Anng, (H2(Op, 51, T)),

where the inclusion follows from the general result of [13, Th. 3.20(iii)].

This containment in turn implies that the square of (A!=}¢;)(ez) annihilates the module
H?(O,,T) = yLnLeQ(ﬁ/Lo) HQ((’)L’S(L),T), as required to prove claim (iii).

4.4.4. Turning now to claim (iv) of Theorem 2.22 we assume £/K is abelian so that Q(Rr)
is a finite product of fields.

In this case the exact sequence (4.4.4) combines with the isomorphism (4.4.3) to imply
that H'(O,T) spans over each field component of Q(R.) a vector space of dimension at
least 7 and that this dimension is equal to 7 in each component if and only if H2(O,,T) is
a torsion Rp-module. This implies, in particular, that H2(O,,T) is a torsion Rz-module if
and only if the Q(Rz)-module spanned by /\%ﬁHl(Og, T) is free of rank one.

Thus, since the earlier argument showed that H 2((9£,T ) is a torsion R,-module if e,
satisfies the condition stated in claim (ii), respectively in claim (iii), it is clear that the
condition in (iv)(a) implies the condition in (iv)(b). Since it is obvious that (iv)(b) implies
the condition in (iv)(c) it is therefore enough to show that the latter condition implies that
e satisfies the condition in either claim (ii) or claim (iii). To do this we note that the exact
sequence (4.4.4) implies the existence of a unit u of R, such that

er =t (Arci<a(bfz 0 07)(NZ{b; 2)).

In particular, if this element is not annihilated by any non zero-divisor of R, then for
each field component of Q(R) there exists an r-tuple {i;}1<;j<, of integers with 1 <i; <d
such that the corresponding component of (Algjgr(b;‘j, £))(ez) is non-zero.

By using this fact it is then easy to construct a subset {y;}1<i<, of Hompg, (P, Rr),
and hence via the diagram (4.4.7), of Homp (H' (O, T), Rz) such that (AZ]p;)(ez) is a
non-zero divisor in Rz = §(Ry), as required to verify the condition in (ii)(a).

This completes the proof of Theorem 2.22.

5. CYCLOTOMIC NON-COMMUTATIVE EULER SYSTEMS

In this final section we shall use the techniques developed above to construct (uncon-
ditionally) an extension of the classical Euler system of cyclotomic units to the setting of
general totally real Galois extensions of Q and verify that this extended system has all of
the properties that are stated in Theorem B.
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We fix an odd prime p and write A, for the pro-p completion of an abelian group A.
We also fix an isomorphism of fields C = C,, and use it to identity (without further ex-
plicit comment) the set Ir(T") of irreducible complex characters of a finite group I' with the
corresponding set Ir,(I") of irreducible Cp-valued characters of I'.

5.1. The construction.

5.1.1. For any finite non-empty set of places ¥ of Q and any number field F' we write X
for the set of places of F' lying above those in X, Yrx for the free abelian group on the set
Y r and Xpyx for the submodule of Yry, comprising elements whose coefficients sum to zero.
If ¥ contains oo, then we write Opy, for the subring of F' comprising elements integral
at all places outside Xp. (If ¥ = {oo}, then we usually abbreviate Or 5 to OF.)
For any such 3 the Y-relative Selmer group Sels;(F') for G, over F is defined in [8, §2.1]
to be the cokernel of the homomorphism

Hwﬂpz — Homy,(F*,Z),

where w runs over all places of F' that do not belong to Xp and the arrow sends ()
to the map (u — ), ordy(u)z,) with ord,, the normalised additive valuation at w. (This
group is a natural analogue for G, of the integral Selmer groups of abelian varieties that
are defined by Mazur and Tate in [35].)

We recall that Sely;(F), lies in a canonical exact sequence

(5.1.1) 0— CI(OEE);)/ — Selz(F)p — HomZP(O;Z’p, Zp) —0

and has a subquotient that is canonically isomorphic to CI(Op), (cf. [8, Prop. 2.2]).
If F is Galois over Q (so that F' € Q(Q°/Q)), then we set Gr := Gal(F/Q) and

Cr = Cr5(r)(Zp(1)),

where the latter complex is as defined in §4.1.1, and also C}, := RHomgz, (Cr, Zy).
In this case, for each character x in Ir(Gr), and each integer a, we also write L%(F)(X’ 0)

for the coefficient of z? in the Laurent expansion of L%( F) (x,2) at z=0.
We recall that x denotes the contragredient of x.

Lemma 5.1. For every finite Galois extension F of Q the following claims are valid.
(i) HY(Ops(r), Zyp(1)) vanishes.
(i) H'(Ops(r), Zp(1)) = H*(CF) identifies with C’);’S(F%p.
(iii) There exists a canonical exact sequence

0= ClOps(r))p — H' (CF) = Xps(r)p — 0-

(iv) H*(Cp[—2]) = HX(Op,s(r), Zp) identifies with Selg g (F)p.
(V) Yr(Zy) = Yrs..(r)p and if F is totally real, then the idempotent ep = epgz, (1)
defined in (2.2.5) is equal to ), ey where x runs over all characters in Ir(Gp) for

which LY (X, 0) # 0.
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Proof. Claim (i) is obvious and the existence of the identification in claim (ii) and exact
sequence in claim (iii) are well-known, being respectively induced by Kummer theory and
class field theory.

Since the complex C%[—2] = (RL:(OF s(r), Zp)*[—2])*[~2] is canonically isomorphic to
R[c(Ops(F), Zp) the identification in claim (iv) is proved by the argument of [8, Prop.
2.4(ii)].

The first assertion of claim (v) is obvious. To prove the second assertion, we note that
the exact sequence in claim (iii) combines with that in Lemma 4.1(ii) to imply ep is equal
to erx where x runs over all characters of Gp for which the natural map

ex(C® Xpgry) — ex(C@ Yrg, (7))

is bijective. In addition, if F' is totally real, then the Gp-module Yr g () is free of rank
one and so one has 11¢(g,e, (ex(C @ Yr s () = x(1) (cf. [13, Rem. 2.5]). Given these
observations, the second assertion of claim (v) follows directly from the formula

(5.1.2) ord,—oLs(r)(X; 2) = 1T¢(gple, (ex(C ® Xp5(r)))
that is proved, for example, in [47, Chap. I, Prop. 3.4]. O

Remark 5.2. If ¥ is any finite set of places of F' that contains all archimedean and p-adic
places, then the same approach as above shows that H(Cpx(Zy(1))) = Ofy,, and that

there is a canonical exact sequence 0 — Cl(Opyx), — H (Cpx(Zy(1))) = Xpx, — 0.

5.1.2. Since p is fixed we shall in the sequel set
A = 7Z,[[Gal(Q>T/Q)]] and A* := Z,[[Gal(Q*™T/Q)]].

We also abbreviate the sets Q(Q%*/Q) and Q(Q**/Q) to  and Q" respectively.

For each field F' in ) we assume that the constructions of reduced exterior powers, reduced
Rubin lattices and reduced determinants over the group ring Q,[Gr| are normalized via the
choice of data fixed in §2.1.1 (with K = Q).

At the outset we check that the conditions of Theorem 2.19 (and Theorem 4.7) are
satisfied with K = Q,K = Q%", T'=Z,(1) (so that T*(1) = Z,) and A = Z,,.

Firstly, since p is odd, for each L in € the group (’)2 S(L)p is torsion-free and so Lemma
5.1(ii) implies condition (a) of Theorem 2.19 is satisfied. In addition, since A = Z, is
local, condition (b) is clear and condition (c) is satisfied with r := 75 (1) equal to 1 since
Yo(Z,) = Z,. Finally, condition (d) is true by the very definition of K = Q%*.

Next we fix a field embedding

(5.1.3) o:Q°—C.

Then for each L in 2 the restriction of o gives an embedding o7, : L — R. This embedding
oy, defines a place wy, in Sy (L) that constitutes, via Lemma 5.1(v), a Z, G ]-basis of Y7,(Z)).
In this way the fixed embedding o gives rise to a compatible family of isomorphisms of the
form (4.2.1). By applying Theorem 4.7 with respect to this family of isomorphisms, we
obtain canonical homomorphisms of {(A)-modules

@ = @ZP(l)ch,+ and @ab = @Zp(l),(@ab""'
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For each natural number n we write ¢, for the unique primitive n-th root of unity in Q¢
that satisfies

(5.1.4) 0(Cn) = e¥mi/m,
(It is then clear that ¢, = (¢,)"/™ for all divisors m of n.) For each field L in Q. of
conductor f(L), we then define an element of L* by setting
ez := Normgc,, ) /0(1 = Cf(z))-
The following result will be deduced from the validity of the equivariant Tamagawa

Number Conjecture for abelian fields, as proved by the first author and Greither in [7].

Theorem 5.3. There exists a basis element n*® of the A**-module VS(Z,(1), Q>T) with
the property that for every L in Q* one has

&) ( ab) _ J €L, if p ramifies in L,
H e (ep)!=ovL, if p is unramified in L,

where ©1, denotes the L-component of ©* and op,1, the restriction of oy to L.

Proof. For E in Q" we write 9 for the composite morphism in P(C,[Gg])

Cp ®2z, dz,(65)(CE) = d2,16,)(Cp Bz OF 5(5)) ® ¢, 16,1 (Cp @z Xp,5())
= d2, 16,1 (Cp ¥z Xp,5(8)) ® 42, (6,1 (Cp ©z X, 5() "
= (Cp[GE], 0).

Here the first morphism is induced by the descriptions in Lemma 5.1(ii) and (iii) and the
natural passage-to-cohomology map (from [13, Prop. 5.17(i)]), the final morphism is the
canonical evaluation map and the second morphism is induced by the scalar extension of
the Dirichlet regulator isomorphism

(5.1.5) Regp s(p) 1 R®z (’)ES(E) =R®z Xg sk

that sends v in OE,S(E) to —>_log(|u|w) - w, where in the sum w runs over S(E)g and |- |

denotes the absolute value with respect to w (normalized as in [47, Chap. 0, 0.2]).
We write ng for the pre-image under 9 of the element

Ok,5(5)(0) := (erh(gE)Lg(E)(X_l» 0)ex, 0)
of (C,[GE]*,0), where Lg( E) (x~1,0) denotes the leading term in the Taylor expansion at
z = 0 of the series Lg(g)(x ', 2).
Then, since p is odd, Lemma 5.4 below implies that the collection

Uab = (W%)Eeﬂab

constitutes a A*-basis of VS(Z,(1), Q***). The claimed result will therefore follow if we

can show that for every L in Q2" one has O (n*?) = (er)** with z = 1 if p ramifies in L
and zj, = 1 — 0, otherwise.
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To do this we fix L, abbreviate its conductor f(L) to f and write Q(f) for the maximal
real subfield of Q((y). We also write S(f) for the subset of S(L) comprising co and all prime
divisors of f (so that S(L) = S(f) if p is ramified in F' and otherwise S(L) \ S(f) = {p}).
We set Gy := QQ(f), Ty = T and ey := €qQ(f)-

Then it is enough to prove the above equality with L replaced by Q(f). The key point
now is to recall (from, for example [47, Chap. 3, §5]) that for each x in Ir(Gy) the first
derivative Lé(f)(x, z) of Lg(s)(x,2) is holomorphic at z = 0 and that the normalization

(5.1.4) implies

1
(5.1.6) L0600 = =52 g x(9)loglo (1= ¢,
where 7 denotes complex conjugation.

Now Lls(Q(f))(X,O) = x(zy) - Lg(f)(x,O) and so Lemma 5.1(v) implies that e, - ey # 0
if and only if both x(z) # 0 and Lé( f) (x,0) # 0. The above displayed equality therefore
implies, firstly, that the image in Q- (’)6”) S(f) of (1— Cf)mf(“”)/2 is stable under the action
of the idempotent e; and then, secondly, that its image under the isomorphism (5.1.5) is
equal to (ey 00(s) S(Q(f))(O) - (wg(f) —wo),0) where wy is any choice of p-adic place of Q(f).
This latter fact then combines with the explicit definition (via (4.2.2)) of the map Oqy) to
imply the required equality

O (™) = ep((1 — ¢p)™r M) = (1 — ¢) %1 = (g™
]

Lemma 5.4. The A*®-module VS(Z,(1), Q*>F) is free of rank one, with basis (ng) peqas -

Proof. At the outset, we fix E in Q% and recall (from [8, Prop. 3.4]) that the equivariant
Tamagawa Number Conjecture for the pair (h°(Spec(FE)), Z,[GE]) asserts that dz,6,(CE)
is a free (graded) Z,|Gg]-module with basis ng. We further recall that, since p is odd, this
conjecture is known to be valid by the main result of [7].

Given the explicit definition (in Definition 4.4) of VS(Z,(1),Q ") as an inverse limit,
the claimed result will therefore follow if we can show that for each pair of fields £ and E’
in Q2" with £ C E’ one has ve E(Ner) = NE-

To prove this we note that for each place v in S(E’) \ S(F) the discussion before (4.1.2)
identifies RT'(k(v),Zy[GE])*[—1] with the complex ¥, that is equal to Z,[Gg| in degrees
zero and one (upon which each element g of Gg acts as multiplication by ¢~!) and has the
differential  — (1 — oy)z.

We write Y, for the free abelian group on the set of places of E above v and, fixing a
place w, of E above v, note there are isomorphisms ¢! : H (¥,) 2 Y, for i € {0,1} with
WO(z) = |Ggo| to(wy) and i} (z) = z(w,) where Gg,, denotes the decomposition subgroup
of v in Gg.

The key fact now is that the Gal(E’/FE)-invariants of ¥p differs from the composite
Vg o (Cp ®z, vgr/p) only in that for each v in S(E') \ S(E) and x in Hom(Gg,C)) these
maps respectively use the upper and lower composite homomorphisms in the diagram
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a2

ex(Cp - de[QE}(‘Ijv)) B d%p (ex(Cp - Vo)) ® d%p(ex((cp V)t —— (CplgEley,0)
ex(Cp - dz, (6 (Vo)) — d%p((cp[gE]ex) ®d%p(cp[gE]6x)_l — (CplGEley, 0).

Here we abbreviate d%p[gE]ex(_) to dfép(—), a1 is the standard ﬁpalssage to cohomology’

isomorphism induced by ([13, Prop. 5.17(i)] and) the maps 2 and ¢}, as is the morphism
induced by multiplication by log(N(w,)) on e, (C,-Y}), 3 is the identification resulting from
[13, (5.3.1)] and the fact that each non-zero term of e, (C, ® ¥,) identifies with C,[Gg]e,,
oy is the standard isomorphism and we have set

o {1 —x" o), if x(oy) # 1

" 1 GEs| "t - log(N(w,)) = log(N(v)), otherwise.

The claimed result then follows from the fact that the argument of Lemma 4.12 implies
that the above diagram commutes, whilst an explicit computation shows that for every x
in Hom(Gg, C)) one has

* —1 _ * —1
LS(E’)(X ,0) = <HveS(E/)\s(E)6’>’<> 'LS(E)(X ,0)-

5.1.3. Following Proposition 4.6 we fix a A-basis element 7" of VS(Z,(1),Q%™).
Then the image of ’ under the natural projection map

(5.1.7) VS(Zy(1),Q%F) = VS(Z,(1), Q")

is a basis of the latter module over £(A*?) = A" and hence, following Theorem 5.3, equal
to v - n®P for some element v of A2P:¥,

Since the natural projection map &(A)* — £(A?P)* = A3 is surjective (by Lemma 5.5
below) we can then choose a pre-image u of v~! under this map. The element

ni=u-n

is then a pre-image of 7* under the map (5.1.7).
By applying Theorem 2.19 in this setting we therefore obtain an element

(5.1.8) eV :=0(n)

of ES1(Z,(1),Q%") and, with this definition, Theorem 5.3 implies directly that e has the
property stated in Theorem B(i).

Lemma 5.5. The natural projection map A — A®® induces a surjective homomorphism
from £(A)* to E(A*P)* = AaPx,

Proof. We use the same notation as in the proof of Proposition 4.6 (with K = Q). For each
natural number n we also set I';, 1= Gal(Q(,,)/Q).
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Then, since for each n the Z,-algebra {(Z,[I'y]) is semi-local, Bass’s Theorem implies
that the natural (surjective) projection map 7, : &(Zp[['n]) — &(Zy[T2P]) = Z,['2P] restricts
to give a surjective homomorphism

T E(Zp[Tn]) — Zp[TR) .

n
It suffices for us to show that the inverse limit over n of these maps 7, is itself surjective,
and for this it is enough to show, by the Mittag-Leffler criterion, that the natural projection
map 0p, : £(Zp[I'y)) = £(Zp[T'n—1]) is such that g, (ker(r))) = ker( T ).
As a first step we claim that g, (ker(m,)) = ker(m,—1). To show this we consider the exact
commutative diagram

0 —— ker(m,) —— &(Zp[Tn]) —2— Z[I] —— 0

l ol el

0 — ker(my_1) —— &(Zy[Tn 1)) —= Z,[[2>

n—1

] — 0

in which the first vertical arrow is the restriction of g, and Qn is the natural projection
map. In particular, since g, is surjective, the Snake Lemma implies it is enough to show
that 7, (ker(o,)) = ker(o2").

Next we note that the kernel of 2 is generated over Z,, by elements of the form (5 — 1)
where 7 belongs to I'*" and § to the kernel of the projection T3P — Tab .

We choose elements 4/ and ¢ of I',, which project to v and & in T'2P. Then g,,(6) belongs
to the commutator subgroup of I';_1 and so we can choose a finite set of commutators
{[6}1, 8l 1<i<m in Ty, such that the element &'[[;<;<,,[00, 0} "' projects to the identity
element of I',,_1. It is then easy to check that, writing M7 and M for the 1 x 1 matrices with
entries V'0'[[<;<,n 001, 0l5] ' and +/ respectively, the element Nrdgyr,,(M1) —Nrdgr, (Mz)
of £(Z,[I',]) belongs to ker(p,) and is sent by m, to y(6 — 1). It follows that m,(ker(o,)) =
ker (o), as claimed above.

To proceed we now decompose &(Zp[l'y]) as a finite product of local rings J[;c,R;.
Then for each index j there are ideals I],I]’ and IT of R; such that ker(m,) = HJGJIJ,

EZy[T0r]) = Tlje s B/ L and ker(mo1) = [T,/ 10/1;:
In addition, for any index j and any proper ideal I of R; one has 1+ 1 C ij and so

X\ X t
ker(mX) = HjeJle X Hjej\h(l +1)

X _ . A\ X / )
ker(ﬂn—l) - H]EJZ(RJ/I]) X Hj€J3\J2(1 + I]/I])7

and

where we set

{jeJ: I =Ry}, if i =1,
J; = {jGJIJI:R]#IJ}, if i =2,
{jeJ: Il #1;}, if i = 3.

Now, since g, (ker(m,)) = ker(m,—1), one has Jo C Jy, J3\ Jo C J\ J; and I]T +1; = I
for all j € J3\ Jo. These facts then combine with the above decompositions to imply that
on(ker(m))) = ker(m, ), as required to complete the proof. O
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5.2. The proof of Theorem B. It remains to check that the system % defined by (5.1.8)
has the properties described in Theorem B(ii) and (iii).

Regarding the field F' as fixed we henceforth set G := G and S := S(F). In the sequel
we also write M* for the linear dual Homgz, (M, Z,) of a Z,[G]-module M and regard it as
endowed with the contragredient action of Z,[G].

5.2.1. The fact that e has the property in Theorem B(ii) follows directly from the follow-
ing stronger result. In this result we use the notion of transpose (non-commutative) Fitting
invariant from [13, §3.4.2]. For each ¢ in Homg,[5(Q, ®z, O;Sp, Qp[G]) we also set

Qp[G}@ : i=1%i>

where 1 := ¢ and the expression on the right hand side is defined via [13, (4.2.7) and
(4.2.3)].

Proposition 5.6. For each ¢ in Homy,(c)(OF g, Zp|G]) and each prime £ in S one has

1 cyc < tr
(/\@p[Gﬁo) (€7°) € Fity ¢ (Sels(F)p)# N pAnng, 6 (CU(Op[1/4]),).

Proof. Set € := ¢3¥°. Then for each ¢ in HomZp[G](O;’&p,Zp[G]) the equality (4.3.2) that
is used to prove Theorem 2.19(ii) implies the existence of an element u of £(Z,[G])* that
is independent of ¢ and such that

(5:2.1 (Mg )0 = - Nodg, e (O, | 7).

Here M, is the d x 1 column vector with i-th entry equal to ¢(b; ) and Mp is the matrix
in Mg 4—1(Zp[G]) such that the block matrix (Od’l ‘ M F) is the matrix of the differential in
the complex Pp in Lemma 4.10(iii) with respect to the basis {b; r}1<i<q of Pp.

Now the sequence (4.2.5) gives a free presentation IT of the Z,[G]-module H(Cr s(Z,(1)))
and Lemma 5.1(iv) implies that the transpose II'" of II (in the sense of [13, Def. 3.21]) is a
presentation of the Z,[G]-module Selg(F"),. One therefore has

1 . . T T . T,
( /\QP[G]SD) (€) € Fity, (1) = Fity) 1 (T")* C Fity)" 1y (Sels (F),)*

where the containment follows directly from (4.3.2) and the equality from [13, Lem. 3.23].
To prove the second containment in the claimed result we first note that (5.2.1) implies

(5:2.2) (/\;p[G]W)(G)# = u# - Nrdg, g ((My | Mr))*

L Mtr
- w200 )

Here, for each matrix N in My, (Z,[I']) we write 14 (V) for the matrix obtained by applying

to each component of N the Z,-linear anti-involution of Zy[I'] that inverts elements of I.

In particular, the second equality in the above display follows directly from [13, (3.4.1)].
Now the argument used above implies that the block matrix
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()

represents, with respect to the dual basis {bZ rti<i<a of Pp, the endomorphism 6}, in an
exact sequence of the form

0*
Py -5 Pp 5 Selg(F), — 0.

It is also easily checked that m sends the element of P, whose co-ordinate vector with respect
to {0} p}i<i<a is (M) to an element ¢ that the homomorphism Sels(F), — (Of4,)* in

(5.1.1) sends to ¢. The block matrix
L (Mg)
v (M)

is therefore the matrix of a free presentation of the quotient module Selg(F),/(Zy[G] - ¢)
and so (5.2.2) combines with [13, Th. 3.20(iii)] to imply that

(523) (A y?)(©F € Pz ) (Sels(F),/ (Z,[C) - §)).

We now write X for the subset {oo, £} of S and recall that the results of [8, Prop. 2.4(ii)
and (iil)] combine to imply the existence of a canonical surjective homomorphism of Z,[G]-
modules pj, : Selg(F), — Sels(F), and hence also a surjective homomorphism

(5.2.4) Sels (F)p/(Zp|G] - ) — Sels(F)p/(Zy[G] - py())-
In addition, since the exact sequences (5.1.1) imply that Q, ®z, p is equal to the scalar
extension of the natural restriction map py : (Ofg,)* = (Ofy )", the result of Lemma 5.7

below allows us to assume that p)(¢) spans a free Qp,[G]-module.
In particular, in this case Z,[G] - pj($) is torsion-free and so the natural map

SelE(F)p,tor — SelE(F)p/(ZP[G] ’ P@(@))

from the Z-torsion subgroup of Sely;(F), is injective. Since Sely(F')p tor is isomorphic to
Cl(Op([1/4]), (by (5.1.1)), the homomorphism (5.2.4) therefore implies that the quotient
module Sels(F),/(Zy[G] - ¢) has a subquotient isomorphic to Cl(Or[1//]), and so the
containment (5.2.3) implies that

(/\Qp[G ) (" € pAnng ¢ (CLOF([1/{])y) = pAnng (g (Cl(OF[1/€])p)#

where the last equality follows from [13, Rem. 3.24]. Upon applying the involution z + 27
to this containment we deduce the second containment in the statement of this result, as
required to complete the proof. ]

In the next two results we set U := Oj ¢ .

Lemma 5.7. It suffices to prove the second containment of Proposition 5.6 in the case that
pe(p) spans a free Qpy[G]-module.
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Proof. We set € := ¢32° and claim first that there exists a natural number n with the
property that if ¢ and ¢’ are any elements of U*, then one has

(625) = en U = (Ay 0O = (Ag o) € ICUOF (/)] -€Z,[C).

To see this, we note that the equality (5.2.1) implies that

(AP = (Ng (@) = 1 (Nedg iy (M, | Mr)) = Nredgy ) (M | M)

where M is the d x 1 column vector with i-th entry ¢'(b; ). To prove (5.2.5) it is therefore
enough to note there exists a natural number n such that for any matrices M and M’ in
Mg4(Z,[G]) one has

M — M’ € n-My(Zy[G]) = Nrdg, (M) — Nrdg, i1 (M’) € |CUOp[1/4))] - Z,[G].

(cf. the proof of [13, Lem. 3.2(ii)]).

With n as in (5.2.5), we can then apply the result of Lemma 5.8 below to deduce the
existence for any given ¢ in U* of an element ¢’ of U* with the property that ps(¢’) spans
a free Q,[G]-module and, in addition, one has

1 1

(N, © = (Mg, #)(€) € ICUOR[1/0)] - £(2,[G)).

Since any element of [Cl(OFp[1/{])| - £(Zy[G]) belongs to pAnng (Cl(OFp[1/£]),), the
claimed result is therefore clear. U

Lemma 5.8. Fiz ¢ in U* and a natural number n. Then there exists ¢’ in U* such that
o' —pen-U" and pe(¢’) spans a free Qp[G]-module.

Proof. Set V := O;‘,E,p' Then, since F' is totally real, we may choose a free Z,[G]-submodule
F of V* of rank one. We then choose a homomorphism f in U* with Q,[G]- pe(f) = Q- F.

For any integer m we set ¢, := ¢ + mnf and note it suffices to show that for any
sufficiently large m the element py(¢.,) spans a free Q,[G]-module.

Consider the composite homomorphism of Q,[G]-modules Q, - F — Q, - V* — Q, - F
where the first arrow sends the basis element py(f) to pe(¢m) and the second is induced by
a choice of Q,[G]-equivariant section to the projection Q- V* — Q, - (V*/F).

This map sends p¢(f) to (Ap, +mn) - pg(f) for an element A, of Q,[G] that is independent
of m. In particular, if m is large enough to ensure A, — mn is invertible in Q,[G], then
the composite homomorphism is injective and so ps(¢,,) must span a free Q,[G]-module,
as required. O

5.2.2. In order to prove Theorem B(iii) we must first specify the map Reg}. that occurs in
that result.

The representation p, fixed in §2.1.1 gives rise to a (left) C,[G]-module V, of character
x and we write V' for Homg, (Vy, Cp), endowed with the natural right action of C,[G]. For
each Z,|G]-module M we write C, - M for the C,[G]-module generated by M and consider
the associated C,-vector space

(Cp- M) = V5 ®c,() (Cp M),
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In particular, setting U := OIX’,S,p and X := Xp g, we write
Regk : (C, - U)X = (C, - X)X

for the isomorphism of Cp,-vector spaces that is induced by the Dirichlet regulator map
Regp = Regp g recalled in (5.1.5).

Now, in view of the description of H°(CF) given in Lemma 5.1(ii), the construction of
Lemma 4.10 (with T'=Z,(1) and L = F) gives an exact sequence of Z,[G]-modules

(5.2.6) 0U5PS PSS HY(CE) — 0.

Since Yr(Zp) = Yr 5. (F),p We can also ensure that the Zy[G]-basis {b;}1<i<q of P fixed
in Lemma 4.10(ii) is such that the surjective composite homomorphism

w:P 5 HY(CF) = X,

in which the second map comes from the exact sequence in Lemma 5.1(iii), sends b; to
Woo,F — Wp,F-

Since the algebra Q,[G] is semisimple we can fix Q,[G]-equivariant sections ¢; and ¢ to
the surjections Q, - P — Q, - im(#) and Q, - P — Q, - X that are respectively induced by
0 and w and we can assume that iy (woo, F — wp ) = bi. These sections then give a direct
sum decomposition of C,[G]-modules

Cp- P =(Cp-U) ®(Cp @q, 11)(Cy - im(6))

and, via this decomposition, we define (6, ¢1,t2) to be the automorphism of C, - P that is
equal to (C, ®q, t2) o (C, ®r Regp) on C,, - U and to C, ®z, 0 on (C, ®q, t1)(C, - im(0)).
Finally we use the canonical Wedderburn decomposition ¢(Cp[G]) = []y,, ()Cp to de-
compose every element x of ((C,[G]) as a vector (zy)yer,(q) With each zy in Cp.
The key point in the proof of Theorem B(iii) is then the following observation.

Lemma 5.9. One has e, (e3°) # 0 if and only if Lg(l)(fg,O) # 0. In addition, if e, (3°)
does not vanish, then the element ur, of C, that is uniquely specified by the displayed equal-
ity in Theorem B(iii) is non-zero and there exists a unit v of £(Zy|G]) that is independent
of x and such that up,y = vy - (Nrdg, (6, 1, 12)))x - LE(X,0)7", where L§(X,0) denotes
the leading coefficient in the Laurent expansion of Lg(x,z) at z = 0.

Proof. Given the explicit definition of £, the first claim follows directly from the proof of

Theorem 4.7(i) and the description of the idempotent ey given in Lemma 5.1(v).

We therefore assume e, (%) # 0 and hence that the element up, is both non-zero and
uniquely specified by the equality in Theorem B(iii).

To compute ur,, we note that the element y := wqo, r —wp, F generates a free Z,|G]-module
direct summand Y of X.

In addition, since Lg(l)(k,()) does not vanish, the formula (5.1.2) implies both that
L’é(l)()z, 0) = LE(x,0) and dimc, ((C,- X)X) = x(1) and then the isomorphism Reg}, implies
that dimc, ((C,-U)X) = x(1). The Cp-spaces /\éil)(Cp-X)X and /\éil)(CP-U)X are therefore

of dimension one and have as respective bases the elements e, ( /\(ICP[G}y) and e, (e2°).
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In particular, if we define A to be the non-zero element of C, - e, that is specified by

(/\zil)Regﬁfﬂ)(ex(egc)) = )\(/\;:p[gF]y)’

then the displayed equality in Theorem B(iii) implies ug-e,, = A-L%(X,0) 1. It is therefore
enough to prove the existence of a unit v of {(Z,[G]) that is independent of x and such that

(5.2.7) A = ey (v - Nrde, (g ({0, t1,t2)))-
To do this we use the composite homomorphism of C,[G]-modules
©:C,-P—-C,-U—C,-X,
where the first and second maps are respectively induced by ¢; and Regp. We also fix

a section ¢ : C, - X — C, - Y to the inclusion C, - Y C C, - X and use the composite
homomorphism 0; :=y*0po0® : C,- P — C,[G]. Then one computes that

1

(5.2.8) A= (/\LP[G]y*) (A(/\(le[G}y)) - (/\CP[G]y*) ((/\Zil)Regﬁ)(ex(g‘;}’C)))
= (N, 0" © Regr)) (e (£55°)

= ex((Ag " 2 @) ().
1

= (g 1) E5):

Here the first equality follows directly from [13, Lem. 4.10] and the second from the def-
inition of y. In addition, the third equality follows from the explicit construction of the
reduced exterior products /\ép ic)(—), the fourth from the fact e2 belongs to /\ép ic)(Cp-U)
and the last from the fact the surjective map e, (C, - X) — ey (C, - Y) induced by o is
bijective since both dimc, ((Cp - X)) and dimg, ((Cp - Y)X) = dimg, (V') are equal to x(1).

On the other hand, the argument used to prove (5.2.1) implies the existence of a unit v
of £(Zy|G]) (that is independent of x and) such that

(s @) ) = v Ny (| 1))

Here M’ is the d x 1 column vector with i-th entry equal to ©1(b;). In addition, if P’ is the
submodule of P generated by {b;}2<i<4, then one has im(¢) C P’ and M is the matrix in
Mg q—1(Zp[G]) that represents 6 : P — P’ with respect to the bases {b; }1<i<q and {b; }2<i<q-
The key point now is that, since the section to is chosen so that t2(y) = b1, an explicit
check shows e, - (M’ ‘ M) to be the matrix, with respect to the basis {e, (b;) }1<i<d, of the
endomorphism of the C, - ey-module e, (C, - P) that is induced by (0, ¢1, t2).
Given these facts, the equality (5.2.7) follows directly from the computation (5.2.8). O

Remark 5.10. The general result of [5, Lem. A.1(iii)] combines with Lemma 4.10(iii) (with
L = F) to imply that the equivariant Tamagawa number conjecture for (h°(Spec(F)), Z,[G])
is valid if and only if the element

3= ((NI‘d(Cp[G]((eu L1,2)))x * LE(X’O)il)Xelrp(G)
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of ((C,[G])* belongs to Nrdg,(q)(K1(Zy[G])). The observations made in [5, Rem. 6.1.1]
therefore imply that if M is any maximal Z,-order in Q,[G] with Z,[G] C M, then the
‘Strong-Stark Conjecture’ of Chinburg [16, Conj. 2.2] implies 3 belongs to Nrdg, ¢ (K1(M)).
In view of the formula in Lemma 5.9, it would therefore follow from the latter conjecture
that if e, (¢22°) # 0, then the element ug, = v, -3, that occurs in Theorem B(iii) is a unit
of the valuation ring of any finite extension of (@, over which x can be realised.

5.2.3. If x(1) = 1, then an explicit comparison of the definition of ug, (via the displayed
equality in Theorem B(iii)) with the definition of Reg}. and the equality (5.1.6) implies
directly that up, = 2.

To proceed with the proof of Theorem B(iii) we therefore assume in the sequel that
x(1) > 1. We then note the character ZweGal(Q(X)/Q)Xw takes values in QQ and hence, by
Artin’s Induction Theorem (see [47, Chap. II, Th. 1.2]), there exists a natural number m
and an integer ny, for each subfield L of F' for which there is an equality of characters

) w _ L F
mn Zwe@al(@(x)/@x ZLgF”L 1L,

where we write 11 for the induction to G of the trivial character 11, of G(L) := Gal(F/L).

In particular, if we consider each of the maps from Ir,(G) to C; that are respectively
given by sending each v to up,y, each 9 to vy, each ¥ to (Nrde, () ((0, t1,t2)))y and each ¢
to L’g(&, 0) as homomorphisms from the group of virtual C,-valued characters of G to C)
(in the obvious way), then the result of Lemma 5.9 implies that

(5.2.9) I1 " 11 vy - (Nrde, (g ((0 01, 2)))1 0\ ™
- weGal @/ X ) T e L5(17,0) :

Now the behaviour of Artin L-series under induction of characters implies that

(5.2.10) L5(17,0) = ¢} 5(0) = —(1/2) - R, - |CUOLs)],

where we write (7 ¢(0) for the leading coefficient in the Laurent expansion at z = 0 of the
S-truncated zeta function of L and Ry g for the S-regulator of L, and the second equality
follows directly from the analytic class number formula for L (as recalled, for example, in
[47, Chap. I, Cor. 2.2]).

Next we recall that there exists a commutative diagram

Ki(GplG]) —— Ki(Cp[G(L)])
(5.2.11) Nrdcp[c]l JNrdcp[G(L)]
CG[G)" —— GG

in which the upper and lower horizontal maps are respectively the natural restriction of
scalars map and the composite homomorphism

@D =TT, G = I, ) & = (G
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where for each z = (z,), in ((Cy[G])* and each ¢ in Ir,(G(L)) one has

o (xIdgp d)a
iz (@)g = erhp(G)xx

with (-, )¢ the standard scalar product on characters of G.
We use the central idempotent of Q,[G(L)] given by

1
‘G = \G(L)|deG(L)g'
Then the commutativity of (5.2.11) implies firstly that
(5.2.12) (Nrdg, (61((0; 1, 2)))1 7 = (Nrde, gy (€0, 1, 02)))1,
:det(cp(<9, 1, L2>G(L)),

where (0,11, t2) (1) is the Cp-automorphism of eg (1) (Cp - P) induced by (0, t1, t2).

Next we note that the element v in Lemma 5.9 belongs to {(Z,[G])* and thus to the unit
group of the (unique) maximal Z,-order in ((Q,[G]). Hence, if M is any maximal Z,-order
in Q,[G] as in Remark 5.10, then [19, Prop. (45.8)] implies the existence of an element
z of M* with v = Nrdc,[g(z). From the commutativity of the diagram (5.2.11), we can
therefore deduce that

vyr = (Nrdg,[g)(2)),r = (Nrde, (¢(p)) (€)1, = Nrde, (6 (1)),
where () is the automorphism of Cp[G(L)]eg () induced by (right) multiplication by z.
In particular, since xg(r) restricts to give an automorphism of the free rank one Z,-

module Meg(z), the last displayed equalities imply that %) belongs to Z, . Given this

fact (and that p is assumed to be odd), the final assertion of Theorem B(iii) follows upon
substituting into the equality (5.2.9) each of (5.2.10), (5.2.12) and the containment that is
established in the following result.

Lemma 5.11. Let L be a subfield of F' and write Ry, s for its S-regulator. Then one has

det(cp(<9,L1,L2>G(L)) . (RL,S . ’Cl(ohs)‘)

Proof. We set J := G(L) and for each G-module M abbreviate the modules of J-invariants
HO(J, M) and J-coinvariants Hq(J, M) to M” and M respectively.

Then, since the functors M — MY and M +— M are respectively left and right exact,
the exact sequence (5.2.6) gives rise to an exact commutative diagram of Z,[G/J]-modules

1 X
EZp.

J J
x L Jg 9 J
0—>OL,s,p—>P — P

Py Y Py 2 HY(CLs(Z,(1) — 0.

Here the two vertical maps are induced by sending each element z of P to }_ . ;g(x) and
so are bijective since P is a free J-module, and w denotes the composite of 7; and the
isomorphism H'(Cr); = H*(Cp, 5(Zp(1))) induced by the relevant case of Lemma 4.1(iv).
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We also recall (from [47, Chap. I, §6.5]) the commutative diagram of R[G]-modules

Reg
R-Ofs —5 R-Xpg

‘| I

R
R-OF g —% R-Xp g
in which the right hand vertical homomorphism is induced by sending each place v of S,
to dejg(w) where w is any fixed place of F' lying above v.
In particular, the above two diagrams combine to imply that (0,1, t2); identifies with
the automorphism of

C,- P’ =(C,-P)’ = (C,- OF 5) @ (Cp ®q, 11)(Cp - im(67))

that is equal to the composite (C, ®q, t3) o (C, ®r Regp) on Cp - OZ,S,p and to C, ®z, 67
on (Cp Bg, 1)(Cp - im(6”)).

In addition, if we write P® for the complex Py that is considered in Lemma 4.10(iii)
(with T = Z,(1)), then Lemma 4.1(iv) implies that the complex (P*)7 = (P*®); identifies
with Cp, s(Zp(1)) in such a way that C, ®q, 3 is a section to the composite homomorphism

C,- P/ = C, -P; - C,-H'Y((P*),)
= Cp- H'(CL,5(Zp(1)))
~Cp Xpsp = Cp- X7

in which the arrow denotes the tautological map, the second isomorphism is induced by the
exact sequence in Remark 5.2 (with F" and ¥ replaced by L and S) and the final isomorphism
is induced by the right hand vertical map in the diagram above.

Given this explicit description of (6, ¢1, t2) 7, and the description of the cohomology groups
of Cr,5(Zp(1)) in Remark 5.2, the claimed result is verified by an explicit computation of
detc, ((9, L1, L2>J) using the methods, for example, of [5, Lem. A.1 and Lem. A.3|. However,
since this computation is routine we leave details to the reader. O

This completes the proof of Theorem B.
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